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Abstract

The distribution of many real discrete random variables (e.g., the frequency of words,
the population of cities) can be approximated by a zeta distribution, that is known
popularly as Zipf’s law, or power law in physics. Here we revisit the relationship
between power law distribution of a magnitude and the corresponding power
relationship between the magnitude of a certain element and its rank. We show that
the exponents of the two power laws coincide when its value is the famous golden

number, @ = (1 +\/§)/2.
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1 Introduction

A discrete random variable x (such that x>1) follows a zeta distribution
(Wimmer and Altmann, 1999) if
P(x) = b(B)x ", M

where b(f) is a normalization function and £ is the so-called exponent.
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We have that 5(8) = {(B)”", where
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is the Riemann zeta function. Therefore, the exponent £ is the only
parameter of the distribution. Since () converges only for £>1, Eq. 1
is only well-defined when >1. Hereafter we assume £>1. Examples of
real discrete random variables following this distribution are word
frequencies and the population size of cities (Gisiger, 2001; Newman,
2005). The zeta distribution receives equivalent names: power law
distribution in physics or Zipf’s law in general (Newman, 2005). See
Newman (2005); Ferrer i Cancho and Servedio(2005); Simkin and
Roychowdhury (2006); Mitzenmacher (2003) for a review of the most
popular explanations of the zeta distribution.

If the discrete random variable x is a frequency of occurrence (e.g.,
the frequency of a word), then its probability distribution is called a
frequency spectrum (Tuldava, 1996). Historically, besides considering
the probability of a discrete magnitude x, researchers have also been
concerned about the relationship between x or the normalized value of
x versus rank (Zipf, 1972; Wimmer et al., 1999). Imagine that we have
a set of elements (e.g., words) that are characterized by a certain
magnitude x (e.g., their frequency of occurrence in a text). Imagine that
we sort these elements decreasingly by their selected magnitude (e.g.,
decreasingly by their frequency). The element with the largest value of
x is assigned rank /=1, the element with the second largest value of x is
assigned rank /=2 and so on. We define x(7) as the value of x of the
element of rank i (e.g., x(i) is the frequency of the i-th most frequent
word of a text). It is known that if x is zeta distributed then x(7) obeys
(Chitashvili and Baayen, 1993; Adamic, 2000; Pietronero et al., 2001;
Adamic and Huberman, 2002)

x(@) ~ i (3)

The organization of the remainder of this article is as follows.
Firstly, we will review how b(f) can be calculated (Section 2). This
will provide us with some basic strategies for the next step. Secondly,
we will review the relationship between the exponents & and S (Section



3). Thirdly, we will show that both exponents equate when their value
is the golden number (Section 4). Finally, we will discuss the finding
(Section 5).

2 Calculation of b(f)

For certain natural values of £, exact values of b(f) can be obtained. It
is known that (Spiegel and Liu, 1999)

k=1 .2k
7B,

2
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where £=1,2,3,... and B k is the £-th Bernoulli number. Thus, trivially

(2k)!
2k—17z.2kBk ’ (5)

b(2k) =
with £=1,2,3,.... Recalling Bl=l/6, 3221/30 and B3=l/42 and Eq. 2, we
obtain for example b(2) =6/ p*, b(4) =90/ p* and b(6) =945/ p°.

As for other values of £, we can find tight bounds using integrals.
Knowing that any (integrable) monotonically decreasing function f{(k)
satisfies (Cormen et al., 1990)

[ f@dr<Y s < [ rods, (©)
we obtain
b(B) < f-1 (7)

for £>1. Notice that we cannot obtain a lower bound for b(f) using Eq.
6 because x>1. As for a lower bound for b(f), it is easy to see that if
f(x) is an integrable monotonically decreasing function we have that
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and thus
b(B) 21—~ )
B
In sum,
1
I-—<b(B<p-1.
7 B<sp (10)

3 The equivalence between o and

The relationship between the exponents B and « is well-known
(Chitashvili and Baayen, 1993; Mandelbrot, 1997; Adamic, 2000;
Pietronero et al., 2001; Adamic and Huberman, 2002)

ﬂ=é+1 (11)

for g>1.

Now we provide a simple but not too simplified derivation of the
previous equation (something in-between the sophisticated maths of
(Chitashvili and Baayen, 1993; Mandelbrot, 1997) and the informal
approaches of (Adamic, 2000; Pietronero etal., 2001; Adamic and
Huberman, 2002)). We focus on the estimation of x(i) from a sample of
T occurrences of elements knowing that these elements are distributed
according to P(x) (Eq. 1) with £>1. N(x)=TP(x) is the expected number
of different elements whose magnitude is x in a sample of T
occurrences distributed according to P(x) (Eq. 1). The expected
smallest rank of an element of magnitude x is

i (x)=1+ iN (x) (12)

x'=x+1



and the expected largest rank is

i (X) = iN(x’)- (13)

Imagine that we assign an arbitrary rank within the interval [i»(X),
imax(x)], to each of the N(x) elements of magnitude x. Then, the mean
rank of elements of frequency x is

=i 0 2 =

Knowing that (Spiegel and Liu, 1999)

Z’ k(k+1) )
we obtain
2<x)_N(x)“+ iN( ) (16)

after some algebra.

Applying the integral bounds of summations given in Eq. 6 to Eq.
16 with #>1 we obtain, after some work,

TOF %[c(ﬁ)((ﬁ D 42 )+1] (17)

and

i) < % (B + (=1 )+1], (18)



where

Th(B)
c(p)= —,B(—ﬁl (19)
Knowing that X (x-D)"F <2(x-1)"7 and
(x+D'"? +x"7 >22(x+1)"? we can rewrite Eq. 18 as
(02 )+ 1)+ 20)
() <)1)+ @1

Writing x as a function of i in the two previous Egs. we obtain

(- ﬁllﬂ
X(l)— TIB) Z_E T1. (22)

Put differently, in the previous Eq. we have derived the relationship
between the magnitude x and the mean rank of elements whose
magnitude is zeta distributed. Interestingly, our error in the value of
such magnitude is of only £1, which can be neglected for large i .

Applying the method above, we also obtain

|: ( 1):|_ﬁ1_1 s ( ) |: 1 ( 1):|_ﬁ1_1
X\l =
(ﬁ) min min (ﬁ) min (23)

and

(L' jﬁl< j <(1 j jﬁlﬂ
c(ﬁ)lmax —x(lmax)— c(ﬁ)lmax ° (24)



4 The golden number

Equating the Lh.s. of Eq. 24 and the r.h.s. of Eq. 3 we obtain

@ = (25)

L
p-1
for £>1. Similarly, comparing Eq. 22 with Eq. 3, we obtain that Eq. 25
also holds approximately.

Knowing Eq. 25, B equates @ when f=1/(f-1), which leads to the
quadratic equation

B>—B-1=0. (26)

The previous Eq. has two solutions, i.e.

C1+45

F==

27)

of which the negative must be discarded for two reasons. First, Eq. 25
is obtained assuming £>1. Second, x(i) is, by definition, monotonically

decreasing. The positive solution is ¢ = (1 ++/5 )/ 2, the famous golden
number (Ghyka, 1977; Walser, 2001).

5 Discussion

We have seen that the exponent ¢ is the value where the exponents of
the probability distribution of a discrete magnitude and that of the value
of the magnitude versus its rank coincide. This is one among many
contexts in which the golden number appears (Ghyka, 1977; Walser,
2001). Probably, one of the most famous places where this number
appears is the Fibonacci series, that is defined by the recurrence
relation

F,.=F_+F, (28)

n+l



for n>2 with F0=0 and F1=1. The begining of the series is 0, 1, 1, 2, 3,

5, 8, 13, 21, 34, 55, 89, 144, 233, 377, 610, 987, 1597, 2584, 4181,
6765, 10946, 17711, 28657, 46368, 75025, 121393, 196418, 317811,...
It is well-known that the golden number is the limit ratio between two
consecutive numbers of the series, i.e.

: Fn+l
flameT =9 (29)

At this time, we believe that it cannot yet be said if our discovery of ¢
is just a mathematical curiosity a the beginning of a series of
discoveries that may change the way in which scientists study power
laws in mathematical (Mitzenmacher, 2003; Mandelbrot, 1997) and
natural sciences (Gisiger, 2001; Stanley, 1999; Newman, 2005). We
hope that our finding stimulates further research.
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