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Abstract

Applications of the Mellin-Perron Formula in Number Theory
Marko Ragnar Riedel
A thesis submitted in conformity with the requirements
for the degree of Master of Science
Graduate Department of Computer Science
University of Toronto

1996

In a 1995 paper, P. Flajolet describes how to evaluate harmonic sums by the Mellin transform. We use
his method to obtain an exact formula for consecutive approximations of the area of a fractal ornament
delineated by three alternating Koch curves, and the average order of the number of lattice points inside
a paraboloid. We define multiplicative self-similarity, i.e. a criterion for the existence of a Fourier series
expansion of the solution to certain linear recurrences.

P. Flajolet’s method replaces an earlier, more complex method developed by H. Delange. This
thesis applies P. Flajolet’s method to results previously proved by H. Delange’s, i.e. the evaluation of
alternating digital sums, digital sums in periodic Cantor bases, asymptotic results for digital sums with
arbitrary base/weight function combinations, and the error term of a sum related to the number of

integers representable as a sum of three squares.
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Notation and miscellany

The following sets are used.

N=1{0,1,2,3,...}

7t =1{1,2,3,...}

e Z=1{...,-2,-1,0,1,2,...}
o R. The set of reals.

Rt ={z | z € R,z > 0}. The set of positive reals.

C={x+iy | z,ye R}, 2= —1.The set of complex numbers.

Q= {a+bi | z,y € Z}. The quadratic field of Gaussian integers.

We use the notation s = ¢ + it = re'? for the complex number s and its real and imaginary parts
o and t. The conjugate s of s is the number 5 = o — it. Note that 57 53 = 5183. The norm,
modulus, or absolute value of s is the non-negative real number |s| = r = +v/o2 +12. Note that
In®| = |eslogn| — |ealogn+itlogn| — no|eitlogn| —no.

We write a | b, where a,b € Z to indicate that a divides b, i.e. that there exists a ¢ € Z such that
ac = b. If no such c¢ exists, we write a 1 b.

We write (m,n) = r to indicate that r is the greatest common divisor of m and n; when (m,n) = 1,

we say that m and n are relatively prime. We define
amodb=k< a=k(b)and ke {0,1,...b—1} CN.

The function ¢(n) is the Euler totient function; ¢(n) gives the number of k such that 1 < k < n and
(k,n) = 1; ¢(n) counts the number of positive integers less than or equal to n that are relatively prime
to n.

Some useful properties of Gaussian integers are:

Vil



If a, 8 € QJi], we write a | B (a1 B) if there exists (does not exist) a v € Q[7] such that ay = 3.

e The units of Q[i] are 1,4, —1,—i or i, 42, 3.

Two «a, 3 € Q[i] are associated if ay = 3 where v is a unit. This is written a ~ 3.

The eight trivial divisors of a Gaussian integer a € Q[7] are its four associates and the four units,

re. l,a,ita, —1, —, —2, —20x.

An a € Q[7] is a prime iff @ is neither zero nor a unit and has only trivial divisors.
e The primes of Q[i] are

— 1+

— m, 7@, where p = 77 for a natural prime p = 1(4)

— p where p is a natural prime p = 3(4).
Note that 2 = i*(1 + ).

We point out the fundamental theorem of arithmetic, i.e. that every n € Z1 has a unique prime

factorization
T
n= H ik
k=1
with p € Z% prime and pg < pry1. The fundamental theorem of arithmetic for Gaussian integers states

that for @ € QJi], @ not a unit or zero, we have

r

_ Uy

o= # ] o,
k=1

with the mp primes of QQ[¢]. This factorization is unique in the sense that a different factorization
a = i"[[i_; pi'* can be reordered such that mg, ~ pi, and ly, = my,. In particular, the factorization

ofan n € N, n > 1 in Q[{] is given by
r S
n—= 2'31(1 4 Z')Ql H ﬂ-i.k fkl:k H pz’lk
k=1 k=1

with 7T a natural prime of the form p = 1(4) and pg a natural prime of the form p = 3(4).
A sum > without an index variable is understood to range over Z¥; a product Hp ranges over all

primes p. In the context of such products we use p, to refer to the rth prime in the sequence of primes

Vil



{2,3,5,...}. The sum Z;}:] is defined to be zero, as are all empty sums; empty products are defined
to be one.

The binomial coefficient (7:) is given by

which generalizes to

where s € C.
The binomial theorem states that
" /m
Z ( )akbm—k — (a-l—b)m,
k /
k=0
where m is an integer. This generalizes to

(o]

<k> a*b' T = (a4 )",
k=0

s € C, which converges for [b/a| < 1.

The following two identities are easily verified by induction:

m 1 m 1
Zk: -m(m+1) and Zkz =-m(m+ 1)2m+ 1).
k=0 2 k=0 6

Geometric progressions are summed by

k __ q -1 m __ 1
STl g Sl
k=0 k=0
where |q| < 1 in the second formula.
If
A(z) = Z a, 2"
n=0
then

[2"]A(2) = an,

i.e. the notation [2"]A(z) is used to extract the nth coefficient of the variable z in a power series.

The letters A, B, €. .. denote sets; the complement of a set A is denoted by A.
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We use the symbol ~ to indicate asymptotic equivalence. We write

f(z) ~9(2)

iff
im L)

=1
z=z0 g(2)

where f,g : C+ C and zg is a point of the extended complex plane; usually zg = 0 or zg = co.
A sequence {éx(z)} is an asymptotic sequence iff |dr41(2)/dk(2)] = 0 as z = z5. We say that f(z)

has an asymptotic expansion

Z aggr(z) and write  f(z) ~ Z axor(z)

iff {¢x(2)} is an asymptotic sequence, {ax} C C, and

L) = T men()]
im =
220 én(2)

Asymptotic series are usually divergent, but they may converge. For example, if f(z) is a function
that is single-valued and analytic outside some circle |z| > R, it has a convergent series expansion at
zg = 00, and this expansion coincides with the asymptotic one.

The series used in this thesis have ¢g(z) = 2% when z5 =0, and or(z) = 27k when zg = oco.



Chapter 1

Introduction

This thesis is concerned with a specific set of applications of the Mellin-Perron formula in analytic

number theory. We will treat examples from four domains:

e fractal curves, more precisely, the area of a fractal ornament delineated by three Koch-like curves,

digital sums, the classic example of which are binary digital sums, i.e. the sum of the binary digits

of zero, through one, two, etc., up to an integer n — 1,
e a counting problem related to the number of integers representable as sums of three squares, and
e the number of lattice points inside a paraboloid.

Research in digital sums has a variety of applications in the analysis of algorithms, such as register
allocation strategies, random channel networks, sorting networks, and divide-and-conquer recurrences.
The other three domains are of a more theoretical nature.

The diversity of these four applications calls for a unified framework of discussion, in order that
we may see why these problems are computationally similar to one another. We can construct this
framework by placing them in successively larger domains. The Mellin-Perron formula is an instance
of a more general problem domain known as the study of harmonic sums. Harmonic sums are in turn
part of the vast field of generating function mathematics, which includes combinatorial methods that use
ordinary, exponential, and probabilistic generating functions, or, in the case of multiplicative number
theory, Dirichlet series. Another term for generating function mathematics is analytic combinatorics.
This second term testifies to the key paradigm of the method, i.e. the study of discrete structures, be
they trees, lattices or prime numbers, by means of continuous methods, be they those of real-variable
analysis or the complex residue calculus. This introduction attempts to convey some of the excitement
that accompanies this approach, some of its history (e.g. the history of the Mellin-Perron formula is

the history of its earlier guise as a so-called “discontinuous factor”, and we will discuss the nature and
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usage of this factor by earlier mathematicians), and most importantly, to present a coherent framework
for the results of subsequent chapters.

Technical definitions of the terminology and precise statements of lemmata and theorems are to
be found in subsequent chapters; this introduction aims to provide an overview of key principles and
methods rather than discuss technicalities. An effort has been made to present the material verbally
rather than symbolically wherever possible. The reader should consult the next chapter when additional
information or a precise definition of a technical term is desired.

The structure of this chapter is the following. First, we discuss generating function methodology;
we list frequently used classes of generating functions and their characteristics. Next, we present two
examples. These are not central to this thesis, but they provide additional motivation and historical
background to our work. Second, we discuss harmonic sums and the Mellin transform, which is the
main mathematical tool we will use. Detailed examples are included. Finally we present an outline of
the body of this thesis; we state the topic of each chapter and explain how 1t fits into the framework of
harmonic sums in general and the Mellin-Perron formula in particular.

How to read this document. The continuum of potential readers of this thesis extends from the
logician or computer scientist with little background in complex analysis and analytical combinatorics
on the one hand, and the specialist in analytic number theory and combinatorics, on the other. The
first wishes to acquire a skill; the second wants to know what contribution this thesis makes to the field.

These two types of readers correspond to two modes of reading this thesis.

e The reader who is new to analytical combinatorics should read the introduction very carefully, and
consult chapter two for technical details. As this is not a textbook, this reader may have to consult
the papers referenced in the notes to chapters one and two for additional background material.

The next four chapters are arranged roughly in order of increasing difficulty.

e The specialist can probably omit the first two chapters. It should suffice to read the abstract and
proceed to the result chapters, i.e. chapters three, four, five and six. The second chapter can

function as a ready reference for the theorems used in those chapters.

Every reader is situated at a different point along this continuum and will adjust his reading accordingly.
An effort has been made to accomodate both types.

The author bears the sole responsibility for any errors that remain in this thesis.
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1.1 Generating functions

A generating function encodes information about a discrete sequence {a, } in a continuous function A(z).
This encoding takes the form of a series expansion; expand A(z) into a series, and the nth coefficient
of the series will contain some form of a,, i.e. the nth number in the sequence that is being generated.
Different forms of series expansions correspond to different types of generating functions. Three common

types of generating functions are

e ordinary and exponential generating functions, where

A(z) = Z a,z" and  A(z) = Z %zn
n=0 n=0 '

and
e Dirichlet generating functions, where
Qan

Az) =

n=1

n?’

We should point out that the first two types are commonly known as power series, and the third type as
Dirichlet series. We use the term generating function to emphasise their use. Ordinary and exponential
generating functions are used in combinatorial enumeration; Dirichlet generating functions are used in
analytic number theory. Our presentation of the first two types will be restricted to a brief overview
and historical background, since they are not central to this thesis. We include them here because they
are undoubtedly the most compelling reason why computer scientists would want to study generating
function methods.

Generating functions are useful because there exists a mapping between set-theoretical operations,
which are applied to the objects being enumerated or the factors of the numbers being studied, and
various algebraic compositions of generating functions.

In the case of ordinary and exponential generating functions, this map takes the following form. We
consider classes of combinatorial structures, i.e. a set A, and a size function || : A + R defined on the
elements a of A. For example, the size of a permutation is the number of its elements; the size of a tree
is the number of nodes. We use alternate combinatorial forms of the two types of generating functions;

these are
Ll

A(z) = Z Aol and Az) = Z W.

agcA aEA
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Identification of coefficients now reveals the role of the a,; they count the number of structures whose
size function is equal to n. (The term size function should not be taken too literally; the function | - |
may cover a wide range of statistics for A.)

The use of ordinary and exponential generating functions rests on the following intuitive extension
of the size function |-| : A + R to the k-tuples of A®; the size |(a1,as,...ak)| of (a1, as,...ak) is
|a1] + |az| + ...+ |akl, i.e. the size of a composite object is the sum of the sizes of its components.
Set-theoretic operations now become equivalent to algebraic generating function compositions; e.g. the
cartesian product B x € of two sets of combinatorial objects B and € contains the pairs (3,7) € B x C;
each such pair has size |3]| + |y|; hence the number of pairs of size n = |3| + |v| is the number of pairs
of size 0 and n, 1 and n — 1 etc. or bocn, bicn—1 etc. which is [27](B(z) - C(2)).

We can now describe the nature of the map; all entries in the following table, except for the first, are

obtained by the construction used for the cartesian product.

Operation Ordinary generating function equivalent

Union A=B+C
Product | A=B xC
Sequence | A=&{B} | 4
Powerset | A=P{B} | A
Multiset | A = M{B} | A(2) = ) where o(2) =3, B(zY)

Cycle A=C{B} | Az

=e’3) where o(2) = 3, _, ﬂkﬂbg 1—31W

These operations have their usual definitions, adapted for the purpose of enumerating discrete, finite
combinatorial structures; for example, the sequence of a set A is the set {e}+A+AXA+AxAXA+...;
the powerset of A is the set of finite subsets; multisets allow repetitions, i.e. M{B} = [[5.5 G{{F}},
and cycles are sequences up to cyclic permutations. (A single cycle of length n is equivalent to n
sequences.) There are some caveats to be heeded, e.g. we define the union always to be disjoint, as in
B+C={e} xBU{ea} x C; the reader should consult the notes.

Exponential generating functions are used when each subcomponent that is counted by the size
function also bears a unique label. An unlabelled combinatorial structure of size n corresponds to n!
labelled combinatorial structures of the same size. The following table describes the map for exponential

generating functions.
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Operation Exponential generating function equivalent

Union | A=B+C | A(2)
Product | A=Bx€ | A(z)
Sequence | A =&{B} | A(z) = —L

(2)
()

Set A=P{B} | A
Cycle A=¢{B} | A

The content of these two tables is often referred to as the folklore theorem of combinatorial enumeration,
because most of the constructions listed have been in use for a long time, and without necessarily being
grouped or identified as theorems.

The use of ordinary and exponential generating functions follows this sequence of steps: first, set-
theoretic relations among the objects being considered are established; second, these relations are trans-
lated into their generating function equivalents; third, these generating functions are expanded in order
to compute the coefficients and hence the desired statistic on the subset of objects that have the same
size. We construct the generating function in order to capture a set statistic; we expand the generating
function to compute the statistic.

The case of Dirichlet generating functions is slightly different; there is a single map, given below.

This map helps to evaluate Dirichlet generating functions.

Operation Dirichlet generating function equivalent

Dirichlet convolution | a, =37, baca/a | A(z) = B(z) - C(2)

The Dirichlet convolution of two sequences is obtained by considering all possible pairs of numbers in
the cartesian product of the two sequences and adding those with the same index product.

Dirichlet generating functions are perhaps the most widely used tool in multiplicative analytic number
theory, although there is only one principal identity for them. The body of this thesis is concerned
exclusively with applications of Dirichlet generating functions.

These generating functions form one of two factors of the Mellin transform of a harmonic sum.
Harmonic sums are evaluated in the poles of the transform function. In order to locate these poles
exactly, we need a closed form of the transform function. We obtain this form by evaluating the associated
Dirichlet generating function. The Dirichlet series captures the so-called frequencies of the harmonic
sum; its closed form locates the poles. Here we proceed from an expansion to the original function,

rather than the other way around, as is the case for ordinary and exponential generating functions.
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Generating functions and complexity classes

It is also worth pointing out that generating functions implicitly define sets of complexity classes. This
subject seems to have received little attention. E.g. a result by Chomsky states that the enumeration
of the elements of a given length n of regular languages L corresponds precisely to the set of rational
generating functions, i.e. |£N{0,1}"| = [2"]f(z), where f(z) always a rational function. The folklore
theorem on combinatorial enumeration, formalized by Flajolet, implicitly defines a complexity class that
includes enumeration functions for partitions and trees, for example, but does not include enumeration
functions for graphs or graph statistics. This thesis studies a class of problems whose Dirichlet generating
functions exhibit additive or multiplicative self-similarity. Evidently we can define complexity classes of

algorithms with respect to the enumeration functions of their problem instances.

Generating functions; usage pattern and motivation

The number of results that have been obtained by generating function methods, and the key role that
generating functions have played in the work of mathematicians such as Euler, Jacobi, Riemann, Hardy
and Polya, is more than sufficient justification to study their applications, as is the renewed interest this
field by mathematicians working in computer science, such as DeBruijn, Knuth, Odlyzko and Flajolet,
who use generating functions to investigate, for example, the distribution of properties in the average
instance of a given data structure, or the average, worst and best-case performance of algorithms.
Questions such as that of the average height of a binary tree when all trees with n nodes are equally
likely, or the average-case complexity of sorting algorithms, such as mergesort, can all be answered by
generating function methods. The results in question are often difficult to obtain by any other method;
there are also cases when the use of generating functions yields an improvement in the exactness of a
result.

Therefore it 1s hardly necessary to argue the use of generating function methods. If we nonetheless
include an example, this choice is dictated by its utility in a subsequent chapter and its importance
in the development of mathematics. (We will also discuss two examples that have a more immediate
relation to computer science, namely the problem of counting the number of binary trees with a given
number of internal nodes, and the mergesort recurrence.) In the next section we present some of the
history of a classical problem, namely that of counting the number of lattice, i.e. integer points inside a

circle. This example has all the features that we associate with good generating function mathematics.
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e A discrete enumeration problem is encoded very straightforwardly, one might say automatically,

in the series expansion of a continuous function.
e The coefficients of this series expansion are studied by means of complex-variable methods.

e The complex function involved is of such profound importance to mathematics that it links to or

even sustains the development of a whole new field, i.e. that of theta functions and modular forms.

It is not reasonable nor statistically likely to expect everyday applications of generating functions in
computer science, i.e. applications that are frequently concerned with partitions, permutations or trees,
to have as far-reaching an importance to computer science as the study of theta functions did to math-

ematics, but it suggests a scope of possibility.

1.1.1 A classical example I: integer points inside a circle

The problem that we study is the evaluation of the number r4(n) for natural numbers n, where rq(n)
gives the number of ways to write n as the sum n = 22 + y? of two squares; the numbers z,y are
integers. For example, ry(25) = 12, since 25 = 0% + (£5)?, 25 = (£5)? + 07, 25 = (£3)? + (£4)? and
25 = (£4)? 4 (£3)%. The formula

Az) = ra(n)

n<x
relates the number ry(n) to the number of lattice points inside a circle of radius VT, (We set r9(0) = 1.)

This is illustrated in the diagram below.

The number of lattice points inside a circle of radius /25/4 is

ro(6) + ra(B) 4 ... +ra(1) +72(0) =04+8+4+0+44+441=21.



Chapter 1. Introduction 8

We can discuss this problem in the framework of ordinary generating functions and their associated
operators. Let B and € be two copies of the set of integers Z; the size function is k + k2; there is one
object of size zero, i.e. the number 0, and two objects of size m?, i.e. the numbers —m and m. The
object pair (3,%) has size |5] 4 |7y|, hence the cartesian product B x € contains as many objects of size
n as there are ways to write n as the sum of two integer squares. Translated into generating functions,
this gives

6(z) = ng(n)z" = (1+2 Z zmz) = ( Z zmz) .

n=0 m=-—0o0
(This problem is so simple that we could have obtained 6(z) without the use of the operator framework.)
We have reduced the computation of r4(n) to the problem of computing the nth coefficient [2”]0(z)
of 6(z). A celebrated, deep result that was first discovered by Jacobi yields the answer. This result is

a theta function identity, of which

(o) 2 n
( Z Zm2) — 1+4Z ]jﬁ — 1+4ZZ (Z(4m—3)n _ Z(4m—1)n)

m=—00

is a special case. The difficulty lies in proving the first equality; the second one is easily verified. Formally

we have
S e = ¥ Y (s mein = S men_tamein,
m=1

This solves the problem. We compare coefficients and conclude that ro(n) is the difference between the
number of odd divisors of n that are congruent 1 modulo 4 and the number of odd divisors of n that are
congruent 3 modulo 4. (There are a variety of “elementary” proofs of this result, see the discussion of
Theorem 6.2.1.)

We will return to the study of lattice points in a later chapter. The problem easily generalizes to
higher dimensions, and it has given rise to some very profound 20th-century mathematics; Ramanujan,

Hardy and others worked in this area.

1.1.2 A classical example II: binary trees

There are numerous examples of the generating function technique. We have discussed the evaluation
of r(n). In this section we present a classic combinatorial enumeration problem related to binary trees;
this problem is more immediately relevant to the computer scientist. We will also discuss the mergesort

recurrence once the necessary background material has been presented.
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For the student of ordinary generating functions, to count the number of binary trees with a given
number of internal nodes is the equivalent of writing a “hello world” program.

Let B be the set of binary trees. The size |3| of a tree § is the number of internal nodes. A binary
tree 1s either an external node, or an internal node with two subtrees, i.e. every parent node has either

zero or two children. This decomposition is shown below:

and we may write it as

B=E+BxNxB.

(In the diagram, the set B of binary trees is represented by four of its elements; the singleton sets £ and
N are represented in full.) The generating function of a size zero external node is F(z) = 12% = 1; there
is a single object of size zero. The generating function of a size one internal node is N(z) = 12! = z;
there is a single object of size one. Let B(z) be the generating function of the number b,, of binary trees
of size n. We have

B(z) = E(z) + B(2)N(2)B(z) =1 + zB(z_)Q.
We solve this for B(z) and obtain

V1 -4z
- 2z '

B(z)

By the binomial theorem,
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The positive root gives by = —1, the negative root by = 1, hence we choose the negative root:
1=142:4 37, 5= 1(2n)2
B(z) = 5
: z

<2n-|—‘2> n
z
n+1

+233 ()= 42 oy
_ (2n 4+ 1)(2n + 2) o~ 1 [2n\ ,
- 1+222n+1 (n+1)2 < > Z%nﬂ(n)z'

This proves that the number b, of binary trees with n internal nodes is
1 2n
n+1\n)’

The technique that we have demonstrated applies to a diverse group of problems. It is not always

1.e. the nth Catalan number.

possible to evaluate the coefficients of the generating function directly. The following example is slightly
more complicated and shows what kinds of difficulties can arise.

Consider the size of the intersection of two binary trees, which is a complexity measure over pairs of
binary trees. Given two trees f1 and 2, we can define their intersection recursively — if either tree is
empty, the intersection is empty, otherwise the intersection is the tree whose left (right) subtree is the
intersection of the two left (right) subtrees of 3; and B2. If we overlay B with s, their intersection is
the tree that includes all “double nodes.” We wish to compute the average size of the intersection of
two binary trees §; and By given that |31| 4+ |32] = n, i.e. the total number of internal nodes of 3; and
B2 18 n. The size function for the intersection is the number of internal nodes.

Formally we have

€ if 0y =cor By =c¢
prNpa =
B nphx {v}xBrnp; otherwise,
where @ is the left and 3" is the right subtree of a tree 3, ¢ is the empty tree and v is a single internal
node.
This yields the following expression for the size function s(81, 8a2) of the intersection of 3; and fs.
1 iff1 =cor By = ¢

s(B, Ba) =
L+ s(B,8L) +s(37,85) otherwise.



Chapter 1. Introduction 11

Under a uniform probablity distribution, the average value s(n) of the intersection of two trees (3
and B3 with a total of n internal nodes is the sum of s(3;, 82) over all pairs (81, 82), divided by the total

number of such pairs, 1.e.

— 2218 +18a=n S(P1, P2)
z:|ﬁ1|+|ﬁz|:n 1

s(n)

Clearly

Z 1=1[z"] Z L1Bl+1B2] — [Zn]B(z)2

[81]4]8z2|=n (B1,82)€B?
Define S(z) by

Yoo s(Br ) =" Y s(Br, Bo)2 I = ]S (2,

[B1]+82]=n ($1,82)€ B?

We need to compute S(z) in order to find s(n).
Let V = B — {e}; note that the respective generating function is V(z) = B(z) — 1. We use the

following decomposition of the set of pairs of binary trees:
B ={(, )} +{e} x V+V x {}+V x V.
There are four cases.

The pair of empty trees:

Z 5(ﬁ1,ﬁ2)2|ﬁ1|+|ﬁ2| =1
(B1,82)€{(e,€)}

e The left element empty and the right not empty:

Z 5(ﬁ1,ﬁ2)2|ﬁ1|+|ﬁ2| — Z LBl — V(z) = B(z) =1

(B1,82)€{e}xV B2€V

The left element not empty and the right empty:

Z S(ﬁl,[b)zlﬁllﬂhl — Z LBl — V(z) = B(z) — 1

(B1,82)€Vx{e} B1EV

o Neither element empty.

Do s(Bup) AR =N T (1581, B2) + 57, 85)) &L

(B1,82)€EVXV (B1,82)€VXV
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The last expression takes somewhat longer evaluate. The computation is shown below.

ST (1 (BB + s(87, 5) N1
(B1,B2)EVXV
= (Blz)-1)"+ 3 (531, B5) + s(B5, B)) 22 HIPAHIATIHIZaI+Pz)
(B1.87)€B>,(B5,85)€ B>

= (B(z)-1)’

+ 2 > s(BL, BL) 21 IH18] 18T I+153]
(B1.95)€B2,(5],5)€ B2

+ 2 > s(7, 35) 2194 +1851 18T +153]

(BY,84)€B2,(67,05)€ B2
= (B(z) - 1)+ 275(2) B(2)”

Combining the four cases, we have
S(z) =14 B(2) = 1+ B(z) = 14 (B(2) = 1)* 4 22%S(2) B(2)? = B(z)? 4 2225(z) B(z)?

or

__ B
&) = 5B

Although there is an unreasonable amount of manipulation involved, the coefficients [27]S(z) can be
computed exactly. In practice one would use an asymptotic method to obtain the dominant term of
[2"]S(z). The purpose of this section was to demonstrate the use and manipulation of ordinary generating
functions in practical applications, such as binary trees, and we will not pursue this example. The reader

should consult the notes for more information.

This concludes our brief discussion of (ordinary) generating functions. We now pass to the main subject
of this introduction, i.e. harmonic sums, the Mellin transform, and the relation between harmonic sums

and Dirichlet generating functions.
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1.2 Harmonic sums and the Mellin transform

Harmonic sums are sums of the form
Gl) =Y Mrglpna),
k

where the Ay are the amplitudes, the py, are the frequencies and g(z) is the base function. We consider

harmonic sums because we wish to evaluate G(z) at a set of particular points xg,z1,... or at all z € R.

Example. The harmonic sum
k m
> w(1-7)
1<k<n
is an instance with base function g(y) = (1 — y)™, amplitude A; and frequency k, evaluated at z = 1/n,

in other words, a finite sum of the first n —1 numbers of a sequence times a polynomial moment of degree

m. The body of this thesis is concerned exclusively with sums of this type.

The study of harmonic sums is closely related to that of Mellin transforms. Harmonic sums are

treated by the following method:
1. Compute the Mellin transform of the harmonic sum.

m
Gz) —— G*(s)

2. Use the inverse Mellin transform to obtain an expression of the harmonic sum in terms of an

integral of the transform function.

3. Use the singularities of the transform function to evaluate the integral and thus to obtain an

expansion of the harmonic sum.

ML [G*(s);2] = G(z) ~ = Z Res (G*(s)z™%;s = <),

SESIng(G*(s)r~s)NH
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where the sign i1s determined by the choice of the half-plane H. The sum in this formula is taken
over the singularities of G*(s)z~*. We compute the residue at each pole in H, and add them. This
operation is a consequence of the Cauchy residue theorem. (The purpose of H will be explained in
the next section, as will be the presence or absence of error terms in the above formula. In practice

the convergence of the sum may be stronger than merely asymptotic.)

The computation of the sum in the last formula can be made automatic by the use of the secondary

map

> A(_l)k z~(log z)F.
(s —q)k+t k!

It is a basic characteristic of harmonic sums that the Mellin transform G*(s) of G(z) has the form

where g*(s) is the transform of the base function and A(s) is the Dirichlet generating function of the Ay,
i.e.

Ak
A(S) = k—s

This means that when the sums are evaluated by the method described above, the poles of the Dirichlet
generating function and some additional terms correspond to an expression of the sum.

The following example illustrates the method that we have described.

Example. Harmonic numbers.
Step 1: definition of the harmonic sum and computation of the appropriate Mellin

transform. Let Ay = 1/k, pr = 1/k and g(x) = 2/(1 4+ 2) = 1/(1 + 1/z); consider the harmonic sum

1 =z/k 1 1
h(x)zzk:)‘kg('ukm)zzzl-{—/m/k:Z<E_Jf+k>.

This sum 1s of interest because

the nth harmonic number.
The principal operation of the first step in the evaluation of harmonic sums is the computation of

the Mellin transform of the base function g(y) and the computation of the Dirichlet generating function
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A(s). We first compute the transform of the base function. We have M [1/(1 + z); s] = 7/ sin(ws) (this

is a standard transform) and hence

T m
m |:1+33’Sj| - ~sin(ms)

Now we compute the Dirichlet generating function A(s). We have

A =Y %k Y kf_s = ¢(1—s).

(The function ¢(s) is described in section 2.6.1. We also point out that the above equality only holds for

o < 0. For the moment we omit convergence issues in order to concentrate on the procedural aspects of

the example.) We conclude that the Mellin transform of h(z) is

T

¢(1-9).

sin(7s)

Step 2: inversion of the map. By Mellin inversion,

sm-l[ a C(l—s);m]:h(z).

B sin(ms)

This is equivalent to the inversion integral

/_+: <—Sinzrm)C(1 - 5)> z=*ds = h(z).

(The choice of ¢ will be explained later.) This integral representation permits the computation of h(z),

because the integral can evaluated by the Cauchy Residue theorem, i.e. it is a sum of residues of h*(s)z~*.

Step 3: computation of the poles of the transform function and the corresponding terms
in the asymptotic expansion. We use the fact that

h(z) ~ = Z Res (h*(s)z™*;s =),
g€Sing(h*(s)z—*)NH

where H is the right half-plane, chosen for an expansion at infinity. We must compute the set of poles
Sing (h*(s)z~*) N H and map them back to the terms of the expansion of h(z). The poles of h*(s) in
the right half-plane are at s = 0, where we have a double pole and

h*(s) = 5 =

S

1
2 + ...

w2
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and at s = k, k € Z71, where we have

(s =~ =

These poles map back to

and

! (=1

This expansion is exact; it converges for n > 1.

The reader will have noticed the use of terms such as half-plane in the above discussion or perhaps
have wondered why we chose the poles that we did choose when we evaluated H,. In order to make these
notions precise, we need to study the Mellin transform. We will return to the subject of harmonic sums
once the basic terminology has been explained. We have deliberately chosen to outline the methodology
first, and then proceed to a more detailed presentation. The object is to supply a strategy that the
reader can use to tackle harmonic sums. The questions to ask are these: what is the Mellin transform of
the sum and where is it defined? What are the poles of the transform function? How do they map to an
asymptotic expansion? These questions define a particular harmonic sum problem; this hurdle overcome,
the rest 1s fairly straightforward computation, admittedly of a kind that must be done carefully, e.g.
if the domain of convergence of the Mellin integral is determined incorrectly, we will choose the wrong

poles.

1.2.1 The Mellin transform

The purpose of this section is to introduce the Mellin transform and its inverse, and outline how these
two transforms are computed. We will first defined the Mellin transform and then illustrate the steps
required to compute it. We will then define the inverse transform, and again illustrate it with a simple

example.
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The Mellin transform maps the space of functions that are integrable along the positive real
line to that of complex functions that are analytic on a vertical strip of the complez plane. This strip

may in many cases be extended to a larger domain. The map is given by

+ oo
M [f(x);s] = J*(s) = / flz)z*=d.

Example. The Mellin transform of

1 T

1tz s M[f(x);s] = f(s) =

f(z)

sin s
in the vertical strip of width one that is adjacent to, and to the right of the imaginary axis; we write

(0, 1) to denote this domain. The diagram shows the domains of f(x) and its image f*(s).

A
Im(s) .
|

/\ Theimage

function f*(s)
is defined on the
strip <0, 1>.

Re(s), x

The function f(x)
isintegrable over the
positivereal line.

The function is integrable over (0, +o0) and its Mellin transform —%—

sin ws

141_33 is defined in the strip 0, 1).
Given a function f(z) what is the meaning of the fundamental strip (u,v) where the image function

f*(s) converges? If we rewrite the Mellin integral in the form

([+[ )z

it is evident that the integral converges iff the first integral remains bounded at zero and the second
integral vanishes at infinity. This places a constraint on s. Suppose f(z) € O (z*) as z goes to zero and
f(z) € O(z¥) as z goes to infinity. The first half converges as long as the real part of s is larger than
—u. The second half converges as long as the real part of s is less than —v. Each of these constraints

defines a half-plane. The fundamental strip is the intersection of these two half-planes.
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Example. Let f(z) = e=” — 1 4+ 2. The following series expansion holds as z goes to zero.

)= 3 E

Therefore

/01 f(a:)gdz

converges when o > —2, where we have set s = o4 4t. On the other hand, f(z) ~ « as « goes to infinity.

[ ez

converges for o < —1. The fundamental strip of the image function is (-2, —1); incidentally, f*(s) =

Hence

I'(s), where T'(s) is the Euler gamma function. This situation is illustrated below.

| | Im(s)
=
Re(s)
| |
The upper half of the Mellin 1 1
transform integral converges when Re(s)<-1. The lower half of

the Méllin transform integral

Theintersection of the two half-planes defines converges when Re(s)>-2.

the fundamental strip of the image function *(s).

The fundamental strip of 90 [e_“: — 14 z s] is (=2, —1).

The inverse map from an image function f*(s) back to f(z) is given by the integral
1 ctico
Py fr(s)x™ds = f(x)

278 Joioo

where ¢ € R is located in the fundamental strip (@, 8) of the Mellin integral of f(z); i.e. the inverse
transform is given by an integral taken along any vertical line in the fundamental strip. The following

example shows how to compute this transform. The reader should pay particular attention to the two
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different expansions constructed for f(z). We will compute two such expansions, one of them based on
the poles of f*(s) in the left half-plane, the other in the right half-plane. This is precisely what happens
in the evaluation of harmonic sums; we shall see that the two half-planes correspond to an expansion of

G(z) at zero and infinity, respectively.

Example. Consider the transform pair

™

f@) = and [ =

sin s

The poles of f*(s) are at those s where sin 7s is zero, i.e. at all integers. The inverse Mellin transform

is given by
1 c+ico -
— — ds.

- P
271 Jo_joo ZPSIN TS

We can evaluate this integral by the Cauchy residue theorem, taking the limit of a rectangular contour
that eventually includes all of (—oo,¢) or (¢,00). In the first case the contour consists of the original
integral, a horizontal line segment from ¢ + iT to =T + T, a vertical line segment from —T + T to
—T — T and a horizontal line segment from —7 — T to ¢ — iT'; in the second of the original integral,
traversed from top to bottom, a segment from ¢ — T to T'— T, one from T'—iT to T + 1T and one from
T 44T to ¢+ 17T. These two contours are shown below.

Theinversion integral is taken along the vertical
Im(s)
. linec in the fundamental strip.

Thereal line contains
Re(s thepolesof f*(s)
at theintegersn.

This contour becomes aright
half-plane in the limit; it generates
an expansion at infinity.

This contour becomes a left
half-plane; it generates an expansion
at the origin.

The two contours that are used to compute the Mellin inversion integral of ﬁ.
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We must be careful to choose a sequence of increasing T' that avoids the poles of f*(s); these poles are
at the integers and therefore a sequence of the form T; = (25 4+ 1)/2, j € 7, with T' chosen midway
between poles, will suffice.

The integral equals the sum of the residues inside the contour, plus the contribution from one extra

vertical and the two horizontal segments. The poles n are all simple, with residue (—1)", as we can see

from
T 271 2wy '8
gin s - 6i7rs _ e—i7rs - 62i7rs -1
and
. Imi et . 1
lim(s — n) 0——— = 2mi(-1)" lim ——— = (-1)".
s—n eZims — 1 s—n 20 e2i7s
Let s = o + #t. Then
T 21 '™ e~
- =|—=; =27 5
sin 7s e?ims — 1 leZims — 1|
and
T 2w e TS emt
- = o =27 ST
sin s 1 — e—2ims [1 — e=2ims

We point out that
leia—Z‘n’t 1

—last — +oo and |1—6_2"i0+2"t|—)1 ast — —o00

because the e£2™7 terms merely rotate around the unit circle.

=

Contour plot of [(1 4+ 1/16)°m/sin(ns)| for s = a + b: and —2 < a < 7 and —5 < b < 5, showing the poles

of m/sin(ms) and the exponential decay away from the real axis.
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Hence
T
. €0 (e™
sin s (e )
in the upper half plane, and
i O +nt
sin s < (6 )

in the lower half. This shows that the contribution from the one extra vertical and the two extra

horizontal segments in each contour is O (e_Ta:iT/(:I:T + 1)) and vanishes in the limit, as illustrated by
the contour plot. Therefore the Mellin inversion integral

Y

omi

c—1i00

18

n=0

for |z| < 1, if we evaluate it in the left half-plane and

for |z| > 1, if we evaluate it in the right half-plane.

The reader will have noticed that the two expansions of 2 obtained from the left and right half-planes are
complete expansions of f(z) about zero and infinity. This is a special case of the Mapping theorem, which
states that the terms of an (asymptotic) expansion of f(z) about zero or infinity correspond precisely
to poles of f*(s) in the left and right half-plane, respectively. Therefore, (asymptotic) expansions of
the original function f(z) can be obtained from the poles of its image function f*(s). This is the key
principle in the evaluation of many types of harmonic sums, such as dyadic harmonic sums, which arise
in connection with the study of random resource allocation. This thesis is concerned with ezact, rather

than asymptotic results.

1.2.2 Harmonic sums

The first step in the evaluation of a harmonic sum of the form

G(z) =Y Mg(uee)
k
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is the use of the linarity and rescaling property of the Mellin transform. This property states that the
Mellin transform of single base function term with amplitude A and positive frequency p s the transform
of the base function times the amplitude and the inverse frequency to the power s. In other words,
amplitudes and frequencies factor. Let the transform of g(z) be g*(s), then the transform of Ag(pz) is

A~ *g*(s). Therefore the Mellin transform associates the Dirichlet series

Ak
As)=2_ 75

to the harmonic sum G(z), and the transform of G(z) is

6= () ) = A1)
(The technical condition for this statement to hold is that the abscissa of absolute convergence of A(s)
lies within the fundamental strip of g*(s).)

The second step is the use of Mellin inversion. By the Mapping theorem, the poles of A(s)g*(s)z~*
correspond to an (asymptotic) expansion of G(z) at zero or infinity, depending on the half-plane (left
or right) selected. Hence we can evaluate the harmonic sum G(z) by computing and adding the residues
in the left or right half-plane. (There are again technical conditions that need to be fulfilled for this
statement to hold; these are summarized as follows. If the residues that contribute to the expansion of
G(x) are located in a strip (7, 3), the transform g*(s) of the base function must decay faster than any
negative power of |s| in this strip and on its boundary — we say that g*(s) is of fast decrease — and the
Dirichlet series must not grow faster than some fixed power of |s| in this region — we say that A(s) is of
slow increase.) This principle is known as the generalized Mellin summation formula, i.e.

G(z) = Z)\kg(ukx) ~ =+ Z Res (A(s)g*(s)x_s; s = g) ,
k ESing(A(s)g* (s)z—*)nH
where H is the half-plane to the left (right) of the fundamental strip and the sign positive (negative) for
an asymptotic expansion about zero (infinity).

It must be pointed out that this step relies critically on the concept of analytic continuation. The
Dirichlet generating function of the Ax has a half-plane of convergence to the right of an abscissa o.. The
transform ¢*(s) of the base function g(x) is defined in a fundamental strip («, §). The intersection of
the half-plane and the strip must be non-empty if the Mellin summation formula is to apply. In order to
evaluate G(z) in terms of the poles of G*(s) in H, we require an analytic continuation of G*(s) beyond
the fundamental strip, into all of H, i.e. a function that matches G*(s) in the fundamental strip, and is

meromorphic in H. Section 2.4.1 explains this concept and defines the relevant terms.
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Example. The Dirichlet series Y, _, 1/4%* converges for ¢ > 0. However, the function 4°/(4* — 1) is
meromorphic in all of C with poles at 27ik/log4, k € Z and agrees with Y., _, 1/4%* on ¢ > 0. It defines

the analytic continuation of the latter.
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1.3 The Mellin-Perron formula

Recall that we motivated the study of harmonic sums by considering the example

> X (1 - E)m.

1<k<n n

This type of sum is evaluated by the Mellin-Perron formula. The Mellin-Perron formula is a specific
instance of generalized Mellin summation, as discussed above. The evaluation paradigm of harmonic
sums applies, i.e. we begin by computing the Mellin transform of the harmonic sum, we invert the
integral and obtain an expansion in terms of the poles, and we map this expansion to an expansion
of the sum. The Mellin-Perron formula encapsulates the Mellin-transform of the harmonic sum via
the Mellin inversion integral. It is no longer necessary to use the Mellin transform explicitly when the
Mellin-Perron formula is applied.

We will begin our discussion with some historical remarks. As pointed out, the standard derivation
of the Mellin-Perron formula is by means of harmonic sums and Mellin inversion. In fact this proof can
be presented in a more straightforward setting. We include this traditional proof because it shows by
what process the Mellin-Perron formula might originally have been discovered; we will then present the
Mellin transform framework.

The traditional proof uses the “discontinuous factor” described by the following lemma.

Lemma.

ctioo s 1 _lm 1
o) = 5 /H ! b lm (=) sy

T omi f i s(s+1)---(s+m)

where y e RT m € Zt and ¢ > 1.

This “discontinuous factor” appears early in the mathematical literature, in various forms and without
always being identified as a theorem; for example, Landau used it repeatedly in a series of papers
published from 1915 onwards.

The above equality for the discontinuous factor ¢(y) is easily verified with the Cauchy residue theo-

rem.

Proof. There are two cases.

Case 1. 1 <y.
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The term

is meromorphic with residues

y=* -k (_])k
(k) (—k+1) (—k+ k=) (—k+k+1)-(=k+m) 7 Kkl(m—k)!

where 0 < k < m. Therefore the sum of these residues is

Bl A 5) () ()

k=0

(s The two contours used

T in the proof of the Mellin-Perron
formula, or "discontinuous
factor" when m=4.

Thecase O<y<l

-T c T Re(s) uses the contour
on theright.
AN
1 Th it the left
e contour on the
\
| / correspondsto y=1.

+T

Now consider the left contour shown in the diagram. The integral along the vertical segment at ¢ in the

right-half plane approaches

c+ioco s
/ ek
S
cmico S(s+ 1)+ (s +m)

as T' goes to infinity. Along the two horizontal segments from —T'+i7T to ¢£iT', the integrand is bounded

by

Tm

and because the term

1 y1+a

1+o0 T™

with ¢ = —T, ¢ = ¢ vanishes as T goes to infinity (recall that 1 < y), the contribution from these two

segments is zero. The integrand is bounded by
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on the vertical segment in the left half-plane; hence the integral is bounded by

2y_T

(T—1) (T —m)

and its contribution is zero also. (We used 1 < y for the second time.)

Case 2. 0 <y < 1.

Consider the contour in the right half-plane. Along the horizontal segments we may use the same
bound as in the first case, with ¢ = ¢ and ¢ = T'; hence these integrals vanish (0 < y < 1). The integrand

is bounded by

yT

T(T+1) (T +m)

on the vertical segment in the right half-plane; its contribution is zero because 0 < y < 1.

The principal feature of the “discontinuous factor” is that it can be used to evaluate finite sums.
Suppose we have a finite sum over the indices k from 1 to n — 1. Evidently ¢(y) is non-zero if 1/y lies in
(0,1) and zero otherwise. We need only find a map such that the set {1,...n — 1} maps to a subrange
of (0,1) and {n,n+1...} to a subrange of [1,00). Clearly 1/y = k/n is such a map. We obtain

| petioo | s LO-5" ifk<n
— — d
270 Joioo k*s(s+1)---(s+ m) s

0 ifn < k.

By a formal argument we finally have

1 &= kN1 et A n’
— Y M(1=-=) = — s.
m!l; k( n) 27ri/c <Zk5>5(5+1)-~(5+m)d9

—i00

This is the Mellin-Perron formula. (In practice we need to verify the convergence of the Dirichlet
series on the right; the Mellin transform framework provides the necessary apparatus.) The mathematical

process described here can be summarized as follows.

e The “discontinuous factor” ¢(y), y positive, is zero when y is less than or equal to one. Tt partitions
the real line into a lower interval, where it vanishes, and an upper interval, where it is a polynomial

in 1/y, of degree m.

o If the terms of an infinite sum in k are multiplied by this factor and y = y(k), only those terms

with y(k) in the upper interval contribute to the sum.
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e Hence ¢(y) can be used to evaluate a finite subrange of a sum of terms of the form Ago(y(k)),

where y(k) is used to select the range.

e The result is an integral along a vertical line in the complex plane, and the Cauchy Residue theorem

(ZF) v o

in the left or right half-plane can be used to compute a formula for the sum.

applies. The singularities of

The Mellin-transform framework supplies a more general and more precise context for these obser-
vations. The underlying motivation stays the same. In particular, the Mellin-transform view adds two
additional perspectives. One, that the Mellin-Perron formula is a specific instance of harmonic sum
formulas, and hence, two, that its evaluation corresponds to Mellin inversion. The latter allows us to use
the Mapping theorem; in other words, an evaluation in the left half-plane corresponds to an expansion
of the harmonic sum at zero, one in the right half-plane, to an expansion at infinity. We present the

Mellin-transform framework below.

=
[&)]
N —

Plot of g(z) for m € {1,2,3,4}. The vertical marks on the z axis show which k/n contribute to G(z) when n = 5.
We wish to evaluate the harmonic sum

P <1—§>m

1<k<n
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where m,n € Z*. This is equivalent to
= k
> v ()
n
1
where

(1-2)" ifo<z<1
g(z) =
0 otherwise.

(The choice of g(z) corresponds to the “discontinuous factor”; g(z) is the polynomial that restricts the
sum to the first n — 1 terms. The graph explains the process.) Tt is not difficult to see that

1
s(s+ 1) (s+m)

Mg(x); s] =
Evidently the sum
d k
Z Akg <—>
n
1
is a harmonic sum G(z) of the form

Z)\kg (kz)
1

with amplitudes Ag, frequencies pr = k and evaluated at » = 1/n. Therefore the transform function
G*(s) is

1
(s+1)-(s+m)

A(S)S

By Mellin inversion we thus have

1 c+ioco z=*
G(z) = /C_im A(8)5(5+1)-~-(5+m)d8

and in particular

o(5)= T2 (-0) e [ W

1<k<n

This is the Mellin-Perron formula.

The alert reader will undoubtedly have wondered why the Mellin inversion integral is used at all; it
appears that we could have omitted this step and evaluated G(z) by the generalized Mellin summation
formula. The integral is necessary because the transform g*(s) of the base function g(z) is of order
O (|s|~™) in any vertical strip; it is not of fast decrease. (E.g. we cannot compute the cost of Karatsuba
multiplication by the Mellin-Perron formula because the Dirichlet generating function-transform pair
is not of fast decrease.) There will usually be an error term of some kind, which is generated by the

integral at the lower (upper) end of the evaluation strip.
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1.3.1 A classical example III: the mergesort recurrence

Until this poimt we have developed a series of instantiations. We began with the framework of generating
functions, and discussed some principal instances, namely ordinary, exponential and Dirichlet generating
functions. Harmonic sums are a specific application of Dirichlet generating functions. We discussed the
Mellin-transform methods that are used to evaluate these sums. Finally, we fixed yet another parameter
and restricted ourselves to harmonic sums that can be evaluated by the Mellin-Perron formula. We
have now completed our descent along increasingly specific branches of mathematics. The next level of
instantiation will yield leaves, i.e. the four results of this thesis, which use the Mellin-Perron formula to
evaluate harmonic sums of the type

= ()

1<k<n "

and )

> <1 - 5>d.

1<k<n n

Note that we restrict our attention to the cases m =1 and m = 2.

We ask the following two questions. Why does the Mellin-Perron formula apply to problems as
diverse as evaluating digital sums or counting lattice points, i.e. what common characteristic do these
problems have? The second question concerns the fact that three out of the four problems that we will
treat lead to Fourier series expansions of the harmonic sum. The mergesort recurrence also leads to
Fourier series. Therefore we ask what feature of the problem induces a Fourier series.

These two questions have simple answers. The Mellin-Perron formula applies to iterated sums of a
sequence {Ag} when the corresponding Dirichlet generating function A(s) can be analytically continued
into the left half-plane, where 1t must have a closed form that can be used to find the poles, and hence
an expansion of the sum. If there is an infinite number of poles, and they are regularly spaced, one or

more Fourier series result. If the sequence {Ax} satisfies a recurrence of the form

Alm = T'Am +  em
/\lm+1 = €im+1
/\lm+2 = €lm+2

ANmgl=1 = elm+l—1,

where m > 1, and the fluctation {ex} at k = Ilm +r, 0 < r < [ is independent of m, i.e. periodic,
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together with a set of initial values

Al =e1,63,63...€¢_1,

or if it is a linear combination of such terms, then A(s) has an infinite number of regularly spaced poles.
Here r is a non-zero constant and [ is a positive integer larger than or equal to two. We say that the
sequence {A;} is multiplicatively self-similar with scale factor [ and fluctuation {ex}. This terminology
will be motivated later; we point out that different types of fluctuation induce various fractal properties
of the Fourier series, where the term fractal' is taken to mean both self-similarity up to scaling, and the
state of being “broken” | i.e. non-differentiable, at a dense set of points.

In order to make these notions more precise, we will study an example, namely the behavior of the
mergesort algorithm. We will develop a framework that allows us to determine whether the Mellin-
Perron formula applies to a given problem, and whether a Fourier series occurs in the result. Finally
we will use this framework to give a unified presentation of the results of this thesis, and some of their
history.

The problem is the following. We are given an array of integers that contains some permutation of the
integers from 1 to n. All n! permutations are equally likely. We wish to sort this array in nondecreasing
order. We use mergesort; i.e. we recursively sort the bottom and top halves of the array, and merge the
two halves. The single-element array is already sorted. We are interested in the number of comparisons
that this algorithm uses in the best, average and worst cases.

We need to be more specific about the merge step. Two sorted arrays of size g and v are merged as
follows. We compare the last elements of the two source arrays; the larger of the two is removed from the
source array and placed at the highest empty slot of the target array, which has size g1+ v. When one of
the source arrays is exhausted, we copy the other one to the target array. The number of comparisons
is g+ v — .8, where S is the number of elements left in the unexhausted source array.

The number of comparisons is given by the following recurrence

=7 (12)) +7 (3] +n

where it is immediate that e, = n — 1 in the worst case, and e, = n — [n/2] = |n/2] in the best case.
It is an instructive exercise to show that

T Y
[n/2]4+1 [n/2]+1

en =

'Lat. fractus, p.part. of frangere, to break.
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in the average case. The base case is T(1) = 0 for all three types. (The reader is referred to the chapter
notes for more information.) The salient feature of this analysis is that the problem has been reduced

to a divide-and-conquer recurrence of the type

Jo = finj2y + frnjo1 + en-

Now let eg = e1 = fo = 0 and define Va,, = a, — ap_1, DNay, = ang1 — an, for {a,} any sequence.

After a few simple manipulations (see section 2.9.3), we find that

AA‘Zﬁm = ZXVfﬁ-+ZSV%2m

AV fopnp1 = AVegmipr

and AV f1 = es = AVe;. Furthermore, the inverse of the AV operator is given by the iterated sum

n—1 n—1
Y AVA =D (n—k)AVfi = fo —nfi.
k=11=1 k=1

We make the following two critical observations.

o The solution { f,,} of the mergesort recurrence, or more generally of a divide-and-conquer recurrence
of the type
Jo = flny2) + frnj2) +en

is an iterated sum of AV fy.

e The sequence {AVfi} is multiplicatively self-similar with scale factor | = 2 and fluctuation
{AVeg}.

These observations have two consequences. First, the iterated sum

n—1

Y (n—k)AVfi = fu —nfi

k=1

can be rewritten as the harmonic sum
n—1
k 1
> AV (1— —) =—fu—H,
n n
k=1
and hence the Mellin-Perron formula for m = 1 applies. Second, the Dirichlet generating function

W(s) = A]ka has the form  W(s) = - _]2—3 Akvsek
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or

_ AVek
(S) - k's

[1]

W(s) = =(s) where

and hence W (s) has, in addition to the poles of E(s), a sequence of regularly spaced poles generated by

1—2-+"

These poles are at

2kmi

= Tog 2 where ke

s = Xk

and translate back into a Fourier series for f,.
We combine these two observations into the following statement. If {f,} is defined by a divide-and-

conquer recurrence of the type

Jo = flnys2) + finy2) +én

where e, € O (n"), then f, satisfies

n [t Z(s)n®  ds
fa=nfi+ — ('_7,
270 Jorioo 1 —27%s(s+ 1)
where ¢ > r+ 1. (The condition on ¢ ensures that the Dirichlet series for =(s) converges; consult section
2.6 for more information.)

It remains to explain how the poles of the integrand translate into a Fourier series. Recall that this

translation is accomplished by the secondary map

A Res (f(s)z™%;s =) A(_l)n s

\

(s —¢)rtt k!

(log x)".

Suppose that Z(s)/(s(s + 1)) is analytic at xx. Then s = xy is a simple pole of (1 — 2_5)_1. Hence we

are treating the case
Loa= S0 g, 2o
n Xk(Xk + ]) soxk 1 — 273

It follows that the terms of the Fourier series are given by

[1]

1 (Xk) n?kﬂ'i/log?
log 2 xx (xx + 1)

)

i.e. we have a Fourier series F'(u) in log, n,

U E(Xk)  okri
F 1 — / Tiu
(logz m) Zlog?Xk(Xk+1)e ’
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where the sum is over all & such that y is a simple pole. The other poles of the Mellin-Perron integrand,
such as the one at s = —1, must also be included in the formula for f,,, but except for the one at s = 0,
they do not contribute to the Fourier series.

We point out that a multiplicative self-similarity with scale factor [ will result in a Fourier series in

log; n. The argument is precisely the same as in the case [ = 2 that we studied above.

We return to our case study of the mergesort recurrence. The above observations apply. It is a matter of
computation, straightforward for the best and worst cases, considerably more subtle in the average case,
to obtain the Fourier series and the terms that correspond to the poles of 1/s(s 4+ 1) and Z(s). Once
these are computed, we have an exact expression for the three types of complexity, with a dominant
term in #(nlog, n) and a Fourier series for the fluctution around this term. The reader should have no
difficulty understanding or re-deriving the following statement.

Let T'(n),Y (n) and U(n) be the worst, best and average-case complexity of mergesort. Let
_ 2kmi

log2’
Define the sequences {ar}, {dr} and {by}, as follows:

Xk

k=0 ke 7\ {0}

r_ 1 D N S

Ak 2~ log2 log2 xx(xx+1)
1 1 1 C(xx)

di 108, VT ~ 57053 — 3 1087 Xx (x 1)

1_ 1t _ 1 2 2m+1 1 14%(xk)
bk 2 log 2 log 2 Z (m+1)(m+2) log( 2m ) log2 xx(xx+1)

where ((s) is the Riemann zeta function (see also section 2.6.1) and ¥(s) is given by

9 1 1
V) =2 T (‘ @my  @m+ 1>“> |

Let A(u), D(u) and B(u) be the Fourier series

A(u) — Zak(f?kﬂu; D(U) — deeﬂcﬂ'iu) B(u) — Zbk@2kﬂ—iu~

ke kET ke
The worst, best and average case complexities of mergesort are given by

T(n) = nlogyn + nA(logyn) + 1,
1
Y(n) = 3" logy n 4+ nD(log, n),
U(n) = nlogy n 4+ nB(log, n) + ¢(n),

where ¢(n) € O (1).
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Self-similarity in Ay and fractal characteristics of the corresponding Fourier series

-5

Graph of a sequence {AV f,.} that is multiplicatively self-similar with scale factor I = 2 and fluctuation AVe, = —(—l)kA

We wish to explain the terms self-similarity and fractal. The first question that we must answer is

this. Why should a sequence {AV fi} that satisfies the recurrence
AVme = Ame + AVegm and Avf2m+1 = AVegm_I_l

be termed multiplicatively self-similar? We can motivate this terminology by considering the best-case
behaviour of mergesort. Recall that this is the case where e, = [n/2| and hence AVe;, = —(—1)*. The

recurrence becomes

AVme = Ame -1 and AVfgm_H =1.

(Incidentally, this implies that AV fi, = 1 — vs(k), where vy (k) is the exponent of the largest power of

two that divides k. This in turn implies Y'(n) = 3 v(n), where v(n) is the sum of the binary digits

m<n
of n. The latter identity is worth pointing out, because it suggests an alternate method to study Y (n).
We will return to this subject when we discuss digital sums.) The above recurrence induces two kinds
of self-similarity, both readily apparent from on the graph shown at the beginning of this section. (In

the following, we use an operator ¢ that maps a number k to a sequence o1(k),o2(k),...o1(k), where

the o; are functions N — N or R — R. The significance of this operator will be explained below.)

¢ (The whole and its parts.) If we skip all odd k, “compress” the remaining even values by a factor of
two, i.e. by n + n/2, and subtract one, we obtain the original sequence. This immediately implies
the existence of regularly spaced poles, and hence, a Fourier series when an iterated sum of the

sequence is evaluated by the Mellin-Perron formula. Why? In terms of the Dirichlet generating
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function, to skip the odd k is to split the function into two sums and to “compress” is to express the
even sum as an exponential factor times the original generating function. The difference between

the two terms introduces the regularly spaced poles.

¢ (Generating the sequence.) If we start with the one-element sequence {1} and append a copy,
subtracting one from the last element of the copy, we get {1,0}. If we iterate this operator, we

obtain sucessively

{1}7 {170}7 {1,0,1,—1}, {1?0?15_17170715_2}7

etc., i.e. length 2" prefixes of the sequence. This can be summarized by the initial-value/operator
pair

1 ke 1,k—1.

It is not difficult to see that how the two kinds of similarity can be obtained from one another. Both
correspond to multiplicative self-similarities where the fluctation {ex} at k = Im+r, 0 < r < lis
independent of m, i.e. periodic. Consider the operator o and the initial value fi. If o has the property

that o1(f1) = fi, then it generates the sequence {f,}

it Aa(f),alf)) Aoilei(f)), oo (fi))s o oi(e(fr), - ou(on(f1) )

etc., or

)

ht Afscalf)), Af o calh), . o(a(fr)), - co(o(fi)}

etc. On the other hand, a sequence {f,} that is multiplicatively self-similar with scale factor { and {ex}

periodic may be written as

fiyea, . ..e_i,rfite 41, ceq1,rfat e, e, 921, ...

It follows that the initial-value/operator pair

fi; fi= fises, o, rfide; ke, eqa, .. ea1,rk+ ¢

generates {f,}, where we have selected the range [ to 21 — 1 to represent the period of {e;}. Note that
this imposes a constraint on e;y; in the case when there exists an n > 1 such that f, = f;. If such an

n exists, we can construct the generator representation of {f,} by means of an operator o iff ¢;41 = fi1.
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The second issue that we must address is the meaning of fractal when applied to the Fourier series
rather than to the sequence {Ag} itself. In this context the term refers to a continuous function, which
is not differentiable at a dense set of points. We now clarify this remark. The dense set of points in
question is always the set of [-adic rationals p/I", e.g. when the scale factor is | = 2, we study the
differentiability of the Fourier series F'(u) at the dyadic rationals p/2". These numbers form a dense set.
If we can show that F'(u) is continuous and non-differentiable at the {-adic rationals, we have proved
that F'(u) is fractal in the function-theoretic sense. The first half is usually easy, because the exponential
terms of the series are continuous in u; therefore it only remains to check the integers. The second part
is more difficult; we must show that the limit

. F(u+h)— F(u—h)
lim ‘ '
h—0 2h

does not exist for u a dyadic rational. It is sometimes possible to prove a stronger result, namely that
F(u) is nowhere differentiable. In those cases (we will encounter one in a digital sum shortly), we let
u=xh approach u along the respective set of rationals. As an additional criterion, we note that a constant
error term Z(s) implies that F'(u) is not a fractal function.

Recall that B(u) is the Fourier series for the average-case behavior of mergesort. We can show that
B(u) is continuous, and that it has a cusp (read: is non-differentiable) at any dyadic rational p/2".

Hence we are justified in describing the average-case fluctuation as fractal.

Format of the remainder of this chapter

We will introduce and discuss the four specific applications of the Mellin-Perron formula that we study
in this thesis. Recall that the two criteria for applicability of the Mellin-Perron formula are, first, that
we must be concerned with an iterated sum of a sequence {Ar}, and second, that the sequence {Ax}
should be multiplicatively self-similar. Therefore we will present each application by first describing the
problem, then the sum involved, and finally, we will verify that the underlying {Az} is multiplicatively
self-similar. We also comment on the fractal nature of the Fourier series obtained. We will conclude each
section with a historical perspective, where such perspectives are relevant. The notes to this chapter

document the historical material.
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1.3.2 A fractal ornament

14s
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Graph of the two sequences that combine linearly into {AVag}. The scale factor is I = 4 and the fluctuation is AVe, = 0.

The first application of the Mellin-Perron formula that we consider is the fractal ornament pictured
and described in section 3.1. This ornament is obtained by starting with a equilateral triangle with unit
side length. We then proceed to replace the sides of the triangle while moving around the triangle in a
counterclockwise fashion. Every line segment is replaced by four smaller ones of equal length. The outer
two of the four are collinear with the original segment. They are the two segments that remain when we

remove the middle third of the original. The middle third is replaced by two line segments such that the
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replaced segment and the two new ones form an equilateral triangle. The number of turns taken around
the circumference determines whether this new, smaller triangle lies inside or outside of the previous
figure. We alternate between inward and outward; the first turn is inward.

We wish to compute the area of the ornament after n — 1 segments have been replaced. Let a, be

this area. A few straightforward manipulations show that
svae = (1) 7-()) ez
AVa, = 0 (otherwise).
This identity implies that a,, is
e an iterated sum of AVa,, and
e that AVa, is multiplicatively self-similar with scale factor [ = 4.

The last statement perhaps requires some explanation. The above equation for AVa, shows that it is
a linear combination of two sequences {ay} with different initial values ;. The graphs of these two
sequences are included at the beginning of this section.

It is easy to verify that the recurrence for {ayg} is

1
Qam = —g0m,  Camt1 = 0, @amy2=0, a@amy3z=0,
with the two initial values a3 = —9 and ay = 1, respectively. Alternatively we can use the characteriza-
tions
1
-9; -9—-9,0,0,1; k£~ 0,0,0, —§k
and

1 1
1, 1—10,0,—= k~0,0,0,—=k,
’ 9 9

which are obtained from our earlier translation rule for the two kinds of self-similarity. Hence AVay is
indeed multiplicatively self-similar, as claimed. Because the scale factor is/ = 4, we can expect a Fourier
series in log, n.
Will the Fourier series be a fractal function? The Dirichlet generating function A(s) of AVay is
s
‘f 10 94fﬁ’

hence the error term =(s) is constant. F'(u) will not be a fractal function.
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History and background

The problem of computing the area of a fractal ornament at each step in its construction appears to
be new. Tt is one of two problems in this thesis (the other one is study of integer lattice points inside
a paraboloid) that were discovered by the following procedure. First, we know that iterated sums of
multiplicatively self-similar sequences can be treated by the Mellin-Perron formula. Ergo we ask, second,
where do these sums occur, such that the underlying sequence has a Dirichlet generating function with
easy-to-locate poles. Thus the object is to find a sequence that also has a meaningful, and ideally
interesting concrete interpretation — we build the problem to fit the solution.

There 1s nonetheless one useful question that we may ask, i.e. what is it about a fractal ornament that
makes the area of successive approximations be the right kind of sum? In our example, the boundary
of the ornament is clearly isomorphic to a tree, the branch factor being four. At every step, we replace
a segment by four new ones, its children. Therefore we can account for all the segments introduced and
replaced in the process by drawing a 4-tree, with each node bearing the coordinates of the endpoints of
the segments. It so happens that the area added to, or subtracted from the ornament at every step stays
constant at each level of the tree. The area at step n is the sum of these additions and subtractions. If
they are constant, however, their difference will be zero except when we change from one level to the
next. Moreover, this change is effected by scaling — we scale the current triangle by a constant factor.
These are precisely the characteristics of a double sum of a multiplicatively self-similar sequence.

Although there is no background literature on computing the area enclosed by successive approxi-
mations to a fractal curve, there is of course extensive material on fractal curves themselves. The curve
used in our example is inspired by the Koch curve. We informally sketch some of the characteristics
of these two curves; we confine ourselves to construction by similarities as it applies to curves, and to
dimension.

We will need some terminology. We begin with the basic observation that there are four different
ways to map the oriented plane vector AB to C'D, where we permit any combination of scaling, trans-
lation and reflection. There are two possibilities to map the end points by scaling and translating, i.e.
{{A,C},{B,D}} and {{A, D},{B,C}}, which are combined with no reflection, or a reflection over C'D.

These four similarities may all be written as
F(z) =pMz +b,

where p € R*, M is an orthonormal matrix and b a translation vector.
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We use similarities in the plane in order to define self-similar curves. We start with N + 1 distinct
points in the plane, N > 2:
A=A, As,... ,ANj1 = B,

such that the distance between pairs (A;, A;41) is less than the distance between A and B, and N
similarities

Fi(AB) = Ai Ay

We can prove that there exists a unique curve T' such that

N
r=[JF(D),
i=1
and we say that the polygon P; on the vertices Ay, Aa, ..., Any1 is the generator of T'. Informally we

may take I' to be the limit curve of the successive approximations

N

i=1
This iterative model also allows us to show the existence of a continuous parameterization of I such that
T =~(I), where I = [0, 1].

We have the following simplicity criterion, which permits us to test whether a given generator Py
leads to a self-intersecting curve. This criterion states that if there exists a closed bounded set 1D of
non-null area such that F;(D) C D for all ¢ € [1, N], and that F;(D) and Fj41(D) only intersect in a
single point, A;;q, and that all other pairs F;(D) and F;(D) do not intersect at all, then T is simple.

The question of the dimension of a plane curve is answered by considerations that use an object
known for better or for worse as the Minkowski sausage of T. This is the set T'(¢) of all points of a

distance at most € from T, i.e.

o= [J 1) 1Y) = (@9l <)

(z,y)€T

We consider the area of I'(¢), denoted A(T'(¢)). For example, if T is a straight line, this area is 2¢ L(T)+me?;
if T includes all the points of a unit square with side length a, it is a? + 4ac + me?; if T is a single point

it is me2. We compute the limit
log A(I()
log €

)



Chapter 1. Introduction 41

and for the three cases get respectively,

‘ ‘ 2 2
lim (2L(T) 4 2me) /(2¢ L(T') + me?) — 1 lim a _ 0. and lim logm

2=2.
e—=0 1/e e—0 loge e—0 loge +

When we take into account that the dimension of a point should be zero, that of a line one, and
that of a square two, these examples motivate the following definition. The upper and lower dimensions
A(T) and §(T) of a curve T are

A(T) = lim sup <2 - w) and  &(T) = lim inf <2 - M) .

€0 log e e=0 loge

There exists a charming theorem concerning the dimension of curves constructed by similarities.
Recall that to every similarity F; of the generator P; we associate a number p;, the similarity ratio. By
definition of P; we have Zi\;1 pi > 1. If the F; also fulfill the simplicity criterion, we have Zf\;1 p? < 1.
We now use the fact that the function z — Zf\;l p¥ is strictly decreasing and continuous in [1,2] to
conclude that there exists a unique solution e of the equation Zf\;l p? = 1in [1,2], the similarity

exponent of G. Bouligand. The theorem announced above states that

Armed with these definitions, we study two examples. The first is the Koch curve, which served as
the inspiration to the fractal ornament problem. The second is the curve of which three copies actually

delineate the ornament. (The reader may wish to skip ahead to section 3.1 for additional illustrations.)

Example. The diagram at the end of this section illustrates the difference between the two curves.
The Koch curve is on the left. The three rows show the start segment AB, the generator P; and the
first approximation P,. The novelty of our area computation consists in the fact that we enumerate the
approximations segment by segment, and not layer by layer.

The similarities Fy, Fa, F5 and Fy that define each curve are completely defined by (1) the orientation
shown on the segment AB and the segments A; A;1q and (2) the fact that the curve always extends to
the left of each oriented segment.

Clearly both curves submit to the similarity exponent equation

) -
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and hence they have dimension

logs4 = 1.26186. ..

A B A B

Generators of the Koch curve, and the curve that delineates the fractal ornament.
The reader who wishes to learn more about self-similarity in curves, or fractals in general should consult

the chapter notes.

1.3.3 Digital sums

The chapter on digital sums examines a variety of digital sum problems. We will study a representative
example. The other digital sums that we evaluate are perhaps more involved, but the problem and the
solution paradigm remain the same.

The canonical digital sum problem studies the sum of digits in the binary representation of a positive
integer n. For example, if we take n = 19, which we may write as n = (19)19, in order to indicate
that base 10 is used, then we have n = (10011)s and the sum of digits in binary v(n) evaluates to
v(19) =14+ 0404+ 141 = 3. Binary digital sums have been studied extensively, and we will present
some of this history later. For the moment, it suffices to note that the binary digital sum problem exhibits
the first and most obvious characteristic of all digital sum problems: we wish to study a function v(n)
that is a sum of the digits of n represented in some base gq.

The next step is to ask what variations of this problem exist, and whether we can say anything of
interest about them. One fairly natural generalization of the problem, always subject to the constraint
that v(n) should be a sum of digits, is to associate a weight function with the digits of n. There are
different kinds of weight functions, of course; the function may depend on the position of the respective

digit, on its value, or both. Consider alternating digital sums: taking ¢ = 2, we have v(19) = (1)1 +



Chapter 1. Introduction 43

(=1)0 + (1)0 + (=1)1 4 (1)1 = 1. Alternating digital sums use the weight function w(j) = (—1),
where j is the position in (n),, starting with j = 0 at the right. Digital sum problems may also be
generalized by considering the representation of n in a Cantor base «, rather than the more familiar
base-q representation, where each position has weight ¢7. Cantor bases include ordinary integer bases
as a special case.

There is an additional consideration. We ask how the function v(n) should be studied. The object
of any study is the discovery of new properties of the object being studied; the property that concerns
us here is the rate of growth of v(n). It is not difficult to see that v(n) behaves quite irregularly; it
shares this characteristic with many famous functions of number theory that depend, like v(n), on the
multiplicative structure, i.e. prime factorization, of n. Therefore we study the sum of the first n — 1 v(k)

rather than v(n), i.e. we replace v(n) by a function that is smoother than v(n) itself. This function is

v(k).

n

3|

k

Let us return to the problem of alternating digital sums. In keeping with the framework of this

section, we wish to show that the sum

is an iterated sum of a sequence that is multiplicatively self-similar, where we have fixed v(n) to be the
alternating digital sum of n in the integer base q.

It 1s not difficult to see that
Vu(n) = (=1)"") — (g = 1) (v4(n) mod 2).

The computation is described in section 4.2.1; it might be instructive to verify this formula without
looking ahead. In any case, it yields the first part of the claim immediately. Because we are evaluating
a sum over a range of v(n) (from 1 to n — 1), that sum is a double iterated sum of Vuv(n). It remains to

check that Vv(n) is multiplicatively self-similar. We may rewrite the identity for V?)(n) as follows:
Voln) = (<17 4 (= 13 (1) 1)

Tt follows that Vu(n) is a combination of a term in (—1)?2(®) and a constant term.
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The function (—1)“4(”) is multiplicatively self-similar with scale factor ¢? and an error term that
depends on r = n mod ¢?; it is zero when r is zero, one when ¢ does not divide r, and minus one

otherwise. The recurrence for (—1)%(") is (let 0 < r < ¢?)

(_1)vq(q%) = (=1)%lm™

1 if
(—1)rala®mdn) = ot

O™ 27746810 121416 18 20 52 54

Graph of the sequence {(—1)"2 (k)}, which is multiplicatively self-similar with scale factor I = 4 and fluctuation

{er} =((0,1,2,3) — (0,1, —1,1)) (k (mod 4)).

The translation into an alternate representation by a generator ¢ is

1, 1e1,-1,1,1; —1e1,—1,1,-1,

where we have taken ¢ = 2. The same sequence is plotted in the graph.
We now ask whether the Fourier series for alternating digital sums will be a fractal function. The
answer is yes; although we do not include a proof here, we can expect it to be entirely like the case of

ordinary digital sums. The method used there is outlined in the next section.
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History and background

The history of research into the properties of digital sums is best exemplified by the developments that
led to the Fourier expansion of X
n—

=3 o

"=
where v(k) is the sum of digits of n written in base ¢. There are three phases to this history; these phases
are first, investigation by elementary methods, second, application of a Delange-type method (in fact
the problem occasioned the discovery of this method) and third, the use of the Mellin-Perron formula
to obtain an exact, complete solution of the problem.

The first phase consists of results that evaluate the dominant term of the sum, and attempt to bound
the error term. The evaluation of the dominant term is in fact perfectly straightforward. It rests on the
following intuitive observation. The rightmost digit of n cycles through 0 to ¢ — 1. So does the next
digit, but in steps of ¢ zeros, followed by ¢ ones etc. The next digit also follows this cycle, this time with
step size 2. The sum of a full cycle of digits is 0+ 1+ ...+ ¢—1= %(q — 1)g. The number of cycles
up to n is ~ n/q for the rightmost digit. It is ~ n/q? for the next one, where each of these contains ¢
full cycles, etc. This gives a total of n(1/q+ (1/¢%)g+...(1/¢")¢'~!) where | = Llogq n|. Therefore the
dominant term of the sum is

1n 1 -1

q
~ =] Z(g=1)q ~
"7 2((1 )q 3

log, n.

The dominant term is not very interesting. It is the error term that matters. In hindsight we know that
this term generates the Fourier series, while the simple approximation that we used to find the dominant
term is already exact.

Bush is credited with the above approximation. He showed in 1940 that

1 q—1
p Zv(k’) ~ 3 logqm.
k<z

Bellman and Shapiro were the first to give a bound on the error term; they showed in 1948 that

1 qg—1
- Z v(k) — 5 log, z| € O (loglog z) .
k<z

Mirsky improved this to O (1) in 1949; Drazin and Griffith studied the error term in a 1952 paper.
Finally Trollope found an explicit expression of the error term in 1968. Actually he treated only the case

¢ = 2, but claimed that his method, which was fairly complicated even for ¢ = 2, would generalize to
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q € Zt,q > 2. The result that he proved is this. Suppose 2! < n < 2!*! withl € Z%, ie. | = [logyn].

Define = by n = 2!(1 + z), which implies 0 < z < 1. Then we have

1 1 9i-1
EE:UM):Eb&n——?—@f@y+ﬂ+xﬂ%ﬂl+@—ﬂm
k=1

where
1
f) =3 mg(2a)
r=0
and g(z) is a function with period 1 such that
z if 0<a<i
9(x) =
Lz if i1<z<l.

Knowing as we do that the error term is “periodic in log, n”, i.e. given by a function of period 1 evaluated
at logy n, we recognize the key contribution of this result, which is to take the relative position 2 of n
between 2! and 241 and express the error in terms of this position.

The second phase is marked by a single 1975 paper, that of Hubert Delange sur la fonction sommatoire
de la fonction “somme des chiffres”. This paper is remarkable for several reasons. Delange solved the
problem for any base ¢. Trollope claimed that his method could treat any ¢, but had not actually given
a demonstration. Second, Delange showed that the error term could be expressed by a periodic function
of period 1 evaluated at log, n, and computed the Fourier series expansion of this function. He was the
first to recognize its fractal nature; he showed that it is nowhere differentiable. The expansion of sums of
multiplicatively self-similar series often includes a fractal fluctuation when there is a non-zero error term,;
therefore, Delange discovered a truly characteristic feature of the problem. Third, and perhaps most
importantly, Delange’s paper implicitly gave a versatile procedure for treating digital sums and other
problems of a similar type. Kirschenhofer and Tichy extended this method to Cantor-bases in 1985; we
present some of their results in our digital sum chapter. Osbaldestin and Shiu used the method in 1988
to compute an error term related to sums of three squares, which will be described in the next section,
and 1n one of the results chapters. Careful study of the papers that use a a Delange-type method indicates
that there seems to be an element of the straightforward and procedural rather than of innovation in its
application.

We proceed to discuss Delange’s result and the characteristics of a Delange-type method. Recall that

we seek to evaluate the sum of the sum of digits v(k) of the first n — 1 integers k& written in base q.
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Delange proved that

n—1
1
~S w(k) =1
n
k=1

The function F(u) is defined as follows. We let

1
5 log, n 4 F(log, n).

o = [ (o) =gy~ L5 dr - ana h(u):éq-’“y(q’“u)

and set

_1 ul|—u b ul|—u
F(u):qT(1+[uJ_u)+q1+LJ h(q (1+Lu) )).

The function F(u) is periodic with period 1 and continuous for all u € R. Delange also proved that F'(u)

has the Fourier series expansion

where

I — _ i\ ! .
co:q—]long 1_q+1 and ck:iq 1 1_l_Zk’rz 2kmi .
2 log ¢ 4 2km log ¢ log ¢

(Incidentally, the reader should recognize the 1/s(s + 1) term from the Mellin-Perron integrand.)
There are three steps to the method: the first is to construct an integral representation of the jth

digit d;(n) in the base-g representation of n. This representation is

o[ (3] o))

and its proof is elementary in the sense that it does not use any mathematics other than the definition
of digit d;(n). The second step uses the fact that we can interchange summations in the double sum
over k and the digits and powers of ¢ in the base-q representation of k. This interchange results in an
integral from 0 to n of the integrand shown in the formula for d;(n). This integral is then expressed in
terms of g(u) (a simple transformation, immediate when we compare the integrands in the sum integral
of dj(n) and in g(u)). The rest is algebraic manipulation. When the second step is completed, we have
the formula for F'(u) in terms of h(u) and g(u) that was given above. Tt remains to compute the Fourier

series. In order to compute the {c;} in

we start with the basic formula
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If we expand F'(u) in terms of g(u), as given by the formula, we arrive at the integral

/00 g(ui du,
1/q WF

which is absolutely convergent for Re(s) > 0. This integral is treated with

| =50

and we have the Fourier coefficients.

We claimed earlier that the method of Delange can be used in an algorithmic, procedural manner.
This is best illustrated with an example. In 1985, Kirschenhofer, Prodinger and Tichy studied digital
sums with different weight functions and/or in Cantor bases k. They examined the asymptotic behavior
of such sums and gave a Fourier series expansion of alternating digital sums. In a Cantor base &, two
sequences, {¢(j)} and {&(j)}, where k(j) = Jl'q(k), take the place of ¢ and the powers ¢/ of ¢ in an
ordinary base. The procedure remains exactly the same, as do many of the intermediate integrals and

formulas. For example, we use

o= [ (55 o [55w]) »

for the jth digit, and we define a family of functions

s = [ (la) - ot 10 - =) s

the Fourier coefficients are again treated with
du = —((s).
/1 ust! SC( )

As pointed out earlier, Delange was also the first to study the fractal nature of the series F(u).

He showed that F(u) is continuous and nowhere differentiable, which is a stronger result than non-
differentiability at a dense set of points. He did this by reducing the everywhere non-differentiability of
F(u) to that of A(u) in (0,1). Given a # € (0, 1) he shows that the sequence
h(at) — hzx)
xy — xp
with 2, < 0 < 2}, and zx, 2}, — 0 in the dense set of q-adic rationals does not have a limit. (In fact
z, is the length-k prefix of the ¢g-adic expansion of § and zj, its successor, obtained by incrementing the

last digit.)
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The third phase is one of refinement and extension rather than novelty. The principal contribution is
by Philippe Flajolet, who discovered in 1994 that digital sums can be expressed as harmonic sums and
evaluated by the Mellin-Perron formula. Given the body of classical knowledge about Mellin transforms,
Dirichlet series and the Riemann zeta function (the most well-known Dirichlet series), Flajolet’s paper
effectively reduces the problem to an instructive type of minor exercise. The ideas that motivate the
computation are familiar to any mathematician who works in analytic number theory, and the compu-
tation itself takes only a few lines. Nonetheless if it had not been for the detour via Delange’s method,
who introduced the idea of Fourier series, the classical number theory approach might not have been
discovered. Its outlines and simplicity appear sharper and more visible in retrospect than they were
before Delange suggested where to focus.

Contribution of this thesis. The application of the Mellin-Perron formula to digital sum problems
faces two chief obstacles: we must be able to locate the poles of the associated Dirichlet generating
function, and to continue it analytically into the left half-plane. We study alternating digital sums,
digital sums with periodic weights, and digital sums where the quotient sequence &(j + 1)/k(j) of the
Cantor base & is periodic, and we show that all of these can be treated by the Mellin-Perron formula. We
compute the Fourier series for alternating digital sums. Finally, we study factorial digital sums, where
the Dirichlet generating function cannot be continued into the left half-plane. We use the Mellin-Perron
formula to extract information about the aymptotically dominant term of this and similar digital sums.
Our work both extends P. Flajolet’s method to a wider class of digital sums, and supplies new proofs of

some existing results concerning the asymptotic behavior of digital sums.

1.3.4 Counting sums of three squares

The study of integers that are representable as sums of squares is a classical problem in nunber theory.
We have already seen some of its history when we discussed the function r5(n), i.e. the number of
integer solutions (z,y) of n = z? 4+ y*. The list of mathematicians who have worked on this problem
and its generalizations to ri(n) reads like a compendium of greats: Euler, Gauss, Jacobi, Eisenstein,
Ramanujan, Hardy and others. Here we consider the special case k& = 3, and we ask not how many
solutions there are of n = z7 + z2 + z3 (this is r3(n)), but rather for which integers n solution triples
(21, 29, 23) exist (l.e. whether r3(n) is zero or not). As in the case of digital sums, we study a sum
of (0 0;1,2,...— 1)(r3(n)), rather than the term (0 — 0;1,2,...— 1)(rg(n)) itself, which exhibits

highly irregular behavior. Given N, we wish to count the number of positive integers n < N that are
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representable as a sum of three squares. We will review some of the history of this problem in the next
section.

The principal tool of the investigation is a theorem by Gauss, which states that n is representable
as a sum of three squares if and only if it does not have the form n = 4'(8k + 7), where [,k € Z%. For
example, 10 = 324+1240%and 14 = 32422 4+ 12; no such representation exists for n = 15. If we let
@ be the set of integers n € Z1 representable as sums of three squares including 0, and take k(n) to be

the characteristic function of @, i.e. k = (Q — 0;Q — 1), we may write

QN)= > 1=N- > k(n)

n€Q,0<n<N 0<n<N
Define A(N) as follows:
5
Q(N) = 6N+A(N)
1.e.
A(N) = éN =Y k)
0<n<N

and let A(0) = 0. (The choice of terms and the definition of the error function are historically motivated,

as shall be explained later.) We consider the measure

=Y am

0<n< N
which is Nt
1 1 I — —
—N—-—— - = k(1).
12 12 N nz_:l = 0
The latter reduces the problem to the evaluation of
N-1 n
Spal]
n=1 [=1

We recall our criterion for the applicability of the Mellin-Perron formula and the existence of a Fourier
series expansion: we must be concerned with an iterated sum of a multiplicatively self-similar sequence.
It is immediate that we have an iterated sum; this follows from the identity above. We must check that
k(n) is multiplicatively self-similar. Indeed the scale factor is [ = 4 and the error term zero except when

n is congruent 7 modulo 8. The recurrence for k(n) is

k(8m) = k(2m) k(8m+4) = k(2m+1)
kBm+1) = 0 k(8m+5) = 0
kB8m+2) = 0 k(8m+6) = 0
k(8m+3) = 0 k8m+7) = 1.
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Graph of the sequence {k(n)}, which is multiplicatively self-similar with scale factor I = 4

and fluctuation {ex} = ((0,...6) = 0;7 = 1) (k (mod 4)).

This recurrence requires some commentary. At first glance it might seem that it does not have the
canonical form of the recurrence for multiplicative self-similarity, or perhaps that it has scale factor
! = 8, rather than [ = 4, as claimed. We discussed two equivalent criteria for self-similarity; the first,
that the sequence contain a copy of itself, obtained when we omit all n that are not exact multiples
of the scale factor, and second, that it can be generated by the iterative application of an operator o
of the form o1 (k), oa(k),...0o1(k). Tt is the first description that indicates most readily the existence of
regularly spaced poles in the Dirichlet generating function, and hence a Fourier series in the solution.
When we consider the recurrence for k(n), it is immediate that the scale factor is [ = 4 and not [ = §;
when we skip all n that are not multiples of 4, we obtain the original sequence. Furthermore, this

operation generates poles of the form
2mik
log4’

The structure of the recurrence also indicates that we must look for a pair of operators o/ and ¢’ as the
generators of k(n), one to generate the bottom range, shown in the left column, and one to generate the

top range, shown on the right. This alternate characterization is

0,0; k,1—0,0,0,k,0,0,1,L.
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The question of the Fourier series being fractal is open. The fact that the error term E(s) is not

constant, and the form of the coefficients obtained strongly suggest that it is.

History and background

As indicated, the study of integers n representable as sums of three squares goes back to Gauss, whose
theorem on the form of such n we use in this thesis. In 1908, Edmund Landau was the first to note that

the set @ has asymptotic density 5/6 and introduce the error term A(N). In fact his work implies that
A(N)<logN as n— .

M. C. Chakrabarti refined this result in 1940. He proved that

1 1
glog2N+—

<AN) < .

| =

where the bounds are sharp, i.e. the lower bound is assumed and the upper approached arbitrarily
closely. He also showed that the values of A(N)/log, N are dense in the interval (0,1/3).

Chakrabarti based his result on the following formula for A(N). Let the binary digits of N be given
by

(N)o = d;20
j=0
where 0 < d; < 2 and d, = 1. Chakrabarti showed that

2j—=1<r
T— 1

2j<r 2j<r
2 1
A(N): g Zd2j+§ Z dgj_l— Z(O,l,?r—)o;:}r—)1)(d2j+d2j_1+d2j_2)—§dg;
j=0 j=1 j=1

i.e. he represented A(N) by a digital sum. P. Shiu noticed in 1988 that this formula suggests that A(N)
should be 3/16log, N on average. To see this, note that there will be ~ log, N digits in the binary

representation of N. The first sum counts the digits at even positions, which are on average

Ly Diow ) = Lo, v
N \g" 308 | = loe

The same argument applies to the second sum, again giving

1
~ ZlogzN
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The third sum counts 111 strings, i.e. one out of eight possibilities {0, 1}?, at even positions in (N)a2,

1 /1 1 1

The average of the last term is of a lower order than log, N, namely

giving an average of

iyt
N2 2
Therefore, this informal argument does indeed suggest that the average of A(N) is

21 11 1 3
~ <§Z+§Z_E> logQN—EIO&N

P. Shiu was able to prove his conjecture in a 1988 paper; he found that Chakrabarti’s digital sum for

A(N) did not suffice to obtain the result, and used a base-4 sum instead. He showed that

ZA 16log2 €0(1)
n<N

as N — oo and that for ¢ € R*, the number of n < N such that

log, | > (logn)7+e

‘A(”) 16

is o (N).
Suppose that

(n)a = 3" dj(n)4

r>0

where 0 < d;(n) < 4. P. Shiu’s base-4 digital sum for A(N) is

A( _ —do +Z'}’ ar y Gr— 1( ))

r>1

where 7(a, a') is given by the following table of values.

a =012 0

11N

W= Wl

a' =3 0 —%
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A.H. Osbaldestin and Shiu subsequently used this base-4 digital sum to compute the Fourier series for
+ Y onen A(N). In their 1989 paper, they show that there exists a periodic function F'(u) with period
1 such that for N > 1,

N odd,

ool

1 : (N

— E A(n) = éL + F(L)+ () where L =logy N and §(N) =

N 8 N ’
0<n< N 0 N even.

The function F(u) is a Fourier series

with coefficients

—(¢(0,7/16) + ¢'(0, 15/16))

1 omik\ omik T omik 15
- 14 2 gL T2 ) k4o
ok 2mk< +log4) <C <log4’16>+g<]og4’16>>’ 70

They use the method of Delange. In order to show how their proof adapts Delange’s treatement of

and

base-q digital sums to P. Shiu’s special base-4 digital sum, we will retrace the key steps of the argument.
We recall that Delange begins by constructing an integral formula for the jth digit in the base-¢q repre-

sentation of n. So do Osbaldestin and Shiu, except that y(a,(n), a,—1(n)) now takes the place of a,(n).

y(ar(n), ar_1(n)) = /:H Jé; (4:?> dt.

The reader is encouraged to compare this formula with the earlier ones of Delange and Kirschenhofer.

Their integral formula is

The function S3(t) is a piecewise constant function with period 1. The next step is to find an analogue

of the earlier g(u) and g;(u). This is the function a(u), which is piecewise linear, has period 1 and is

o(u) = /0 <ﬁ(t) - %) dt.

With these definitions, an interchange of summations and a few simple algebraic manipulations yield

given by

the formula for in terms of F(u). The formula for the Fourier series expansion eventually leads to an

/°° a(u)du
]/4 us+1

(compare with the corresponding integral in g(u)), and this integral can be expressed in terms of the

integral of the form

Hurwitz (-function at a = 7/16 and a = 15/16. The Fourier coefficients then follow.
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Contribution of this thesis. We give a straightforward, short proof of the Osbaldestin-Shiu result by
the Mellin-Perron formula. The new proof is to the old one as Flajolet’s evaluation of binary digital

sums is to Delange’s.

1.3.5 Lattice points inside a paraboloid

The last of the four case studies that make up the body of this thesis concerns the number of lattice
points inside an upside-down paraboloid in three-space. A verbal description of this object might be
as follows. We start with the right half of the parabola z = 2, in the zz-plane, which is positioned in
three-space such that x corresponds to width and z to height; the values along the z axis increase from
left to right, so that the right half of z = x? corresponds to x > 0. Now we turn this half-parabola upside
down, making it into z = —z%. Finally, we shift it upwards along the z axis by an integer distance n,
obtaining z = n— 2. The paraboloid P, is the surface of rotation that results when we rotate z = n — 22
around the z axis in three-space. Actually P, is restricted to the part of the paraboloid that lies above
and in the zy-plane. It looks like a dome. Its intersection with the zy-plane is the circle 2 + y? = n,
its intersection with any plane that contains the z axis is an upside-down parabola, e.g. its intersection

with the zz plane is z = n — 22, with the yz plane z = n — y%. The introduction to chapter 6 contains a

picture of this paraboloid and its equation, which is

{(x,y,2) | 2 +y* =n—z z€0,n]}.

The paraboloid P, contains some number of lattice points, i.e. points (a, b, ¢) with integer coordinates
a,b,c. We define a weight function on these lattice points — if (a, b, ¢) lies in the interior of P,, it has
weight unity, if it lies on the paraboloid itself, it has weight a half. The sum of these weights over all
lattice points inside and on P, is the number V;,. A smoothness consideration such as that used in the

digital sum case, and with sums of three squares, leads us to study the measure
L Nl
< 2 Ve
n=0

This measure does not share all characteristics of the previous three examples. These are the simi-

larities and differences.
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e The area a, of the fractal ornament, digital sums and the error term A(n) of the sum-of-three-
squares function are double iterated sums. In a sense, so is % Zi\;_ol V. To be exact, the problem

reduces to two iterated sums, one triple, the other double:

N-1 n k-1 N-1 n

1 1
T2 22 () 5 D D ralk).

n=0 k=1 1=1 n=0 k=1
Here ro(k) is the number of integer solutions of n = 2% +y?, a function that we discussed earlier. Tt
is this particular combination of iterated sums that permits us to apply the Mellin-Perron formula

for m = 2, because it reduces to

| N-l o2
§N nz_:l (1 — ﬁ) 7“2(11).
The reader will recognize the above as the type of harmonic sum that is evaluated with the Mellin-

Perron formula.

e Prior to this example, we studied iterated sums of sequences that had multiplicative self-similarities.
These similarities were useful for two reasons: they result in closed forms of the respective Dirichlet
generating function, which permits us to locate the poles of the Mellin integrand and hence evaluate
the sum. Furthermore, the specific kind of multiplicative self-similarity that we have studied always
generates one or more column of reqularly spaced poles along a vertical line in the right-half plane.

These poles sum to a Fourier series in the expression of the sum.

The function ry(k) does not exhibit multiplicative self-similarity. However, the principal require-
ment for the existence of an explicit solution by the Mellin-Perron formula is that we know the

location of the poles of the Dirichlet generating function of the amplitudes, i.e. in this case of

>,

In fact we do. We can locate the poles and study their residues via the alternate representation

S i (¢ (sg) -<(+5))

This function has a single pole at s = 1, and it is simple. It contributes the dominant term in the

evaluation of the sum.

Owing to the fact that the Dirichlet generating function only has a single pole, the question of the
“Fourier series” being fractal does not apply to this problem. The solution only has two terms, the

dominant one and an error term; hence there is no series and no possibility of its being fractal.
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History and background

Among the four problems treated in this thesis, this one is the second to have been constructed in
reverse, i.e. knowing the kinds of sums that can be evaluated by the Mellin-Perron formula, we looked
for and found a sum that has a meaningful interpretation as a lattice point problem. (The first problem
to be constructed like this was the one about the fractal ornament.) It is perhaps useful to describe how
one obtains the particular choice of weights and surface from the characteristics of possible sums. We
begin with the fact that r4(n) has a Dirichlet generating function that can be expressed in terms of zeta
functions. This is classic knowledge; we discussed some of the relevant history earlier. By a theorem of
Whittaker and Watson, we know that the maximum order of the Hurwitz zeta function along horizontal
line segments inside and parallel to [0, 1] is O (tlogt), with ¢ the imaginary part of s in {(s), and going
to infinity along vertical lines. We also know that the Mellin-Perron formula generates an integral along
a vertical line in the right-half plane, and that this integral is evaluated by shifting it into the left
half-plane and taking residues into account; if we wish to have an exact formula, we must ensure that
the contribution along the connecting horizontal segments vanishes. The Dirichlet generating function
of ro(n) is a function in ((s)?, and hence O (t210g2 t) on the relevant horizontal line segments. The
Mellin-Perron formula includes a factor 1/s(s+1) ... (s+m) for an m+ 1-times iterated sum. This leads
to the first key observation: if the { terms along the vertical segments are to vanish, we need m > 2.

Therefore we ask what iterated sum of ry(n) is of interest and has m > 27 The lattice points inside
a circle are a sum (m = 0) of r3(n), those inside a paraboloid a double sum (m = 1), and hence, their
average 18 a triple sum with m = 2. Frgo, the average fulfills the requirement.

There is an additional constraint, however. If we visualize a triple sum by mapping iteration to
dimension and single terms to dots, we see that the case m = 2 corresponds to a half square pyramid of
dots, obtained from the full one by slicing it along one of the diagonals of the square at the base. On
the other hand, the Mellin-Perron formula for m = 2 counts a full pyramid. Therefore, if our sum is to
be amenable to the formula, it must include the missing half. Actually the dots are discrete and hence
the half isn’t an exact half, but rather the predecessor in the sequence of pyramids. In fact we need a
sum that corresponds to predecessor, successor addition of half-pyramid sums. The predecessor is the
interior of the successor. When we add the two, the interior points get counted twice, and the surface
points once. This leads us to conclude that we require a weight function that assigns one to interior

points, half to surface points, and zero to exterior points, which function also happens to be an intuitive
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choice as a volume measure.

The paraboloid problem is like the fractal ornament problem in that there is no direct antecedent
in the literature, but there is a vast number of auxiliary research results. This research is the study of
diophantine equations, and lattice points. The two are synonymous because diophantine equations are
polynomial equations in several variables, and are studied with respect to the number and existence of
integer solutions. These equations also define areas, surfaces or more generally, bodies in n-space, and
it is natural to ask what points with integer coordinates are located inside these bodies. Those points
are of course the integer solutions of the respective diophantine equation.

The most basic and central result in this field is Minkowski’s lattice point theorem. A subset M C R¥
of k-space is convex if for any two points v, A € M the line segment that connects v to A is a subset
of M. Tt is symmetric about the origin if v € M implies —y € M. Minkowski’s lattice point theorem
states that convex, measurable M that are symmetric about the origin and have volume greater than
2% contain at least one lattice point other than the origin. This bound is sharp, as the k-cube centered
at O and of side length 2 shows.

The classic problem in lattice point theory is to compute the number of lattice points inside a k-ball
of radius v/2. We denote by Ay () the number of such points. We have already pointed out that this

number is equivalent to counting the solutions of
zf—l-rg-l-...-l-zz <t,
which is in turn equivalent to counting and adding the number of solutions of
el ai4 . +2i=0,1,2...|t].

Hence

where 7 (n) counts the solutions of

2 2
ry+x5+ ...tz =n.

We saw earlier that the evaluation of 79(n) and other rx(n) has given rise to entire branches of number
theory, and a great deal of exciting mathematics. This problem is also remarkable for the fact that
functions like r2(n) have been studied since antiquity, e.g. by Pythagoras, and that we nonetheless find

Hardy and Ramanujan working on the general even and odd 7 (n) during the first third of this century.
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We conclude this brief review with an elementary result concerning Ag(¢). Tt is hoped that the reader
is sufficiently intrigued to continue independently along this beautiful branch of mathematics.
The following formula describes the volume Vi (#) of a k-ball of radius Vt. We have

k1 24k )2
= —
Vi (?) T (k/2+1)

We can prove that
[Ar(t) — Vi () € O (tk/2_1/2) ,

or equivalently, that the number of lattice points inside a k-ball is equal to the volume plus an error term
in the order of the boundary surface. This result is part of a general pattern, according to which we can
count lattice points by computing the volume and assuming an error term in the boundary surface. E.g.

by inspection, this also holds for the sum of V}, of our paraboloid.

1.4 Notes

For a textbook-style introduction to combinatorial enumeration and generating functions, consult [FS93].
Principles and paradigms for ordinary generating functions are discussed on [FS93, p. 1-5], for exponen-
tial generating functions on [FS93, p. 43-57].

The discussion of integer lattice points inside a circle and their relation to theta functions is taken
from [BMP55a, p. 182-189], which incidentally also includes an elementary presentation of generating
function methods; see [BMP55a, p. 228-243]. The Bateman manuscript project remains an invaluable
resource for formulas and survey articles in a variety of fields. Elliptic functions in general and theta
functions in particular are discussed on [BMP55b, p. 295-380]; the reader who wishes to learn more
about the theta function identity used to evaluate ry(n) should check [BMP55b, p. 355-360].

The binary tree example is discussed on [FS93, p. 23-24]. The presentation of the tree intersection
statistic is from [CDM91, p. 187-189], which also includes an overview of generating function methods
and lists some essential theorems from complex analysis.

The sections on Mellin transforms and harmonic sums are entirely based on [FGD95]. T have tried to
present the results of that paper in an accessible form, with the target audience being computer scientists
rather than mathematicians; many of the examples were expanded to make them somewhat easier to
read. The harmonic sum evaluation paradigm of section 1.2 is given in Theorem 5 on [FGD95, p. 26].

The example concerning Harmonic numbers is on [FGD95, p. 27].
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I will now list references for the detailed presentation of the Mellin transform and its relation to
harmonic sums, i.e. for the content of sections 1.2.1 and 1.2.2. The definition and properties of the
Mellin transform can be found on [FGD95, p. 9-11]. A useful dictionary of Mellin transforms is on
[FGDY5, p. 13]. The Mellin inversion theorem is on [FGD95, p. 14]. The transform of (1 4+ z)~! is
discussed on [FGD95, p. 18], that of e=* — 1 + 2z on [FGD95, p. 13, 19]. The formal statement of the
Mapping theorem is on [FGD95, p. 16], Theorem 3, and [FGD95, p. 19], Theorem 4. The definition of

harmonic sums, the evaluation theorem, and the Mellin summation formula are from [FGD95, p. 23-27].

My discussion of Landau’s use of the Mellin-Perron formula via the “discontinuous factor”, i.e. the
material on the history of the Mellin-Perron formula, is based on a two-line footnote of his, found in a
1915 paper, which is reprinted on [Lan62, p. 11-29]. The footnote is on [Lan62, p. 20]. (Incidentally,
the mergesort paper by Flajolet and Golin presents the “discontinuous factor” proof of the case m =1
on [FG94, p. 679-680].) The second derivation of the Mellin-Perron formula, this time in the context of
harmonic sums, is generally based on [FGD95] but also uses observations from [FGK194, p. 295-297].

A complete probabilistic analysis of the best, average and worst cases of mergesort is given on [FG94,
p. 674-679]. This paper also includes a list of references for textbook-style discussions of the mergsort
algorithm. The solution paradigm and formulae for divide-and-conquer recurrences is based on [FG94, p.
679-680], and the treatment of divide-and-conquer recurrences by the Mellin-Perron formula on [FG94,
p. 681]. The three theorems for the worst, best and average case behavior of mergesort are on [FG94,
p. 682, 684, 686]. Our definition of the term fractal as it applies to functions uses remarks from [FG94,
p. 690] and [Del75, p. 33].

The material on curves constructed by similarities is from [Tri95, p. 177-194], a text that is notable
for its lively style of presentation and the diversity of the material covered. Fractal dimension as it
applies to curves is discussed on [Tri95, p. 115-123].

The section on the history of digital sum problems is substantially based on the survey in [Del75].
Bush’s first result is in [Bus40]; Drazin and Griffith’s in [DG52], Trollope’s in [Tro68]. Delange’s influ-
ential paper is [Del75]; the proof of the main theorem is on [Del75, p. 33-35], while the Fourier series
expansion is computed on [Del75, p. 43-47]. The early work of Kirschenhofer and Tichy on this problem
is in [KPT85]; P. Flajolet’s paper is [FGK194]. This last paper includes and extensive bibliography and
a useful survey of computer science applications of digital sums.

The introduction to the sum-of-three squares problem uses the historical review in [Shi88]. The
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relevant classical papers are Landau’s, [Lan08] and Chakrabarti’s, [Cha40]. P. Shiu’s digital base-4 sum
for the error term is derived on [Shi88, p. 205-207]. Osbaldestin and Shiu’s application of Delange’s
method to the error term is on [OS89, p. 371-373].

The auxiliary material on lattice points and diophantine equations is from [Fri82]. Minkowski’s
lattice point theorem is proved on [Fri82, p. 1-3]; the approximation of the number of lattice points by
the volume of the solid plus an error term on the order of its boundary is on [Fri82, p. 3-6]; a more
general version may be found on [Kra81, p. 180-182]. Fricker also discusses the Gauss-Jacobi theorem
on sums of three squares, see [Fri82, p. 20-25], and includes two proofs of the formula for ro(n), Gauss’s
elementary one and another by prime factorization of Gaussian integers, parts of which we use in our

result chapter, where more specific references are given. For the two proofs, see [Fri82, p. 9-15].
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Analytic Number Theory

This chapter presents those definitions from analytic number theory that will be used in the remainder
of this thesis. The material is from classical analysis and we will present the main results without proof.
When we require a customized lemma we will usually sketch the proof. We will treat a result in greater
depth if it helps elucidate the material of subsequent chapters. Those minor lemmata and corollaries
that appear without a reference are specific to this thesis.

We recall the following definitions from real analysis.

Definition 2.0.1 We write
lim f(z) =y (lim f(z)=y)

1‘—}1:’0" =Ty

if for all ¢ € RT there exists a § € Rt such that
r—x9<d (zog—2x <)

implies
[f(z) —yl <e

We use the notation

lim f(z) = f(zf) and lim f(z) = f(zg).

:1:—}1‘3' ToTy
This definition permits a distinction between the limiting value of a function f(z) as we approach z from
above and from below. We will use such limits when we discuss Mellin inversion integrals of transforms

of discontinuous functions. For example, [0%|/0% =1 and |07]/0~ = —1.
Definition 2.0.2 Let {a,} be a sequence of real numbers. We write
limsupa, =« (]im infa, = oz)

n—00 n—o0

62
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1. Ye e RTY 3N € Z% such that n > N implies ap, < a+€¢ (an > a—¢€), and

2. VeeRt jeZt 3k € Zt k > j such that a, > a—¢ (a, < a+e€).

If the sequence is not bounded from above (below), we define

limsupa, = +oco (lim infa, = —oo) .
n—00 n—0o
Iflim, 400 @n = —00 (liMy 00 @n = +00), we define
limsupa, = —oco (Hm infa, = -|-oo) .

We may paraphrase this definition as follows. The limit superior (inferior) of a sequence is the largest

(smallest) number that can be obtained as a limit of one of its subsequences.

Definition 2.0.3 Ascending sequences of positive reals. Let A = {\,} C RT be an ascending sequence
of positive reals: 0 < Ay < Aq.... The upper density of A is the quantity

D= limsupi.

n—0o0 n

The step h of X\ is
h=liminf(A,41 — Ap).

n—00

Example. The sequence A, = nloggq, ¢ € N, ¢ > 1 has upper density D = 1/logq and step h = logg.
The sequence A, = log(n + 1)! = ", _, log(k + 1) has upper density D = 0 and step h = +oo. (Recall

that >, _, log(k + 1) ~ nlogn.)

2.1 Point sets in the complex plane

The complex plane C is a linear vector space over the reals; i.e. C = {(x,y) | =,y € R}, the set of

ordered pairs (,y) of reals, along with the standard definitions of equality, addition and multiplication.

Definition 2.1.1 (Point sets.)

point set A point set is any collection S C C of points in the complex plane. The complement of S of
Sistheset{z | z¢ S} =C\S.
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e-neighborhood An e-neighborhood N¢(zo) is the set {z | |z — zo| < €}, i.e. a disk centered at zq, with
radius €, and the boundary not included in the set. A deleted neighborhood is one with its center

removed, i.e. N¢(z0) \ {z0}. Where it is clear from the context, we may use N, in place of N(zo).

limit point The point zg is a limit point of the point set S if every e-neighborhood of zg contains at
least one point of S different from zg, i.e. we can shrink the disk at zy but will always retain at
least one other point of S inside it. Note that zo need not be in S. Alternatively, we may say
that zo is a limit point of S if every deleted neighborhood of zy contains some point of S, i.e.

Ve> 03z € Ne(z0) \ {20} : z€S.

interior point The point zg is an interior point of S if some e-neighborhood of zy contains only points
in S, ie. 3e>0: N(z)CS.

open point set S is open if it contains only interior points: ¥Yzo € S J¢ > 0 : Ne(z9) C S.

closed point set S is closed if it contains all of its limit points or has no limit points.

boundary points The point zq is a boundary point if every e-neighborhood of zo contains both points

inS and S, i.e. YVe> 0321 €8,29 €8 : 21,20 € Nc(z0). Note that zg need not be in S.

2.2 Curves, contours and connectedness

Definition 2.2.1 (Curves and contours.) A simple (closed) curve is a set of points defined by a
parametric equation z(t) = z(t) + iy(t), 0 < t < 1 where z(t) and y(t) are continuous real-valued
functions such that t, # t3 = z(t1) # z(t2) (z(t1) = z(t2) <= (t1,t2) € {(0,1),(1,0)}). A simple
(closed) smooth curve is a simple (closed) curve with parameterization z(t) = z(t) + iy(t) where z(t)
and y(t) have continuous derivatives z'(t) and y' (t) and z'(t)?+y (t)> # 0. A simple (closed) contour

is like a simple (closed) smooth curve, but only requires piecewise continuity in the derivatives.
The smoothness requirement in the above definition ensures that z(¢) has a tangent for ¢ € [0, 1].

Definition 2.2.2 (Domains.) A domain is a nonempty open connected point set. A point set S is
connected if every pair of points in S can be joined by a simple curve lying entirely in S. A domain D

is simply connected if every closed curve in D can be shrunk to a point without leaving D.

We will occasionally use region as a synoym of domain.
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2.3 Limits, continuity, and differentiation

Definition 2.3.1 (Limits.) For w = f(z) defined on some deleted r-neighborhood N, (z0) \ {20} of 2o,
lim, ., f(2) = a means that for all positive € there exists a positive § such that for all z in the deleted
neighborhood and the disk {z | |z — 20| < 8}, |f(2) —al <€ de. Ve > 036 >0 : 2z € Np(20) \ {20}, 2 €
Ns(z0) = |f(z) —a] < e.

Definition 2.3.2 (Continuity.) A function w = f(z), defined in S, is continuous at zo € S if f(z0) #
oo and lim, ., f(z) = f(z0); f(?) is uniformly continuous on S if it is continuous in S and for
every positive €, there exists a § independent of zo such that for all z in the disk {z | |z — 29| < 48},
|f(z) = f(zo)| <€ de. Ye>036 >0 : 2€ 85,20 €85, |z — 20| <= |f(2) — f20)] < €.

The emphasis in the definition of uniform continuity is on the fact that ¢ is independent of ¢; for
any € the difference between any two image points can be made arbitrarily small, as long as the two

pre-images are within a distance of § of each other, anywhere in S.

Theorem 2.3.1 If f(z) is continuous on the closed set S, it is uniformly continuous in S.

Definition 2.3.3 (Differentiation.) The function w = f(z), defined in some e-neighborhood of zq, is
differentiable at z if f(z0) # oo and

i 1) = (20)

zZ—2p z—2p

exists. This limit is denoted by f'(zo).
If w = f(z) is defined in some e-neighborhood of zy then f is analytic at zy if it is differentiable in

some e-neighborhood of zy; f(z) is analytic on a domain S if it is analytic at every zg € S.
The following lemma relates differentiability and continuity.

Lemma 2.3.1 If f'(zy) exists, f(z) is continuous at zg.
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2.4 Convergent series of analytic functions

Definition 2.4.1 A sequence {zn,} of complex numbers converges to a compler number zy if for all
€ >0, there is a N € Zt such that n > N implies that |z, — z| < €.
An infinite series y_ ay, is said to converge to S and we write ) ax = S if the sequence s, =y ;| ax

of partial sums converges to S. A complex series is said to converge absolutely if > |ag| converges.

Definition 2.4.2 Suppose f, : A — C is a sequence of functions defined on the point set A. The
sequence {f,} converges pointwise if for each z € A, {f.(2)} converges. It converges uniformly
to a function f if for all € > 0, there is a N € Z* such that n > N implies that |f,.(z) — f(2)| < € for
all z € A.

A series Y gr(z) converges pointwise if the corresponding partial sums s, (z) = > ., _; gk(2) con-

verge pointwise. A series y . gr(z) converges uniformly if s,(z) converges uniformly.

Lemma 2.4.1 Cauchy criterion. The sequence {f,(z)} converges uniformly on A iff for all ¢ > 0, there
is a N € Z% such that n > N implies that |f,(2) — fuyr(2)] < € forall z € A and r € Z7F.
A series . gi(z) converges uniformly on A iff for all € > 0, there is a N € Z%t such that n > N

implies that
n+r

> ar(z)

n+1

< €

forall z€ A and r € ZT.

Lemma 2.4.2 Weierstrass M-test. Let {gn} be a sequence of functions defined on a set A C C. Suppose
there exist {M,} C R, where M, > 0 such that |g,(z)| < M, for all z € A and ) M,, converges. Then

>~ gn(z) converges absolutely and uniformly on A.

Theorem 2.4.1 Let A be a region in C and let {fn}, {gr} be sequences of analytic functions defined
on A. If f, converges uniformly to F' on every closed disk contained in A, then f is analytic. If g(z) =
> gx(z) converges uniformly on every closed disk in A, then g is analytic on A and g'(z) = > g5 (2)

pointwise on A and uniformly on ecvery closed disk contained in A.



Chapter 2. Analytic Number Theory 67

2.4.1 Analytic continuation, Laurent series and classification of singularities

The use of Laurent expansions and residues is central to this thesis. The Laurent expansion of a function
f generalizes the concept of a Taylor expansion. Unlike Taylor expansions, Laurent expansions apply not
only to points where f is analytic, but also to points where 1t fails to be analytic, i.e. to singularities.
In order to discuss the Laurent expansion, we must first define the terms analytic continuation, and
singularity. These are important in their own right; the reader will recall from the introduction that the
evaluation of harmonic sums by the Mellin transform requires that we obtain an analytic continuation

of the Dirichlet series in the amplitudes to the left or right of its fundamental strip.

Definition 2.4.3 An analytic function element (f, D) is an analytic function f(z) along with its
domain of definition D. A function element (f2, D2) is a direct analytic continuation of another
element (fi1,D1) if D = DoNDy # 0 and fi = fo in D. A complete analytic function is the collection
of all possible analytic function elements (f, D) starting with a given element (fo, Do) such that a chain
of direct continuations exists between (f, D) and (fo, Do). A singularity of a complete analytic function

ts a limit point of a domain of one or more elements that is not itself in the domain of any element.

Note that a complete analytic function may be multi-valued; the standard example is the complex
logarithm. We will briefly discuss this example, because it demonstrates one of the most common
techniques for analytic continuation used in actual applications. This technique is analytic continuation
by power series along curves; the domains D of the function elements are disks. Suppose f(z) is analytic
in a neighborhood U of zy, and we wish to obtain its analytic continuation to a point z; not in U. Let
~ be a curve that joins zg to z1. If we can expand f into a power series of radius p that such that
{z | |z — 20| < p} includes more of v than U, this series defines an analytic continuation of f along ~.
We can repeat this process with the goal of eventually reaching z1. We will reach z; if the successive
radii of convergence do not shrink to zero. There are theorems to decide when the resulting function
will be single valued; if we continue a function f around a simple closed curve, we cannot return to
the starting point with a different value unless there is a singularity of f inside the curve; alternatively,
continuation along two different curves with the same start and end points leads to the same value of f

at the end point, unless there is a singularity of f between the two curves.

Example. We study the complex logarithm. We will construct an instance where analytic continuation

around a singularity results in a different value on return to the starting point. The initial function
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element (fo, Do) has fo(z) = logz and Dy = {z | |z —1| < 1}, where fo(z) is the branch of the
logarithm defined by

: . e =1 <1,

f: (=D (= = 1)
k=0
i.e. with logl = 0. One way to continue fo(z) along v = {z | |z| = 1}, the interior of which includes
z = 0, is via the following nine function elements (here 0 < m < 8).
_ emin/4)k+1

Nk 5 .
fm(Z):m_+Z( D7 ' , D, ={z| |z—em”/4|<1}.

femim/4

The function element (f,,, Dy,) is obtained from (f,,—1, Dyp—1) by noting that the center z,, of the
disk Dy, lies inside D,,_1. Hence we can compute the Taylor expansion of f;,,_1 at z, in terms of the
expansion at zp,—1. This new expansion has radius of convergence p = 1 and defines the next function
element in the analytic continuation of (fm—1, Dm-1).

The function elements (fo, Do) and (fs, Ds) clearly cover the same domain {z | |z — 1] < 1}, but their
values at the points of this domain differ by 2xz. It is natural to ask whether there exists a paradigm to
describe this behavior. This thesis is not concerned with multivalued analytic continuation. Nonetheless
we remark in passing that such a paradigm does exist. It rests on a striking idea by Riemann, the
so-called Riemann surface of the complete analytic function f. We construct this surface so that f is
single-valued on it. We envision it as situated “over” the complex plane C. In fact it is embedded in C2,
i.e. a four-dimensional space, but there are cases when we can use the single dimension z (“height”) of
three-space to capture useful information about the shape of the surface in C2. The function elements
(f, D) of the complete analytic function f are situated “over” D. They are patches of the surface. If
two function elements are direct continuations of one another, their respective domains overlap; the
corresponding patches on the surface overlap also. If two function elements have the same domain, but
give different values for f, the corresponding two patches do not overlap. If the difference in values is
one-dimensional, we can indicate it by situating the two patches at different heights over C. If the image
f(z) of a point z € C has cardinality n = |f(z)| > 1, we map z to n different points on the Riemann
surface, one for each value in the image set. These points are said to lie on different sheets of the surface.
The sheets of the Riemann surface are copies of C connected such that we can continuously pass from
one sheet to another along suitably chosen curves and in this way obtain all the values of the complete

analytic function f(z).
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Riemann surface of log z; 5 sheets of the surface are shown.

The Riemann surface of logz is a surface that can be visualized in three-space. This is because the
difference between the values “above” a specific z is an imaginary constant (277), and can therefore be

mapped to the single three-space dimension “height”.

Theorem 2.4.2 Laurent expansion. Let ri,79 € R, 71 > 0, 79 > 0 and zq € C. Define the annulus
A={2€C | ry <|z— 2| < rs}. The combinations ri = 0 (deleted neighborhood) or ro = co (open
complement of a disk relative to C) or both (C\ 0) are permitted. Let f be analytic on A. There exist

b, € C such that we may write

o

Fz)= D balz —2)"

n=-—0oo

and this series converges absolutely on A and uniformly on any closed annulus B C A of the form
By, ={2€C | p1 < |z—z0| < p2} where 11 < p1 < ps < 1. Forvy any circle {zo+re’® | 0 <0 < 27}

around zo with radius r and r1 < r < r9 the coefficients are given by

L B {9
P = 0w | E gy

This expansion is the Laurent expansion of f around zq in A and it is unique.

A singularity of f(z) in a region A can be classified according to the Laurent expansion about the
singularity. We are concerned particularly with expansions in deleted neighborhoods, i.e. in annuli with

1“1:0.
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Definition 2.4.4 Classification of singularities. Let f be analytic in a region A that contains a deleted
neighborhood N.(z0)\{z0}, and let f fail to be analytic at zo. We say that zo is an isolated singularity.

Let {b,} be the coefficients of the Laurent expansion of f in the annulus N.(z) \ {z0}.

e Principal part. The expansion

i bo(z — z0)"

n=—0oo

1s the principal part of [ at zg.

e Pole. An isolated singularity is a pole if the principal part has only a finite number of non-zero

coefficients.

e Pole of order k. The point zg is a pole of order k if the principal part has the form

i bn(z — z0)™.

n=—k

e Simple pole. A simple pole is a pole of order 1.

¢ Essential singularity. If the number of zero coefficients in the principal part is finite, zq is an

essential singularity.
e Residue. The coefficient b_1 is the residue of f at zo. We write b_1 = Res (f(z);2 = z0).

¢ Removable singularity. The point zq is a removable singularity if all the coefficients of the

principal part are zero.

e Meromorphic functions. A function is meromorphic in a region A if it is analytic in A with

the exception of poles. A function f is meromorphic if it is meromorphic in C.
We use Sing (f(z)) to denote the set of finite singularities of f.

It is important that we be able to compute the residues of a function f at its isolated singularities;
e.g., the Mellin-Perron formula produces an integral that can be evaluated or estimated with the residue

theorem.

Lemma 2.4.3 Computation of residues. Let f have an isolated singularity at zo and let k € N be the
smallest integer such that limg_, (2 — 20)* f(2) ewists. Then f(z) has a pole of order k at zq and if we

let ¢(z) = (z — z0)" f(2), then ¢ can be defined uniquely at zq so that ¢ is analytic at zq and

¢(k—1)(20)

Res (f(z);2 = 20) = (k— 1)1
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2.5 The Cauchy residue theorem

Definition 2.5.1 Let v be a closed curve in C and zg be a point not on vy. Then the index or winding

number of v with respect to zg is defined by

1 dz
I = — .
(7, 20) 2mi /W z — 2

The curve v winds around zg I(7, zg) times.

Theorem 2.5.1 (Cauchy residue theorem.) Let A be a region and let z1, 25 ...z, be distinct points in
A. Let f be analytic on A\ {z1,2z9...2,}. Let v be a closed curve in A homotopic to, i.e. smoothly

shrinkable to, a point in A. Assume none of z1,z9 ...z, lie on . We have

ﬁlf(z)dz = ;Res (f(2);2 = 2:) I(v, ).

We will usually apply this theorem with (7, z;) = 1.

2.6 Dirichlet series

The sequences considered in this section are of the form {ay, },>1, a, € C; i.e. {a,}n>1 is an arithmetical

function.

Definition 2.6.1 (Dirichlet Series.) The Dirichlet series associated to {a,}n>1, an, € C is

a
A(s) = -,
(=3 2
n=1
The function A(s) is known as the Dirichlet generating function of {ay},>1. The generalized Dirichlet
series (A, A), with A as in Definition 2.0.3 and A = {a,},>1 is given by

E ane~*rs.

n=1

We will be concerned mostly with the first kind.

Theorem 2.6.1 (Abscissae of convergence.) If 3 |ann™*| does not converge for all s or diverge for
all s, then there exists o, € R such that A(s) = Y a,n™° converges absolutely if o > o, but does not
converge absolutely if o < 0,; 0, is the abscissa of absolute convergence of A(s).

If A(s)Y  ann~* does not converge everywhere or diverge everywhere, then there erists . € R such

that A(s) converges if o > o, but does not converge if ¢ < o.; 0. is the abscissa of convergence of A(s).
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The following remarkable theorem is due to S. Mandelbrojt.

Theorem 2.6.2 Let A be of positive step h; let D be its upper density. Let f(s) = (A, A) with o, finite.
For a > 0, B > 0 there erists a continuous function A(a, §) with A(a,0) = 0 such that for all ts € R
f(s) has a singular point in the rectangle {oc + it | 0, — A(h,D) < 0 < 04,|t —to| < 7D}. One such
function A(a, f) is

T3 — (3log(aB) — L) 3 when 3> 0

0 when = 0.

Ale, B) =

Example. For the Dirichlet series " 27%% ¢, = 0, h = log2 and with D = 1/log2 the height of the
rectangle, vertically centered at tq, becomes 27/ log2. Indeed f(s) = —1+ 2°/(2° — 1) is meromorphic
in all of C with poles at 2mik/log2, k € 7.

Theorem 2.6.2 has the following immediate corollary.

Corollary 2.6.1 (Theorem of Fabry-Pélya.) If h > 0, D = 0 and o, is finite, then every point on the

abscissa of absolute convergence is a singular point of f; i.e. o4 is a natural boundary of f.

Example. The Dirichlet series A(s) = > 1/(k + 1)!* has D = 0 and h = 400, hence the line c = 0 is a

natural boundary of f(s), and f(s) has no analytic continuation into the left half-plane.

The following theorem lists analytic properties of Dirichlet series.

Theorem 2.6.3 The Dirichlet series
[£79)
A & = —_—
(=32
n=1

is analytic in its half-plane of convergence o > o.. Its derivative A'(s) is represented in this half-plane

by the series

a, logn
Als) =" .
n=1 )

A’(s) has the same abscissa of convergence o, and abscissa of absolute convergence o, as A(s).
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2.6.1 The Riemann and Hurwitz ¢ functions

Definition 2.6.2 The Hurwitz zeta function is given by
()= Y
J n=0 (n + a)s .

The Riemann zeta function is the function

1
((s) =Cs, 1) =) —
Both series define analytic functions for o > 1.

The Riemann ¢ function is probably the most famous of all Dirichlet series. This is because it can be
used to study the distribution of primes. The relation between the Riemann ¢ function and the sequence
of primes will be explained in the next section. The following theorems list various properties of the {

function.

Theorem 2.6.4 The equality

Gt = gy [ et

where w(z) =5 e=™"T  holds for o > 1.

The term

1 o0
s/2—1 | —s/2—-1/2
s(s—])+/0 (:13 +z )w(m)dm

is meromorphic and provides the analytic continuation of {(s) to all of C.

Theorem 2.6.5 The Riemann ( function is meromorphic with a single pole at s = 1. This pole 1s

simple and Res (((s); s = 1) = 1. Riemann’s functional equation holds:

We list some special values of ((s, a).

Theorem 2.6.6 We have
1 ) 1
€(0,a) = 5~ a and ('(0,a) =logT(a) — 3 log(2)

where T'(a) is the Fuler gamma function.



Chapter 2. Analytic Number Theory 74

The Bernoulli polynomials, defined below, are used to compute the values of ((—m, a) where m € N.

Definition 2.6.3 The set of Bernoulli polynomials {B, (z)} is defined by the following relation.

ZEJ}Z 00 Zﬂr

= E B,(z)—.

e? —1 n( )n'
n=0

The first four Bernoulli polynomials are
1 :
Bo(x) =1, Bi(z)=a- ¢ BQ(.’IJ):I2—I+— Bg(z):zs—_—z‘-l-—r.

Theorem 2.6.7 Let m € N.

We recall some growth properties of (s, a).

Theorem 2.6.8 (Whittaker-Watson.) Let s = o + it and § € (0,1/2). The following set of relations
describes the growth of ((s,a) in (=4, 00).

O ([t['*loglt])  if s € (~4,4)

(
O (jt]*/? ifse(5,1-4
((o.0) € (1t]'/2) { )
O(|t]'="loglt]) ifse€(1—46,1+5)
0(1) if s € (1+4,00)

2.7 The analytic version of the fundamental theorem of arithmetic

Definition 2.7.1 (Dirichlet product.) Let

Cn = Zatbn/t;

tln

{en}n>1 is the Dirichlet product of {a,}n>1 and {b,}n,>1 and is written
Cp = Gp % by

This product 1s also referred to as the Dirichlet convolution of {a,}n>1 and {by}n>1.
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Theorem 2.7.1 (Dirichlet products and Dirichlet series.) Let

bn

ne

A(s) = 8n  and B(s) =

ns’
with abscissae of absolute convergence a and b. Let ¢, = a, * b,. Then

Cls=Y"=

nS

converges absolutely with abscissa ¢ = max{a, b} and

The proof of this theorem uses the following computation.

D = b = e M = 3o D= 305

tln ki=n k>11>1

Definition 2.7.2 (Multiplicative and completely multiplicative arithmetical functions.) An arithmeti-
cal function {an}n>1 is multiplicative if a,,n, = apn,an, when (ny,n2) = 1; {a,},>1 is completely

multiplicative if apn,n, = @n,an, for all ny,ns.

Note that this definition implies a; = 1 unless {an,}nz] vanishes everywhere; In : a, # 0 and hence

a, = a1d, or a; = 1.

Theorem 2.7.2 (Analytic version of the fundamental theorem of arithmetic.) Let {a,}n>1 be multi-

plicative; let A(s) be its Dirichlet series with abscissa of absolute convergence a. We have

Y=l 0k

v
p v=0 p

when ¢ > a. If {a,}n>1 is completely multiplicative, this simplifies to
an 1
Zns_gl_app_s~

The term on the right is known as the Euler product of {a,},>1.
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Proof. Let

and consider
[T A=Y 3 ety
P V1S . . - ns
p<pr v1=0 ’Ur_O r

where the product ranges over the first » primes and the sum includes those n with prime factors < p,.

We have

< lim lan] _
~ rooco ns
n=pr+1

. ay,
lim 5 —
r—00 nS

n=pr+1

. Ap .
= lim E 2| < lim
r—00 ns r—00
Ap>ripy|n

aﬂ an
P B
T

We have used the absolute convergence of A(s) in the last step. We conclude that
. An _ x An
fim Yoow =D
r

Tt remains to verify that [] Ap(s) converges. Recall that 1 + 2z <e®* =142+ ZH:Q Z_T: and hence

P<Pr
log(1 4+ z) < z for z € R,z > —1. We use this inequality to obtain

log [ 4p(s)] < D [ogAp(s)l = Y

p<pr p<pr p<pr

1og(1+§;5:)‘ <yl

p<prv=1

All the partial sums are bounded and hence the series on the left and the product both converge. We

have
an
> = e
P
This is the desired result. |

We thus have
=1 1
=1l

This relation was already known to Euler.

2.7.1 Some useful Dirichlet generating functions

The examples in this section have been selected to illustrate Theorem 2.7.2, and demonstrate additional
techniques for the evaluation of Dirichlet generating functions. We will use them later, when we evaluate

digital sums.
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Definition 2.7.3 Let {x(j)};>0 be a sequence of positive integers such that k(0) = 1 and x(j) | k(j+1),
k(j) < k(j + 1), for j > 0. Then the function v, : Z* — N is defined as

ve(n) = max{j | j € N, &(j) [ n}.

The special case k(j) = ¢/ where ¢ > 2, is denoted by vy(n);
vg(n) = max{v | v €N, ¢" | n}.

The function vy(n) gives the highest power of ¢ that divides n.
Definition 2.7.4 The function k=" (k) is defined to be an integer-valued inverse of k(j).

kTHk) =G & k(i —1) <k <R(j)
When k(j) = ¢’ where q¢ > 2,

k™' (k) = [log, k).

We evaluate several Dirichlet generating functions that contain v, and v,.

Example. By definition of v, (n) the function (—1)”‘1(") is completely multiplicative when ¢ is prime, and
multiplicative when ¢ is a prime power. We can evaluate the Dirichlet generating function of (—1)”4(")

by Theorem 2.7.2 when ¢ is prime. We have

(_])7’4(”) _ 1 N
Zins = 1;[1_ (=1)valP)p=s — 14q=* I—p—*

n>1
1—q* 1 ¢ —1 < 1 )
= S = S 1-2 .
e e =ty = (14

In fact this result holds for composite ¢ as well.

—1)valn) _1)valke) O] —1)valkg+r) 1 (k)41 9]
Z( is - Z( (;3)«: + ((k)+r)s _Z_s( ) + Zk+r
n>1 E>1 1 r=1k>0 q i1 1 r=1k>0 q
1 —1)valk) 1 1 1 1)valk 1
- s ( ks +Zk_s_ (k. )s ___sz( ks +C(S) <1 _s>
q E>1 E>1 E>1 1 q E>1 q

Further manipulation yields

(+3)E - @ (-3)

E>1
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Example. We consider the Dirichlet generating function of the following term:
vg(n) mod 2.
This function can be evaluated in two ways. The first of these uses the relation
vg(n) mod 2 = % (1 - (—1)“4(")) .

It follows that

1 1 1 1
Uq(ém)n_s: §C( )__C( ) <1_ s+1> :C(S)qs-l-l.

The second approach is more general; it proceeds directly from the definition of v4(n) mod 2.

Y m =X Y nm XY

vq(n)=1(2) k=0v,4(n)=2k+1 k= Oqu
1 1 1 1
= Z 2ks Z s =5 Z s s 2ks
7 k=0 q gtm m 7 m m g|lm m k=0 q
11 1 ¢ —1 1
TSR O R
qs 1 — q—Qs ( ) q.s ( )(1 _ q—Qs)qu ( )qs + 1

The half-plane of convergence of the last two functions is obtained by a trivial comparison with ((s);

hence the respective computations hold for o > 1.

Lemma 2.7.1 Let {k(j)};>0 be a sequence as in Definition 2.7.3. Letm > 2 and 0 < r < m, m,r € Z+.
Then

1 1 1
Z o <(s) Z (K(mk +r)® B k(mk +r+ 1)”>

'U,g(n,)Er(m,) k=0
with ¢ > 1. When &(j) = ¢/, this simplifies to

m—1

C(s)g = TT (g —wi) ™,
v=1

2mi/m

where w,, = € 1s the mth primitive root of unity.

Proof. The method used in the previous example (m = 2 and r = 1) can be used in the general case as

well.

Y =X Y 5= Y Y o

ve(n)=r(m) k=0v,(n)=mk+r k=0 NKTTJ:L:-:-t)l ti
1 1 k(mk + r)*
= 7s C(‘;) . s (1 - .s)
A:Oﬁ mk+r Z nmkg_l y { kzzzon(mk%—r) k(mk +r+1)

w(mk+tr)



Chapter 2. Analytic Number Theory 79

The special case x(j) = ¢/ gives x(mk + r) = (¢™)*¢" and hence

| | 1 I
,; K(mk+7)* g ,;0 (@)% g gm =1
With
m—1
ms _ s [ 1 1 _ qs -1
q - = 1E) (q _wm) and q? - q(r-l-l)s - q(r+1)s
we have the result. |

Example. The third and last example in this series is the Dirichlet generating function of v4(n) itself.

The computation is straightforward.

Syl s st () ntel)

aln (gm)* ¢

m-(-3) et

The previous example is a special case of the following lemma.

=

This gives

Lemma 2.7.2 Let {k(j)};>0 be a sequence as in Definition 2.7.3 and consider a function t : N — C.

Then

in particular,

with o > 1.

Proof. It is an instructive exercise to adapt the technique employed in the evaluation of Z ) to the
above lemma; indeed this yields a proof. We will use a restricted Dirichlet convolution to establish the

result.
ve(n %) [e%) .
Srrt=Yg ¥ =Y > e=FY s =)

5 (§)In,§>0 nzmnGgso ™ F0) =1 ) i)

The key step is the use of ) This is a Dirichlet convolution with the divisors restricted to

{x(5)
Z = (

Hence o > 2 and ¢ > 3 would suffice. In fact Theorem 2.6.3 shows that o > 1 for both series. |

n=mx(j),j>0"

U;(ln) 1 and lv,i(n)(v,i(n) +1) =

}is0. The two particular instances are obtained from v, (n) = Zj
)

n

=1’ j. Weneed to verify that the latter two converge in ¢ > 1. By definition of v, (n), v, (n) < log, n.
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2.8 Integrals of the Hurwitz (-function

The integrals of the generalized (-function that we will encounter in the remainder of this thesis are
all of a similar type. This section provides a shifting lemma that makes it possible to evaluate those
integrals.

We will use the growth estimates of Theorem 2.6.8 for ((s, a) to prove the following lemma.

Lemma 2.8.1 (Shifting lemma.) Let a € (—1,0) and let ¢ > 1. Let {T;};j>1 C R* be an increasing
sequence of real numbers such that lim;_ T; = 0o and T; > Ty, Ty a fized constant. Suppose ®(s) is
a function that is analytic on all R; = (a,c) N {s = o + it | [t| < T;} except for a finite number of
singularities, and that there erists a constant M € RY such that |®(s)| < M independently of j on the
boundary 6 R; of R;. Let S" = Sing (®(s)((s,a)/(s(s + 1))) N {a,c). Under these conditions
a+4ico c+ioo
%/ﬂ_. @(5)%[15:2%[ | <I>(s) g“ ZRes( (+“]));s:<>

100 —i00 ceSs!

This is a shifting lemma because it tells us that the integral along a line parallel to the imaginary axis

and situated at ¢ > 1 maybe shifted to o € (—1,0), taking into account the residues of the integrand.
Proof. We use the following rectangular contour, where T' = T; > Tg, and the contour is traversed
counterclockwise.

[y=Hc+it | f|<T} Ta={{o+iT |a<o<Le}
Fs={a+i | |t|<T} Ta={o—iT | a<o<c}

We apply the Cauchy residue theorem:

RS @(s ¢(s,a) . o <d>(s)§(s,a)'5 _ )
271 Jp,ur,uraur,  S(5+1) ! ;,R s(s+1) 7 ¢
RS D(s)((s,a) . - RS B (s)((s,a) RS D(s)((s,a) )
Qﬁi/r s(s+1) ds = 2 /1“1 (s-l—l) ds + 27 Jr,or, S(s+1) d
B (s,a) e )
;R ( G+1) %)

We have the result if we can show that (a) the integrals along T'; and T's converge and (b) the integrals

along I's and I'y vanish as 1" = 1T; — oo.
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We verify (a) with a comparison test. Let s = ¢ + it, ds = idt.

/+TT <(>c+<1 (/ =T / /T)‘ c-|—l;f+(lc)-|-it)i‘dt

< C /_l /
C.
To \/C +1 \/(C+]) +1

T Ty ¢
1 1 2ea M
< CH24M | dt=C+24M || =01 -2
1 i, T

The case for T's is similar. This time we use the first rather than the fourth case of Theorem 2.6.8. Let

(Lo o [P

To 1/2
< ChaM / / [t]"/log |¢] it
7o | Va2 +12\/(a+1)2+12

T 41/2og ¢t
t/"logt .,

2
T t

s = a+it, ds = idt.

IN

/O“”'T ®(s)¢(s,0) ,_
amit  S(s+1)

< C+261M

The last integral converges, as does, therefore, the integral along T's.
In order to establish (b), we consider integrals along the four types of intervals listed in Theorem
2.6.8. Take s = o +iT,ds =do, o €[l —6,1+46],d € (0,1/2). (This is the only one of the four types

we will treat; the other three are can be estimated in the same way.) We have

/1+JiiT @(S)C(S, (1) s
1

/1+5 ®(o +iT)¢ (o £iT, a) J
- —aoc
_sxir  S(s+1) 1

-5 s(s+1)

M 144 ) C3M 144 Y
< T2 |¢(e £+ iT)|do < | |+ T|'"7log| + T|do
L MlogT[ 1 ., 0 M (TP —T77)
T2 log T v K '

Hence the integrals along T's 4N {1 —4J, 14 4) vanish as T' — oo; the same estimate works for the remaining
three types. Clearly there always exists an appropriate decomposition of [a, ¢] into a sequence of intervals
that can be treated as above, e.g. [—1/4,3/2] = [-1/4,1/4][1/4,1=1/4]1[1 =1/4,1+1/4] [1+1/4,3/2].
This shows that the integrals along the horizontal segments I's and 'y vanish as claimed, and concludes

the proof of the lemma. |

There is a straightforward generalization of this lemma.
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Lemma 2.8.2 (Generalized shifting lemma.) Let m € Z%* and a1,as...a, € (0,1]. Let o € (—1,0)
and let ¢ > 1. Let {T;};>1 C R* be an increasing sequence of real numbers such that lim;_, o, T; = oo
and T; > Ty, Ty a fized constant. Suppose ®(s) is a function that is analytic on all R; = (a,c) N
{s =c+i | |t|] < T;} except for a finite number of singularities, and that there erists a con-
stant M € Rt such that |®(s)| < M independently of j on the boundary §R; of Rj. Let S' =
Sing (®(s) []_, ¢(s,an)/(s(s + 1)...(s + m))) N{a,c). Under these conditions

L\/CH_Z’OO Q)( ) H:::l C(Saan) ds = L eioo H:Lzl C(Saan) ds

278 J o ioo § s(s+1)...(s+m) 2mi Jo_ins (s) s(s+1)...(s+m)
[TheiC(s.a) _
— ;, Res < (s G+ o+ m) q)

Proof. The argument is the same as in the special case m = 1. We need to verify that the integrals

along I'y 3 and T'5 4 converge and vanish, respectively. This is immediate when we consider that

e for I'1, we have the bound

2c4 M
-2
e for ', the bound
(logt)™
C+2¢c 1M/ pryEr dt,

which converges,

e and for I's 4, the bound
eaM (log T)m=1 (Tm¢ — T—m?)
Tm+1 )

again for the type [l —4,1+4d]. |}

2.9 The Mellin-Perron formula

This section contains the definitions and lemmata that are required to state the Mellin-Perron formula
and define its domain of application. We will sketch the proof of the Mellin-Perron formula, as its use

often requires a more than superficial appreciation of the method.

2.9.1 The Mellin transform

Definition 2.9.1 (Open strip.) The open strip of compler numbers {a, ) is the set {s=oc+ it | a <
o< B}.
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Definition 2.9.2 (Mellin transform.) Let f(z) be locally Lebesgue integrable over (0, 4+00). The Mellin
transform of f(z) is defined by

+o0
M [f(x); 5] = £ (5) = / Flz)a*~de.

The fundamental strip is the largest open strip where the integral converges.

Lemma 2.9.1 The conditions

f(@)z0+ € 0 ("), f(#)ss400 € 0(2"),

when u > v, guarantee that f*(x) exists in the strip (—u, —v).

We apply this lemma to a family of Heaviside-like step functions.

Definition 2.9.3 Let

1 ifzeo]
Ho(l‘) =
0 fzx>1
be defined on [0, +00) and let
Hp(z) = (1 —2)" Ho(x) when m € Z+.

Note that Hg(z) has a discontinuity at = 1; we have limy_1_ Ho(z) = 1 and lim,_,14 Ho(z) = 0.
Note also that limy_y1- Hp,(z) = limg14 Hy(z) = 0 when m € ZF; Hp, () is continuous at z = 1.
Lemma 2.9.2 The Mellin transform H},(x) of Hp(2), where m € N, exists in (0,4+00) and is given by

m!

s(s+1)...(s+m)

H (z) =

We have Hp, (2)s—0+ € O (1) and Hp(2)z5400 € 0 (m_b) for any b > 0 and for m € N, hence H},(z)

exists in (0, +00). Note that
1
1 1
H}(2) :/ 2 e =~ 2] = -
0 S

S
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We also have

H:(s) = /1Hm(m)ms_ldx

:/Hml 51dac—/Hml Ve'dx

T1—z)m

I
3
!
=
=
B
|
»S—,
S
('J)
l'ls
!
QU
5]

= Hp_(z) - —H.(2)
This gives
m
H = H
m(m) s+ m m—l(m)

for m € Z* and the lemma follows. |

We will be concerned with the linarity and the rescaling property of the Mellin transform.

Theorem 2.9.1 (Linearity and rescaling.) Let X C 7 be a finite set of integers; let pp, A\, € RY. Let
the fundamental strip of M[f(z); s] be (a, B). We have

1 ZAkf(w);s] = (Zz:)sm[f( ) s,

k

where s € (o, 3).

Let y = pgx and dy = prdx. Note that

/00 (Z )\kf(,ukm)> ' lda
0 k

ZAk/OOO Flure)z®~tde
ZAk/ Iy ldy (ZA—L“) £(s).

B

We were able to exchange the integral with the summation because X is finite. It can be shown that
this operation extends to infinite X as long as ), Ax/ui converges absolutely. The extended property

holds in the intersection of the half-plane of convergence of )", Ax/uj and the fundamental strip (a, 3)
of f(z).
Definition 2.9.4 (Inverse Mellin transform.)

1. (Lebesgue integration.)

Let f(x) be integrable with fundamental strip (o, 3). If ¢ € (a, 3) and f*(c+it) is integrable, then
1 c+ioco

f(s)z™%ds = f(z)

2T Jo oo

almost everywhere. If f(x) is continuous, the equality holds everwhere on (0, +00).
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2. (Riemann integration.)
Let f(z) be locally integrable with fundamental strip (a, B) and be of bounded variation in a neigh-
borhood of xq. Then

[ A _ fg) + f=0)
Y
forec € (a,8).
Of course if limm_m;r flz) = limx_mo_ f(z) then
xf Ty
1)+ 163) _ g,

2.9.2 The Mellin-Perron formula

Theorem 2.9.2 (Mellin-Perron formula.) Let ¢ € R* lie in the half-plane of absolute convergence of
>k Ax/k*. Then we have

1 N 1 ctioco A d
m! E Ak (1 - _> == —I: ns 5
My Sken n 27 Je—ico > k s(s+1)...(s+m)

form € Z*. We have

Ao 1 fetie Me ) Lds
2 Mt =gy ( k_) "
E>1

1<k<n c—100

when m = 0.

This theorem is a straightforward application of Mellin inversion.

Proof. Let F(x) =3, Ak f(prx) and use the rescaling property to obtain

M [F(z); 5] = F*(s) = (Z i) 1(5).

k3
5 M

Consider Riemann-integrable f(z) and apply the Mellin inversion formula.

Flueat) + fluwe™) _ 0TS A
;A’“ 2 = 27ri/c_iT ZE F(s)ads

k
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Let f(z) = Hm(z), m € N and let gp = k. Recall that the fundamental strip of Hp, () is (0, co0); let

z = 1/n. This gives

$ LUt feaT) 5~ () + ()
2

2
k
1— 2" 4 (1= 2™ + -
2 2
1<k<n
m + —_
— Z s <1_E) +)\nHm(1 )'f'Hm(l )
n 2
1<k<n

Note that

0 ifmeZ™t.

Continuing the substitution, we have

— | ff(s)x™%ds = i — *ds
Too 27 / T (Xk: NZ) F(s)a"ds T—oo 271 /c_iT Xk: ks ) s(s+1)...(s+m) s

_ i‘/c”“’ A ds
2T Sl —~ k? ns(s—i—l)...(s—i—m)

This concludes the proof. Because the fundamental strip of H,,(z) is (0, 00), the choice of ¢ > 0 is

determined by the half-plane of convergence of >, Ax/k* only. |

2.9.3 The use of the Mellin-Perron formula when m = 1

The lemma below summarizes the usage pattern of the Mellin-Perron formula when m = 1.

Lemma 2.9.3 Let {a,}n>1 be an arithmetical function; let ag = 0 and let {by}n>1 = {AVan}n>1. If
B(s) = >_b,/n’ is the Dirichelet generating function of {b,},>1, we have

oy

where ¢ is in the half-plane of convergence of B(s).

ctioco ds
c—100 S(S + 1)

n

n—na = —
271

||th»

To see this, note first that

n—1 1 ;
1 k 1ot ds
— by [1——) = — B(s)n’®
]!]; iy ( n) 21 (s)n s(s+1)

c—i00
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or

n—1 c+ioco d
E:bk(n—k):_n—,/ B(s)n* ———.
— 2t J._; s(s+1)

~— 1200

We select m = 1 because the iterated sum on the left cancels the operator AV.

n—1 n—1 k n—1 k n—-1 k
Dbetn—k) = Y D =Y > AVa=> > (Va: — Va)
k=1 k=11=1 k=11=1 k=11=1
n—1 n—1
= Z (Vagy1r — Vai) = Z (ag41 — ag) — (n — 1)Vay
k=1 k=1

= an—a1—(n—1)a; = an — nay

2.10 Mellin-Perron formulae for the Hurwitz {-function

This section presents two Mellin-Perron formulae for the generalized (-function. They will be used in
later chapters. We include them here because their respective derivations hardly differ from that of the
standard Mellin-Perron formula.

We apply the Mellin inversion theorem to F(z) = >, Axf(pxz) with z = r/n, r,n € Z*, uy = k+a,
M=1acR,ac (0,1], f(z) = Hi(z) = (1 —z)Ho(z). As we require iz € Rt we take k € N. We have
Fla) =3 (1= (k+a)=) Ho ((k+a)=)

keN

and

1 s,a
F(s) = (Z (k+a_)s) fs) = 5§i+i)

keN

where ¢ > 1. We need to evaluate F(z). Hg(x) vanishes outside of [0,1), hence we require 0 <
(k+a)r/n<lork<n/r—a. Let N(u) = {v <u | v €N} where u € R*. We have
r
F(z) = - —).
() 3 _(1 (k+a)")
k€N(n/r—a)

With these settings the Mellin inversion formula yields the following theorem.

Theorem 2.10.1 Let ¢ > 1.
r 1 etico n®
1— (k _> . - LU
Z ( ( +a)n 278 Sl ioo r“”C(S’a)s(s—i—l) ?
k‘EN(n/r—a)

This theorem has several useful corollaries. The first of these is obtained by setting » = 1. Let

a € (—1,0).
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Corollary 2.10.1 Let n € N.

C(S,(l)mds =0

271 a—ico
Let ¢ = 1. The set of poles of ((s,a)n®/(s(s + 1)) in (a,c) is {1,0}. We apply the shifting lemma with
®(s) = n® and T; = j. Because |n*| = n” we can take M = n°.

1 a+ico n,g 1 ctico n,s
- g =
2mi /(X_Z-OO C(,a) s(s+1) N 271 J oo C(s,a) s(s+1)

nS

—Res <C(5,a)m;s - 1) — Res <C(5,a)(n7+sl) 0)
- ¥ (1—(1{7—%—&)%)—%—((0,&)

0<k<n

11
= n—ng——i(n—l)n———

C(O,a):%—a—((O,a):O

3
S
[\

The second corollary results from taking r = 4.

Corollary 2.10.2 Let n € N. The value of

1 oz+ioo] ns
2 Jri ¥
1s giwen by the following table.
n=4m | n=4m+1 n=4m+2 | n=4m+3
o<agi| 0 | dGe+d | 4@y | 23
b<ast| 0 | 4@-d [20ah][ 3@
t<agd| 0 | A9 | f0a-D [2-Y
t<agt] 0 [ 26D [1ea-d [2Ga D)

We let ¢ = 1 as before and consider the poles of C(s,a)ns/(élss(s + 1)) in (e, ¢), which are at 1 and 0.

We apply the shifting lemma with ®(s) = (n/4)*, T; = j and take M = (n/4)°.
1 a+ico ns 1 e+ioco n,g

- " ds = -

omi ). . “)435(5 )” o ). C(oa )45 s(s+ 1)

~Res <C(s )T 5+1 ) Req( s,a)ﬁﬁ:O)
= ¥ <1—(k+a)4>—g— (o,a):e(n,a)_g_c(o,a)

, n
keN(n/4—a)
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Suppose n = 4m + my where my € {0,1,2,3}. We have n/4 —a = [n/4| + m1/4—a. If m1 /4 < a, the
sum over N(n/4 — a) ranges from 0 to |n/4] — 1. If my/4 > a the sum includes [n/4]. We have two

cases.

N

a

5] ot 2] - 2 (3] - 1) |3 it
Fi-ad (42 (54012 it

We note that [n/4] = (n — my)/4 and [n/4]4/n =1 — my/n. Hence the two terms evaluate to

,_
INE
| E—

a

v

11 1 1 (I
§n+§_a+E am1—§m1—§m1

and

1 1 1 1 1,
—n—{———a—{—g a(m1—4)+§m1——m1 .

8 2 8
We conclude that
1 fotie n’ 11
— —ds = —-n— = .
i) ¢(s, 0)455(5 ) s =¢(n,a) "3 +a

This gives the tabled values when ¢(n, a) is evaluated according to m; and a.

Example. We can use this corollary to verify the following relation.

1 a+tico s 0 fn=0 mod 2

n
— (C(5,7/16) +((5,15/16)) 1o ——~ds =
27 Jo—ico 4s(s +1) %n fn=1 mod?2

We have 7/16 € (1/4,1/2] and 15/16 € (3/4, 1]. Hence we need only add the second and fourth rows of
the table, with a set to 7/16 and 15/16 respectively. This result will be useful in a later chapter.

2.11 Notes

I consulted [Cla82] as an introduction to elementary real analysis; the preliminaries of this chapter are
from [Cla82, p. 167].

There are many texts on basic complex analysis. The definitions pertaining to point sets, complex
limits, and analyticity are from [Det84, p. 13-17, 27-39]; analytic continuation is discussed on [Det84, p.
152-162] and [Mar87, p. 397-411]. Convergent series of analytic functions are discussed on [Mar87, p.
206-213]. The material on Laurent series is from [Mar87, p. 246-252, 266-272] and [Det84, p. 163-170].

The winding number is discussed on [Mar87, p. 165]; the residue theorem is given on [Mar87, p. 280].



Chapter 2. Analytic Number Theory 90

The material on Dirichlet series will be found in any good text on number theory. I have used the
presentation in [Apo86, p. 224-248]. This text also includes a detailed technical proof of the Mellin-
Perron formula for m = 0. T also consulted [Kra81, p. 86-87] for the proof of the analytic version of the
fundamental theorem of algebra. Theorem 2.6.2 is from [Man72, p. 1, 2, 7, 102-104].

An introduction to the Riemann ¢ function is found on [Lan93, p. 415-421]. This includes a presen-
tation of the functional equation; the reader may also wish to consult [Kar92, p. 9-11] or [WW 15, p.
262-265]. The formula for {(m, a) with m a negative integer is proved on [BMP55c¢c, p. 24-27, 35-37] or
[WW15, p. 260-262], for example. The growth estimates for (s, a) are from [WW15, p. 269-270].

[FGK*94] note and use the shifting lemma. A statement of Corollary 2.10.1 for the case @ = 1 can
be found on [FGK194, p. 297].

The presentation of the Mellin-Perron formula is from [FGK*94, p. 295-297]. The note on the use of
the Mellin transform when m = 1 is based on observations found on [FG94, p. 680-681]. The background
material on Mellin transforms is from [FGD95, p. 9-14].



Chapter 3

The area of a fractal ornament

We will consider the area of a fractal ornament in this chapter. It will be apparent that our discussion
readily generalizes to other self-similar fractal ornaments. (Fractal ornament statistics such as area are
a form of tree statistics.) It is not difficult to compute the limit of the area of a fractal ornament. Our
goal will be to obtain a formula for the area in terms of n, where A, is the nth ornament, as defined

below. This question is somewhat more involved.

Aq; level 0 complete

Aqr Agaq; level 3 complete  Aygg6; level 6 complete
3.1 Preliminaries

Six approximations of the ornament A are shown in the table above. The production rule is simple.
The first ornament A; is a triangle. Subsequent Ay are constructed by iterating over the segments that
delineate the ornament, starting at the lower left and moving in a counter-clockwise fashion. A segment

of length [ is replaced by four new ones of length [/3. The first and last are incident on the terminal

91
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vertices of the original. The middle two connect the first to the last. The middle vertex alternately falls
outside or inside the ornament, according to the depth in the segment tree. This replacement rule is the
familiar one used to generate the Koch curve.

We will consider the following question. Given n, what is a,, the area of A, ? Tt is important that we
clarify why 1t should warrant attention. The construction of successive ornaments proceeds by iterating
over the levels at depth r. It is easy to compute r given n; once we have r, we can compute the offset
into the current level and hence the area. In fact we will carry out this computation to verify our
later results. Our purpose will be to find a function that captures the behavior of a, and does not use
approximations such as the integer logarithm. This work is in the spirit of Delange’s and more recently,
Flajolet’s analysis of the sum-of-digits function, where it does not suffice to unroll the recursion for
selected values of n and generalize to all of Z+.

We will prove the following theorem.

Theorem 3.1.1 Let a, be the area of the nth approzimation to the fractal ornament described above.

We have
\/_ 10 \/3 10 Z n”+x‘°
an =
413 4 910g4 (p+xe)p+xe+1)
where p = %5—9 and g = lzgak

3.2 A first approximation

What follows provides a traditional, straightforward analysis of the problem, i.e. of its restriction to
specific values of n. We will find these results useful in the remainder of this chapter.

It is convenient to define Ag as the empty ornament; ag = 0. The next approximation A is a triangle;
all of its sides have unit length; a; = \/TE. We say that level r is filled when the three underlying trees
with branch factor four are filled to depth 7. Hence level 0 is completed with A; (three trees of depth
0), level 1 is completed with A4 (three trees of depth 1) etc. Level r consists of 3 47~1 segments (leaves).
We conclude that

e level 0 is completed after 1 step (A1)

e level 7 > 1is completed after 1+ > 7 _, 3451 =14 322;% 4 =14 3% = 4" steps (Asr).
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The segment length of the triangles that are being subtracted and added decreases from [ to /3 between

levels and the area from T to T//9. Therefore the area of Asr, 7 > 1 is
3 14 4 471 3 V33 4 4 471
B B B TR N O e
4 9 92 93 9r 4 49 9 92 gr-1

- B3 (82 ()

The limiting area A of {A4r}, r > 11is @i.

3.3 Exact analysis

We will consider AVa, in order to compute a,. What is a, — a,_1 = Va,? The difference between

consecutive values of a, depends on the current level. If n is on level r, the change in area is given by

iy (-3) v

9

1

How do we compute r given n? Level r extends from 4”~! + 1 to 47. Hence r = [log,(n — 1)| + 1.

Vay,

9

4 49

5 (n>2)

< 1)[1084(”—1)J+1 \/3 \/31 < 1)[1084(”—1)J
ap — p—-1 = - =
V3

Va1

a)p — apg =

>|

We proceed to AVa,.

\/31 1 [logy n] 1 [logy(n—1)]
s = o= () ()

AVa1 = V(IQ - V(I,l = —

AVar — %((_;)“1_<_;)f) > )

AVay = ———

AVa, = 0 (otherwise).
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We will evaluate a,, by means of the Mellin-Peron formula for m = 1. This requires that we study the

Dirichlet generating function of AVa,,.

AVa, AVay,
A(s) = Z = AVay + Z o
n>1 n>2

= AVal—i—?%TZ]((_%)r—l_(_%)T (4715)5
= AVa + ?% —9%:1 (—é) (4i)r -2 <‘%> (41)7*

= Aval—ﬁE <— ! )r:AVal—EE Z(- ! >,~_1

4 97‘21 9 4¢

We must determine the half-plane of convergence {s = o + it | o > ¢}, where ¢ > 0, of A(s) if we

wish to use the Mellin-Perron formula. We require |—#

<1, ie. é<4‘7 or log4é < o. Hence c =1

will suffice. We continue the evaluation of A(s).

10V3 V310 V310 1

Als) = M2 v 0 VOO L
) N R N (N
T I 994 1 4 9a+d

The Mellin-Perron formula for m = 1 tells us that (Lemma 2.9.3)

a, — na = 1MOOA(S)?ISLora —ﬁn—i- " /1"'“’0 s)n ds
" YT oomi )i s(s+1) " 4 2mi Ji i s(s+ 1)

3.3.1 Evaluating the integral

Let
43

Bl =gw 1

The integral is evaluated with the Cauchy Residue Theorem. We will use the following rectangular

contour, traversed counterclockwise.

Iy ={1+it | |t| <R} l;={c+iR | —R<o <1}
Il'3={-R+it | |{|<R} Tys={c—iR| -R<co<1}
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0
We take R = 2175
og 4

_ imr—log9 . 2mi

where p = —g—log4 and xr = Togd

poles are simple ones.

95

> 1 so that 'y UTy U T3 U Ty includes the poles at s = 0, s = —1 and s = p + &,

k, |p+logs 9+ xx| < R. What are the residues at these poles? All the

B(s)n® ] 45 ne 1
m T A A
Res<5(5+1)’5 0) s501 494 s+1 10
B(s)n’ . 45 s 11 11
Res<3(5+1)’5 ) S 1494 s 4+49-n 13n
B(s)n’ ) s—(p+xe) n°
i _ 1 s
Res (5(5+1)’5 P+Xk> g%]pTXk 1+94s S(S+1)
1 nPtXx 1
= -3 Im ———
9(p+xr)(p+ xk +1) s=otxx 9 log4 4¢
1 np+Xk 1 1 np+Xk
T 0tk + 1) 9 logd T 9logd (p - xe)(p+ Xk + 1)
We have
ds 1 1 1 T
B(s)n®* ——— =271 [ — — —n + .
/I‘lul‘gumun G o (10 13" " 9log4 ;;Z G+ o+t 1))
1 s s 14ioo s s
Note that limpg_y e fl“l B(s)n’ s(sd_H) =[5 B(s)n s(;i+1).

If we can show that limp_, sz s B(s)n® s(sd—jq) = 0, we will have evaluated a,.
e Iy, s=0c+1iR;ds =do
/1 43 nS < /1 48 nS d
—— do —— \|do
_r1+94°s(s+1) = J_r|14+94°s(s+1)
1
(4n) 1
‘ —d
/_R RZ |1 +9 4727
1 1
< - 4n)°d
= RI(1+94° 1) /_R( n)"do

1
R? (14 94-F)log4n

(4 = (4m)7)

This is the desired result. The integral along I'y vanishes as R goes to infinity.

o I's; s=—R+1t; ds =idt

R 45 s
n .
/ S ¥
_r1+94°s(s+1)

R 4S S
n
[
_r|1+94°s(s+ )‘

(4n)=F /R 1 0
_p |1+ 94-R4it|

R(R-1)
1 R
(4n)FR(R—1) (1 -9 4-F) /—R “
2R 2

nFR(R—1) (4R —9) ~ nF(R— 1) (4% —9)
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T's vanishes like T'5.

e I'y; s=0c—1iR;ds =do

This 1s a variation of the estimate for T's.

We are ready to evaluate a,,.

\/g n /1+zoo dS
an, = —n+
4 1—i00 S+1
B £ _£ o 1 Z nPTXxe
= 2 4 13n 9log4 (P+xe)(p+xr+1)
B £ £ i_ £ 10 nz nP+Xk
4 4 413 4 9logd 2o (p+xk)(p+xi + 1)

_ @E \/3 10 Z nPtxE
T 4137 4 9logd A )tk + 1)

This formula prompts two questions. How can it be verified? What does it mean? We will treat these

in order.

3.4 Verification

Recall that

\/§<10 3 ( 4>r>
a4r:— —+— - y
4 \13 " 13\ 9

where r > 1. Clearly the exact formula must agree with these values at n = 4”. We have

V310 V3 10 4r{ptxx)
ap = Y7 Y
413 4 9logd 2 (p+xi)(p+xu+1)

_ V310 VB 10 <_g>rz 1
T 4137 4 9logd \| 9 (P+xr)p+xe+1)

keZ

We require the value of

1

l;(p+Xk)(p+xk+1)'

We sum the series by the Cauchy Residue Theorem. The appropriate function is

1 1

CO) =TT se T )

We use the contour T4 UTy UT3 UTy4, where T) = {R+ 4 | [t| < R}. We must show that

limp_co fF’l,Fz,a,4 C(s)ds = 0.
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o T, s = R+1t; ds = idt,;

C(s)ds| < /R ! ! dt
s)ds .
T T Jor [T+ 94T [s(s + 1))
< 1 2R 2
= RR+1)94% -1 (R+1)(94% 1)
e ['y;s=0+4+1iR;ds =do;
C(s)ds| < /R ! ! d
s)ds — o
T, T Jor [T+ 947e3m [s(s + 1))

1 2R 1 2
1+94-FR2~ 1+94-FR

Is; s = =R+ it; ds = udt;

C(s)ds
s

IA

R
/ 1 1
- dt
_p T+ 9 4 [s{s + 1))
1 2R 2

S RER-1D)T-94F (R=1)(1-94F)

l4y; s =0—1iR; ds = do;

This case 1s similar to T's.

This shows that limpg_ o fr’ C(s)ds = 0 and hence ZgESing(C(s)) Res(C(s); s = ) = 0. We compute

2,34

the residues of C(s).

1 | 1
e — = lim——— = —
Res(C(s); 5 = 0) sS014+ 94 s+1 10
11 41

li - =
1494 s  4+9-1 13
s—(pt+xe) 1

1m
s=ptxr 14945 s(s+1)

Res(C(s);s = —1) =

Res(C(s);s=p+xx) =

1
= Im ———
(p+xe)(p+xE+1) s=ptxe 9 log4 45
1 1 1 1

(p+xe)(p+xk+1) =9 logd L~ log4 (p+xx)(p+ xx + 1)

This yields

1 14 27
Z =log4|——— ] =—logd—.
v (ptxe)(p+xk+1) 10 13 130
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We can now verify the exact formula for n = 4.

. \/’10 \/§1o<4
4r:

r 1
413 4 9log4 §> o+ xs)p+xe+1)

- ?<%+91ig4 130( ))
- S )

The exact and the restricted formula agree as expected.

0. 27
0.1
-V ¥ S R R

-0. 3+

3.5 Interpretation

[EEN

(=]

plot of F(u) on a logarithmic scale for n € [1,4%] and |k| < 256

Note that
pP+1o8. 9 Z S L Z
5 (P xe)( p+><k+1) o P xe)(p+xk+1)
_ eiwlog4n Z 621r1,k: log, n .
o e xe) e+ xn+1)
With

27rzku

- ZE: (P+xe)(p+xr+1)

98
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we have

V310 V3 _10
413 4 9log4

V310 _v3 10 1
4 13 4 9log4 ploss §

n' 1849 F(log, n)

F(logyn).

The plot of F(u) shows the behaviour of a,, quite clearly. A pass from 4”71 + 1 to 4" corresponds to
a single level; on the graph these levels are unit intervals [r — 1,7). The parity of the level determines
whether the area increases or decreases; hence the alternating increase and decrease in F'(u). The formula
for a,, further indicates that the fluctuation around the mean has an absolute value of O (1/711034 %), i.e.

1
o(—r)-
nlOg4Z

Vil
4 13

ap —




Chapter 4

Digital Sums

The main topic of this chapter is the average order of digital sums in various bases. The results of
[FGK*94] show how to obtain a Fourier series expansion of the sum-of-digits function with constant or
exponential weights. We begin with basic definitions; then we demonstrate the method of [FGK*94]
by considering alternating digital sums in base ¢, a special case of a kind of base known as a Cantor
representation. We extend this method to periodic weights by giving a new proof of a result concerning
alternating digital sums from [KPT85]. Thereafter we return to the general problem, and show that
some classes of Cantor digital sums can also be dealt with by this method. We use the Mellin-Perron

formula to obtain an asymptotic result that is similar to a theorem in [KPT85].

4.1 Definitions

Definition 4.1.1 Let g € ZT and ¢ > 2. Forn € N,
(drd,_y .. .didg),
denotes the unique q-ary representation of n, i.e.
r
n=2_ di

7=0
where 0 < dj < g.
Example. We have m = ¢"«(™)m’ with ¢ t m', hence (m), = (m'),000 ... 000. (Side-by-side placement

vg(m) 0 digits
of two base-¢ expansions means concatenation, not product.)

Cantor representations of integers generalize the concept of base-¢q representations.

Definition 4.1.2 Let {q(j)};>0 C Z% be a sequence of positive integers such that q(0) = 1 and q(j) > 1

when j > 1. Let k(j) = .:0 q(k) for j > 0. Forn € N,

(drdp_y ... dydo)s

100
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denotes the unique base-x or Cantor representation of n with respect to k, 1.e.
n= Z dik(j)
7j=0
where 0 < d; < q(j).
It should be pointed out that {«(j)} fulfills the requirements of Definition 2.7.3.
Lemma 4.1.1 The number of trailing zeros in the base-x representation of n is given by v, (n).
To see this, note that Z;IO(q(j) — 1)x(j) < (r+1). This holds for » = 0 and with
k(r+ 1)+ (@qr+1)—Dr(r+1)=r(r+Dg(r+1) < k(r+2)

for all » € Zt.
Now (1) | n implies n = E;':o djk(j) = Z;_:lo d;k(j) =0 (x(1)). Because 0 < Z;_:lo d;k(j) < (1),

this requires dg = d; = ...d;—1 = 0.

Example. The (2,3)-number system; {¢(j)} = {1,2,3,2,3,2,3...} and {x(j)} = {1,2,6,12,36,...}.

(Mo | e | vel) | 10 | () | welm) | )10 | () | wem) | ()10 | () | ()
0 0 - 4 20 1 8 110 1 12 | 1000 3
1 1 0 5 21 0 9 111 0 13 | 1001 0
2 10 1 6 100 2 10 120 1 14 | 1010 1
3 11 0 7 101 0 11 121 0 15 | 1011 0

Definition 4.1.3 A weight function w(j) is a function w : N — C. The weighted base-x digital sum

v(n) of n = 2;20 d;k(j) is

<

v(n) = w(j)d;.
7=0

An alternating digital sum uses the weight function w(j) = (=1)7.

Example. Let m = ¢" — 1, r € Z*. Hence (m); = (¢g—1)(¢—1) ... (¢ —1). The corresponding

r digits
alternating digital sum is

0 if r 1s even

g—1 if ris odd.
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4.2 Alternating digital sums

In the remainder of this section v(n) will always refer to an alternating digital sum, i.e. with weight

function w(j) = (—1)/. We have the following theorem.

Theorem 4.2.1 [KPT85] The average order
n—1
1
o 2 v(k)
n
k=1
of the alternating digital sum v(n) is given by F(log, n) where F(u) is a Fourtier series
F(u) = fo+ Z fre(2htt)miu
k€L

with coefficients

g1 e (2k + 1)mi (2k + 1)mi\ 7!
fo= 4 andfk_(?k—kl)ﬂié‘( log ¢ i log ¢ '

The proof in [KPT85] uses elementary methods and builds on an earlier result by Delange. The remainder

of this section will present a self-contained proof that uses the Mellin-Perron formula for m = 1. The

method is that of [FGK*94].

4.2.1 Application of the Mellin-Perron formula

We wish to evaluate 22;11 v(k). Consider Vu(n) = v(n) — v(n — 1), i.e. the change in v(n) fromn — 1
to n. The following diagram shows how to evaluate Vuv(n). We assume that (n), contains a prefix of

unspecified length, which ends in the digit d 4 1, followed by v,(n) zeros.

w(j)= ... Fl +1 Fl1 -1 1
(n=1)= ... d (-1 (¢=1 ... (¢—=1) (¢—1
(n)g= ... (d+1) 0 0 0 0

)
)
There are vy(n) columns to the right of the vertical line. Note that d < ¢ — 1 by definition of v4(n).

Using the diagram, we have

0 if v,(n) is even
Vv(n) = —d(—l)UQ(”) + (d+ 1)(_1)Uq(n) _ (J( )
g—1 if vy(n) is odd



Chapter 4. Digital Sums 103

or

Vu(n) = (1)) — (g 1) (vy(n) mod 2).

Note that v(n) = v(n) — v(0) = >_,_, Vu(l) and hence Y _; Lu(k) = 2;11 Zle Vu(l). We apply
Lemma 2.9.3, i.e. the Mellin-Perron formula with m = 1 and b = V() to obtain

1 ctico ds 1 ctioco ds

k
ZZ;VU - g% . Visn s(s + 1) Y Vi(s)n s(s+1)

c—i00 c—i00

l n—
n
k=1
where V(s) =Y. VZ—(S”) is the Dirichlet generating function of Vu(n).

The next step is to determine V(s) and hence ¢. Evidently

—1)valm) — (g — v,(n) mo
Vg =3 CUY =0 1) (gl mod 2)

ns
These terms were evaluated earlier, when we discussed the analytic version of the fundamental theorem

of arithmetic (Theorem 2.7.2). We have

—1)va(n)
Z % =((s) (1

with ¢ > 1 and hence

Vi) =) (1-2 ) = 0ee) A =< (1- 22

also with ¢ > 1. Any ¢ > 1 will suffice.

)andzvq m0d2 C(S)s:_l
q

4.2.2 Evaluating the integral

We evaluate this integral by means of the shifting lemma (Lemma 2.8.1), taking

1 s — 2j
(I>(s):<1 a+ )nszq 9, and Tj = )7
g+ 1 ¢+ 1 logq

with j > 0. Along the vertical segments situated at « and ¢ (recall that the contour is rectangular, with

¢ > 1 being the right vertical boundary, and « € (—1,0) the left one)

[@(s)] = = M, and [9(s)] =

q —q‘na< “+4 .
qs_l_l —l_qoz

respectively. Along the two horizontal segments (@, c) N {s | s = o £ iT;} we have

n® = Mrp.

o (s)| = |2

—a| . 44
1 T+
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Therefore the constant M required by the lemma is M = max{M,, M., Mr}.

iT

= Teag and yp = 2L k7.

logq?

The poles of @(s)%ﬁ% in (a,c) are at s = 0 and s = p + xx where p

(There is no pole at s = 1 because the pole of {(s) at s = 1 is simple and ®(1) = 0; the zero of ¥(s)
cancels the pole, asin (1/(s —1)+...)(¢1(s — 1)+ ...) = ¢1 + ...) Hence the lemma gives

Lo ) L ()
271 _/C_Z-OO (I)(S)s(s-l-l)ds T om oo (I)(S)s(s-l-l)

+Res <<1>(5) s(g(j—)l) s = 0) + I;)Hes <¢(s) S(g(j)m s=p+ x;ﬂ) .

Note that

1 a+ico C(S) 1 a+ico ns 1 a+ico 1 ns
— ) —ds = — ——ds — 1)— ds.
278 J oy ioo (5) s(s+1) *= omi /a_ioo <) s(s+1) s (a+ )27r2' /Q_Zroo q° + IC(S) s(s+1) ?

Note also that the expansion =1—¢"+q¢* —¢* + ... is convergent since |¢*| = ¢* € (—1,0).

1
T+q°
Corollary 2.10.1 applies. We conclude that = oo () sjids = 0; both the constant term and the

27t Ja—ioc0 (s+1)

terms of the series expansion vanish.

It remains to compute the residues. Let log, n = u, and W(s) = @(5)&.

s(s+1)
a0 = T ¢s) _ g+1 g+l 1 g1
Res(W(s)ia=0) = lima() o = (1218 ) g =131 T 1o
o _ . q+1 s C(9)
(p+ xx) . ( S—p—Xk>
= pftxe ‘ lim s—p—xr— (g+1)———==
(p+ xK)(p+ Xk + 1) s=ptxn pxk=(1+1) ¢+ 1
_ uCRUm (2k + D)mi\ (g+1)logq (,  (2k+ D)mi B
a log ¢ (2k + 1)mi log q —log g
(k1w q+1 (2k 4+ 1)mi 1+(2k+1)7ri -1
N (2k + 1)mi log q log q

This concludes the proof of Theorem 4.2.1. |

4.3 Periodic weights in general

The proof of Theorem 4.2.1 serves to illustrate the general method of treating digital sums with periodic
weights. We will sketch the case
2 if j =0(3)
w(g) =495 ifj=1(3)

1 if j=2(3).
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We consider the function Vu(n), which is computed in a manner analogous to the case of an alternating

digital sum (v(n) uses the new w(j)). We have

0 if vy(n) = 0(3)

Vo(n) = —dw(vy(n)) + (d + Dw(vy(n)) — 18(g — 1) lvqgn)J —92(g—1) ifvy(n)=1(3)

T(g—1) ifwg(n) =2(3).

With |n/3] = n/3 — (n mod 3)/3 this simplifies to

2 if vg(n) =0(3)
Vu(n) = —6(g — Dvg(n) + §54+4(g—1)  ifvy(n) = 1(3)

11+5(g—1) ifvy(n)=2(3).
This is the general form of Vu(n), i.e. Vu(n) is a multiple of vy(n) and a term linear in ¢, plus a second
term linear in ¢, one for each of the residues of v4(n) modulo the period length. We recall that

) 0 gy L gmer T (g )

ns g —1

vg(n)=r(m) v=1
The Dirichlet generating function V(s) of Vu(n) is a linear combination of these two kinds of terms,
with poles corresponding to ¢* — w;, =0 or
‘ 2miv/m + 27wik
T log q
for 0 < v < m and k € Z. (The generating function of v,(n) contributes v = 0 and the residues » modulo
m the rest. Note that there may be some cancellation of poles, such as that of s = 1 in the v4(n) term.)

Continuing the example, we have

V(s) = —6(¢g—1) qf(j)l +¢(5) (2¢* +5¢" +4¢° (g = 1) + 11 +5(¢ = 1)) T — o =D
— s 20" +4¢° 4+ ¢ +59+6 1
= <) (e )

At this point it is a matter of routine computation to obtain the Fourier series expansion of the average

order of v(n). Two questions must be considered.

e Does the shifting lemma apply to V(s)n®/(s(s + 1)), i.e. how do we choose M and T; for ®(s) =
V(s)n®/((s)?
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Note that all the poles of ®(s) are staggered along the imaginary axis. Furthermore, there is only
a finite number of singularities in the interval 27i/ log q[k, k+1]. Hence we can choose Tj such that
®(s) is analytic on a closed rectangular band that includes §R;. Because ®(s) is analytic there,
|®(s)| is bounded. We need to verify that this bound is independent of j. But ®(s) contains only
terms in n® and ¢°, with |n®| = n” and |¢*| = ¢°. This observation and the analyticity of ®(s)

yield the claim.

e Does f;jl;o V(s)n®/(s(s+ 1))ds vanish? (We need this in order to ensure that there are no terms
other than the Fourier series; compare the proof of Theorem 5.1.2, where the corresponding term
does not vanish.)

This is a question of expanding (¢* — w%)™" with 0 < v < m. (We use the partial fraction

decomposition of va':_11 (¢* —w?)~'.) Note that

1 1 1 1 q° 7\’
T T+—+(—) +]...
¢ —wm W =t W Wi \Wn

converges since |¢°/w%| = ¢® and a € (=1,0). Hence we may apply Corollary 2.10.1 to (gn)**

(qn € N and 1/wk? is a constant factor with respect to s). The integral vanishes as claimed.

The above observations lead to the following statement. Suppose w(j) is a periodic weight function and

v(n) the associated digital sum. Then the average order of v(n) can be erpanded into a sum of Fourier

2miv/m+2wik

series with terms corresponding to s = ]
ogq

4.4 Intermezzo: digital sum paradigms

The preceding discussion should suffice to demonstrate that the problem of computing the average order

of a general digital sum by Mellin-transform methods requires that the two following conditions hold.

e There must exist a closed form of Vu(n) in terms of a polynomial of the “number of trailing
zeros”-function in Z or Zg, or in exponentials of this function.
Recall that the “trailing zeros”-function is given by v, (Lemma 4.1.1.) Tt follows that the types of

Vu(n) generated by periodic, constant or exponential weights all fit this condition.

e The corresponding Dirichlet generating function V(s) must have a closed form and V(s)n®/{(s)

must satisfy the requirements of the shifting lemma.
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The Lemmata 2.7.1 and 2.7.2 show that the behavior of ijlﬁ(j)_s and 3", _,k(mk + r)~*,
m > 2,0 < r < m determines that of V(s). E.g. if ijl k(j)~* does not represent a meromorphic

function in {a,¢), V(s) fails the shifting lemma.

The above criteria constitute an informal quick test for the computability of a Fourier expansion by the
Mellin-Perron formula for a given a digital sum problem. The significant part of the test is the investiga-
tionn of the properties (read: analyticity and location of poles) of ZJ 1k(F)" and Y o k(mk+7)7*

We will present two additional examples in the remainder of this chapter. The first of these exhibits a

V(s) that is well-behaved; the second shows how V(s) may fail the second condition.

4.5 Digital sums relative to x when «(j + 1)/x(j) = q(j + 1) is periodic

We treat the case
{eN}={1,2,...a+1,2,...a+1...}
and
k(Y ={1,2L . (a+ D)L 2(a+ ). .. (a+1)1*. ],

where a > 1. We select this case because it is one of a series of x that have the factorial number system
as their limit, see section 4.6.

Step 1. What is Vuv(n)? Every complete sequence of a zeros corresponds to digits a,a —1,...1 lost
from (n — 1),; the remainder corresponds to digits r,r — 1...1, where r = v.;(n) mod a. These digits

are replaced by zeros; we gain a 1 in the first non-zero digit of (n — 1).. Hence

vs(n)

a

1 1
Vu(n) =1- 5‘1(& +1) l J - E(vﬁ(n) mod a)(vg(n) mod a + 1).
Step 2. What is V(s)? Using |vg(n)/a] = vg(n)/a — (vs(n) mod @)/a, the problem reduces to finding
the Dirichlet generating functions of v, (n) mod a, % (vx(n) mod a)(v.(n) mod a+1) and v, (n). We apply

Lemma 2.7.2 to obtain the Dirichlet generating function of v, (n). Note that x(ak +7) = (a+1)!*(r+1)!

and hence .
a+1)
JZ; ;]; ak+r - a—}——;"’ 12 r+1
This function contributes poles at (a +1)!* —1 = 0. We use Lemma 2.7.1 to evaluate the remaining two
types, i.e.
vy (n) mod a 1 a-l r 1
2\ bont) mod o) mod 1) [ 72| et ) J o™



Chapter 4. Digital Sums 108

and the relevant terms of the respective generating functions are

a—1

a—1
(a+ 1)! 1 (a+1)! 1 1 1
_ d 1) - :
(a+ 1)k — 1Z <7~+1 (r+2)!s> an a+l's—1;2TT+ <r+1)!s (r+2)!s>

Step 3. Does the shifting lemma apply? We note that V(s) is the product of ((s) and finite sum of
terms, which are in turn the product of a meromorphic function with poles at s = 27ik/log(a + 1)!
and a finite sum of entire functions (the 1/(r 4+ 1)!* terms). Therefore the shifting lemma applies with
T; = mi(2j + 1)/log(a + 1)!; the term (a + 1)!*/((a 4+ 1)!* — 1) was evaluated in the base-q problem
and the norm of the terms from 1/(r + 1)!* is bounded on the horizontal and constant on the vertical

segments.

4.6 Digital sums in the factorial number system

The factorial number system has ¢(j) = j + 1 and &(j) = (j + 1)!.

Step 1. What is Vu(n)? We have v, (n) zeros, which correspond to the digits v, (n),...2, 1, hence
Vu(n) =1 —1/2v(n)(vg(n) + 1).
Step 2. What is V' (s)? We use Lemma 2.7.2 to obtain

o0

Ve =) (1= | = [1- X o

j=1 j=1

(Compare this with the corresponding function in the previous section. The contribution from the period
length a vanishes and the finite sums in r/(r + 1)!* become an infinite series.)

Step 3. Does the shifting lemma apply? Recall that & = 0 is a natural boundary of Z;‘;l by

i
G+
Corollary 2.6.1. Hence we cannot continue this sum into the left half-plane. The shifting lemma does
not apply.

We can however extract some information from the Mellin-Perron formula. Evidently the problem

requires the evaluation of

c+ioco & ] ns
l;C@]‘;u+w G

100

With Corollary 2.10.1, this simplifies to

1 ctioco o0 ] ns
5(“—1)—/6, ¢(s) Z(j+1)!s D™

—100 J=—l
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(We could also have evaluated the first term directly, i.e. at Step 1.) Note that Theorem 2.10.1 applies

. c+ico 1 ns
i O

to

with r = (j + 1)!, a = 1. Hence

[etieo 1 n’ . G+
’/c OGrreen®=i 2 (1‘(’”” " )

—ico kEN(n/(j+1)!=1)

Note that N(n/(j + 1)! — 1) = @ when (j 4+ 1)! > n. Therefore only a finite number of terms actually

contribute to the integral in Z;i1 J/ (G + 1)!*, which justifies writing

%) . (F+1)!<n

" n : 4 1)!
Lo\ X5 ) s X0 2 (1—(’”1)(];))'

—ico i=1 P21 KEN(n/(i+1)1-1)

By definition of v, (n),
Zg/(j+1)!—2 if j < ve(n)

Nn/Gro=n) | SSP GRS i sy ().

Hence the integral splits into two sums,

;JJ<ﬁ‘l) (-5 ) - _%”“(")(v“(n)HH%nt:)(”j”!
= ——m(])(%(i)‘i‘l)“‘%” 1_(1)5(17;+1)!>
and e ien ,
B )_< i) -5 (e )

j=ua(n)+1
This formula has some utility as we shall see below. Nonetheless it must be pointed out that it
can equally well be derived by an elementary counting argument (the reader is urged to supply this
proof). There is no qualitative gain with respect to elementary methods because the function V(s) is
not meromorphic and the terms of the series merely transcribe the problem definition.
We remark in passing that n = (r + 1)! gives v, (n) = v, ((r + 1)!) = 7, in which case the second term
of the above sum drops out and 1/n Z:l_:ll v(m) is given by

g0 == (=qra 41+ o (1= Gy )) = e
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The average order of the sum of factorial digits of the first n = (r+ 1)! non-negative integers is quadratic
in the factorial inverse of n.

The work of this section suggests the following question. Considering the fact that

q(i+1)—1)

for g-ary digital sums, &(j) = ¢/, ¢ > 2 and all n, and
5(j)<n

%iu :—(lr(r-i-l)) ;Z (@G+1)-1)

m=1
(7 + DL n = (r+ 1)!, what are the conditions

for digital sums in the factorial number system, &(j)

such that
£(j)<n
w(fi) (¢ +1)—1)

N | —

7=0
is the asymptotically dominant term of the general sum-of-digits function? This question will be answered

in the next section.
We will need the following observation. Suppose ¢(j) — oo as j — co. Then £(j + 1) < n implies

@ €o(l) as n—oo.

To see this, note that
. _ kM (n)-1 “1(n)-1
k(j)  w(k71(n)—1) 1 1
= — < —— >0 as n—o0
1 w< 1 @

n n
E=j+1
4.7 The general digital sum problem

We wish to examine the role of
5(j)<n

N | —

7=0

in the behavior of
for an arbitrary weight function and an arbitrary Cantor system x. We require an expression of Vu(n)

Define s : N — C by
s0) = wl) =Y wli) oG+ - 1)
w(0)+w(v)—w(0)—ZUJ(j—1)(()—1—w0)+z w(j) —w(i - 1)qg(5)) -

j=1
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Evidently
Vu(n) = s(vg(n)).

By Lemma 2.7.2, the Dirichlet generating function V (s) is

616) (w0) + 3 =5 (wli) = wli = Dai) )

k(7)*
We proceed by the same method that was used to obtain a formula for the average order of digital sums

in the factorial number system in the previous section. The w(0) term corresponds to

by Corollary 2.10.1. Theorem 2.10.1 is used to evaluate the series. We have

/:Hoo C(s),{(})s S(S":L gia= Y <1 (k4 1)“’g)> .

e kEN(n/r(j)-1)

The sum is zero when &(j) > n. There are two cases when x(j) < n.

Case 1. k(j) | n

B )= () (1)

k=0
- ) e e )
_ n. _nmod.h‘j‘ 1 1k(j) | I nmod k(]
B 1<K<j)n l)ﬁ(j)l n 210<d2/c(j)2 nl <+nzmod /:Zj) 2 mod k(j)  (n mod k(j))?
T2 K—j) B 2 k(j) ' T2 k(J) B n + nk(j) >
- () e
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terms, we have

n

(i) (i + 1) = 1)+ gl () = 1) (ot — 107 )

It remains to evaluate the contribution from the second term of the case 2 sum. With
p(n, j) = (n mod &(j))(x(j) — n mod £(j)),

p(n, k=1 (n)) = n(k(x~" (n)) — n)

and

%nmos K(j) <1_ nm:é)ﬂ(i)) _ !

this becomes

- w(j) . . 1 -1 —1 n
= - > 1) — e —1 : -
We combine these results to obtain the following theorem.

Theorem 4.7.1 Let w(j) be an arbitrary weight function, k any Cantor system, and define

p(n, j) = (n mod k(j))((j) — n mod (j)).

The sum-of-digits function for w and k is given by

5(j)<n 1 5(j)<n (])

-l 1 - ad
mzﬂv(m)zg Z 11)(])((1(]-{-])—])_% Z k(J)

j=0 j=vk(n)

S|
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We can use this theorem to answer the question posed in the previous section. In the following, we

will assume that the w(j) are positive and that ¢(j) — oo as j — co. The term

£(j)<n
w(j) (g(j+1) = 1)

N | —

7=0

will dominate asymptotically if it dominates the second term. It is not difficult to see that

p(n, j) < % (4)?

when k(j) < n. This gives the following estimate for the —pu(n, j) part of the second term.

T iy S e =0 7S -1

> z (i +1) - =1

] ’U,CTL ' J ’U,,CTL

Using our earlier observation and a term-by-term comparison we see that the first term dominates the
—pu(n, j) part asymptotically.

We split the p(n,j+ 1) part into Z (J-H(ljn and j = k~!(n) — 1. For the first part we again have

k(j+1)<n . E(j4+1)<n . . 5
w(j) , .y k() _a(G+1)°
2 it S ) w6l ) - DG
j=vk(n) j=ux(n)
k(j+1)<n F;(_]) 1
< > w(f) (g +1) = 1)-= <Q(j+1)+1+m)-
j=vk(n)
With
14 ! 2
G+1)-17
this 1s less than or equal to
£(j+1)<n . .
. . (7 + 1 c
> wlat+n - (M50,
j=v.(n)

This part is also dominated by the first term, except for the first half of the sum when j = k7' (n) — 2,
which is

w(r™(n) = 2)(q(r™"(n) = 1) = )25

Suppose we have
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for v sufficiently large. Then certainly

<

k(v—1)

w(o = () = a0 =5

€ o(w(v—1)(q(v) —1)g(v)) Co w(f) (qG+1) 1)

7j=0
for k(v) < n. Taking v = k7'(n) — 1, we see that we have a sufficient condition for the first term to

dominate. Tt remains to test j = k~'(n) — 1, in which case w(j)/(nk(j))u(n,j + 1) becomes
W =), el =)
= i) =) < = ) (s ) < 1)
= w(x™(n) = 1)(g(x7(n)) = 1)

assuming k(k ' (n)) { n (if (571 (n)) | n the term is zero and we are done). We need only take v = k™1 (n)

and point out that ¢(v) — oo as v — oo; hence

v—1 v—1
1

w(v—1)(q(v) = 1) € —Zw gG+1) -1 co

Q(v j=0 7j=0

~
=
=

g +1)—1)

and we have proved the following theorem.

Theorem 4.7.2 Let w be a weight function such that w(j) > 0 and let ¢(j) — o0 as j — oco. If

v—1
w(v —1)(g(v) 1) € —(] S w(i) (g +1) - 1)
7=0

then
1 n—1 1n(j)<n
Emﬂv ~ 5 Jz::() w(@H @i+ —-1), n—o oo

For example, the combination w(j) = (7 + 1)~%, @ < —1 and ¢(j) = j + 1 fulfills the conditions of the

theorem.

4.8 Notes

The survey [KPT85] defines the general digital sum problem for Cantor representations of integers and
includes an extensive bibliography; the introduction to this chapter is modelled on [KPT85, p. 55-56]; I
also consulted [KT84]. Theorem 4.2.1 can be found on [KPT85, p. 63-64]. Theorem 4.7.1 is similar to
a result on [KPT85, p. 56], which is obtained with real-variable, Delange-type methods and contains a
different form of the error term. A different proof of Theorem 4.7.2 is given on [KPT85, p. 58].

A more up-to-date introduction can be found on [FGK194, p. 292-295]; the proof of Delange’s
theorem concerning binary digital sums is on [FGKT94, p. 297-299]; digital sums with exponential
weights are treated on [FGKT94, p. 303-304].



Chapter 5

Counting sums of three squares

This chapter presents a new proof of a result due to Osbaldestin and Shiu concerning integers rep-
resentable as sums of three squares. Their papers ([Shi88], [OS89]) use real-variable methods of the

Delange type; we will use the Mellin-Perron formula for m = 1.

5.1 Preliminaries

Definition 5.1.1 Let () be the set of integers n € Z7T representable as sums of three squares including

0.

Lemma 5.1.1 Ifn = 4'(8k +7), where |,k € Z%, then n is not representable as a sum of three squares;

ie. n € Q.

Proof. Note that 0,1, 4 are the only quadratic residues modulo 8. Hence z§ + 2% + 23 # 7(8). Suppose
4'(8k + T) cannot be represented as a sum of three squares and 41 (8k + 7) can, i.e. 441 (8k 4+ 7) =
z? + 22 4+ 22 This implies 4'(8k + 7) = (21/2)? + (z2/2)? + (23/2)%, a contradiction. (Note that

i+ 23423 =0 mod 4 implies 1 33 =0 mod 2.) |

In fact all n not of the form 4!(8k + 7) are representable as a sum of three squares. The following

theorem is due to Gauss.

Theorem 5.1.1 A positive integer n is representable as the sum of three squares if and only if there do

not exist k,1 € Zt such that n = 4l(8k + 7).

We let k(n) be the characteristic function of @, i.e.

1 ifneq,
k(n) =

0 ifneq@

115
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or equivalently

1 ifn=4"8k+7), where [,k € Zt
k(n) = '

0 otherwise.
Note that 8k + 7 = 4(2k + 1) 4+ 3. This shows that k(n) is the characteristic function of those integers
whose base-four representation ends in a 1 or a 3, followed by a 3, followed by a possibly empty string

of zeros. Let

QN)= > 1=N- > k(n)

n€Q,0<n<N 0<n<N
Define A(N) as follows:
5
QN) = 2N+ AW),

A(N):éN— > k(n)

0<n<N
and let A(0) = 0. Osbaldestin and Shiu consider the average order of A(N), which is given by

1 1 1
~ Y Am) = + - > k(1)
0<n< N n=1 0<i<n
N-1 n N-1 n
111 1 1 1 1
= ——(N—1)N- — k()= —N— — — — k(D).
N3l ) N L L O T an—:ll—l Q

They prove the following theorem.

Theorem 5.1.2 [OS89] There exists a periodic function F(u) with period 1 such that for N > 1,

1 3 J(N)
~ > An) =L+ F(L) + =
0<n< N
where
LN odd,
= log NV and §(N) = ®
log 4
0 N even.

with coefficients
31 3 1
48  8log4 log4

1 2mik\ " o2mik T o2mik 15
e = — 1 g L T2 ) k4o
ok 2m'k< +log4> <C <log4’16>+g<log4’16>)’ 70

We present a new proof of this theorem in the remainder of this chapter.

(¢'(0,7/16) +¢'(0, 15/16))

and
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5.2 Application of the Mellin-Perron formula

The closed form of the Dirichlet generating function K(s) =Y k(n)/n® of k(n) is obtained as follows.

. _ k(n) k(4n) k(4n + 3)
K(s) = Z pr _Z(4n)s +Zm

n>0

1 Z k(n) N E k(16n + (13)4) n Z k(16n 4 (33)4)

4s ns =t (16n 4+ (13)4)* =t (16n 4+ (33)4)*
1 1 1 1
- —_K - - - 4= - -
RS ,;) mnt7/16)¢  16° nz;:) (n+ 15/16)°
We conclude that
K(s) = —— L (¢(5,7/16) + ¢(5,15/16)) = L (¢(5,7/16) + ¢(s, 15/16))
X(Sv _43_1165( (S’ ) (S’ b )_45_145( (S’ J (S’ )
Let
. N*®
L(s) = K(s) N
The Mellin-Perron formula (Lemma 2.9.3) tells us that
N-1 n 3/24ic0 3/2+ic0
1 1 N 1
=Y Y k() = 55— I(s)ds = — L(s)ds.
N == N 271 3/2—ico : 21 3/2—i0o '

We evaluate this integral by means of the shifting lemma (Lemma 2.8.1), taking

1 N*
[ =
ST T
and
25+ 1
7=t
log 4
Note that

o= () o

Along the vertical segments situated at a and ¢

N\%* 1 N\ 1
|®(s)] < <Z> T—ae = Ma and |®(s)] < (Z) 40_1:Mc

respectively. Along the horizontal segments at +:7;

|¢()I<NC L8y L —w
5 4) =41 \4) 144 =17
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Therefore the bound independent of o,% on ®(s) that we require in order to apply the lemmais M =
max{M., M, Mr}. We have

1 3/2+i00 1 —1/4+i00
/ L(s)ds = / L(s)ds
3 _

2m1 /2—ioo 2mi 1/4—ioco

+Res (L(s);s = 1) + Res (L(s);s = 0) + Z Res <L(s); s = ]27r21:> .
k€T {0} o8

Let (o = ¢(0,7/16) + ¢(0,15/16) = 1/2—-7/16 +1/2 — 15/16 = —3/8 and let ¢; = ¢'(0,7/16) +
¢'(0,15/16). Finally, let x; = 2mik/log4 when k # 0.

N® ! NE Y
Res(L(s);s =0) = hi% <K(s_)8(8 — 1)52> - hj% <5K(s)8 - 1)

NS
s+1

= linésK(s) (logN N¥(s+1)7"' = N*(s + 1)7%) + liné (sK(s))'
s—

S$—

. s 1
= (logN — 1)311—1?(1) TR 14—5(C(s,7/16) +¢(s, 15/16)) +

lim 2= 55 (C(5,7/16) + ('(s, 15/16)) —

s 1084 (5, 7/16) + ¢(5, 15/16)) +

Jim —>—
s 45 — 1 4
45— 1—log4 s4° 1

;1_%% (43 — ])2 4_3(C(5) 7/16) + C(Sa 15/16))

= (logn—1)¢ lim

s—0log4 4¢
log 4 log 4s4°
1 lim ———— —log 4¢y lim ———— — (p lim 0820815
s—0log4 44 s—0log4 4¢ 5—02(45 — 1) log4 4*
1 ) log4s
= (1 N —1/logd4 —1 —( — (G lim ————
(log, /log )Co + log4C1 Go slj% 245 — 1)
= (1 N —1/log4 —1 — (o i
(log, /log )Co + log4C] Co lim o3
3 1
= ——(1 N —1/log4 — 3/2
og, N = 1/log— 3/2) + -6
Res(L(s)is =1) = lim(s = )E(s)——— = 2 tim —*— L (s = 1)(((s,7/16) + (5, 15/16))
SEhs = = TR Gy T 2 e e % %
_ N1,_N
21277 12
2mik N*
es< (5); s log4> s—1>nxlk(8 Xk)x(s)s(s-l—l)
eQ‘rrik‘log4N S — Xk 1
= —— lim ———— 1 15/1
e+ 1) o, o= 1 g7 (C(5:T/16) + (5, 15/16))
e27riklog4N

= m((C(Xh 7/16) + ((xx, 15/16)) slig(lk m

1 e21rz'k' log, N

= @m((f(m 7/16) + C(xk, 15/16))
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We note that

Z Res (L(s);s = ij;i) = —(F(logy N) — ¢q).

keZ\{0}

In order to evaluate

! /_1/4+ioo/: Vs = — /_1/4“00 L 7/16 15/16)—>—d
27Ti —1/4—ioo (5. s = 271'2 —1/4—ioo 45_145 (C(Sﬂ / )+C(Sﬂ / 5(5+1) s

we note that we may use the expansion

11 4ks 1 s
48—14_8:_2 45— 4s >4

- —
k=0 k=0

since 0 = —1/4. By Corollary 2.10.1 all integrals of the form

—1/4+ic0 .
% —1/4i (Cls, T/16) + <5, 15/16))5((1 +)1)ds

are zero. (The integer 48 N takes the place of the integer n.) We apply Corollary 2.10.2 in the manner
shown in the associated example and obtain
1 —1/4+ic0 1 —1/44ic0 1 s J(N)

N
L(s)ds:—ﬁ i 4_3(C(S’7/16)+C(8’15/16))s(s+])dS:_T'

2mi —1/4—ico

We are now able to compute the average order of A(n) and complete the proof of the Osbaldestin-Shiu

result.
N-1 n 3/24ic0
1 1 11 1 11
- An) = —N-———— k()= —N — — — I(s)ds
¥ 2 AW TARETRS D IPILUESTLET 27ri/3/2_ioo ()ds
0<n< N n=1 [=1
- Ay L
TR
S(N) 3 ! N
— (=2 Z(log, N — 1/1log4 — 3/2 = — (F(log, N) —
(<2 — Zog, ¥ = 1/ 10814 = 3/2) + s+ 1L (Fl1og ) = o)
3 3(N) 127 3 1
= Zlog, N+ Fllogy N)+ =2 —gpm —— = - = __
g l08a N+ Flloga V) + =5 1248 Slogd  Togd®!

3
= glog4 N + F(logy, N) +
This concludes the proof. |
5.3 Notes

The introduction is modelled on [Kra81, p. 162-163]. The Fourier series expansion is developed on

[0S89, p. 373-374].



Chapter 6

A paraboloid and the lattice points that it contains

This chapter treats a counting problem related to the number of lattice points inside a certain paraboloid

P,. The instance Pg is shown below. The paraboloid P, is the surface

{(z,y,2) | 2 +y*=n—2,2€[0,n]} or {(rcosf,rsinfd,n—r’)|0<0<2m 0<r<+/n}

<

4=
=

The paraboloid Py = {(z,y,2) | 22 + y?> = 8 — 2,z € [0,8]} and the lattice points inside/on Pg.

We are concerned with the number of lattice points, 1.e. integer points inside and on P,. The figure
shows the lattice points at each integer height z = 0,1, .. .n. We will count these lattice points according

to the following weight function:

—_

ifa?+b2<n—c
w(a,b,c) =
1 ifa?+b2=n—c;
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where a,b € Z and ¢ € N; i.e. a lattice point has weight 1 if it is located inside P, and weight 1/2 if it
lies on P,,. We define the the sum V,, as
1
= a2+b2<n—cz,a,bEZ,cEN1 ! a2+b2:n—cz,a,bEZ,ceN 2
We will examine the average order of V;,. This is the measure
N—

1
NZVH.

n=0

—_

6.1 What to look for

By definition the dominant term of V,, should be of the same order as the volume of P,. The volume of

P, is easily seen to be

2
—Tn°,

2
by the following argument. We may say informally that the volume V of a paraboloid of height A is

obtained by integrating a disk of radius \/z from zero to h along the z axis, i.e.
h 2 1
V:/ m/z dz = —wh?.
0 2
Alternatively we can use the appropriate formula from basic calculus, i.e.

2w VR ch vh 1 2 1 —4 1
V:/ / / rdz drdﬁ:?fr/ hr —r3dr =27 ( =hvVh — ~Vh | = —7h?.
0 0 2 0 2 4 2

It follows that the average order of V,, will be approximately

N-1
T 9 T 1 1 5 1 5 1 1
TS n?= (N )N@N = 1) = —7(2N? = 3N + 1) = ~aN? — 7N + —
an 2" av gV~ DN )= 35 SN A1) = grV7 = gmN 4 5

at least in the higher-order terms. We will see this estimate confirmed by the end of this chapter.
6.2 Preliminaries
We recall the following theorem by Gauss and Jacobi.

Theorem 6.2.1 Let ro(n) be the number of integer solutions x,y € 7. of z*> + y* = n, i.e.

7’2(77.): H(may) | x,y €7, 1‘2—|-y2:n}|
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and let

Then

r(n)=4| > 1— > 1| =4(lxx(n).

dn,d=1(4)  d|n,d=3(4)
Proof. Recall that we outlined Jacobi’s proof of this theorem in the introduction. The most straight-
forward proof, however, uses the field Q[i] of Gaussian integers. Consider n € N, with the prime

factorization
2l Le =1
1+z | I i | | Py

Suppose n = z? + y* = (z + iy)(x — iy). Then z + iy | n and

S
x4 iy =i9(1 4 )7 Hrgk kg"]:[pg"
k=1

where 0 < ¢ <3,0<¢' <2, 0< gx,9;, <l and 0 < hy; < my,. This implies

k3
x—iy:i_gz l-l-z ]:['rg’c 1?kaZk
k=1

where we have used i = 1/i and 1417 = —i(1 +4) = i3(1 4+ 4). If we compare the sums of the exponents
in the factorizations of z + iy and z — iy to the exponents in the factorization of n, we find that ¢’ =,
gk + g% =l and 2h, = my. Hence n = 2% + y? is solvable only iff all of the my, are even. If they are,
the solutions (z, y) are given by
r s
x4 iy = i9(1 4 )" H ik Fé’“_g’“ H pZ“‘/Q
k=1 k=1
where 0 < g < 3 and 0 < g <, i.e. there are 4 [];_, (1 + Ix) solutions.
We have proved that
0 if at least one of the my is odd

ro(n) =

41_[2:1(1 +1x) if all of the my are even.

We must now show that this equals

al > 1= >

din,d=1(4)  dn,d=3(4)
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Note that 12 = 1(4) and 3% = 1(4). Suppose s = 0. All the my, are zero and hence even. The number

of divisors d = 1(4) is [[._; (1 + Ix) and we are done. Now consider s > 1. We have

Z ]_i_[1+l,‘c Z ﬁ[1+lk

dln,d=1(4 ) k=1 ue€[0,my], 37 pk=0(2 )

and
S =Tl +w) = H1+lk

d|n7d53(4) k=1 HkE[O,ﬂ’LkL E:ukEl( k=1

Note that
m
o= |G+
and
m
baa = | 5]
Furthermore,
ApM s+1 = M s (\‘MJ + 1) +bM,3 ’Vm.s+1—‘
2 2

and

bars+1 = am,s {m;‘H—‘ +bar s ({MJ + 1) .

This yields

and

M mg
aM,s+1_bM,s+1:(aM,s_bM,s)(\‘ 2+1J +1- ’7.—-‘-1—‘)

We conclude that

k=1
Note that
m m 1 ifm=0(2)
Fl+1-15]=
0 ifm=1(2).
Therefore the product is 1 iff all the my are even and 0 otherwise. |

We use this theorem to evaluate V},. Evidently the contribution from a disk of radius 0 is 1/2, and
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for a disk of radius vk where 0 < k < n. The total for P, is

1 n k—1 1 1 n 1
§+;<1+§r2(1)+§r2(k’)> :§+n+; r2(l)+§ ro (k).

The average order of V,, is thus given by

1 N-1 1 n k-1 1 n 1 1 N—-1 n k-1 1 N-1 n
U5 9] CERRS 9 SATRES wAl) R TEED 35 0 wAlRE- 3p wel
n=0 k=11=1 k=1 n=0 k=11=1 n=0 k=1
Now
N-1 n k-1 N-1 n N-1y
2 ro(l) =2 (n—k)ra(k) =2 5(N—1—n)(N—n)r2(n)
n=0 k=11=1 n=0 k=1 n=1
and
N—-1 n N-1
ro(k) = (N = n)ra(n)
n=0 k=1 n=1
Hence
1 N-1 1 1 N—-1 n k-1 N—-1 n
T Ve = gN+gw (z ro(l) + ng(k’))
n=0 n=0k=11=1 n=0 k=1
N-1 N-1
1 1 1 1 n\2
= N+— S (v- = N4-N (1——)
5 + 5 n_l( n)“ry(n) 5 + 2V 2 N ro(n)
The next step is to evaluate the sum.
6.3 Application of the Mellin-Perron formula with m = 2
The Mellin-Perron formula for m = 2 (Theorem 2.9.2) states that
1 n\ 2 1 etioo ra(n) ds
R (AL o) |
2 13;]\7 N 271 J e ioo "2221 n s(s+1)(s+2)

where ¢ lies in the half-plane of convergence of 3 ro(n)/n®.

By Theorem 2.7.2 the Dirichlet generating function R(s) = Y ra(n)/n® of ro(n) = 4 (1% x(n)) is

given by

ro(n) x(n) _ ! !
> 4C(s) ) ==~ = 4((s) (Z (4k + 1)° P> (4k+3)s)

k=0 k=0

o (¢ (5g) ¢ (=3))-

We will evaluate the Mellin inversion integral by the Cauchy residue theorem; therefore we must

= (e )< () e

study the poles of




Chapter 6. A paraboloid and the lattice points that it contains 125

e The pole at s = 1.
All three of {(s), ¢(s,1/4) and {(s,3/4) have a simple pole with residue 1 at s = 1. So does

lc2)-<(:2)

because the poles at s = 1 of {(s,1/4) and ((s, 3/4) cancel. Hence

oo L (=D*
Res (V(s);s=1) = 6N4;_k+1.

By a basic result from calculus

1
tan~!(z) =z — §(L‘2 + 5;3% ?acrs +
for |z| < 1 and in particular,
TN (=D
4 P 2k + 1

Frgo,

e The pole at s = 0.

This pole is simple and we have

v -0 ()< () -2 () (15 -4

e The pole at s = —1.

() o () m ()=

by Theorem 2.6.7. The zero of this term at s = —1 cancels the pole.

Note that

e The pole at s = —2.
We have
1
((-2) = 1 Bs(1) =0,

again by Theorem 2.6.7. The zero of ((s) at s = —2 cancels the pole.
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It follows that
1 ctico 1 1 1 atico
— V(s)ds = =naN — -+ — V(s)ds

270 Joioo 6 2 2T Joieo
for all & € (=1, 0), if we can prove that we may shift the integral, i.e. that the contribution along the two
horizontal segments vanishes in the limit. This is an immediate consequence of the generalized shifting
lemma (Lemma 2.8.2). We apply the lemma with m = 2, a1 = 1, as = 1/4 and a5 = 3/4, respectively.
The function ®(s) is given by 4(N/4)°. Because there are no poles on the imaginary axis, we may set
T; = j. Tt follows that M = 4(N/4)¢ is the constant required by the lemma.

We need to estimate the remainder term

ot (5 [ (0 (c(o) <) e

where we have set s = a + 7t and ds = idt. Note that

L) @ (e (3)~<(+3)) smeioes
is bounded by o |
L L L) (fe(=3) |+ (3)]) e

The middle integral is the integral of an analytic function along a finite curve; hence it contributes a

constant Cq(a). The sum of the outer two integrals may be estimated as follows.

- o (11/2]ogt)’
2 [T (e (s 3]+ (3)) F < [ @r1og)”

o
(We used Theorem 2.6.8 in the last step.) This integral converges and contributes C's(«) to the remainder

term.
The next theorem summarizes the above results.

Theorem 6.3.1 For all @ € (—1,0), the relation
| N1

ﬁZVn_éﬂ-Nz

=0

c O (N1+()z)

describes the average order
| V-1
DAL
n=0
of the number V,, of lattice points inside and on the paraboloid
Po={(w,y,2) | 2 +y" =n—z z€[0,n]}

where interior points have weight 1 and points on the surface of P, have weight 1/2. The constant in

the N'*2 term depends on o, C' = C(a).

This result matches our earlier estimate, which was based on the volume of P,.
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6.4 Significance of the result

It is worth pointing out how our result differs from those that can be obtained with more elementary
methods. There are two elementary approaches that apply to this problem. We describe them below;

then we compare their results to ours.

6.4.1 Volume plus error in the boundary surface

In our earlier historical review, we mentioned a means of quickly discovering first approximations to
lattice point sums. This is the schema “exact volume plus an error term in the order of the boundary
surface”. Tt applies to lattice sums where the weights are uniform, i.e. constant no matter where in or
on the surface a lattice point is located. Our measure is not uniform, but the schema still applies. To
see why, note that Vj, becomes uniform if we add the lattice points on P,, where each has weight 1/2.
The modified sum assignes unity weights to every point. However, the error with respect to V,, is clearly
on the order of the surface of P, (these are the extra points that were added to V},).

What does this schema say about % Zn 0 Vnr? We already know the volume of P,. The surface

area is obtained by substituting z = f(z,y) = 22+ y*> = r? in

// U+ 2 g2 v dr do.
F r

(This formula for the surface area in polar coordinates is a result from basic calculus.) Let A, be the

surface area of P,. We thus have

2 \/E
A, = / / 1+ 4r2 v dr df
o Jo
. Vi
_ 21 ni o T
= 2ﬂ[38(1+4r) ]0 6((1+4h) )
With
]N 171' 3 3
w25 (1ami-n)eo(vi),
we find
| Nl , s
ﬁn:OVH_Eﬂ-N EO( 2)
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6.4.2 Use of estimates for ry(n)

The circle problem is the problem of estimating § = inf 5 in

ng(n)—ﬂ'x € O(mﬁ).

n<x

We discuss # in a moment.

Recall that

With the above definition of 3, we have

n k-1 n n k-1 n
DD =Y wk=1)]= 3> m(l) = 5r(n—1)n| € o( (k — M) =0(n"*).
k=1 1=1 k=1 k=11=1 k=1
We also have
%Z ro(k) — -mn| €0 (nﬁ)
k=1
This yields
V,— —mn?l e (nﬁ"'l)

The term %Wnrz is the volume of P,; whence

1 N 1
2
ﬁzvn—gﬂ'N

n=0

€0 (%Nﬁ“) = O (NP

However, a classic result by Landau (1915) and a modern one by Wen-Lin Yin (1962), taken together

show that

12
<< —.
<B< 37

e

6.4.3 Comparison of the two elementary methods to ours

It is now readily apparent that neither of these two methods is as good as the Mellin-Perron approach.
The first produces an error in Q (N%>, off by /N at least from our N'+* Va € (=1,0). The second
comes closer; it gives O (NH'%"'E), for any ¢ € RY, but we still have 1 + o < 1+ % + ¢, and we know
that even the best possible improvement of the circle problem bound will only give 1 + % > 14 a.

It is also worth pointing out that the two elementary methods only tell us about the order of the

error term. We know what the error term is:

1= 1 N [t g 1 3 N*
ﬁnzzov :67I'N2+% B 45_1C(s) <C<5,Z>—C<5,1)>—S(8+1)(5+2)ds.
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6.5 Notes

An elementary proof of Theorem 6.2.1 can be found on [Kra81, p. 73, 165-167]. This proof is based on
the Dirichlet approximation theorem. A second proof is given on [HST91, p. 47, 59-62], where the result
is derived from Minkowski’s lattice point theorem. Another version of the first proof can be found on
[Fri82, p. 8-17]; the proof that we present in this chapter is substantially based on [Fri82, p. 13-15] (this
author’s proof that the product formula for r4(n) is equal to the divisor difference seems to be new). For
an introduction to Gaussian integers and an elementary, detailed discussion of Theorem 6.2.1, consult

[Sie64, p. 417-435]. The circle problem is discussed on [Fri82, p. 47-61] and [Kra81, p. 191-192].
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