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Main idea of this talk

Advantages of SAT techniques:

Very ef�cient and robust

Automatic: no tuning needed

. . .

Advantages of CP techniques:

Rich language: easiermodeling

Can exploit ef�cient special-purpose algorithms

Optimization problems addressed

. . .

Claim:
SatModulo Theories (SMT) helps for getting the best of both.
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(Abstract) DPLL for propositional SAT

Assmt.: Clause set:
Æ jj 1_ 2, 3_ 4, 5_ 6, 6_ 5_ 2 ) (Decide)

1 jj 1_ 2, 3_ 4, 5_ 6, 6_ 5_ 2 ) (UnitPropagate)
1 2 jj 1_ 2, 3_ 4, 5_ 6, 6_ 5_ 2 ) (Decide)
1 2 3 jj 1_ 2, 3_ 4, 5_ 6, 6_ 5_ 2 ) (UnitPropagate)
1 2 3 4 jj 1_ 2, 3_ 4, 5_ 6, 6_ 5_ 2 ) (Decide)
1 2 3 4 5 jj 1_ 2, 3_ 4, 5_ 6, 6_ 5_ 2 ) (UnitPropagate)
1 2 3 4 5 6 jj 1_ 2, 3_ 4, 5_ 6, 6_ 5_ 2 ) (Backtrack)
1 2 3 4 5 jj 1_ 2, 3_ 4, 5_ 6, 6_ 5_ 2 ) . . .

Other rules:

Backjump: (generalizesBacktrack)

Learn: (learning backjump clausesavoids “similar ” con�icts)

Forget: (removes“inactive” clauses)
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Backtrac k vs. Backjump

Sameexample again. Remember: Backtrack gave 1 2 3 4 5.

But note that decision level 3 4 is unrelated to the con�ict 6_ 5_ 2:

Æ jj 1_ 2, 3_ 4, 5_ 6, 6_ 5_ 2 ) (Decide)
. . . jj . . .
1 2 3 4 5 6 jj 1_ 2, 3_ 4, 5_ 6, 6_ 5_ 2 ) (Backjump)

1 2 5 jj 1_ 2, 3_ 4, 5_ 6, 6_ 5_ 2 ) . . .

The Backjump rule is:

M l N jj F, C ) M l0 jj F, C IF

8
>>><

>>>:

C is false in M l N, and
there is someclauseC0_ l0

� entailed by F, C
� s.t. C0is false in M

C0_ l0 is called the backjump clause. In our example, it is 2_ 5.
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Con�ict analysis: �nd backjump clause

Consider assignment: . . . 6 . . . 7 . . . 9 and let F contain:

9_ 6_ 7_ 8, 8_ 7_ 5, 6_ 8_ 4, 4_ 1, 4_ 5_ 2, 5_ 7_ 3, 1_ 2_ 3.

UnitPropagate: . . . 6 . . . 7 . . . 9 8 5 4 1 2 3. Con�ict with 1_ 2_ 3!

Implication Graph:

8

4

5

2

1

37

6

9

Can use 8_ 7_ 6 for Backjump to . . . 6 . . . 7 8.
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Con�. analysis: �nd backjump clause (2)

Sameexample: assignment . . . 6 . . . 7 . . . 9 and let F contain:

9_ 6_ 7_ 8, 8_ 7_ 5, 6_ 8_ 4, 4_ 1, 4_ 5_ 2, 5_ 7_ 3, 1_ 2_ 3.

UnitPropagate: . . . 6 . . . 7 . . . 9 8 5 4 1 2 3. Con�ict with 1_ 2_ 3!

Do Resolutions in reverseorder backwards from con�ict:

8_ 7_ 5
6_ 8_ 4

4_ 1
4_ 5_ 2

5_ 7_ 3 1_ 2_ 3
5_ 7_ 1_ 2

4_ 5_ 7_ 1
5_ 7_ 4

6_ 8_ 7_ 5
8_ 7_ 6

until reaching clausewith only 1 lit. of current decision level.

Can use this clause8_ 7_ 6 for Backjump to . . . 6 . . . 7 8.
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Abstract DPLL results

A DPLL procedure for F is any derivation: Æjj F ) . . . ) S
where S is a �nal state (no rule applies). It always terminates.

One can easily prove that, if the �nal state S is:

– fail then F is unsat.
– of the form M jj F then M is a model

Abstract DPLL provides formal and uniform proofs of correctness
and completenessof many variants, strategiesand ... extensions to
e.g.,SAT Modulo Theories (SMT)...
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SAT Modulo Theories (SMT)

Someproblems are more naturally expressedin richer logics
than just propositional logic, e.g:

Software/Har dwar e veri�cation needsreasoning about
equality , arithmetic , data structures, ...

SMT consistsof deciding the satis�ability of a (ground) FO
formula with respectto a background theory T

Example: T is Equality with Uninterpr eted Functions (EUF):

g(a) = c ^ ( f (g(a)) 6= f (c) _ g(a) = d ) ^ c6= d

Example: (combined theories)

A = write(B, a+ 1,4) ^ ( read(A, b+ 3) = 2 _ f (a� 1) 6= f (b+ 1) )

Wide range of applications
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The Eager appr oach to SMT

Methodology: translate problem into equisatis�able
propositional formula and use off-the-shelf SAT solver
[Bryant, Velev, Pnueli, Lahiri, Seshia,Strichman, ...]

Why “eager”?
Search usesall theory information from the beginning

Characteristics:

+ Can use best available SAT solver
� Sophisticated encodings are needed for eachtheory
� Sometimestranslation and/or solving too slow

Main Challenge for alternative approachesis to combine:

– DPLL-based techniques for handling the boolean structure
with

– Ef�cient theory solvers for conjunctions of T-literals
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The Lazy appr oach to SMT

Sameexample: consider EUF and

g(a) = c
| { z }

1

^ ( f (g(a)) 6= f (c)
| { z }

2

_ g(a) = d
| { z }

3

) ^ c6= d
| { z}

4

1. Sendf 1, 2_ 3, 4 g to SAT solver

SAT solver returns model [1, 2, 4]

Theory solver says[1, 2, 4] is T-inconsistent

2. Sendf 1, 2_ 3, 4, 1_ 2_ 4 g to SAT solver

SAT solver returns model [1, 2, 3, 4]

Theory solver says[1, 2, 3, 4] is T-inconsistent

3. Sendf 1, 2_ 3, 4, 1_ 2_ 4, 1_ 2_ 3_ 4 g to SAT solver

SAT solver saysUNSAT
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Lazy appr oach (2)

Why “lazy”?
Theory information used lazily when checking T-consistency
of propositional models

Characteristics:

+ Modular and �exible
– Theory information doesnot guide the search

Tools: CVC-Lite, ICS,MathSAT, TSAT+, Verifun, ...

SAT*CP Workshop. SMT: A possible connection between SAT and CP – p.12/28



Barcelogic - Tech. Univ. Catalonia (UPC)

Optimiz ed Lazy appr oach

Check T-consistencyonly of full propositional models

Check T-consistencyof partial assignment while being built

Given a T-inconsistent assignment M, add : M asa clause

Given a T-inconsistent assignment M, �nd an explanation
(a small T-inconsistent subsetof M) and add it asa clause

Upon a T-inconsistency, add clauseand restart

Upon a T-inconsistency, do con�ict analysis of the explanation
and Backjump
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Our DPLL(T) appr oach

DPLL( T) = DPLL(X) engine + T-Solver

Modular and �exible , asCLP(X) in Constraint Logic Progr.:
can plug in any T-Solver into the DPLL(X) engine.

Theory Propagation: more pruning in optimized lazy SMT

T-Propagate : M jj F ) M l jj F IF
n

M j= T l

T-Solver also guides search, instead of only validating it

In DPLL(T):
– T-Solvers specialized and fast in Theory Propagation

– Fully exploited in con�ict analysis (non-trivial)
Not any explanation of a theory propagation is ok!

DPLL(T) approach is being more widely adopted;
seeSAT'06, CAV'06 papers with DPLL(T) in titles.
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DPLL(T) Example

Notation used: Abstract DPLL Modulo Theories.

Consider again sameexample with EUF:

g(a) = c
| { z }

1

^ ( f (g(a)) 6= f (c)
| { z }

2

_ g(a) = d
| { z }

3

) ^ c6= d
| { z}

4

Æ jj 1, 2_ 3, 4 ) (UnitPropagate)

1 jj 1, 2_ 3, 4 ) (T-Propagate)

1 2 jj 1, 2_ 3, 4 ) (UnitPropagate)

1 2 3 jj 1, 2_ 3, 4 ) (T-Propagate)

1 2 3 4 jj 1, 2_ 3, 4 ) fail

No search in this example
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Con�ict analysis in DPLL( T)

New kind of arrows (reasons)in implication graph.
Eachliteral l i t is in the partial assignment due to one of:

Decide (no arrow)

UnitPropagate with clauseC: resolve with C

T-Propagate: resolve with (small) explanation
l1 ^ . . . ^ ln ! l i t provided by T-Solver

Too new T-explanations are forbidden!

How should it be implemented?

UnitPropagate: store a pointer to clauseC, as in SAT solvers

T-Propagate: (pre-)compute explanations at eachT-Propagate?
– If possible, only on demand, during con�ict analysis
– typically only one Explain for every 250T-Propagate.
– depends on T
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What does DPLL(T) need from T-Solver ?

T-consistencycheck of a set of literals M, with:

Explain of T-inconsistency: �nd (small) T-inconsistent
subsetof M [minimal wrt. size?,wrt. � ?]
Incrementality: if l is added to M, check for M l faster than
reprocessingM l from scratch.

Theory propagation: �nd input T-consequencesof M, with:

Explain T-Propagate of l : �nd (small) subsetof M that
T-entails l (needed in con�ict analysis).

Backtrack n: undo last n literals added
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Our Barcelogic DPLL( T) tool

DPLL(X) is a state-of-the-art SAT engine:

featuresà la Chaff: two watched literals, 1UIP learning,
VSIDS-like decision heuristics, ...
new features: binary clausereasoning,subsumption,
lemma simpli�cation, ...
seeSAT Race2006

T-Solvers for:

Real/Integer Dif ferenceLogic (IDL/RDL) :
Equality with Uninterpr eted Functions (EUF)
Linear RealArithmetic (LRA)
Linear Integer Arithmetic (LIA) (forthcoming)
Arrays, records, enumeration types
. . .
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SMT Tools, SMT-LIB and SMT-COMP

Ario (Sheini and Sakallah,U. Michigan)

Barcelogic

CVC (Stump, Stanford U.! Washington U.)

CVC3 (Barrett, U. New York & Tinelli, U.Iowa)

ExtSAT (Matos, U. Lisbon)

HTP (Roe,Fordocsys.com)

Jat(Cotton, Verimag)

MathSAT (Bozzano etal, Trento)

NuSMV (Brutomesso etal, Trento)

Sateen(Somenzi etal, U. Colorado)

STP(Ganesh&Dill, Stanford)

Yices(Dutertr e & deMoura, SRI Int., Menlo Park, CA)
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SMT+optimization. [N&Oliveras, SAT'06]

AIM: �nd SAT/SMT models M with minimal cost(M)

Branch and bound in DPLL(T):

Theory T = function cost ^ best M so far.

After eachnew solution, T is strengthened

Extension of Abstract DPLL Modulo Theories. E.g.:

T-Propagate : T jj M jj F ) T jj M l jj F IF
n

M j= T l

T-Strengthen : T jj M jj F ) T ^ T0 jj M jj F

Proof of termination, sound– and completeness(seepaper)

Also useful when searching models M1 . . . Mn satisfying
dif ferent properties P1 . . . Pn (seepaper).
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Typical tools in this conte xt

Two types of tools:

Pseudo-booleansolvers: PBS,Pueblo, MiniSA T+,...

Good when optimization is not a hard part
(not many models)
Inherit learning and heuristics from SAT
Can deal with large (but “easy”) problems

Specialized tools for, e.g. Max-SAT: ToolBar, MAX-Solver , ...

Good when optimization is the hard part (lots of models)
No learning, specialized heuristics and pruning rules
Can only deal with small (but challenging) problems
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Weighted Max-SAT

cost(M) = sum of weights of clausesthat are false in M

Encoding: clauseCi with weight wi becomesCi _ pi .

The theory T then becomes:

^

i

(if pi then ki = wi else ki = 0) ^ k1 + . . . + km � B

and strengthen with B < Bj at eachnew best solution Bj.

We use specialized deduction rules, e.g: if units l and : l are
detected,add smallest of their weights to cost
Specialized rules not always good (futur e work)

Barcelogic impr oves best Weighted CSPand PBsolvers on
most larger problems (seedetailed results in paper).
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Max-SMT

Modeled and solved well-known hard Radio Link Frequency
Assignment Problems

Radio frequencieshave to be assignedsatisfying some
distance constraints (Dif ferenceLogic)

With no specialized heuristics, positive comparison with best
weighted CSPsolver (Toolbar) even in its best heuristic:

Benchmark Toolbar , with heuristic:

name Static Default Jeroslow Barcelogic

SUBCELAR_6_0 0.2 0.4 0.2 5

SUBCELAR_6_1 85 252 65 90

SUBCELAR_6_2 127 982 25 132

SUBCELAR_6_3 7249 2169 355 636

SUBCELAR_6_4 7021 > 5 hours 1942 1417
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An All-SAT/SMT extension for Veri�cation

Predicate Abstraction:

gives �nite-state abstractions from in�nite-state systems

abstraction ef�ciently analyzed using Boolean techniques

many applications to veri�cation

Key operation:

INPUT: a formula j and set of predicatesP

OUTPUT: the most preciseapproximation of j using P, either
F P( j ): weakest formula over P T-entailing j or
GP( j ): strongest formula over P T-entailed by j .

Use of Barcelogic: SeeCAV'06 for details!

Use All-SA T SMT + BDD to get all models over P of j

Extract (compact) approximation from BDD
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Experimental results for P.Abstraction

Micr osoft SLAM (device drivers veri�cation):

Initially , ZAP [Ball et al, CAV'04] was used for p. abstraction

Specialized Symbolic Decision Procedures(SDPs)[Lahiri et al,
CAV'05] obtained 100xspeedup factor over ZAP

Barcelogic gives another 100xspeedup over SDPs

Hardwar e and protocol veri�cation problems
(70pbs,over � 25preds) [Lahiri and Bryant, CAV'04] :

Barcelogic gives 25x – 100xspeedup over UCLID

Benchmarks from the veri�cation of programs with linked lists
(30pbs,� 20preds) [Qaader and Lahiri, POPL'06]:

Barcelogic gives 30x – 40x speedup over UCLID
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SMT for the theor y of alldifferent

Example:
Quasi-Group Completion (QGC)
(aka latin squares).
Eachrow and column must contain 1 . . . n.

Currently best is 3-D encoding in SAT
where pi jk means“r ow i col j has value k”:

3 4
3 4 5
4 5
5

at least one k per [i, j]: clauseslike pi j1 _ . . . _ pi jn

at most one k per [i, j]: 2-lit clauseslike pi j1 _ pi j2

samefor exactly one j per [i, k] and one i per [j, k]

1 unit clauseper �lled-in value, e.g., p3,1,3

In our 5x5 example, DPLL's UnitPropagate infers no value.

But alldifferent does! Which one?
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SMT for the theor y of alldifferent (2)

QGC Example continued:

alldifferent (or Hall's Theorem) infers
that x, y consume 1,2 and hencez = 3 !

x y z
3 4

3 4 5
4 5
5

Idea: Use 3-D encoding + SMT where T is alldifferent .
As usual in SMT, T-solver knows what pi,j,k's mean.

From time to time invoke T-solver instead of Decide, but
do always cheapSAT stuff �rst: UnitPropagate, Backjump, etc.

T-solver = incremental �ltering [Regin'94] but with Explain :
in our example, the literal p1,3,3 (meaning z = 3) is entailed by
f p1,1,3 p1,1,4 . . . p1,3,5 g (meaning x 6= 3,x 6= 4,. . . , z 6= 5).
Get CP with backjumping.
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Ongoing and future work

Using our current (typical SMT) theory solvers:
Can we attack many standard CP/optimization-like
problems with such little effort and with no tuning ?

With new CP-like solvers:
Implementation/experiments with alldifferent
ongoing.
If successful,build T-solvers for other typical constraints.

Lots of room for impr ovement both in our tools (our DPLL(X)
engine and T-Solvers) and in their application .

Theseslides: Online on my web page.
Mor e references: Seejournal paper “Solving SAT and SAT Modulo ...”

on my web page. Thank You!
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