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Motl vation

-

Firstorderlogic providesa convenientformalismfor
specifyingveri cation conditions
# Veri cation conditionsofteninvolve arithmeticandother
well-establishedheories

Approachedo checkingveri cation conditionsin rst order
logic
o Purerst orderAutomatedTheoremProving (ATP)
& Goodatreasoningaboutquanti ed formulas
& Notsogoodattheoryreasoning
Someusefultheoriesarenot nitely axiomatizable
& Add'ad-hoc' axioms(Denng etal. [JCAR 2004)

Are thereary alternatves?
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Moti vation

-

#® Approachego checkingveri cation conditionsin rst order
logic
o Automatedheoremproving basedn Satis ability Modulo Theories
(SMT)
& A SMT problemis to determinghesatis ability of someformula
' with respecto some x edbackgroundheoryT
Is Select(Store(arr;i; a);1) 6 asatis able?
& Many usefulbackgroundcombinedtheoriesT canbedecidedby
ef cient procedures

# Goodattheoryreasoning

» Traditionallyfor quanti er-freeformulasonly

o Exception:Simplify
& Instantiationbasedandincomplete
& Shawvn to work for practicalproblems J
® Successfulbut nolongersupported
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Outline

-

® Quanti erreasoningn SMT
o SMT solversandAbstractDPLL Modulo Theoriesframenork
# Triggers,matchingandinstantiation
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® Challenges
# Triggerselection
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Outline

-

Quanti er reasoningn SMT
SMT solversandAbstractDPLL Modulo Theoriesframewvork
Triggers,matchingandinstantiation

Challenges
Triggerselection
Instantiationoops
Eagerandlazy instantiation
Irrelevantaxioms

Experimentalesults
Comparisorof differentheuristicgin CVC3)
Comparisorof SMT solwvers
Comparisorof ATP andSMT solwers
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Solver for SMT
N -

ModernSMT solvers(lazy) integratea SAT solverandoneor
moretheorysolvers

= Abstraction

N

T — 1 Theory
| Solver

sl B

- 71

UF Arithmetic | ! !
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SMT Example
- -

Toprove(a= b) " : (f (a) = f (b)) isunsatis able
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Quanti er Example

- N
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Quanti er Example

Toprove: P(3)" 8x:(x > 1!
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Abstraction
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Abstract DPLL Modulo Theories

AbstractDPLL Modulo Theorieds aformalismfor DPLL-basedksmt T
solvers

DescribesSMT solversastransitionsystemga setof statesandtransition
rules)
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Abstract DPLL Modulo Theories

AbstractDPLL Modulo Theorieds aformalismfor DPLL-basedksmt T
solvers

DescribesSMT solversastransitionsystemga setof statesandtransition
rules)

States
F all

M j F (M isasetof literalsassumedofar, F is asetof CNF
clauses)

Final state
F ail
M jF (MisT satis ableandM F F)
Thegoal:
Frominitial state; j Fo, dervea nal state J
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Example of Transition Rules

Unit propagtionin SAT

UnitPropagate 3
] ] LS M F:.C
MjF, C_I =) MIjF, C_1 if
| isunde nedin M
Theorypropagtion
T-Propagate 3
3 MErl
M F =) MI]JF ifB | or: | occursin F

| iIsunde nedin M
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Rulesfor Quanti er Instantiation

An abstractiteral is eitheraliteral or aquanti ed formula

-

' [x=t] denotegheresultof substituting for all free
occurrencesfx in'

Inst_ 9 :
M jF

Inst_8 :

)

N\ OO

Ox: Pisin M

MJjF; ((9x P)_ Plx=sk]) if
- sk is afreshconstant.

N\ OO

8x:Pisin M

MJjF; (:(8xP)_P[x=t]) if
-+ tisagroundterm.
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What to instantiate

- N

Suppose = 8x:P (f (x)) Is assertedo betrue

- |
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What to instantiate

-

Suppose = 8x:P (f (x)) Is assertedo betrue

Instantiatex with every groundterm (nawve instantiation)
Too mary instantiations

Instantiatex with termsrelevantto

If somesubtermof [x=t] appearsn groundformulasin
M, t isrelevantto

Similarto resolution

How to nd relevantterms?
1. Selectasubtermof thatcontainsx, sayf (x)

2. If f (x) matcheswith agroundtermthatappearsn
M, sayf (a), ais relevant

f (x) Is calledatrigger
E unif ication J
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Challenges
Givenasetof quanti ed formulasandgroundformulas T
1. Selectsomesubterm®f a quanti ed formulaastriggers
2. Matchtriggerswith groundterms
3. Instantiateguanti ed formulas
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Challenges
Givenasetof quanti ed formulasandgroundformulas T
1. Selectsomesubterm®f a quanti ed formulaastriggers
2. Matchtriggerswith groundterms
3. Instantiateguanti ed formulas

Challenges
Triggers
Matching(equalities fastmatchingalgorithm)

Instantiation
Instantiationoops
Eagerandlazy instantiation
Irrelevantaxioms
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Triggers
-

Triggerselection

Triggersshouldcontainall boundvariables
Triggerscanhave moreboundvariableghanthose
guanti ed by outermosguanti ers

8x:(P(x)! 8y:Q(x;y))

(Simplify doesnotallow this)
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Triggerscanhave moreboundvariableghanthose
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Sometimeso singlesubtermcontainsall bound
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Multi-triggers(asin Simplify)

|

Solving Quanti ed Veri cation Conditions using Satis ability Modulo Theories— p.13/28



Triggers
-

Triggerselection

Triggersshouldcontainall boundvariables
Triggerscanhave moreboundvariableghanthose
guanti ed by outermosguanti ers

8x:(P(x)! 8y:Q(x;y))

(Simplify doesnotallow this)
Sometimeso singlesubtermcontainsall bound
variables
Multi-triggers(asin Simplify)
Specialtriggerheuristics
Transitvity
Anti-symmetry
Array index
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Instantiation Loops

Instantiationcouldintroduceloops

1. 8x:P (f (x);f (g(x))) (Simplify)
2.8x:(9y:f(x) f(y)=2)
3. Loopsdueto severalformulas
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Instantiation Loops

Instantiationcouldintroduceloops

1. 8x:P (f (x);f (g(x))) (Simplify)
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3. Loopsdueto severalformulas
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Instantiation Loops

Instantiationcouldintroduceloops
1. 8x:P (f (x);f (g(x))) (Simplify)
2.8x:(9y:f(x) f(y)=2)
3. Loopsdueto severalformulas
Loopsarenot alwaysbad

We experimentedwo kindsof loop preventionmechanism
Staticloop test(asin Simplify)
Dynamicloop detection
Both areabandoned
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Eagerand lazy instantiation

-

Eagernnstantiation
Instantiatevhenunit propagtionrule doesnot apply
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Eagerand lazy instantiation

-

Eagernnstantiation
Instantiatevhenunit propagtionrule doesnot apply
May nd contradictionsarlier
May introduceuselesslauses
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Eagerand lazy instantiation

-

Eagernnstantiation
Instantiatevhenunit propagtionrule doesnot apply
May nd contradictionsarlier
May introduceuselesslauses

Lazy instantiation
Instantiatevhenno othertransitionrule applies
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Eagerand lazy instantiation

-

Eagernnstantiation
Instantiatevhenunit propagtionrule doesnot apply
May nd contradictionsarlier
May introduceuselesslauses

Lazy instantiation
Instantiatevhenno othertransitionrule applies
Instantiateonly whennecessary
May betoo late

Is thereaway to have a balancebetweerlazy andeager
Instantiation?
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Irr elevant axioms

-

Veri cation conditionsareoftenof theform » :' where'
Isaformulaand isalarge x edT-satis ablecollectionof
(quanti ed) axioms

Many formulasandgroundtermsin areirrelevantto the proof of
unsatis abilityof ~ ;'

|

Solving Quanti ed Veri cation Conditions using Satis ability Modulo Theories—p.17/28



Irr elevant axioms

-

Veri cation conditionsareoftenof theform » :' where'
Isaformulaand isalarge x edT-satis ablecollectionof
(quanti ed) axioms

Many formulasandgroundtermsin areirrelevantto the proof of
unsatis abilityof ~ ;'

Thesolver mayspendalot of resource®nirrelevantaxioms

|

Solving Quanti ed Veri cation Conditions using Satis ability Modulo Theories—p.17/28



Irr elevant axioms

-

Veri cation conditionsareoftenof theform » :' where'
Isaformulaand isalarge x edT-satis ablecollectionof
(quanti ed) axioms

Many formulasandgroundtermsin areirrelevantto the proof of
unsatis abilityof ~ ;'

Thesolver mayspendalot of resource®nirrelevantaxioms
It is not alwayseasyto determinevhetheraxiomsarerelevantor not

|

Solving Quanti ed Veri cation Conditions using Satis ability Modulo Theories—p.17/28



Irr elevant axioms

-

Veri cation conditionsareoftenof theform » :' where'
Isaformulaand isalarge x edT-satis ablecollectionof
(quanti ed) axioms

Many formulasandgroundtermsin areirrelevantto the proof of
unsatis abilityof ~ ;'

Thesolver mayspendalot of resource®nirrelevantaxioms

It is not alwayseasyto determinevhetheraxiomsarerelevantor not

How to preventthesolver from spendingoo mary resources
onirrelevantaxioms?
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Instantiation level: thr eebirds onestone

De nition of instantiationevel | L(g) of groundtermg T

All termsappearingn original problemhave aninstantiationievel of O

If groundtermg matchesometriggerof 8x:P andg hasan

Instantiationlevel I L(g), thenall new termsin P [x=t] (aswell asnew
termsdervedfrom them)have instantiationevel of | L(g) + 1.

|
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termsdervedfrom them)have instantiationevel of | L(g) + 1.

Instantiationevel andmatching

Only groundtermswith aninstantiationlevel lessthananupper
boundareusedin matching
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Instantiation level: thr eebirds onestone

De nition of instantiationevel | L(g) of groundtermg T

All termsappearingn original problemhave aninstantiationievel of O

If groundtermg matchesometriggerof 8x:P andg hasan

Instantiationlevel I L(g), thenall new termsin P [x=t] (aswell asnew
termsdervedfrom them)have instantiationevel of | L(g) + 1.

Instantiationevel andmatching

Only groundtermswith aninstantiationlevel lessthananupper
boundareusedin matching

Instantiationstratgy
Eagennstantiation

Theupperboundis increasedf
CVC3runsoutof groundterms
No othertransitionrule applies

lterative deepeningninstantiationevel J
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Advantagesof instantiation level

-

Neutralizeghe harmful effect of instantiationoops

New groundtermsfrom instantiationwill notbe
consideredintil theupperboundis increased

|
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Neutralizeghe harmful effect of instantiationoops
New groundtermsfrom instantiationwill notbe
consideredintil theupperboundis increased

Balancegheeagernesef instantiations
Eagerlyinstantiate
Lazily increaseéheupperbound
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Advantagesof instantiation level

Neutralizeghe harmful effect of instantiationoops
New groundtermsfrom instantiationwill notbe
consideredintil theupperboundis increased

Balancegheeagernesef instantiations
Eagerlyinstantiate
Lazily increaseéheupperbound

Avoidsspendingoo mary resourcesnirrelevantaxioms
No groundtermwill have moreattentionthanothers
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Experimental Results

Testcasesarefrom SMT LIB.
AUFLIA/Burns 14
AUFLIA/misc 29
AUFLIA/piVC 42
AUFLIA/RicartAgravalal4
AUFLIA/simplify 833
AUFLIRA/nasa26504
AUFNIRA/nasal561

Only hardcaseg5599out of 29004)areselected
AMD Opteron(64 bit), 1G memory time limit 5 minutes

|
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CVC3 with Differ ent Heuristics

Catgory B-E| B-L | IL-E
AUFLIA/Burns 12 12 12 12
AUFLIA/misc 14 12 14 14
AUFLIA/pIVC 29 29 29 29

AUFLIA/RicAgla | 14| 14| 14| 14
AUFLIA/simplify | 769] 497| 762| 768
AUFLIRA/nasa | 4619 4527 4131| 4526
AUFNIRA/nasa | 142| 72| 46| 72

B-E : No instantiationevel heuristic,with eagernnstantiation
B-L : No instantiationevel heuristic,with lazy instantiation
IL-E: Instantiationlevel with eagennstantiation

- |
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CVC3, Yicesand Fx7

Yices,versionof SMT competition2006
Fx7,asof Nov 15,2006
CVC3,versionl.1

X7 yices CVC3
category #case | #valid time | #valid time | #valid time
AUFLIA/Burns 12 12 | 0.429 12 | 0.011 12 | 0.020
AUFLIA/misc 14 12 | 0.682 14 | 0.050 14 | 0.048
AUFLIA/pivVC 29 15 | 0.517 29 | 0.030 29 | 0.106
AUFLIA/RicAgla 14 14 | 0.640 14 | 0.026 14 | 0.041
AUFLIA/simplify 769 760 | 3.218 740 | 1.424 768 | 0.739
AUFLIRA/nasa 4619 | 4187 | 0.452 | 4520 | 0.082 | 4526 | 0.014
AUFNIRA/nasa 142 48 | 0.410 N/A N/A 72 | 0.012
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SMT and ATP

NASA cases T
Veri cation conditionsof someNASA software
Introducedoy Denng etal. atIJCAR 2004

Claim: ModernATPsarepowerful enoughfor “practical
applicationin programcerti cation”

T. The rst setgeneratedthehardest

T8;!

Tprop (€.9.true_ P ===>true)

Teval (€.9.sucdpred(x)) ===>x)

Tarray

Toolicy (ad-hocsimpli cation, the easiest)

Tarray SImpli cation of Tg.) J
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CVC3, Simplify, SPASS, Vampire
-

Simplify
Theonly SMT solversfor quanti er reasoninghatis
publicly availablein 2004

Vampire,version8.1
Oneof thebestATPs,wontwo catgyoriesof CASC
competitionin recentyears

SFASS, version2.2
ThebestATP in thelJCAR 2004 paper

|
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CVC3, Simplify, SPASS, Vampire

catgory | #cases Vampire| SFASS | Simplify | CVC3
T. 365 266 302 207 343
Tg:i 6198 6080| 6063 5957| 6174
Tprop 1468 1349 1343 1370| 1444
Teval 1076 959 948 979| 1052
Tarray 2026 2005| 2000 1943 2005
Tpolicy 1987 1979| 1974 1917 1979
Tarray 14931| 14903| 14892 14699 14905
total 28051 27541 27522, 27072 27902

-

|
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CVC3, Simplify, SPASS, Vampire

catgory | Vampire| SFASS | Simplify | CVC3
T. 9.277| 1.765 0.068| 0.017
Tsg:! 2.154| 0.673 0.017| 0.004
Tprop 4.322| 1.066 0.339| 0.006
Teval 5.603| 0.760 0.042| 0.008
Tarray 1.444| 0.270 0.011| 0.005
Tpolicy 1.494| 0.272| 0.010| 0.004
Tarray 0.695| 0.232 0.010| 0.005
total 1.560| 0.411 0.015| 0.004
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-
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Summary

-

Instantiationlevel heuristicmeetsseveralchallengesn
guanti er reasoning

For certainkindsof veri cation conditions, SMT solvers
may be a betterchoice

Futurework
Ef cient multi-triggermatchingwith equalities
Techniquedgrom ATP

|
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