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Abstract. In this paper we introduce MIMAX SAT, a new Max-SAT solver that
incorporates the best SAT and Max-SAT techniques. It cawlleamard clauses
(clauses of mandatory satisfaction as in SAT), soft clagdasises whose falsifi-
cation is penalized by a cost as in Max-SAT) as well as psduddean objective
functions and constraints. Its main features are: learaimg) backjumping on
hard clauses; resolution-based and subtraction-basest loounding; and lazy
propagation with the two-watched literals scheme. Our eigglievaluation on
a wide set of optimization benchmarks indicates that itéogperance is usually
close to the best specialized alternative and, in some ,cages better.

1 Introduction

Max-SAT is the optimization version of SAT where the goaldsatisfy the maximum
number of clauses. It is considered one of the fundamentabgmtorial optimization
problems. It is well known that many important problems camhturally expressed
as Max-SAT. They include academic problems suchas cutor max clique as well
as real problems in domains likeuting, bioinformatics schedulingprobabilistic rea-
soning electronic marketsetc..

There is a long tradition of theoretical work about the sueal complexity [1] and
approximability [2] of Max-SAT. Most of this work is resttied to the simplest case in
which all clauses are equally importamne( unweighted Max-SAT) and have a fixed
size (mainly binary or ternary clauses). From a practicahtpof view, a significant
progress has been made in the last 3 years [3—8]. As a rdsrig is a handful of new
solvers that can deal, for the first time, with medium-sizesfances.

The main motivation of our work comes from the study of Max¥S#éstances mod-
elling real-world problems. We usually encounter threeufess:

— The satisfaction of all clauses does not have the same ianp®t so each clause
needs to be associated with a weight that represents thefdtswiolation. In the
extreme case, which often happens in practice, there arsedavhose satisfaction
is mandatory. They are usually modelled by associating g kigth weight with
them.

— Literals do not appear randomly along the clauses. On thgamgnit is easy to
identify patterns, symmetries or other kinds of structures

— In some problems there are mandatory clauses that reducetically the num-
ber of feasible assignments, so the optimization part optieblem only plays a
secondary role. However, in some other problems mandatauges are trivially
satisfiable and the real difficulty lays on the optimizatiamtp



When we look at current Max-SAT solvers, we find that none ehttis robust over
these three features. For instance, [7, 8] are restrictéarmoulas in which all clauses
are equally important, [3] is restricted to binary claugé$,seems to be efficient on
very overconstrained problemis(, only a small fraction of the clauses can be simulta-
neously satisfied), while [9] seems to be efficient on sligbtierconstrained problems
(i.e.almost all the clauses can be satisfied). The solver propog&@] is the only one
that incorporates some learning, so it will presumablyq@nfwell on structured prob-
lems, but its lower bound computation is relatively weakitse does not seem to be
competitive in pure optimization problems.

In this paper we introduce MIMAXSAT, a new weighted Max-SAT solver that
incorporates the current best SAT and Max-SAT techniques.Huild on top of Min-
iISAT+ [11], so it borrows its capability to deal with pseutioelean problems and all
the MiniSAT [12] features processing mandatory clause$ sisclearning and back-
jumping. We have extended it allowing it to deal with weightdauses, while preserv-
ing the two-watched literals lazy propagation method. Th@roriginal contribution of
MINIMAX SAT is that it implements a very efficient lower bounding teicfue. Specif-
ically, it applies unit propagation in order to detect disjonconsistent clauses like in
[8] and then it transforms the problem like in [4, 13, 5] tor@ment the lower bound.
However, while in [4, 13, 5] only the clauses that accompdig@cific patterns are trans-
formed, in MINIMAX SAT there is no need to define such patterns.

The structure of the paper is as follows: Section 2 provideBrinary definitions,
Section 3 overviews MiIMAX SAT, Sections 4 and 5 focus on its lower bounding and
additional features, respectively. Section 6 reports @peamental results and Section
7 presents related work. Finally, Section 8 concludes aitpout directions for future
work.

2 Preliminaries

In the sequeX = {x1,x2,...,Xn} is the set of boolean variables. lkeral is either a
variablex; or its negationg. The variable to which literdlrefers is notedar(l). Given
a literal |, its negationl is x; if | is x; and isx; if | is Xi. A clause Cis a disjunction
of literals. In the following, possibly subscripted capitttersA, B, C, D, andE will
always represent clauses. T$ieeof a clause, note(C|, is the number of literals that
it has. The set of variables that appeaCiis notedvar(C). An assignmenis a set of
literals not containing a variable and its negation. Assignts of maximal size are
calledcompleteotherwise they are callgzhrtial. An assignmensatisfiesa literal iff it
belongs to the assignment, it satisfies a clause iff it sasisfne or more of its literals
and itfalsifiesa clause iff it contains the negation of all its literals. e fatter case we
say that the clause @onflictingas it always happens with the empty clause, naied
A weightedclause is a paifC, w), whereC is a clause and is the cost of its falsifi-
cation, also called itareight Many real problems contain clauses thatstbe satisfied.
We call such clausesiandatoryor hard and associate with them a special weight
Non-mandatory clauses are also cakedt A weighted formulan conjunctive normal
form (WCNF) is a multiset of weighted clausesmodelis a complete assignment that
satisfies all mandatory clauses. Teest of an assignmerg the sum of weights of the
clauses that it falsifies. Given a WCNF formul&eightedMax-SAT is the problem



of finding a model of minimum cost. Note that if a formula cantaonly mandatory
clauses, weighted Max-SAT is equivalent to classical SPFll the clauses have weight
1, we have the so-called (unweighted) Max-SAT problem. énfthlowing, we will as-
sume weighted Max-SAT.

We say that formula ’ is arelaxationof formula# (noteds’ C # ) if they are
defined over the same set of variables and the cost of any eterggsignment in ’ is
less than or equal to the costin (non-models are considered to have cost infinity). We
say that two formulag " ands areequivalen{noteds "= )if ' C ¥ ands C 5.

If a formula contains clausé€€,u) and(C, v), they can be replaced B¢, u+v) and
if it contains a claus€C,0), this may be removed. Both these transformation preserve
equivalence. The empty clause may appear in a formula. Vétight is T, it is clear
that the formula does not have any model. If its weight,ishe cost of any assignment
will include that weight, sav is an obvious lower bound of the formula optimal cost.
Weighted empty clauses and their interpretation in ternieweér bounds will become
relevant in Section 4.

Mandatory clauses of size 1 (namgll, T)) are calledacts When a formula con-
tains a factl, T), it can be simplified by removing all clauses contairliagd removing
| from all the clauses where it appears. The application afrilie until quiescence is
called unit propagation(UP) and it is well recognized as a fundamental propagation
technigue in all current SAT solvers. Note that most of thesma lazy implementation
of UP based on thievo-watched literals scheni&4].

3 Overview of MINIMAX SAT

MINIMAX SAT performs adepth-first branch-and-bourgkarch on the tree of possible
assignments, where internal nodes represent partialrassigfs and leaf nodes rep-
resent complete assignments. Each internal node has twdrarhithe two possible
extensions of its associated assignment with respect tofahe unassigned variables.
At an arbitrary search point, the algorithm tries to detecbaflict, which means that
the current assignment cannot be successfully extendedlidieguish two types of
conflicts: hard conflicts indicate that there is no model extending the aurpartial
assignment (namely, all the mandatory clauses cannot Isiesd), andsoft conflicts
indicate that the current partial assignment cannot bendeie to an optimal assign-
ment. Hard conflicts are detected when unit propagatiorslemthe empty mandatory
clause(td, T). The detection of soft conflicts requires that the algorithaintains two
values during search:

— The cost of the best model found so far, which is an upper babrud the optimal
solution.

— An underestimation of the best cost that can be achievedaixtg the current
assignment into a model, which is a lower boubaf the current subproblem.

A soft conflict is detected whellb > ub, because it means that the current assignment
cannot lead to an optimal model. Note that any soft cld@se/) with w > ub must be
satisfied in an optimal assignment. Therefore, in the fdlhgywve assume that such soft
clauses are automatically transformed into hard clauses.



An algorithmic description of MNI M AX SAT is presented ilgorithm 1 The algo-
rithm uses a propagation queQewhich contains all facts pending propagation. Once
propagated, literals are not removed fr@nbut rather marked as such. The algorithm
also uses an array(l) which accumulates the weight of all soft clauses that have be
come unit ovet (namely, clause$AV |, w) such that the current assignment falsifies
A).

Before starting the search, two pre-processes are exeéiitstia good initial upper
bound is obtained with a local search method (line 1) whick yield the identification
of some new hard clauses. In our current implementation weJsg SAT [15] with de-
fault parameters. The selected local search algorithiRGT S(lterated Robust Tabu
Search. Next, the queu€) is initialized with all the facts in the resulting formulané
2). The main loop starts in line 3 and each iteration is in gaaf propagating all pend-
ing facts (line 4) and, if no conflict is detected, attemptihg extension of the current
partial assignment (line 10). Pending factQiare propagated in functid®r opagat e
(line 4), which may return a hard or soft conflict (see nextti®ador details). If a hard
conflict is encountered (line 5) the conflict is analyzed, & hard clause is learnt and
backjumping is performed. This is done as it is customaryadssical SAT solvers such
as GHAFF [14]. If a soft conflict is encountered (line 6) chronolodibacktracking is
performed. If no conflict is found (line 10), a literal is hestically selected and added
to Q for propagation in the next iteration. However, if the catrassignment is com-
plete (line 7), the upper bound is updated. Search stopsdaf@aost solution is found
because it cannot be further improved (line 8). Else, cHamical backtracking is per-
formed (line 9). Note that backjumping leads to terminatfantop level hard conflict
is found, while chronological backtracking leads to teration if the two values for the
first assigned variable have been tried.

Algorithm 2 describes functiorPr opagat e. First, this function performs unit
propagation P) which propagates facts (line 18). It iterates over the pmpagated
literals| in Q (line 11). Firstly, the cost of falsifying (which is recorded iV (1)) is
added to the lower bound (line 12). Secondly, if a hard clédesmmes a fact (line 13),
the corresponding literal is added@dfor future propagation (line 14). Finally, if a soft
clause becomes un(g, u) (line 16), its weightu is added to/(q) (line 17). If during
this process a hard conflict is detected, the function retitrtline 15). Else, the algo-
rithm attempts to detect a soft conflict with a call to proaedurpr ovelLB (line 20,
see Section 4 for details), and it returns the soft confliittiff found (line 21). Finally,
if no conflict is detected, the function returN®ne(line 22).

Note thatPr opagat e only needs to identify when original (soft or hard) clauses
have all their literals but one falsified. Thus, we use tiie-watched literalscheme
[14] in both hard and soft clauses. Note that any changHsdoV (I) must be restored
upon backtracking.

4 Lower Bounding in MINIMAX SAT

In the following, we consider an arbitrary search state ofiNV1 AX SAT before the call
toi nprovelB. Such a search state is uniquely characterized by the ¢wssign-
ment. The current assignment determinescineent subformulavhich is the original
formulaconditionedby the current assignment. The current subformula has therlo



Algorithm 1: MINIMAX SAT basic structure.

Function Search() : integer

ub:= LocalSearch() ;

InitQueue) ;

Loop

Propagate() ;

if Hard Conflictthen

Analyze() ;

if Top Level Hard Conflicthen return ub;
else

g A W N P

LearnClause() ;
| Backjumping() ;

if Soft Conflicthen
ChronologicalBactracking() ;
| if End of Searchhen return ub;

else

7 if all variables assignethen
ub:=1b;

if ub= 0then return ub;

9 ChronologicalBactracking() ;

if End of Searclthen return ub;

10 else
| := SelectLiteral() ;
| EnqueueQ,l);

o

bound as the weight of the empty clauge,|b). Similarly, valueV(l) defines unit
clausg(l,V(1)). Recall that such unit clause is the aggregation of all tiggraal clauses
that have become unit ovedue to the current partial assignment.

MINIMAX SAT improves its lower bound in procedurepr ovelB (called in line
20 of Algorithm 2. It does so by deriving new soft empty claugés w) through a
weighted resolution process. Such clauses are added toigfiread (], Ib) clause pro-
ducing an increment of the lower boundeighted resolutiorfalso calledMax-RES$
[4], is a rule thateplaceswo clashingclausegx Vv A, u) and(xV B,w) by the following
set of clause$(AVv B, m), (x VA u—m), (xVB,w—m),(xVAVB,m), (xVAVB,m)},1!
wherem = min{u,w} and hard clauses are treated as if their cost was infinigy (
T —u=T). Thefirst clause is called thesolventand the other clauses are caltaam-
pensation clauseshe transformation preserves equivalence as defined ito8et
The last two compensation clauses may lose the clausal garhe following rule [5]
may be needed to recover it:

B ~ AVl 1 |B[=0
CNF(A\/I\/B,U){{(A\/I\/B,u)}UCNF(A\/B,u) . |B[>0

1 WhenA is the empty clausd represents a tautology.



Algorithm 2: Functions related with the search algorithm.

Function UP() : conflict
while (Q contains non-propagated literglslo

11 | := PickNonPropagatedLitera}); MarkAsPropagatedly ;

12 Ib:=Ib+V(l);

13 foreach Hard clause that has become unit over literadiq

14 EnqueuéQ,q) ;

15 L if {q} € Q then return Hard Conflict;

16 foreach Soft clause with weight u that has become unit over literdbq
17 L V(g =V(a)+u;

| return None;
Function Propagate() : conflict

18 c:=UP();
19 if c= Hard Conflictthen return c;
20 improvelLB() ;

21 if Ib > ubthen return Soft Conflict
22 return None,

Example 1 If we apply weighted resolution to the following claugés\'y, 3), (XVyVz4)} we
obtain{(yVyVvz3),(xVy,3—3),(xVyVvz4—3),(xVyV(yVz),3),(XVyVyVvz3)}. The first
and fourth clauses can be simplified. The second clause camlted because it weight is zero.
The fifth clause can be omitted because it is a tautology. \My &N F rule to the fourth clause
to obtain two new clauses CNEVyV (yVz),3) = {(xVyVyV 2),3),(xVyVZ3)}. Note that
the first new clause is a tautology. Therefore, we obtain thevalent formula{(yVv z,3), (xVyV

z,1),(xVyVvz3)}.

As a first stepj nmpr ovelLB performsunit neighborhood resolutioQUNR) [16,
4], which only resolves on pairs of clashing unit clausegprtiduces an immediate
increment of the lower bound ¢., the weight of the empty clause) as it is illustrated in
the following example,

Example 2 Consider a search state with two unassigned variables x a@nduwhich the lower
bound is Ib=3,V(x) =V (y) =1, V(x) =V (y) = 2 and a claus€x V' y, 3). This is equivalent to
the formula{(0,3), (x, 1), (v, 1), (X, 2), (¥, 2), (xVY,3) }. UNR would resolve on clausés 1) and
(%, 2) replacing them byx,1) and (J, 1) (all other compensation clauses are removed because
their weight is zero or they are tautologies). The two emfryses can be grouped intal, 3+
1=4). UNR would also resolve on clausgsl) and(y,2) replacing them byy, 1) and (O, 1).

The two empty clauses can be grouped ififg4+ 1 = 5). So, the new equivalent formula is
{(3,5),(x,1),(y,1), (xVy,3)} with a higher lower bound d.

As a second step we executsimulation of unit propagatio(SUP) in which soft
clauses are treated as if they were hard. As seen in the pseséetion, unit propagation
uses a propagation queQeln the following, we assume that together with each literal
I, the queud) also contains itseason the clausg AV |, w) that cause its unit prop-
agation. If SUP yields a conflict, it means that there is a subg(soft) clauses that
cannot be simultaneously satisfied. bebe the minimum weight among these clauses.



F = {(ZZ)A’ (X\/Wa 1)3,(X\/y,T)c,(X\/Z,2)D, ()TVZS)E}
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7' ={(xvw1),(xVy, T),(YVZ1),(30,2),(xVyVz2),(XVyVZ2)}
7" ={(xvw.1),(xvy, T),(yvz1),(0,2)}

Fig. 1. Graphical representation of IMIMAX SAT lower bounding. On the top, the original for-
mula g . On the left, the propagatioR after step 1. In the middle, the structure of the resolution
tree computed in step 2. On the right, the effect of actuadgcating the resolution (step 3). The
resulting formulaz ’ appears bellow. If subtraction-based lower bounding ifopered, step 3 is
replaced by a subtraction of weights, producing formula

It is easy to see that the extension of the current partiddasegent to the unassigned
variables will have a cost of at least Besides, such a cost can be made explicit by
a sequence of resolution steps. A resolution tree is builhfthe propagation queue
Q as follows: letCy be the conflicting clause. Traver§g from tail to headuntil a
clashing claus®g is found. Then resolution is applied betweenandDy, obtaining
resolventC;. Next, the traversal of) continues until a clausPb that clashes witiC;

is found, giving resolvent, and we iterate the process until the resolvent we obtain
is the empty clauskl. Once the resolution tree is computed, weighted resolwtam
actually be done with the actual soft clauses and, as a rélselempty clauséd, m)

will be derived. Finally, all clauses used in the process mél replaced by, m) and

the corresponding compensation clauses, thus obtainimgjainalent formula with a
lower bound increment af. It is important to remark that this transformation pressrv
equivalence since all clauses are used at most one in thetiesgrocess but we have
to undo the transformation upon backtracking. We call thicpdureaesolution-based
lower bounding.



Example 3 Consider formular = {(X;2)a, (xVW,1)g, (XVY, T)c, (XVZ2)p, (YVZ3)e}, where
each clause is identified by a subindex for future reference.

Step 1.Apply SUP.Initially, the unit clause A is enqueued producing=QIX(A)] (within
parenthesis, we indicate the reason of a literal). Thee propagated. The resulting formula is
{(w,1)B, (Y, T)c,(z22)p,(YVZ3)e} and Q becomef(A),w(B),y(C),z(D)]. Literal w is prop-
agated. The resulting formula iy, T)c, (z,2)p, (YV z 3)e} and no new unit clauses are gen-
erated. Literal y is propagated. The resulting formul&{g,2)p, (z,3)e } and a new unit clause
is enqueued producing 8 [X(A),w(B),y(C),z(D),z(E)]. Since z and are inside Q, a conflict
is detected and SUP stops. Note that E is the conflicting elakigure 1.a shows the state of Q
after the propagation.

Step 2.Build the resolution treeStarting from the tail of Q the first clause clashing with
the conflicting clause E is D. Resolution between E and D geeerthe resolvent xy. The
first clause clashing with it is C, producing resolvent x. Text clause clashing with it is A
and resolution generates. Figure 1.b shows the resulting resolution tree. The mimmweight
among the involved clausesds

Step 3.Transform the probleme apply weighted resolution as indicated by the tree com-
puted in Step 2. Figure 1.c graphically shows the result ef process. Leaf clauses are the
original clauses involved in the resolution. Each intermalde indicates a resolution step. The
resolvents appear in the junction of the edges. Beside esmblvent, inside a box, there are
the compensation clauses that must be added to the formyteeserve equivalence. Since
clauses that are used in resolution must be removed, thdtiresfiormula # / consists of the
root of the tree (OJ,2)) and all compensation clauses. That is, the resulting fdans 7 ' =
{(xvw,1),(xVy,T),(yvz1),(0,2),(xVyVz2),(XVyVz2)}. Note thatr =7 "'.

An alternative to problem transformation through resoluis to identify the lower
bound incrementh and then subtract it from all the clauses that would haveqiaated
in the resolution tree. This procedure is reminiscent ofdker bound computed in [7]
and we call itsubtraction-basetbwer bounding.

Example 4 Consider formular from the previous example. Steps 1 and 2 are identical. How-
ever, subtraction-based lower bounding would replace Stbp Step 3’ that subtracts weight 2
from the clauses that appear in the resolution tree and thdEis @1, 2) to the formula. The result
isg” ={(xvw1l),(xvy,T),(YVz1),(d2)}. Note thaty " C 5, so its lower bound is also

a lower bound ofr , but they are not equivalent. Henge;” cannot be used in the subsequent
search and if no soft conflict is immediately detected, thissformation has to be undone before
continuing the search.

After the increment of the lower bound with either technigurecedure SUP can be
executed again, which may yield new lower bound increméifits.process is repeated
until SUP does not detect any conflict.

When comparing the two previous approaches, we find thalutise-based lower
bounding has a larger overhead, because resolution stedsmbe actually computed
and their consequences must be added to the current formadil@moved upon back-
tracking. However, the effort invested in the transformatinay be amortized because
the increment obtained in the lower boubeicomes part of the current formulso it
does not have to bdiscoveredhgain and again by all the descendent nodes of the search
as it would happen with the subtraction-based approachuiexperiments, we found



that no scheme was systematically better than the otherla®daund that resolution-
based lower bounding seems to be more effective if resolusionly applied to low
arity clauses. As a consequence, after the identificatiathefesolution tree, Mii-
MAX SAT only applies resolution-based lower bounding if the largesolvent in the
resolution tree has arity less than 4.

5 Additional features of MINIMAX SAT

5.1 Probing

Probing is a well-known SAT technique that allows the formulationhyfpothetical
scenarios [17]. The idea is to temporarily assume lilig fact and then execute unit
propagation. If UP yields a conflict, we know tHats indeed a fact. The process is
iterated over all the literals until quiescence. Exhaestixperiments in the SAT context
indicate that it is too expensive to probe during searcht soriormally done as a pre-
process in order to reduce the initial number of branchirigtpo

We can easily extend this idea to Max-SAT. In that contexsjdes thediscovery
of facts, it may be used to make explicit weighted unit clauges in SAT, the idea is
to temporarily assume thats a fact and thesimulateunit propagationi(e., execute
SUP()). Then, we build the resolution tréefrom the propagation queu@. If all the
clauses i are hard, we know thats indeed a fact. Else, we can reprodiicgpplying
Max-RES with the actual clauses and derive a unit clguiga) wherem is the mini-
mum weight among the clausesTin Having unit soft clauses upfront makes the future
executions of npr oveLB much more effective in the subsequent search. Besides, if
we derive both(l,u) and(l,w), we can generate via unit neighborhood resolution (see
Example 5) an initial non-trivial lower bound afin{u,w}. We tested probing during
search and as a preprocessing in several benchmarks. Weexdbdeat probing as a
preprocessing was the best option as it is in SAT.

Example 5 Consider formular = {(xVy,1)a, (xVZ 1), (YVZ1)c}. If we assuma by adding
it to Q and then execute SUP a conflict is reached. We obtain [ @),y(A),z(B),z(C)] and
we detect that C is a conflicting clause. The clauses invoinatie refutation are C, B, and
A. Resolving clauses C and B results{ifxVy,1)a, (xVYy,1),(xVyVvz1l),(xVyVvz1)} The
resolution of the previous resolvent and A produces theijatgnt) formular ' = {(x,1), (xV
yvz 1), (xvyvz1)}.

5.2 Branching Heuristic

For problems where all literals appear in hard clauses iy oné polarity, a weighted
version of theTwo-sided Jeroslow Wanlgeuristic [13] is computed in the root node
and used in the subsequent search (the importance of eadedamultiplied by its
weight). For problems where literals appear in hard claus#sboth polarities it ap-
plies the native VSIDS-like heuristic [14] of MiniSat. In thocases, if some literdl
accomplished/ (1) 4+ Ib > ub at some node of the search tree, thes the selected
literal to assign andis never assigned.



5.3 Pseudo-boolean optimization

MINIMAX SAT can solvgpseudo-boolean optimization problét8, 11] of the form:

(1) minimize3"_, ¢j - X;

(2) subjecttozj:la”-Ij >by, i=1...m

wherex; € {0,1}, |; is eitherx; or 1—X;j, andcj, a; andb; are non-negative inte-
gers. (1) is th@bjective functiorand (2) is the set giseudo-boolean constraintglIN-
IMAX SAT uses MNISAT+ to transform pseudo-boolean constraints into hangsgs.
Thatis, it determines heuristically the most appropriateoeling to hard clauses through
adders sortersor BDDs Regarding the objective function, for each pgirx;, a new
soft unit clausex;, ¢j) is added.

6 Experimental Results

We compare NNIMAX SAT with several optimizers from different communities:

— MAXSATZ [8,19]. It can only deal with unweighted Max-SAT instancesl ats
main feature is a powerful subtraction lower bounding [8igdimited transforma-
tion rules [19]. It was the best unweighted Max-SAT solvethia 2006 Max-SAT
Evaluation.

— TOOLBAR [16,20-22]. Itis a state-of-the-art Weighted CSP solver.

— Max-DPLL [13,5] is a Max-SAT solver that performs a restrictedr of reso-
lution lower-bounding. It was the best weighted Max-SATveolin the 2006 Max-
SAT Evaluation. Note that Mx-DPLL is part of the DOLBAR package. Itis also
called TOOLBAR FORMAX-SAT.

— PuEBLO 1.5 [18] is a pure pseudo-boolean solver. It ranked first reisd cate-
gories of the 2005 Pseudo-Boolean Evaluation.

— MINISAT+ [11] is a pseudo-boolean solver that translates pseudteaoproblems
into SAT and solves them with MiniSAT. It was able to solve marstances than
the other solvers in the 2005 Pseudo-Boolean Evaluation.

When reporting results, we will omit a solver if it cannot tedth the correspond-
ing instances or it performs extremely bad. Results areepted in plots and tables.
The first column of each table contains the name of the setaifl@ms and the sec-
ond shows the number of instances. The rest of columns répoperformance of the
solvers. Each cell contains the average CPU time that thescdquired to solve all
instances. If not all the instances were solved within theetlimit (600 seconds), a
number inside brackets indicates the number of solvedrinetand the average CPU
time only takes into account solved instances. Note thathénpliots the order of the
legend goes in accordance with the performance of the solver

The following benchmarks were considered:

— Random unweighted Max-SAT instances [13]. Max-2-SAT ins&s with 100 vari-
ables and clauses ranging from 200 to 900. Max-3-SAT insmndith 80 variables
and clauses ranging from 300 to 700.

— Random Max-CUT instances [13] with 60 nodes and the numbedgés ranging
from 300 to 500.



— Random and structured Max-Clique instances [5]. The randstances have 150
nodes and the edge density is ranged from 0 to 100 per centstlinured in-
stances correspond to the 66 instances of Dimacs Challenge.

— Combinatorial Auctions [5]. The instances were generatiéld @AT S [23]. Three
distributions were considerepaths schedulingandregions The number of goods
is fixed to 60 and the number of bids is varied differently facle distribution.

— Max-One instances [5]. We have selected some SAT instaoceghich we have
solved the Max-One problem. We considered structured nestgcoming from
the 2002 SAT Competition [10] (submitted by Pehoushek) amdilom 3-SAT in-
stances with 120 variables and ranging the number of cldum@s150 to 550.

— WCSP instances. Structured Planing instances [24] cantgliroth boolean and not
boolean variables and hard and soft constraints. Randcamylihax-CSP instances
have three or four values per variable and only soft comgsabDepending on the
number of constraints and the number of forbidden tuplesist#ilutions were
generated: Dense Loose (DL), Dense Tight (DT), Sparse L{®ispand Sparse
Tight (ST) [20]. WCSP instances were translated to WeigMesd-SAT using the
direct encoding [25].

— Small integer optimization pseudo-boolean instancesiegfndom the 2006 Pseudo-
Boolean Evaluation. We considered some industrial ingtsrmaorresponding to
logic synthesisand some handmade instances includitisc (garden, min prime
andMPS(miplib).

Figure 2 contains plots with the results on different benatks. Plotsa andb re-
ports results on random unweighted Max-SAT instance&B20 and MINISAT+ are
orders of magnitude slower, so they are not included in tlaglgcs. On Max-2-SAT
(plot @), MINIMAX SAT lays between Mx-DPLL and MAXSATZz, which is the best
option. On Max-3-SAT (plob) MINIMAX SAT clearly outperforms Mx-DPLL and is
very close to MAXSATZz, which is again the best. In both Max-2-SAT and Max-3-SAT
MAXSATZ is no more than 3 times faster thantM AX SAT. Plotc reports results on
Max-CUT instances. In these problems)N\WIMAX SAT performs slightly better than
MaXxsATz, which is the second alternative.

Plot e reports the results on Random Max-Clique instanceisilM AX SAT is the
best solver, up to an order of magnitude faster thasxMDPLL, the second option.
PUEBLO and MINISAT+ perform poorly again. Regarding the structured Dimacs in-
stances, MNIMAX SAT is again the best option. It solves 34 instances within e ti
limit, while TOOLBAR,MINISAT+ and RJEBLO solve 29, 19 and 14 respectively.

Plots f, g andh present the results on Combinatorial Auctions followinfjedent
distributions. On the paths distribution,IM M AX SAT is the best solver, twice faster
than Max-DPLL, which ranks second. On the regions distributioraMDPLL is
the best solver while MilMAX SAT is the second best solver requiring double time.
On the paths and regions distributions/E#BLO and MINISAT+ perform very poorly.
On the scheduling distribution, MISAT+ is the best solver while kx-DPLL and
MINIMAX SAT are about one order of magnitude slower.

On random Max-One (plad) MINIMAX SAT is the best solver by far. Almost all
instances are solved instantly while®sL0 and Max-DPLL require up to 20 seconds
in the most difficult instances. MiISAT+ performs very poorly. The results on struc-
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Fig. 2. Plots of different benchmarks.
tured Max-One instances are reported in Figure BNIBIAT+ seems to be the fastest in
general. MNIMAX SAT is close in performance todgBLO. Note, however, that in the
dpinstances, NNIMAX SAT is the system solving more instances.

On structured Planning WCSP instances (Fig. 4EBLO is the best solver. Mii-
MAX SAT is the second best solverpDLBAR is the third and the last one iSIMISAT +.
This is not surprising since GOLBAR does not perform learning over the hard con-
straints. However, on pure optimization Max-CSP probleRig.(4) TOOLBAR solves
all the instances instantly,UgBL0 performs very poorly. MNIMAX SAT is clearly the
second best solver on DL instances, while\MSAT + is the second best option on DT
and ST tight instances.

Results regarding pseudo-boolean instances can be folriguire 5. Note that this
is the first time that a Max-SAT solver is tested on pseudddavinstances. Results
indicate that no solver consistently outperforms the otired that MNIMAX SAT is
fairly competitive with RIEBLO and MINISAT +.

We can conclude that MiIMAX SAT is the most robust Weighted Max-SAT solver.
Itis very competitive for pure optimization problems andgooblems with lots of hard
clauses and, sometimes, it is the best option.

7 Related Work

Some previous work has been done about incorporating SAitques inside a Max-

SAT solver. In [9] a lazy data structure to detect when clalmseome unit is presented
but it requires a static branching heuristic, so it is not esegal as our extension of
the two-watched literals. As far as we know, the rest of M@¥-Solvers are based on



Problenin. inst|MINIMAX SAT | Pueblo|Minisat+
3col80| 10 0.25 0.15 0.05

3co0l100 10 2.90 255 | 0.26 Problemn. inst] Toolbaf MINIMAX SAT | Pueblo |Minisat+|
3col120] 10 28.77 2123 | 150 Plannind 71 | 822 2.19 0.28 1364
3col140 10 56.57 12259| 3.86 DL 20 | 014 2.20 30285(8)| 27.17
cnt 3 9.30 0.25 0.25 DT 20 | 0.00 7.48 0(0) 533
dp 6 1175(5) |1.82(3)| 2.40(4) sL | 20 | 001 3308  [8330(18)| 130
ezfact32 10 149 0.69 | 0.65 ST 20 | 0.00 18.04 0(0) 4.29

Fig. 3. Satisfiable structured Max-one Fig. 4. Results for WCSP instances.

Problem |n.inst|MINIMAXSAT | Pueblo | Minisat+|

Garden 7 2.87(5) 1360(5) | 0.28(5)
Logic synthesis 17 26.33(2) 57.60(5) | 4.21(2)
Min prime | 156 | 20.94(111) |13.20(106)|7.58(112)
Miplib 17 34.50(5) 51.84(9) | 21.48(9)

Fig. 5. Results for pseudo-boolean instances.

adjacency listshat are inefficient for unit propagation [26]. In [10] a M&AT branch
and bound is powered with learning over hard constraintst siused in combination
of simple lower bounding techniques. To the best of our kedge, no Max-SAT solver
incorporates backjumping. Note thatM AX SAT restricts backjumping to the ocur-
rence of hard conflicts. Related frameworks that backjungr &bft conflicts include
[27] for WCSR [28] for pseudo-boolean optimization and [29] 8K T.

Most Max-SAT solvers use what we call subtraction-base@tdwounding. In most
cases, they search for special patterns of mutually insterdi subsets of clauses [3, 6,
9]. For efficiency reasons, these patterns are alwaysctestiio small sets of small arity
clauses (2 or 3 clauses or arity less than 3NN AX SAT uses a natural weighted ex-
tension of the approach proposed in [7]. It was the first otetaliletect inconsistencies
in arbitrarily large sets of arbitrarily large clauses.

The idea of what we call resolution-based lower bounding iwagired from the
WCSP domain [16, 20—22] and it was first proposed in the MaX-&#text in [4] and
further developed in [19, 13, 5]. In these works, only splguédterns of fixed-size reso-
lution trees were executed. The use of simulated unit prajp@gallows MNIMAX SAT
to identify arbitrarily large resolution trees.

Our probing method to derive weighted unit clauses is rdladehe 2— RE Sand
cycle rule of [13, 5], and to failed literals in [8]. Again,dluse of simulated unit propa-
gation allows MNIMAX SAT to identify arbitrarily large resolution trees.

8 Conclusions and Future Work

MINIMAX SAT is an efficient and very robust Max-SAT solver that canl deth hard
and soft clauses as well as pseudo-boolean functionsditpiecates the best techniques
for each type of problems, so its performance is similar eolibst specialized solver.
Besides the development ofiIM MAX SAT combining, for the first time, known tech-
nigues from different fields, the main original contributtiof this paper is a novel lower
bounding technique based on resolutionNMM AX SAT lower bounding subsumes in
a very clean an elegant way most of the approaches that havepbeposed in the last
years. Future work concerns the development of VSIDS-léuristics for soft clauses,
backjumping techniques for soft conflicts and the study ahdim-specific branching
heuristics.
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