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Abstract. The paper sketches a case study on termination. Using re-
duction systems we formally describe a system of cooperating constraint
solvers. The formal description already separates the definition of cooper-
ation strategies and the termination detection. This allows to theoretically
prove termination for many strategies and, furthermore, frees the user im-
plementing his own strategies of keeping track of termination in practice.

1 Cooperative Constraint Solving

In [1] we describe a meta-solver approach which enables the cooperative solving
of mixed-domain constraint problems using several specialized solvers, none of
which would be able to handle these problems on its own.

A meta-solver coordinates the work of different individual black-box solvers.
A global pool contains the constraints of a constraint conjunction which we want
to solve. The constraints are taken from the pool and propagated to the individ-
ual solvers which are in return requested to provide newly gained information
(i.e. constraints) back via the meta-solver to the pool. This communication is
handled via the functions tell and project, tell is used by the individual solvers to
propagate the received constraints to their stores, while project provides infor-
mation of the participating solvers to be added to the global pool. The overall tell
– project cycle is repeated until either a failure occurs, then the initially given
constraint conjunction is unsatisfiable, or the pool is emptied, i.e. the system
could not find a contradiction.

The (partial) function tell is used to add a constraint c to a store C of a
solver. We distinguish three cases: If the solver perceives c ∧ C to be satisfiable
and c to follow from C then this redundant propagation does not change C. If
c∧C is perceived to be satisfiable and c is non-redundant, then c is successfully
propagated yielding a new store C ′ with C ′ ←→ c∧C. If the solver finds out that
c∧C is unsatisfiable, the propagation fails and the store C remains unchanged.

Projecting a constraint store C wrt. a set Y of variables (which occur in C)
generates a constraint conjunction C ′ containing information about Y , i.e. an
implication of C and where all other variables than those from Y are eliminated.

The description of the operational semantics of our system is done by means
of a reduction relation for overall configurations. An overall configuration H ∈ Ξ

consists of a formal disjunction
∨̇

i∈{1,...,m}Gi of configurations. A configuration

G = P ¯
∧

ν∈L Cν consists of the pool P which is a set of constraints subject to
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solve and the conjunction
∧

ν∈L Cν of constraint stores.1 In one derivation step
configurations Gi are replaced by overall configurations HGi:

H = H1 ∨̇ G1 ∨̇ . . . ∨̇ Hi ∨̇ Gi ∨̇ . . . ∨̇ Hm ∨̇ Gm ∨̇ Hm+1 =⇒
H′= H1 ∨̇ HG1 ∨̇ . . . ∨̇ Hi ∨̇ HGi ∨̇ . . . ∨̇ Hm ∨̇ HGm ∨̇ Hm+1

Thus, first, we define a derivation relation for configurations Gi and, based
on this, we define a derivation relation for overall configurations H.

Derivation relations for configurations (production level). For a configuration
G = P ¯

∧
ν∈L Cν , a derivation step G → HG is defined by the propagation of

constraints from the pool P using tell and the projection of stores Cν . Influenc-
ing the order of projection and propagation and applying choice heuristics on
constraints and stores, there are many possibilities to define strategies.

Derivation relations for overall configurations (application level). Different deriva-
tion strategies may allow the derivation of exactly one configuration, or of several
configurations in parallel or concurrently.

Using this two-step frame different reduction systems which realize different
derivation strategies for the derivation of an initial overall configuration G0 =
P ¯

∧
ν∈L Cν to normal form can be described. For G0 the pool P contains the

constraints which we want to solve and all constraint stores are true.
A derivation relation =⇒ as defined above can simply yield non-terminating

derivations. For example, the projection of a store after a redundant propagation
would usually yield the same constraints as a projection immediately before this
propagation. To avoid such situations, we allow projection of a store after a
successful (non-redundant) propagation only. For this we mark each store by a
tag to indicate its changes after its last projection: A store initially starts out as
non-dirty. For each successful propagation, we mark the solver dirty indicating
that the internal state of the store has changed. Redundant propagations do not
change the tag. Projection is only possible for dirty stores, at this, the tag is
reset to be non-dirty. A derivation cannot terminate as long as there is a dirty
marked store because this store can still be projected.

2 Termination in Theory

The reduction system (Ξ,=⇒) describes a stepwise propagation of constraints
from the pool of the configurations to the associated stores, shrinking at this the
stores, and their projection which yield new constraints for propagation.

The domains of constraint solvers are in general not restricted to be finite.
This is critical for termination. Therefore we require that the space of valuations
of one domain for a finite set of variables can be separated into a finite set of
segments and that the solution set of the projection of a store must consist of
the union of a number of these segments. This allows to assign weights to stores
depending on the number of segments which can be decreased finitely often only.

The second base of the termination proof of the reduction relation =⇒ is the
tag handling scheme for stores (see Sect. 1). This ensures that after a successful

1
L denotes the set of indices of the involved constraint solvers.
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propagation the newly derived store is projected at most once and a following
projection of this store is only possible after a further change by propagation.

Essentially these two conditions are necessary to show termination for re-
duction systems (Ξ,=⇒) defined according to the above two-step frame, i.e. for
many solver cooperations with very different cooperation strategies.

3 Termination in Practice

Meta-S [2] is an implementation of the theoretical framework described in Sect. 1.
Since Meta-S should offer a strategy language for the user to express problem-
specific solving strategies in a simple way it was essential to factor out code com-
mon to most strategies. Thus, one central aspect of the implementation was the
formulation of algorithm-independent termination conditions, thereby freeing
strategy implementors from keeping track of termination conditions themselves.

In order to properly detect termination of the processing loop for a given
configuration we need to observe the following set of termination criteria. Ter-
mination of the solving process of a particular configuration ensures when:

1. None of the solvers are marked dirty (cf. the tag handling scheme, Sect. 1).
2. There remain no pending constraints in the pool.

These conditions ensure that finally all stores are projected and there re-
main no constraints in the pool for propagation. Thus, regardless of the ac-
tions of the strategy, termination will never be premature. Of course it is
still possible for strategies to prevent the
proper termination, e.g. by going into
an infinite loop or by never projecting
a certain variable, etc. Since the crite-
ria can be independently tested at any
point during the solving process, we “out-
source” the termination testing from the
solving strategy itself to formulate strate-
gies without explicit checks for termina-
tion (see Fig. 1). Thus freed from keeping
track of termination, the generic function
strategy-step represents the place to im-

restart:
invoke strategy-restart-actions

until pending constraints = ∅∧
∀solver:¬dirty(solver)

do

invoke strategy-step

end until

if strategy-finish returns then

goto restart
end if

Fig. 1: Strategy loop

plement strategies based on the order of constraint propagation and projection
and choice heuristics for solvers and constraints (cf. production and application
level, Sect. 1). Since individual strategies may employ additional optimizations,
further termination checking is allowed to occur through methods on the generic
function strategy-finish, which can restart the loop when needed.
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