
AProVE: A System for Proving Termination
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1 Introduction

The system AProVE (Automated Program Verification Environment) can be used for
automated termination and innermost termination proofs of (conditional) term rewrite
systems (TRSs). AProVE currently offers the techniques of recursive path orders pos-
sibly with status [3] (Sect. 2), dependency pairs including recent refinements such as
narrowing, rewriting, and instantiation of dependency pairs [1, 4, 5] (Sect. 3), and the
size-change principle, also in combination with dependency pairs [7, 9] (Sect. 4). The
tool is written in Java and proofs can be performed both in a fully automated or in an
interactive mode via a graphical user interface (Sect. 5)

2 Direct Termination Proofs

In a direct termination proof, the system tries to find a reduction order such that all
rules of a TRS are decreasing. Currently, the following path orders are implemented in
AProVE: the embedding order (EMB), the lexicographic path order (LPO, [6]), the LPO

with status which compares subterms lexicographically according to arbitrary permu-
tations (LPOS), the recursive path order which compares subterms as multisets (RPO,
[3]), and the RPO with status which is a combination of LPOS and RPO (RPOS).

Path orders may be parameterized by a precedence on function symbols and a
status which determines how the arguments of function symbols are compared. To
explore the search space for these parameters, the system leaves the precedence and
the status as unspecified (or “minimal”) as possible. The user can decide whether to
explore the search space in a depth-first or a breadth-first search (where in the latter
case, all possibilities for a minimal precedence and status are computed which satisfy
the current constraints). Moreover, the user can configure the path orders by deciding
whether different function symbols may be equivalent according to the precedence used
in the path order (“non-strict precedence”). It is also possible to restrict potential
equivalences to certain pairs of function symbols. When attempting termination proofs
with path orders in AProVE, the precedence found by the system is displayed as a
graph (in case of success) and in case of failure in the breadth-first search, the system
indicates the problematic constraint.

3 Termination Proofs With Dependency Pairs

The dependency pair approach [1, 4, 5] increases the power of automated termination
analysis significantly, since it permits the application of simplification orders for non-
simply terminating TRSs. In AProVE, the user can select whether to use the dependency
pair approach for termination or for innermost termination proofs. The system can also
check whether a TRS is non-overlapping (then innermost termination already implies
termination). Essentially, the dependency pair approach generates a set of constraints
from the TRS and searches for a well-founded order satisfying them. For that purpose,
the user can select any of the base orders from Sect. 2.

However, while all these orders are strongly monotonic, the dependency pair ap-
proach only requires weak monotonicity. For that reason, before searching for a suitable



order, some of the arguments of the function symbols in the constraints can be elimi-
nated using an argument filtering [1]. In AProVE, several techniques are implemented
to search for suitable argument filterings. They rely on the idea to process the con-
straints one by one to reduce the number of possible argument filterings which satisfy
the constraints regarded so far.

(Innermost) termination proofs with dependency pairs can be performed in a mod-
ular way by constructing an estimated (innermost) dependency graph and by regarding
its cycles separately [1, 5]. For each cycle, only one dependency pair must be strictly
decreasing, whereas all others only have to be weakly decreasing. AProVE always starts
with examining maximal cycles (SCCs), since afterwards, only cycles of those depen-
dency pairs have to be regarded which were not already strictly decreasing in the maxi-
mal cycle. To inspect estimated (innermost) dependency graphs, they can be displayed
in a special “Graph”-window.

To increase the power of the dependency pair technique, in [1, 4] three different
transformation techniques were suggested which transform a dependency pair into sev-
eral new pairs: narrowing, rewriting, and instantiation. These transformations are often
crucial for the success of the proof, but in general, they may be applicable infinitely
often. AProVE automatically applies these transformations in “safe” cases where their
application is guaranteed to terminate. To permit an application of these transforma-
tions in other cases as well, the user has to specify a limit for each transformation
which determines how often this transformation may be applied to each dependency
pair in “unsafe” cases. Then, whenever a proof attempt fails, the current dependency
pairs are transformed and the proof is re-attempted again.

In addition to the fully automated mode, (innermost) termination proofs with de-
pendency pairs can also be performed in an interactive mode. Here, the user can specify
which narrowing, rewriting, and instantiation steps should be performed and for any
cycle or SCC, the user can determine (parts of) the argument filtering, the base or-
der, and the dependency pair which should be strictly decreasing. Moreover, one can
immediately see the constraints resulting from such selections, such that interactive ter-
mination proofs are supported in a very comfortable way. This mode is intended for the
development of new heuristics as well as for the machine-assisted proof of particularly
challenging examples.

4 Termination Proofs with the Size-Change Principle

A new size-change principle for termination of functional programs was presented in [7]
and this principle was extended to TRSs in [9]. In AProVE, the technique of [9, Thm.
11] for termination of TRSs is implemented, where we use the embedding order as
underlying base order.1 AProVE displays all size-change graphs as well as all maximal
multigraphs (in case of success) or one critical maximal multigraph without a decreasing
edge i

�
→ i (in case of failure).

AProVE also contains the new approach of [9, Thm. 18] which combines the size-
change principle with dependency pairs in order to prove innermost termination. This
combined approach has the advantage that it often succeeds with much simpler argu-
ment filterings and base orders than the pure dependency pair approach. For each SCC
P of the (estimated) innermost dependency graph, let CP be the constructors in P and
let DP be a subset of the defined symbols in P . Then the system builds the size-change
graphs and the maximal multigraphs resulting from P using an argument filtering and
the embedding order on CP ∪DP . Again, all these multigraphs must have an edge i

�
→ i

and in case of success, the system displays them all. Next, the argument filtering must
be extended such that all usable rules for the symbols DP are weakly decreasing w.r.t.

1 As shown in [9], only very restricted base orders are sound in connection with the size-
change principle. In addition to the results in [9], it is sound to use the full embedding
order, where f(. . . , xi, . . .) � xi also holds for defined function symbols f .
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the selected base order. Here, the usable rules for a symbol f are the f -rules together
with the usable rules for all defined symbols occurring in right-hand sides of f -rules.
For reasons of efficiency, the user can give a limit on the maximal size of DP and one
can restrict the number of symbols which may be argument-filtered.

In case of failure for some SCC, the dependency pairs are transformed by narrowing,
rewriting, or instantiation and the proof attempt is re-started. If the limits for the
transformations are reached, then the pure dependency pair method is tried, if the
user has selected the “hybrid” algorithm. In this way, the combined dependency pair
and size-change method can be used as a very fast technique which is checked first
for every SCC. Only if this method fails, the ordinary dependency pair approach is
used on this SCC. For example, when choosing LPO with “non-strict precedence”
as underlying base order, 103 of the 110 examples in the collection of [2] can be proved
innermost terminating fully automatically. Most of these proofs take less than a second
and the longest proof takes about 20 seconds. The remaining 7 examples in [2] only
fail because of the underlying reduction pair (they would require polynomial or Knuth-
Bendix orders).

5 Running AProVE

In an AProVE-session, one can load files containing (possibly conditional) TRSs. Con-
ditional TRSs are transformed into unconditional TRSs according to the technique of
[4, 8] to prove their (innermost) quasi-decreasingness. When performing termination
proofs, a “system log” can be inspected to examine all (possibly failed) proof at-
tempts. The results of the termination proof are displayed in html-format and both
the results and the log information may be saved to a file. Any termination proof at-
tempt may of course be interrupted by a “Stop”-button. Instead of running the system
on only one term rewrite system, it is also possible to run it on collections and direc-
tories of examples in a batch mode. In this case, apart from the information on the
termination proofs of the separate examples, the “result” also contains statistics on
the success and the runtime for the examples in the collection. For more details on
AProVE and to download the system, the reader is referred to the AProVE web-site
http://www-i2.informatik.rwth-aachen.de/AProVE.
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