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(Abstract) DPLL for propositional SAT

Assmt.: Clause set:
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(Abstract) DPLL for propositional SAT

Assmt.: Clause set:
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(Abstract) DPLL for propositional SAT

Assmt.: Clause set:

/e j 1.2, 34586 652 ) (Decide)

1 j 1.2 34586, 652 ) (UnitPropagate)
12 j 1.2, 34586 652 ) (Decide)

123 j 1.2, 34586 652 ) (UnitPropagate)
1234 j 1.2, 34586 652 ) (Decide)
12345 j 1.2, 34586 652 ) (UnitPropagate)
123456 j 1.2, 34,586,652 ) (Backtrack)
12345 j 1.2, 34586 652 )

Other rules:

® Backjump: (generalizesBacktrack)
® [earn: (learning backjump clauses avoids “similar” con icts)
® Forget: (removes “inactive” clauses)
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Backtrack vs. Backjump

Same example again.Remember: Backtrack gave 12 34 5.

But note that decision level 34 is unrelated to the conict 6 5 2:

/E j 1.2 34586 652 ) (Decide)

123456 j 1.2, 34,56, 652 ) (Backjump)
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Backtrack vs. Backjump

Same example again.Remember: Backtrack gave 12 34 5.

But note that decision level 34 is unrelated to the conict 6 5 2:

/E j 1.2 34586 652 ) (Decide)
123456 J 1.2, 34,586,652 ) (Backjump)
125 j 12 3456, 652 )

The Backjump rule is: 3

Cisfalsein M| N, and
there is some clauseC® |°
3 entailed by F,C
' s.t. CYis false in M

MINjF,C ) MI%F C IF

CP 19s called the backjump clause. In our example, itis 2_5.
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Con ict analysis: nd backjump clause

Consider assignment: ...6...7... 9 and let F contain:

9678 875 684 41, 452 5713 123

UnitPropagate: ...6...7...9854123. Conictwithl 2 3

Do Resolutions in reverse order backwards from con ict:

6 8 4 o [

8 _7_6

until reaching clause with only 1 lit. of current decision le vel.
Can use this clause8 7 6 for Backjumpto ...6...7 8.
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Abstract DPLL results

A DPLL procedure for Fis any derivation: AjF ) ...) S
where Sis a nal state (no rule applies). It always terminates.
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Abstract DPLL results

A DPLL procedure for Fis any derivation: AjF ) ...) S
where Sis a nal state (no rule applies). It always terminates.

One can easilyprove that, if the nal state Sis:

— fall then Fis unsat.
— oftheform M j F then M is a model

Abstract DPLL provides formal and uniform proofs of correctness
and completenessof many variants, strategies and ... extensions to
e.g., SAT Modulo Theories (SMT)...
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SAT Modulo Theories (SMT)

® Some problems are more naturally expressed in richer logics
than just propositional logic, e.qg:
o Software/Hardware veri cation needs reasoning about
equality, arithmetic , data structures, ...

® SMT consists of deciding the satis ability of a ground
1st-order formula with respect to a background theory T

® Example: T is Equality with Uninterpreted Functions (  EUF):
3clauses: f(g(a))é f(c) _ g(a)=d, g(a)= c, céd

® Example for several combined theories (2 clauses):
A= write(B,at 1, 4), read A,b+3)=2 f(a 1)6 f(b+ 1)

® Wide range of applications
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The Eager approach to SMT

® Method: translate problem into equisatis able propositional

formula and use off-the-shelf SAT solver
[Bryant, Velev, Pnueli, Lahiri, Seshia, Strichman, ...]

®» Why “eager”?
Search usesall theory information from the beginning
® Characteristics:

+ Can use best available SAT solver
Sophisticated encodings are needed for each theory

Sometimes translation and/or solving too slow

Main Challenge for alternative approaches is tocombine:

— DPLL-based techniques for handling the boolean structure
with

— Efcient theory solvers for conjunctions of T-literals
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The Lazy approach to SMT

Same example:consider EUF and
ECAAC R
1

1. Sendf1 2, 3, 4gto SAT solver

- Q)
N Nm)
0
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The Lazy approach to SMT

Same example:consider EUF and
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1. Sendf1 2, 3, 4gto SAT solver
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Lazy approach (2)

®» Why “lazy”?
Theory information used only lazily, when checking
T-consistency of propositional models

® Characteristics:

+ Modular and exible

— Theory information does not guide the search (only
validates a posteriori)

® Tools: CVC-Lite, ICS, MathSAT, TSAT+, Verifun, ...
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Optimized Lazy approach

® Check T-consistency only of full propositional models

Barceloglc - Tech. Univ. Catalonia (UPC) RTA 2007 Challenges in SAT Modulo Theories — p.11/28



Optimized Lazy approach

» Cheel . v ot full tonalrodel

® Check T-consistency of partial assignment while being built
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Optimized Lazy approach

p Choel . v ot full sonalmodal

® Check T-consistency of partial assignment while being built

® Given a T-inconsistent assignment M, add : M as a clause
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Optimized Lazy approach

p Choel . v ot full sonalmodal

® Check T-consistency of partial assignment while being built

° Ci . . . _add |
® Given a T-inconsistent assignment M, nd an explanation
(asmall T-inconsistent subsetof M) and add it as a clause
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Optimized Lazy approach

°

S . v et £l tonalrodel

® Check T-consistency of partial assignment while being built

°

. . . . add- |

® Given a T-inconsistent assignment M, nd an explanation
(asmall T-inconsistent subsetof M) and add it as a clause

® Upon a T-inconsistency, add clause and restart
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Optimized Lazy approach

°

S . v et £l tonalrodel

® Check T-consistency of partial assignment while being built

°

. . . . add- |

® Given a T-inconsistent assignment M, nd an explanation
(asmall T-inconsistent subsetof M) and add it as a clause

® UponaTnecensisteneyadd-clabse-andrestart
® Upon a T-inconsistency, do con ict analysis of the explanation
and Backjump
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Our DPLL( T) approach

DPLL(T) = DPLL(X) engine T-Solver

® Modular and exible , as CLP(X) in Constraint Logic Progr.:
can plug in any T-Solver into the DPLL(X) engine.

® Theory Propagation: more pruning in optimized lazy SMT
T-Propagate: M jJ F ) MI | F IF MF7I

o T-Solver alsoguides search, instead of only validating it

s In DPLL(T):
— T-Solvers specialized and fast in Theory Propagation

— Fully exploited in con ict analysis (non-trivial)
Not any explanation of a theory propagation is ok!

® DPLL(T) approach is being more widely adopted,
see SAT'06, CAV'06 papers with DPLL(T) In titles.
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DPLL(T) Example

Notation used: Abstract DPLL Modulo Theories .

Consider again same example with EUF:

BRI = N S

3 4

yis ] 12 3 4 ) (UnitPropagate)
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DPLL(T) Example

Notation used: Abstract DPLL Modulo Theories .

Consider again same example with EUF:

|1°(Ql(<'vl){)_z6 f(Cg _ P(—?)ZZ:—?
1

Jis

3

31
312
3124

1 1 1 1 1

|

=

2
2
2,
2
2

=

|

1.2

No search in this example

S S S R S Y

SN’ N N N N

4

4
(UnitPropagate)
(T-Propagate)
(UnitPropagate)
(T-Propagate)

fall
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Conict analysis in DPLL( T)

Need to do backward resolution with two kinds of clauses:

® UnitPropagate with clause C: resolve with C (as in SAT)
® T-Propagate of lit : resolve with (small) explanation
1~ M Uit or, equivalently,
I1 ... Iy _lit providedby T-Solver
Too new T-explanations are forbidden!

How should it be implemented?
® UnitPropagate: store a pointer to clause C, as in SAT solvers
® T-Propagate: (pre-)compute explanations at each T-Propagate?

— If possible, only on demand, during con ict analysis
— typically only one Explain for every 250 T-Propagate.

—dependsonT
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What does DPLL( T) need from T-Solver ?

® T-consistency checkof a set of literals M, with:

o Explain of T-inconsistency: nd (small) T-inconsistent
subset of M [minimal wrt. size?, wrt. 7]

o Incrementality: if | is added to M, check for M| faster than
reprocessing M | from scratch.

® Theory propagation: ndinput T-consequences ofM, with:

o Explain T-Propagate of I: nd (small) subset of M that
T-entails | (needed in con ict analysis).

® Backtrack n: undo last n literals added
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Our Barcelogic DPLL(T) tool

® DPLL(X) is a state-of-the-art SAT engine:

o features ala Chaff: two watched literals, 1UIP learning,
VSIDS-like decision heuristics, ...

o new features: binary clause reasoning, subsumption,
lemma simpli cation, ...

» seeBarcelogicin SAT Race 2006and SAT Competition 07

® T-Solversfor:

Real/Integer Difference Logic (IDL/RDL)
Equality with Uninterpreted Functions (EUF)
Linear Real Arithmetic (LRA)

Linear Integer Arithmetic (LIA)

Arrays, records, enumeration types

e o @ o @

»
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Eager UCLID [Bryant etal] vs Barcelogic

On typical hardware veri cation problems (EUF+IDL) from
[Manolios&Srinivasan, Date'05, MeMoCoDe'05] (time in s):

IDW 6 128 | <1 198 | 4 11 | <1
IDW 7 497 | 3 326 | 6 30| <1
IDW 8 1649 | 10 561 | 10 88 | <1

IDW 9 >3600 | 18 1206 | 13 201 | <1
IDW 10 | >3600| 75 1510 | 27 401 | 2

BIDW 6 258 | <1 3596 | 5 19 | <1
BIDW 7 835| 3 || >3600| 8 58 | <1
BIDW 8 3160 | 15 || >3600 | 18 226 | <1
BIDW9 | >3600| 23 || >3600 | 18 664 | <1
BIDW 10 || >3600 | 54 || >3600 | 29 || >3600 | 2
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SMT Tools, SMT-LIB and SMT-COMP

Ario (Sheini and Sakallah, U. Michigan)
Barcelogic

CVC (Stump, Stanford U.! Washington U.)
CVC3 (Barrett, U. New York & Tinelli, U.lowa)
ExtSAT (Matos, U. Lisbon)

HTP (Roe, Fordocsys.com)

Jat (Cotton, Verimag)

MathSAT (Bozzano etal, Trento)

NuSMV (Brutomesso etal, Trento)

Sateen (Somenzi etal, U. Colorado)

STP (Ganeshé&Dill, Stanford)

Yices (Dutertre & deMoura, SRI Int., Menlo Park, CA)
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Challenges for improving EUF solvers

EUF = congruences Remember the example:
f(g(a) 6 f(c) _ g(a)=d, g(a)= ¢ c6 d
Remember alsowhat we need from a T-solver:

Need T-consistency checkof conjunctions M, with:

Explain of T-inconsistency. nd (small) T-inconsistent

subset of M [minimal wrt. size?, wrt. 7]
Incrementality: iIf | is added to M, check for M| faster

than reprocessing M| from scratch.

Theory propagation: ndinput T-consequences ofM,
with:
Explain T-Propagate of I: nd (small) subset of M that
T-entails | (needed in con ict analysis).

Backtrack n: undo last n literals added
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Challenges for improving EUF solvers (2)

Handle positive literals with  Congruence Closure (CC):
— CCinO(nlog n) [DST'80]
— Incremental, backtrackable, explains, etc: [N,Oliveras'07]

Challenges:

1. How to get fully irredundant explains ?
see [N,Oliveras RTA'O5]

2. Determine the exact complexity of CC.
Canitbe O(n a(n,n)) asin Union-Find ?

3. Beyond explains: Proof-producing CC . cf. [Stump,Tan RTA05]
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Challenges for linear arithmetic solvers

Literals of the form ayx;+ ...+ apnxp+a O (or <, , etc.)

Over the integers or reals. Many applications.

Challenges:

4. Many literals are difference logic: x 'y Kk
How to make solvers difference logic-aware ?

5. Can the complexity of the theory be carried over to the
boolean part?
Example: difference logic with (dis)equalities:
S6 tbecomess<t s>t

6. How to exploit ef cient commercial solvers (e.g., Cplex) that
do not use arbritrary-precision arithmetic ?
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Challenges for Bit-vector solvers

Very important in soft- and hardware veri cation

Bitwise operations as well as arithmetical ones:
e.g.,extract bits 4-8, , +, etc.

Challenges:

7. Solve the problem!
E.g., by doing bit-blasting only very lazily

8. ldentify well-behaved useful fragments of the theory of
bitvectors
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Challenges for SMT with Quanti ers

Universally quanti ed atoms occur in the formula!
Also useful for specifying theories with no solver availabl e

Simplify . nd instancesby E-matching w/ (gnd) congruence E.

E-matching is NP-Hard (even for ground E): Let E be the ten
ground egs for and or, not: and0,0) = 0, and1,0) = 1, ...
Then: boolean formula F with variables is SAT iff 9s Fs =g 1.

Challenges:

9. Data structures and algorithms for incremental E-matching.

10. Some symbols inE-matching have properties such as AC.
E-matching modulo equational theories such as AC?

11. There are severdheoretical limitations for non-ground SMT.
Fragments with refutational completeness?
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SMT for CP and optimization. SAT vs CP

SAT: ef cient, robust, highly automatic
CP: more widely applicable, easy modeling, ef cient
special-purpose algorithms, optimization problems addre ssed

Backtracking, backjumping and lemmas
Heuristics

Propagation/pruning

Data structures

Claim:  SMT may help for getting the best of both.
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Example: SMT where T = alldifferent

Example:
Quasi-Group Completion (QGC)
(aka latin squares). 3|4
Each row and column must contain 1... n. 314|5
415

Currently best is 3-D encoding in SAT =
where p;;c means “row i col | has value K

at least onek per [i, ]: clauses like Pij1_ - - -_ Bijn

at most one k per [i, J]: 2-lit clauses like  Pjj1_ Pijj2
same for exactly one j per [i, k] and onei per [j, K]
1 unit clause per lled-in value, e.qg., P313

In our 5x5 example, DPLL's UnitPropagate infers no value.

But alldifferent does! Which one?
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SMT for the theory of alldifferent (2)

QGC Example continued: A
314
3145
alldifferent (or Hall's Theorem) infers 415
that x,y consume 1,2 and hencez = 3! c

ldea: Use 3-D encoding+ SMT where T is alldifferent
As usual in SMT, T-solver knows what p; ; 's mean.

From time to time invoke T-solver instead of Decide, but
do always cheap SAT stuff rst. UnitPropagate, Backjump, etc.

T-solver = incremental Itering [Regin'94] but with Explain :
In our example, the literal p; 3 3(meaning z = 3) is entailed by
f P113 P114...- P13s9g(meaning x 6 3,x6 4,...,26 5).
Get CP with backjumping.
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Challenges in CP / Optimization

Challenges:

12. Use SMT to combine robustness and ef ciency of SAT with
sophisticated global constraints using alldiff a an example

13. Explore other typical global constraints

14. In the alldiff example used complete SAT encoding. Try other
theories and incomplete encodings.

15. [N,Oliveras SAT'06]: SMT for optimization by

Branch-and-bound, getting (weighted) MAX-SAT and

MAX-SMT . How can lower bounds be more ef ctively applied
In that framework?

Barceloglc - Tech. Univ. Catalonia (UPC) RTA 2007 Challenges in SAT Modulo Theories — p.27/28



Conclusions

Hope you got challenged!

These slides Online on my web page.
More details on SMT: See [N,Oliveras,Tinelli, JACM Nov 2006]

More details on
challenges See proceedings paper

Thank Youl!
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