
Heads and Phrases.Type Calculus for Dependency and ConstituentStructureMichael Moortgat & Glyn MorrillResearch Institute for Language and Speech (OTS, Utrecht)Draft Version. September 1991.Revised version to appear in Journal of Logic, Language andInformationAbstractFrom a logical perspective, categorial type systems can be situated withina landscape of substructural logics | logics with a structure-sensitive con-sequence relation. Research on these logics has shown that the inhabitantsof the substructural hierarchy can be systematically related by embeddingtranslations on the basis of structural modalities. The modal operators of-fer controlled access to stronger logics from within weaker ones by licensing ofstructural operations. Linguistic material exhibits structure in dimensions notcovered by the standard structural rules. The purpose of this paper is to gener-alize the modalisation and licensing strategy to two such dimensions: phrasalstructure and headedness. Phrasal domain-sensitive type systems capture thenotion of constituent structure; constituency relaxation can be licensed via anassociativity modality. The opposition between heads and non-heads intro-duces dependency structure, an autonomous dimension of linguistic structurewhich may cross-cut semantic function-argument asymmetry; exibility withrespect to dependency structure can be encoded by a licensing balance modal-ity. The interplay between constituent and dependency sensitivity leads tocharacterizations of well-formedness for linguistic objects structured as treesor strings, and headed trees or headed strings.With respect to overall grammatical organization the paper represents aperspective which takes as its basis type systems with the �nest structural dis-crimination that it is required to make, together with the idea that relaxationof structure sensitivity (i.e. increase in structure exibility), can be reduced tolicensing lexical type declarations. We discuss phenomena of non-constituentcoordination, prosodic restructuring and metrical organization which supportsuch a view.1 Substructural logics and structural modalitiesThis paper is concerned with a family of categorial type systems which, from alogical point of view, can be situated within a landscape of substructural logics.Substructural logics are characterized by structure-sensitive consequence relations:whether or not a conclusion A is derivable from assumptions � depends not juston the assumptions per se but on the way they are con�gured, i.e. on their organi-sational structure.Consider presentation of a consequence relation in terms of Gentzen style sequentcalculus. The architecture of sequent calculus consists of three general components:1



an identity group, logical rules, and structural rules. The identity group, containingthe identity axiom and the Cut rule in (1), capture the reexivity and (contextual-ized) transitivity of the derivability relation. The logical rules provide for each ofthe connectives a rule of use and a rule of proof. The logical rules are formulatedin such a way that Cut is eliminable, in the sense that all theorems are obtainablewithout use of the Cut rule. From Cut elimination it follows that Cut is a ruleadmissible to the Cut free presentation, i.e. its addition gives rise to no new theo-rems; but it is not in general derivable from Gentzen rules of use and proof. Thestructural rules tell us what aspects of the representation (usually a list) of assump-tions are irrelevant for the characterization of the consequence relation, i.e. whichrepresentations signify the same con�gurations. Di�erent choices of structural rulesgive rise to di�erent logics even while the logical rules are invariant.1The calculus of syntactic types of Lambek [14] (henceforth L) and IntuitionisticLogic (henceforth IL) occupy two extremes of a spectrum: the Lambek calculushas an empty set of structural rules, and thus is sensitive to all aspects of thelist representation of the database; Intuitionistic Logic admits structural rules ofPermutation and Contraction, which remove order-sensitivity and sensitivity forthe multiplicity of assumptions, and Weakening, which preserves derivability undergrowth of the database, i.e. which engenders a monotonic consequence relation.Addition of just permutation to L gives rise to (intuitionstic) Linear Logic, theimplicational fragment of which is also known as Lambek/van Benthem calculusLP.Below we present Gentzen sequent rules for L and structural rules the additionof which transforms it into IL. Note that addition of permutation already dissolvesthe distinction in directionality present in the syntactic calculus.Identity rules [Ax] A) A [Cut] T) A �; A;�) C�;T;�) C (1)Logical rules for =; �; n[R/] T; B ) AT) A=B T) B �; A;�) C�; A=B;T;�) C [L/][L�] �; A;B;�) C�; A �B;�) C �) A T) B�;T) A �B [R�][Rn] B;T) AT) BnA T) B �; A;�) C�;T; BnA;�) C [Ln] (2)Structural rules �; A;B;�) C�; B;A;�) C [P] (3)�; A;A;�) B�; A;�) B [C] (4)�;�) B�; A;�) B [W] (5)1The central role of the structural rules is stressed as follows by [12], p. 30:\: : : contrary topopular belief, these rules are the most important of the whole calculus, for, without havingwritten a single logical symbol, we have practically determined the future behaviour of the logicaloperations". 2



The character of the various points in this landscape has already been quite wellexplored; see for example [3] [5], [6], [22] [23].The sequent presentation given above shows characterisation of a structure-sensitive consequence relation by taking seriously the representation of a sequentantecedent and being fully explicit about allowable structural manipulation, start-ing from a database � notated by a list structure. Alternatively, one can eschewexplicit structural rules by reading antecedents as data structures less ornate thantheir notations. Interpreting � in sequents �) A not as a list but as a multiset(with the sequent comma as multiset union) builds in the order-insensitivity of theconsequence relation | the structural rule of Permutation becomes implicit. In asimilar way, one can build in Contraction by shifting to a set interpretation of �.Finally, irrelevant assumptions are allowed by extending the Axiom sequent A) Ato �; A) A, under the set interpretation of the database. The structural rule ofWeakening thus becomes implicit. See [11] or [21] for some discussion.As it has been described, the substructural landscape materializes by �xingattention on meta-logical notation. Once the basic point is grasped however, it isapparent that current possibilities are bounded only by the discriminatory powerof the representation for antecedents employed so far. We can only make as manystructural discriminations as can be represented. But by switching to successivelyricher notations the ceiling of structure-sensitivity can be raised without limit: thelandscape has no end. A general framework for the study of structure-sensitiveconsequence relations is provided by Gabbay's Labelled Deductive Systems ([9],[10]); see also Dunn's Gaggle theory, [8]).Linear logic and its relatives have become the focus of intensive study. Twothemes of these investigations are especially relevant for the linguistic applicationof type systems: (i) the decomposition of connectives in the more structure-sensitivelogics, and (ii) the introduction of controlled access to structural expressivity in theform of structural modalities. We discuss these two themes in the following para-graphs with respect to the rules of Permutation, Contraction and Weakening, andthen generalize them beyond these structural options: we introduce more structuraldiscrimination than above, and observe the same development of themes (i) and (ii).1.1 Decomposition of connectivesIn the preceding section we noticed the following general point concerning the traver-sal of the substructural landscape: structural rules destroy the organization of thetype assumptions. There is an immediate dependency therefore between the struc-tural component of our sequent calculi and the logical component. Addition ofstructural rules leads to a decrease in structural discrimination; connectives thatcan be distinguished in the more structured logics collapse; for example we have seenalready the collapse under permutation of predictive and retroactive implications.Viewing from the other direction: the withdrawal of structural rules leads to de-composition of connectives; connectives with a higher degree of structure-sensitivitybecome distinguishable. We can illustrate the above with the various metamor-phoses of the logical implication connective, which in its linguistic form underliesthe functional type-constructors.In the presence of contraction and weakening, logical implication exhibits alack of resource sensitivity: assumptions can be used in a deduction as often as onewants to use them| or not at all. Withdrawing Contraction/Weakening introducesresource sensitivity, i.e. it marks the move to logics of occurrences and deductionon the basis of multisets of assumptions. This is the contrast between intuitionisticand linear implication.Withdrawing Permutation introduces order sensitivity in the type inference sys-tem. The multiset logic becomes a logic of sequences of type occurrences. This3



is the minimal structure required for application of the logic to speci�cation ofgrammatical forms.In the remainder of the paper, we take up the theme of decomposition of con-nectives with respect to two dimensions of linguistic structure not covered by thestructural representations and rules we have discussed so far.Firstly, we include a dimension of associativity. The associative type system Lof [14] is ignorant of any notion of constituency. Withdrawal of the associativityassumption as for the type calculus NL of [15] introduces sensitivity to constituentdomains. Instead of strings the well-formed inhabitants of types become hierarchi-cally structured bracketed strings, i.e. trees. The regain of this constituent structuretogether with modality controlled exibility enables resolution of puzzling coordi-nation structure and prosodic phrasing phenomena.Secondly, we note that the standard functional type-constructors for left andright incompleteness derive (by residuation duality) from a single concatenationproduct. Linguistic phenomena of dependency and prominence suggest a cross-cutting of the function-argument asymmetry with an autonomous head-dependentopposition. We obtain this opposition by decomposing a single product into a left-dominant and a right-dominant variant and obtaining residuation duality for both.Each tree then has a distinguished daughter that can be interpreted as the head(versus the dependent). As an example of application, we show how the intro-duction of headed tree adjunction provides the apparatus for the representation ofhierarchical prosodic organization in terms of metrical trees.1.2 Structural modalitiesThe important lesson to be learned fromLinear Logic is that access to the structuraloperations can be reintroduced in a type-controlled manner in the form of extraconnectives, the so-called structural modalities or exponentials. The `of course'modality (`!') in Linear Logic does this for Contraction and Weakening. KostaDo�sen has investigated the modalization strategy in its generality, cf. his [7]. Thecommon logical pattern of the modalities is outlined below. As to notation: weuse a general modal operator 2, subscripted for speci�c structural operations, orunsubscripted for rules which apply to the modalities in general.[2L] �[A]) B�[2A]) B 2�) A2�) 2A [2R] (6)As governers of structural operations from within the logic, structural modalitieshave both structural rules and logical rules. In accordance with the sequent archi-tecture, the new modal operators need logical rules of use and proof. The rule ofuse [2L] tells us that at a certain point in a deduction, a agged modal assumption2A �nds itself in a structural con�guration where it can be used as an unaggeddatum of type A. The rule of proof [2R] allows one to derive a agged 2A froma database of which all the components are modalized, provided one can derive anunagged datum of type A from this fully modalized database. In the logical rulesfor 2 we recognize the sequent rules of the modal logic S4.The S4 basis is shared by the distinct modalities. Next to this basis, each modal-ity has an operational rule which performs the manipulation of the its correspondingstructural operation. But the structural rules are now subject to the condition thatthe minimal structural con�gurations involved contain licensing modal assumptions2iA.22Notice that the ' !' modality (in our notation 2!) of Linear Logic is in fact a combination ofReuse and Waste of resources, which in principle could be considered apart, as is done in ([18],[1]) on linguistic grounds. 4



� Reusability of resources [2!C] �;2!A;2!A;�) B�;2!A;�) B (7)� Waste of resources �;�) B�;2!A;�) B [2!W] (8)� Permutation�; A1; A2;�) B�; A2; A1;�) B [2pP] provided Ai is of the form 2pC (9)Once we have de�ned the family of structural modalities, stronger type logicscan be embedded into weaker ones via embedding translations. Thus (implicational)Intuitionistic Logic is faithfully embedded in Linear Logic by the following transla-tion, i.e. IL ` �) A if and only if ILL ` !j�j ) jAj.jAj := A for A atomicjA! Bj := !jAj��jBj (10)Linguistic applications of modalities such as permutors are explored in [18] and[1]. Unidirectional permutors ([18]), one moving left and the other right, couldprovide potential for treatment of e.g. quanti�er oating. And permutors may beused for medial extraction; thus assignment of an object relative pronoun to type(cnncn)=(s=np) allows only peripheral extraction, but a type (cnncn)=(s=2pnp)would allow also non-peripheral extraction such as the man that John saw on Mon-day. Then parasitic extraction, with multiple gaps: the paper that John �led with-out reading, can be approached by adding also to the gap subtype an orthogonalmodality for contraction ([18]), or else having an modality that aggegates licensingof contraction and permutation ([1]).2 Associativity and constituent domains2.1 Associative versus non-associative LThe sequent presentation of L in the preceding section hides an implicit assumptionabout the structure-sensitivity of the derivability relation. In order to uncover thisimplicit assumption, we move from the metalevel presentation (sequent calculus)to a more elementary presentation of the logic of the type constructors, in termsof categorical combinators. Below one �nds the categorical presentation of L asoriginally introduced in [14]. We write f : A! B for a proof that the combinator fmaps A into B. It is interesting to study the structure of this combinator presenta-tion. The identity arrow id and the composition of arrows are essential componentsof any well-behaved derivability relation. What we want to focus on is the arrowsand rules that capture the properties of the type-constructors with respect to thederivability relation. id : A! A f : A! B g : B ! Cg � f : A! C (11)� : A � (B �C)$ (A �B) �C : ��1 (12)5



f : A �B ! C�(f) : A! C=B f : A �B ! C(f) : B ! AnCg : A! C=B��1(g) : A �B ! C g : B ! AnC�1(g) : A �B ! C (13)The categorical presentation highlights the central role played by residuation inconnecting the family of connectives f=; �; ng. We introduce the concept of residu-ation in a general setting �rst, following [8], then present the categorial type con-structors in a residuation perspective.Consider two partially ordered sets A = (A;�) and B = (B;�0) with functionsf : A 7! B and g : B 7! A. The pair of functions (f; g) is called residuated i�fx �0 y i� x � gy (14)Although in general we want to keep A and B distinct, we can for the purposesof this discussion consider them to be equal. An alternative de�nition of residuationfor a pair of functions (f; g) is given by requiring f and g to be monotone (15), andby having the functions satisfy the inequalities of (16).if x � y then fx � fy and gx � gy (15)fgx � x; x � gfx (16)How does the concept of residuation apply to the categorial type constructors?To establish the connection, let us interpret the partially ordered set A (= B) as theset of types, ordered by set-theoretic inclusion. The categorial pairs (�; =) and (�; n)are now easily recognized as binary generalizations of the notion of residuation justde�ned for unary operations f; g. For the right residual pair (�; =) we can read f as� � B and g as �=B, i.e. the product and division operations relativized to some�xed parameter type B. The de�ning equation (14) then becomesA �B � C i� A � C=B (17)Similarly for the left residual pair (�; n), where we read f as A � � and g as An�,and obtain A �B � C i� B � AnC (18)When we compare what we have got above in (17) and (18) with the categoricalpresentation of L, we observe that the residuation relation between � and = and n,as given in (13), is in fact all that is needed for a minimal system of type-formingoperators f=; �; ng. The associativity arrow (12) can be added as an extra structuralproperty of the concatenation operation �, giving rise to the standard type calculusof Lambek [14], or it can be withheld, resulting in the non-associative variant of[15].Consider now the alternative characterization of residuation, in terms of mono-tonicity (15) and the inequalities of (16). The following derived rules of inferencecapture the monotonicity properties of the categorial type constructors with respectto the derivability relation (A �B monotone in both the A and B argument, A=Band BnA monotone in A and antitone in B). These derived rules of inference areindependent of the associativity assumptions one wants to impose on �.Monotonicity of �: f : A! B g : C ! Df � g : A �C ! B �D (19)6



Monotonicity of =; n:f : A! B g : C ! Dgnf : DnA! CnB f : A! B g : C ! Df=g : A=D ! B=C (20)Reading again, for the right residual pair (�; =) f as � �B and g as �=B, and fas A � � and g as An�, for the left residual pair (�; n), the inequalities of (16) turnup as the categorial arrows of (21) below.appr : A=B �B ! A appl : B �BnA! A (21)appr�1 : A! (A �B)=B appl�1 : B ! An(A �B) (22)The reader may recognize in (19), (20) and (21), (22) a slight variant of Zielonka's[24] axiomatization of Lambek's type calculus, which has the application arrows (21)and type lifting ((23) instead of (22)) as the characteristic axioms. The associativesystem L is obtained by adding the division arrows (24).liftr : A! B=(AnB) liftl : A! (B=A)nB (23)divr : A=B ! (A=C)=(B=C) divl : BnA! (CnB)n(CnA) (24)The intended interpretation of types which is in accordance with the residuationcharacterization of =; �; n is based on a set U obtained by closing the set of lexicalatoms under a concatenation operation `+' which we take as associative for L andas non-associative for NL. Atomic types pick out arbitrary subsets of U . Complextypes get their denotations as follows.D(A �B) = fj9��[ = �+ � & � 2 D(A) & � 2 D(B)]gD(C=B) = fj8��[(� =  + � & � 2 D(B)) ! � 2 D(C)]gD(AnC) = fj8��[(� = � +  & � 2 D(A)) ! � 2 D(C)]g (25)In order to o�er the reader some insight into the combinatorics of the systemswe are discussing, we show how to derive type lifting from (22) in (26). In thederivation of (27) we show how the division arrows depend on the associativity of�. This derivation makes use of the residuation inferences of (13).appr�1 : A! (A �AnB)=(AnB) appl: A �AnB ! B id: AnB ! AnBappl/id: (A �AnB)=(AnB) ! B=(AnB)(appl/id) � appr�1 : A! B=(AnB) (26)(27)((A=B) � (B=C)) �C ! (A=B) � ((B=C) �C) (A=B) � ((B=C) �C)! A((A=B) � (B=C)) �C)! A(A=B) � (B=C)! A=CA=B ! (A=C)=(B=C)Let us give some linguistic illustrations of the type transitions which we intro-duced here in an abstract setting. Consider �rst the distributional di�erences be-tween ordinary noun phrases, as represented by proper nouns, versus noun phraseswith an overt case marking, hence a limited distribution. Proper nouns are assignedtype np. With this type they will be able to occupy any np argument position offunctors subcategorizing for that type. In contrast, a personal pronoun like `I' canbe given a higher order lexical type declaration which accounts the distributionalrestriction to subject argument position. The type declarations below distinguish7



between the well-formed I kissed Mary and the ill-formed Mary kissed I. At thesame time the lifting arrow (23) properly relates the inhabitants of type np to thoseof type s=(npns).Mary := npI := s=(npns)kissed := (npns)=npneeded := (npns)=((s=np)ns) (28)For an illustration of type inference which depends on the monotonicity prop-erties of the type constructors, consider transitive verbs of the need variety. Al-though from a purely syntactic point of view one could say that these verbs re-quire a direct object argument, strong arguments have been given that in terms offunction-argument structure the direct object has to be of the higher-order gener-alized quanti�er type, say (s=np)ns. How then do we derive the sentence I neededMary, where need is combined with a simple np type object, rather than a higherorder (s=np)ns? One can approach the problem in two ways: either by observingthat the type transition from np to (s=np)ns is an instance of our lifting schema(23), or by taking the lifting arrow as the premise for a monotonicity inference (cf.20), which then `lowers' the direct object argument of the verb to type np.id : npns! npns liftl : np! (s=np)nsid/liftl : (npns)=((s=np)ns)! (npns)=np (29)As we remarked at the beginning of this section, the sequent notation of L buildsin the associativity of the product operator by having an n-place sequent commawhich serves as the metasymbol for �. In order to obtain a uniform presentation forthe more highly structured type logics that will be the focus of our attention be-low, we recast the sequent formulations in the following structure-sensitive way. Asequent �) A represents a deduction of a type A from a structured con�gurationof type assumptions � represented as bracketed and perhaps labelled. To notatethe logic of the type constructors we need a general notion of distinguished occur-rence of a subcon�guration �0 in a structured con�guration �: we write �[�0].Con�guations are separated by a sequent comma having a structural interpretationwith structural rules to match.Substitution of structured con�gurations is represented by means of the distin-guished occurrence notation: the Cut rule states that a structure � replaces a typeA situated in a structure �. Below is the full sequent presentation of NL wherecon�gurations have a tree structure, being (unlabelled) bracketed sequences of typeassumptions. [Ax] A) A[R/] (�; B)) A�) A=B �) B �[A]) C�[(A=B;�)]) C [L/][Rn] (B;�)) A�) BnA �) B �[A]) C�[(�; BnA)]) C [Ln][L�] �[(A;B)]) C�[A �B]) C �) A �) B(�;�)) A �B [R�][Cut] �) A �[A]) C�[�]) C (30)8



To obtain L from NL, we need an explicit structural rule allowing the rebrack-eting of assumptions. �[(�1; (�2;�3))]) B�[((�1;�2);�3)]) B (31)For controlled (rather than global) access to rebracketing, we have the modalversion of the structural rule, in the form of an Associativity (Restructuring) modal-ity 2a.3 �[(�1; (�2;�3))]) B�[((�1;�2);�3)]) B [2aA] provided �i is fully modalized (32)The Restructuring modality operates on an S4 base, which we recapitulate herefrom (6) in its readjusted format.[2aL] �[A]) B�[2iA]) B 2i�) A2i�) 2iA [2aR] (33)2.2 Constituency: linguistic applicationsLet us compare the merits of L and NL. The associative calculus represents atheory of exible constituency which o�ers successful accounts of phenomena suchas non-constituent coordination or mismatches between phonological and syntacticstructure. On the negative side, this system is insensitive to domains of locality,as represented in terms of a rigid constituency concept. The strategy of licensingstructural modalities allows one to combine the attractive properties of both Land NL. We start from a non-associative basis, i.e. a domain sensitive system,and explicitly license exible adaptations of constituency by means of modal type-assignments to the elements that are responsible for the exibility.We will illustrate the strategy with two standard examples of structural re-laxation: so-called non-constituent coordination phenomena, where the licensingelements are the Boolean particles and, or, and prosodic restructuring as licensedby weak function words.Generalized coordinationConsider �rst the problem of generalized cordination The type declaration to theBoolean particles has to account in an integrated way for the semantic and syntacticproperties of coordination, resolving the tension between semantic generality andsyntactic particularities. On the one hand there is generalized type conjoinability.From a basic meaning recipe for coordination in the truth-value domain, coordi-nation of arbitrary conjoinable types is derivable in a systematic fashion. On theother hand however there is (for example, in English) a left/right peripheral incom-pleteness asymmetry. The semantic characterization of conjoinable types predicts3The generalmodalization strategyoutline above from the sequent perspective can be developedfor the combinator presentation as well, as shown in [7]. The characteristic combinators for thestructural modalities are given below. For assl, assr, perm, we make the proviso that one of thefactors A, B, C is modalized, i.e. of the form 2D.assl : A � (B � C)! (A �B) � Cassr : (A �B) �C ! A � (B � C)perm : A �B ! B �Acont : 2A ! 2A �2Aexp : 2A �2A ! 2Athin : A � 2B ! A9



coordination of non-constituents. However, not all such forms of non-constituentcoordination are syntactically well-formed. The observed constraints point to anasymmetry between acceptable incompleteness violating left phrasal edges versusunacceptable violations of right phrasal edges unless accompanied by highly markedintonation. Compare the well-formedness on unmarked intonation of John saw (Billon Monday and Mary on Tuesday) with the symmetrical (John loves but Peterhates) bagels which on unmarked intonation would be ill-formed.4It is easy to derive `non-constituent' Boolean coordination in associative Lambekcalculus by assigning coordinating particles a polymorphic type (AnA)=A with A atype with a value s on saturation. (The lexical semantics for such a type-assignmentschema induces multiple-bind lambda programs, i.e. controlled (parallel) access toreuse of resources.) The associative character means that any contiguous substringsthat can form sentences in the same context can be coordinated, leading to suchghastly predictions as the mother of and Bill thought John arrived. On the otherhand, the non-associative Lambek calculus would allow coordination only of con-stituents.The apparently conicting requirements can be captured in a recursive polymor-phic type declaration scheme for the Boolean particles in NL with an associationmodality. and 2 (sns)=s ; �x�y:x ^ yand 2 (AnA)=Aand 2 ((2aBnA)n(BnA))=(2aBnA) ; u�x�y�z:xz u yzand 2 (AnA)=Aand 2 ((A=B)n(A=B))=(A=B) ; u�x�y�z:xz u yzThe following derivation illustrates how conjuncts such as Mary on Tuesday canbe derived as of type 2a(vp=np)n((2anp)ns). and can thus be coordinated. Bycontrast, elements such as John loves, while they have type s=(2anp), do not havetype s=np, so that the type declaration given for coordinating particles does notrecognise them as conjuncts.(34)np) np vp) vp np) np s) snL[np; vp]) s 2aL[2anp; vp]) snRvp) (2anp)nsnL[vp; vpnvp]) (2anp)nsnE[[vp=np; np]; vpnvp]) (2anp)ns 2aL[[2a(vp=np); np]; vpnvp]) (2anp)ns2aA[2a(vp=np); [np; vpnvp]]) (2anp)nsnR[np; vpnvp]) 2a(vp=np)n((2anp)ns)Consider the e�ect of the above type-assignment schema in general: violation ofconstituent boundaries has to be explicitly licensed by means of the Associativity4Historically, Right node raising has received more grammatical accounts than the less markedbutmore puzzling Left node raising. Whether we wish to model grammaticalitywith respect to un-marked intonation or grammaticality with respect to a non-speci�c intonation is a methodologicalmatter; those who insist on the latter should take our example as illustrative only.10



modality 2a. The left-division subtypes carry the modality and so characterize theleft edge as the locus for non-constituent phenomena. The right- division subtypesare non-modal | they have to coincide with constituent boundaries.Prosodic restructuringAs a second application of the licensing modalization strategy, we discuss structuralmismatches between prosodic and semantic organization of linguistic material. Acharacteristic example is presented below.5� Prosodic phrasing:(the cat) (that caught the rat) (that stole the cheese)� Syntactic/semantic organization:(the (cat (that caught (the (rat (that stole the cheese))))))To achieve constituent structure we must work in NL. Let us assume the typedeclarations given below.the := np=cncat, rat, cheese := cncaught, stole := (npns)=np (35)Prosodically we would wish to add that 2 (npnnp)=(npns), but semantically weneed (cnncn)=(npns). Such conicts have been inuential in the design of grammararchitecture, and represent a challenge to simple monostratality, as in categorialgrammar. Prosodically governed forms of restructuring such as that above arediscussed in [17] from the perspective of the associative type calculus L, but fullassociativity of its nature fails to impose a preferred bracketing, being able in prin-ciple to resolve any form of mismatch between prosodic and semantic organizationof linguistic material.For constituency, we need to take NL as a basis, and for the puzzling mismatchwe add a pinch of modally controlled associativity. The solution rests on the insightthat the type assignment assumed above is not minimal/adequate if it is intended toaccount for semantic and prosodic properties of the expression in a parallel fashion.We present the solution in two steps. First we address the problem of triggeringrestructuring, abstracting from constituent sensitivity, i.e. working from the L per-spective. Then we present a modalized version of the required type declaration,which pinpoints the exact place where restructuring has to be explicitly licencedwithin non-associative NL.The prosodically governed restructuring can be triggered by a higher-order typeassignment to postnominalmodi�ers. The type assignment (np=(cnncn))nnp (ratherthan cnncn) forces an attempt to combine determiner and nominal into np=(cnncn)The argument here is essentially the same as the argument for higher-order type as-signment to transitive verbs of the need variety. Although in that case a (npns)=npassignment would be adequate to account for the syntactic behaviour of such an ex-pression, semantic considerations require the type to be minimally (npns)=((s=np)ns).The Natural Deduction derivation below illustrates the syntactic and semantic com-position of a noun phrase with postnominal modi�cation.6 Notice that the lambda5Although in the literature these examples are generally presented as mismatches between syn-tactic and prosodic organization, the relevant non-phonological level involved in fact can be takenas semantic function-argument structure, rather than syntax. See [17] for discussion. Crucially,the modi�er is within the semantic scope of the determiner: the cat that caught the rat that stolethe cheese sleeps does not entail a sole cat.6We simpli�ed the example to a postnominal prepositional modi�er rather than a relativeclause. 11



recipe for the complete np contains the subterm �A:the(A(man)) where the boundvariable represents the slot in the scope con�guration where the modi�er belongs.at'(the(desk))(�A:the(A(man))) : np�A:the(A(man)) : (np=(nnn))the(A(man)) : npthe : (np=n)the




 JJJJJA(man) : nman : nman����� AAAAAA : (nnn)A
������� QQQQQQQat'(the(desk)) : ((np=(nnn))nnp)at' : (((np=(nnn))nnp)=np)at ����� @@@@@the(desk) : npthe : (np=n)the����� TTTTTdesk : ndeskThe meaning of the higher-order expression at' as a matter of fact is not unre-lated to the primitive meaning in type cnncn. A higher-order lambda programcan be derived from a primitive meaning in cnncn (cf. lifting). Our solutionto the restructuring problem then is to lexically type postnominal modi�ers as(np=(cnncn))nnp (as their minimal type taking prosodic behaviour into account)and assign them a non-primitive lambda recipe | a meaning recipe expressed interms of a primitive constant in type cnncn. See the derivation below for therequired type transition. The reader will �nd that substituting the higher orderlambda recipe for at' in the natural deduction derivation above results in a scopecon�guration where indeed the modi�er is within the scope of the determiner, i.e.where the apparent mismatch between prosodic and semantic organization is re-solved. Anp ) Anp Ccn ) Ccn at(A)(C)cn ) at(A)(C)cnCcn;at(A)(cnncn) ) at(A)(C)cnCcn; at((cnncn)=np);Anp ) at(A)(C)cnat((cnncn)=np);Anp ) �C:at(A)(C)(cnncn) B(�C:at(A)(C))np ) B(�C:at(A)(C))npB(np=(cnncn));at((cnncn)=np);Anp ) B(�C:at(A)(C))npat((cnncn)=np);Anp ) �B:B(�C:at(A)(C))((np=(cnncn))nnp)at((cnncn)=np) ) �A�B:B(�C:at(A)(C))(((np=(cnncn))nnp)=np) (36)The argument sofar abstracted from constituent sensitivity: the combinationof determiner and noun as np=(cnncn) requires associativity. Starting from a NL12



base, restructuring must be licensed (rather than being generally available). Belowone �nds the modalized version of the restructuring type declaration. Remark thatthis is not | and of course should not be | a derivable form of modalized liftingfrom cnncn. But as the structural modalities are semantically neutral, the typededuction above relating lower order primitive at and higher order at' still goesthrough. the := np=n theman, desk := n man, deskat := ((np=2a(nnn))nnp)=np �A�B:B(�C:at(A)(C)) (37)The derivation below makes it clear where the restructuring modality licensesrelaxation of constituent structure.n) n np) np[(np=n); n]) np n) n n) n np) np[(np=n); n]) np[(np=n); [n; (nnn)]]) np[(np=n); [n;2a(nnn)]]) np[[(np=n); n];2a(nnn)]) np[(np=n); n]) (np=2a(nnn)) np) np[[(np=n); n]; ((np=2a(nnn))nnp)]) np[[(np=n); n]; [(((np=2a(nnn))nnp)=np); [(np=n); n]]]) np (38)3 Dependency structure and alternation3.1 Non-associative type calculus for headed treesIn the preceeding sections we have explored the nature of linear logic and Lambekcalculus in characterising inference on resources which are con�gured as data struc-tures of various kinds: bags, lists, and trees. We introduce now, as an example ofa still more highly structured resource domain, type calculus for headed trees, i.e.(binary) trees in which each mother node has a distinguished daughter: either theleft or the right subtree it immediately dominates is designated as head, and hencethe other as non-head, or dependent.7 We then consider the interplay between thedimension of constituent structure and structuring in terms of the head/dependentasymmetry. We present associative versions of the head-sensitive type system inwhich hierarchical organisation is removed; the forms of associativity we considerare such that they preserve certain aspects of the dependency structure while ignor-ing others. In one particular formulation inference is conditioned on data structuredas a list with two distinguished elements, the head and the non-head.Recall that the non-associative Lambek calculus is de�ned on the basis of leftand right residuation with respect to a non-associative binary operation + whichwe may take to be adjunction of trees and its setwise generalisation. For the logic ofheaded trees we begin with two such operations, +l and +r, being the constructors7It would be possible to formulate a type calculus for n-ary trees, though that is a task beyondthe scope of the present article. 13



of left- and right-headed trees respectively:D(A � B) = fj9��[ = �+l � & � 2 D(A) & � 2 D(B)]gD(A � B) = fj9��[ = �+r � & � 2 D(A) & � 2 D(B)]gD(A��B) = fj8��[(� =  +l � & � 2 D(B)) ! � 2 D(A)]gD(A��B) = fj8��[(� =  +r � & � 2 D(B)) ! � 2 D(A)]gD(B��A) = fj8��[(� = � +r  & � 2 D(B)) ! � 2 D(A)]gD(B��A) = fj8��[(� = � +r  & � 2 D(B)) ! � 2 D(A)]g (39)By way of illustration, if � is of type A, � of type B, and  of type C, � +r (�+l )is of type A� (B �C); and if � is of type (D��A)��B, (� +r �) +l � is of type D.The validity of the following categorical presentation of the derivability relationfollows as for the Lambek calculus before. Notice that we see here the themeof decomposition of connectives: in the more highly structured resource domain oftrees with a designated head daughter the connectives � and � can be distinguished;in a resource domain where we have no structuring in terms of a head/non-headopposition, these connectives collapse into the � connective.id : A �! A f : A �! B g : B �! C(gf) : A �! Cf : A� B �! C�r(f) : A �! C��B f : A �B �! Cr(f) : B �! A��Cg : A �! C��B��1r (g) : A� B �! C g : B �! A��C�1r (g) : A� B �! Cf : A� B �! C�l(f) : A �! C��B f : A�B �! Cl(f) : B �! A��Cg : A �! C��B��1l (g) : A� B �! C g : B �! A��C�1l (g) : A� B �! C
(40)

This calculus delivers lifting theorems in the manner illustrated in (41).(41) id : A��B �! A��B�1l (id) : A � (A��B) �! B�l(�1l (id)) : A �! B��(A��B)The other three lifting theorems share the property of complementarity in the`colouring' of divisors:A �! B��(A��B)A �! (B��A)��AA �! (B��A)��A (42)Statements such as A �! B��(A��B) are not valid, and are not theorems. Thisfact could be veri�ed by means of a decision procedure for the calculus. A sequentpresentation is obtained in a manner analogous to that for Lambek calculus. Itdi�ers in no respect that could e�ect Cut-elimination, so that Cut-free proof search14



constitutes a decision procedure for the headed type calculus[Ax] A) A[R��] [lX;B]) AX ) A��B X ) B Y (A)) CY ([lA��B;X])) C [L��][R��] [rX;B]) AX ) A��B X ) B Y (A)) CY ([rA��B;X])) C [L��][R��] [rB;X]) AX ) B��A X ) B Y (A)) CY ([rX;B��A])) C [L��][R��] [lB;X]) AX ) B��A X ) B Y (A)) CY ([lX;B��A])) C [L��][L�] X([lA;B])) CX(A � B)) C X ) A Y ) B[lX;Y ]) A� B [R�][L�] X([rA;B])) CX(A � B)) C X ) A Y ) B[rX;Y ]) A� B [R�][Cut] X ) A Y (A)) CY (X) ) C
(43)

3.2 Illustration: dependency structures and metrical treesIn the above section we have introduced the dimension of dependency structure interms the head/non-head asymmetry in a completely general way, without commit-ting ourselves to any particular domain of application. The important point hereis that we consider the dependency asymmetry as an autonomous dimension of lin-guistic organization | a dimension which may cross-cut the distinctions that canbe made in terms of the function/argument opposition. Our position then shouldbe contrasted with approaches where headedness (in whatever sense is at issue) isde�ned in terms of function/argument structure, i.e. where it is a derivative con-cept just employed in elucidation.8 In taking the head/non-head asymmetry asprimitive, our proposal rather squares with recent work of Zwicky's.To illustrate the calculus of headed tree, and motivate the primitive head con-cept, we now consider employment of metrical trees in description of the rhythmicalproperties of speech. A metrical tree is simply a binary tree in which each mothernode marks one daughter as strong (s) and the other as weak (w). It is thus aheaded tree in our sense.Metrical trees specify a hierarchical organisation of localised stress assignmentsinterpreted as prosodic prominence contours. The Hoeksema ([13]) interpretationthat we shall now assume interprets each path in a metrical tree as a degree ofstress subordination equal to the value of the binary numeral obtained by readingw as 1 and s as 0 from leaf to root. The prominence assignments (which are in factalways total orderings) de�ned by this procedure are illustrated in Figure 1. That8Examples of such a derived notion of head can be found in [2].15



A� (B �C) : 120 A � (B � C) : 102 A � (B �C) : 031 A� (B �C) : 013R A� (B �C)A w1����� CCCCCs B � CB w10����� CCCCCs C00
R A� (B �C)A w1����� CCCCCs B �CB s00����� CCCCCw C10

R A� (B � C)A s0����� CCCCCw B � CB w11����� CCCCCs C01
R A � (B � C)A s0����� CCCCCw B � CB s01����� CCCCCw C11xx xx x x xx xx x x xx xx xx x x xx xx xx x x(A� B) �C RA �B sA s00����� CCCCCw B10����� CCCCCw C1 (A �B) � C RA� B sA w10����� CCCCCs B00����� CCCCCw C1 (A �B) � C RA� B wA s01����� CCCCCw B11����� CCCCCs C0 (A� B) �C RA �B wA w11����� CCCCCs B01����� CCCCCs C0xx xx x x xx xx x x xx xx xx x x xx xx xx x x(A� B) �C : 021 (A � B)� C : 201 (A �B) � C : 130 (A� B) �C : 310Figure 1: Hoeksema interpretation of metrical trees16



this interpretation is one-to-one accords with the invalidity of any restructuring,such as association, in this headed calculus.As our minimal examples, consider the following, and read them as replies to aquestion: What happened?a. John arrived.b. John left. (44)Observe that the neutral utterance of (44a) has stress on the subject; stress on theverb phrase puts the verb in focus. Conversely, the neutral utterance of (44b) hasstress on the verb phrase; stress on the subject puts the proper name in focus. Themetrical con�gurations for the non-focusing pronunciations are those in (45).a. [lJohn arrived]b. [rJohn left] (45)These are given by the lexical asignments in (46). Observe that any attempt tocharacterize prosodic structuring purely in terms of the function/argument asym-metry would have to treat the two verbs on a par: here then we see an example ofthe autonomous character of the dependency dimension.arrived := n��sJohn := nleft := n��s (46)However, a subject pronoun is weak in both cases (on the neutral pronunciation)a. I arrived.b. I left. (47)A characterisation of this (other than the non-solution of conjoining lexical entries)will be given by incorporation of a structural modality on the pattern that hasalready been seen. Observe that the following structural rule of alternation orbalance collapses the headed calculus into the non-associative calculus NL, in thesame way that association collapses NL into L, and contraction and weakeningcollapse linear logic into intuitionistic logic.X([rY; Z])) AX([lY; Z])) A [B] (48)We control alternation by means of a structural modality 2b, requiring that eitherY or Z in (48) is 2b-modal, i.e. that one or other of these subcon�gurations containsonly2b-modal types. As before, 2b has the left and right rules of S4 modality and wewould expect the non-associative calculus to be faithfully embedded in the headedcalculus by the embedding translation (it making no di�erence which colouring ischosen for implications).We saw above that subject pronouns get a lifted lexical type declaration cap-turing their restricted case. What then would be the appropriate modalized typeassignment? The stress subordination of subject pronouns with respect to bothstrong and weak functors is obtained by the following lexical assignment.9he := s��((2bn)��s) (49)In view of the principal connective in its type, it is clear that `he' can only combine9A type s��((2bn)��s) would have done equally well.17



as prosodic non-head with a verb phrase. To see that derivation goes through fully,observe the following proof.a. He arrived.b. [rs��((2bn)��s); n��s]) s [��L]n��s) (2bn)��s [��R][r2bn; n��s]) s [B][l2bn; n��s]) s [2bL][ln; n��s]) s [��L]n) n ids) s ids) s id (50)The derivation of `he left' would be the same, but without the need for an appli-cation of alternation.3.3 Associativity and dependencyIt has already been pointed out that the Hoeksema interpretation of metrical treesassigns all distinct trees a distinct prosodic value. In the original interpretationof Liberman and Prince ([16], p259) each leaf is assigned a degree of stress sub-ordination equal to the depth of its lowest dominating w-node.10 Under such aninterpretation there are equations such as the following:a. (a +l b) +l c = a+l (b+r c)b. a+r (b+r c) = (a+l b) +r c (51)So far as application to prosodics is concerned however, this system appears tobe too discriminatory (and the Hoeksema scheme even more so). For instance, afully right-branching and right-headed tree will assign successive degrees of stresssubordination 1, 2, 3, : : : , 0 to its left-to-right leaves with as many levels as theyield is long. Accordingly, Liberman and Prince ([16], p. 316) propose a \RelativeProminence Projection Rule" requiring just that the s-head of each s-daughter treeis more highly stressed than the s-head of its w-daughter sister tree.11 More radicallystill we may propose just head-preservation, so that any trees are equated that havethe same number of leaves, the same one amongst which is the s-head.For prosodic applications, such s-head preservation may be an appropriate tothe description of main stress alone, but a slightly more sensitive tool, and the onewith which we shall continue our little illustration, corresponds to an interpretationof metrical trees which distinguishes both the s-head and the w-head as the mostand least prominent elements respectively, but makes no other distinctions. This isillustrated in Figure 2.It is easy to see by induction that every tree has a unique s-head and a distinctunique w-head. Transformations preserving this headedness are valid; these are asfollows: X([l[lY1; Y2]; Y3]), X([lY1; [lY2; Y3]])X([rY1; [rY2; Y3]]), X([r [rY1; Y2]; Y3]) (52)10In the absence of any dominating w-node the stress subordination should be de�ned to bezero. Liberman and Prince actually increment all degrees by one in order to mimic the stressnumbering of cyclic transformational treatment of stress assignment, cf. Chomsky and Halle [4],which counts from one upwards.11In the metrical phonology literature the s-head is usually referred to as the distingished ter-minal element, DTE. 18



A � (B � C) : �0+ A� (B �C) : � + 0 A � (B � C) : + � 0 A � (B � C) : +0�R A� (B �C)A w1����� CCCCCs B � CB w10����� CCCCCs C00
R A� (B �C)A w1����� CCCCCs B �CB s00����� CCCCCw C10

R A� (B � C)A s0����� CCCCCw B � CB w11����� CCCCCs C01
R A � (B � C)A s0����� CCCCCw B � CB s01����� CCCCCw C11xx xx x x xx xx x x xx xx x x xx xx x x(A� B) �C RA �B sA s00����� CCCCCw B10����� CCCCCw C1 (A �B) � C RA� B sA w10����� CCCCCs B00����� CCCCCw C1 (A �B) � C RA� B wA s01����� CCCCCw B11����� CCCCCs C0 (A� B) �C RA �B wA w11����� CCCCCs B01����� CCCCCs C0xx xx x x xx xx x x xx xx x x xx xx x x(A �B) � C : +0� (A� B) �C : 0 + � (A �B) � C : 0� + (A �B) � C : �0+Figure 2: Head-and-foot interpretation of metrical trees19



The validity of the top case follows since the paths from the root to leaves inY1 change only between {s{s{ and {s{, which cannot alter whether or not any pathleads to the s-head (clearly none lead to the w-head), and likewise those to leavesin Y3 change only between {w{w{ and {w{, which cannot alter whether or not anypath leads to the w-head (clearly none lead to the s-head); and changing the pathsinto Y2 between {s{w{ and {w{s{ makes no di�erence since neither could lead toeither head. The bottom case is symmetric.This restructuring corresponds to internal associativity for each product:a. (A �B) � C = A� (B �C)b. A� (B � C) = (A �B) �C (53)We obtain an associative headed calculus by addition of the following axioms tothe categorical presentation of the non-headed calculus.�l : (A �B) � C  ! A� (B �C) : ��1l�r : A � (B � C) ! (A� B)� C : ��1r (54)A sequent presentation is obtained by adding:X([l[lY; Z];W ])) AX([lY; [lZ;W ]])) A [Al]X([rY; [rZ;W ]])) AX([r[rY; Z];W ])) A [Ar ] (55)Assuming still cut-elimination, a decision procedure is provided by cut-free proof-search on the basis of the sequent presentation with a trivial check on re-cyclingamongst the (always �nitary) possibilities for re-bracketing. In the appendix aformulation is given which drops unnecessary bracketing and keeps associativityimplicit, as in the sequent formulation of associative Lambek calculus.Consider now (56).John saw Mary. (56)The non-focusing prominence contour rises left-to-right. Inspection of �gure 2indicates that type assignments (n��s)��n and n��(s��n) project the appropriatecon�gurations (these two types are mutually derivable). Assume the lexical entry:saw := (n��s)��n (57)Then derivation for (56) is as follows.[rn; [r(n��s)��n; n]]) s [��L]n) n id[rn; n��s]) s [��L]n) ns) s (58)The prominence contour for `John seeks Mary' is the same. The intensional-objecttransitive verb `seek' can be assigned a type:seeks := (n��s)��((s��n)��s) (59)Thus: 20



[rn; [r(n��s)��((s��n)��s); n]]) s [��L]n) (s��n)��s [��R][rs��n; n]) s [��L]n) n ids) s id[rn; n��s]) s [��L]n) n ids) s id (60)Not all transitive verbs have the same neutral prosodic context. Oehrle ([19])notes that (61) again has the object strongest, but the verb and not the subject isweakest.John passed Mary. (61)From �gure 2, we see that the following lexical assignment is required.passed := n��(s��n) (62)When the subject is a pronoun, (63) has the rising contour that would be expected,and which the assignments we have given deliver.He saw Mary. (63)Example (64) has the same contour.He passed Mary. (64)It is less obvious what results the lexical assignments we have given predict for thiscase. In fact the appropriate contour is accepted, as the following derivation shows.[rs��((2bn)��s); [rn��(s��n); n]] [��L][rn��(s��n); n]) (2bn)��s [��R][r2bn; [rn��(s��n); n]]) s [Aws][r[r2bn; n��(s��n)]; n]) s [2bB][r[l2bn; n��(s��n)]; n]) s [2bL][r[ln; n��(s��n)]; n]) s [��L]n) n id[rs��n; n]) [��L]n) n ids) s ids) s (65)
Some concluding remarks. For a realistic account of phonological structure itwould be necessary to represent several levels of phonological rank (distinguishingphonological words, phrases, : : : ). The type-theoretic apparatus could be extendedwith respect to this dimension of linguistic structure by having several productoperators, parametrized for the relevant levels of prosodic organization. The rankdomains would then represent the locus for application of the associativity equa-tions one might want to consider. Secondly, as we noted above, the headed typecalculus can be used to model di�erent types of dependency structure in naturallanguage (i.e. syntactic, semantic, pragmatic notion of dependency in addition tothe application to prosodics discussed here). In a comprehensive grammar, suchnotions of dependency would interact in a parallel but modular fashion.1212A previous version of this paper was presented under the title `A type calculus for biased trees'at the Utrecht conference on the Syntax/Prosody Interface (OTS, May 1991). The research by thealphabetically second author was partly supported by a grant from the Nederlandse Organisatievoor Wetenschappelijk Onderzoek. 21



Appendix A. Digital labelling for non-associativedependency calculusIn order to present algorithmic proof theory (theorem proving) for the non-associativedependency calculus, we us the framework of Labelled Deductive Systems (LDS),cf. Gabbay [9],[10]. In a LDS approach the basic declarative unit is not theformula, but the labelled formula t : A. The traditional consequence relationA1; : : : ; An) B (deduction of B from a database of assumptions A1; : : : ; An) isreplaced by t1 : A1; : : : ; tn : An ) s : B. Intuitively, the labels represent relevantaspects of the structure of the database of assumptions|structure which the logicis sensitive to. Structured consequence is de�ned not just in terms of proof ruleson the formulas, but in terms of rules that operate on both the formulas and theirlabels. From a sequent perspective, for every logical rule introducing a connectivein the antecedent (database formulae) or the succedent (goal formula), we have toindicate how in the labelling algebra the labels propagate between conclusions andpremises.The syntactic structures in the LDS presentation below are headed trees: binarybranching structures with a prominence (dependency) ordering among sisters (headversus non-head). In order to associate a sequent deduction with a prominencerepresentation, types are labelled with a binary code, represented as a sequence ofdigits. (Notation: digit.tail). The binary code represents the path from terminalsto the root of the headed tree through head (`0') versus non-head (`1') branches.(For simplicity, labelling here is restricted to head-sensitive dominance information.The linear precedence information is represented by the ordering of the database.)In the unfolding of the proofs, the propagation of the dependency labels will infact compute the structure of the database that has to be assumed to make thederivation go through. [Ax] hA; ki ) hA; ki[R��] T; hB; 1:ki ) hA; kiT) hA��B; 0:ki T) hB; 1:ki �; hA; ki;�) hC; li�; hA��B; 0:ki;T;�) hC; li [L��][R��] T; hB; 0:ki ) hA; kiT) hA��B; 1:ki T) hB; 0:ki �; hA; ki;�) hC; li�; hA��B; 1:ki;T;�) hC; li [L��][R��] hB; 0:ki;T) hA; kiT) hB��A; 1:ki T) hB; 0:ki �; hA; ki;�) hC; li�;T; hB��A; 1:ki;�) hC; li [L��][R��] hB; 1:ki;T) hA; kiT) hB��A; 0:ki T) hB; 1:ki �; hA; ki;�) hC; li�;T; hB��A; 0:ki;�) hC; li [L��][L�] �; hA; 0:ki; hB; 1:ki;�) hC; li�; hA� B; ki;�) hC; li �) hA; 0:ki T) hB; 1:ki�;T) hA �B; ki [R�][L�] �; hA; 1:ki; hB; 0:ki;�) hC; li�; hA� B; ki;�) hC; li �) hA; 1:ki T) hB; 0:ki�;T) hA �B; ki [R�]As an illustration, consider the following lifting theorems. The two directionalforms of lifting in (N)L each split up in two head-sensitive versions.22



a[1jA] ) a[1jA] bA ) bA(b��a)[0jA]; a[1jA] ) bAa[1jA] ) ((b��a)��b)[1jA] a[0jA] ) a[0jA] bA ) bA(b��a)[1jA]; a[0jA] ) bAa[0jA] ) ((b��a)��b)[0jA]Left, Weak Left, Stronga[0jA] ) a[0jA] bA ) bAa[0jA]; (a��b)[1jA] ) bAa[0jA] ) (b��(a��b))[0jA] a[1jA] ) a[1jA] bA ) bAa[1jA]; (a��b)[0jA] ) bAa[1jA] ) (b��(a��b))[1jA]Right, Strong Right, WeakTo remove spurious non-determinism from sequent proof search, one can moveto a proof-net presentation as an optimal datastructure for sequent deductions. Therelation between sequent calculus and proof nets for occurrence logics is discussedin [20]. We obtain proof nets with digital labelling from the sequent presentationabove by adding a polarity label which distinguishes antecedent (`1') from succedent(`0') occurrences of types.[Ax] hA;1; ki hA;0; ki hA;0; ki hA;1; ki [Ax][L��] hA;1; ki hB;0; 1:kihA��B;1; 0:ki hB;1; 1:ki hA;0; kihA��B;0; 0:ki [R��][L��] hA;1; ki hB;0; 0:kihA��B;1; 1:ki hB;1; 0:ki hA;0; kihA��B;0; 1:ki [R��][L�] hA;1; 0:ki hB;1; 1:kihA �B;1; ki hB;0; 1:ki hA;0; 0:kihA� B;0; ki [R�][R�] hB;0; 0:ki hA;0; 1:kihA� B;0; ki hA;1; 1:ki hB;1; 0:kihA �B;1; ki [L�][R��] hA;0; ki hB;1; 0:kihB��A;0; 1:ki hB;0; 0:ki hA;1; kihB��A;1; 1:ki [L��][R��] hA;0; ki hB;1; 1:kihB��A;0; 0:ki hB;0; 1:ki hA;1; kihB��A;1; 0:ki [L��]
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Appendix B. Partial Bracketing for Associative HeadedType CalculusThe associative headed type calculus deals with inference of headed-and-footedlists. In order to give a common representation to equivalent binary con�gurations,i.e. those having the same interpretation as a headed-and-footed list, we give anotion of normalisation in an expanded language of headed trees, and then givesequent calculus for normal con�gurations representing equivalence classes. Theexpanded language has n+2-ary, as opposed to binary, trees.13 As before however,a mother node assigns either left- or right- headedness to the tree it dominates; anymedial nodes are assigned a nil status. And as before the s-head is that (unique)leaf dominated by an uninterrupted chain of s-nodes up to the root, and the w-headthat dominated by such a chain of w-nodes. In this conservative extension of binarycon�gurations, the following contractions are valid (i.e., head-and-foot preserving).[r�; [r�]] > [r�;�] < [r[r�];�][l[l�];�] > [l�;�] < [l�; [l�]] (66)Gentzen sequent calculus for the (fully representative) sublanguage of normal formsis given in Figure 3. Note that a little care is needed with the left rules to checkagainst unary bracketing, and with the right rules to preserve normal form. Therules are given in a re�nement notation showing how this book-keeping is to bemanaged in proof search.
13Regarding notation, note that we shall sometimes be using binary bracketed antecedents,sometimes unbracketed, and sometimes partially bracketed. We use A;B;C; : : : to stand for types.Con�gurations are de�ned thus: a type is a con�guration, and a bracketed sequence of types is acon�guration, and are represented by X; Y; Z;W . Antecedents are de�ned thus: a con�guration isan antecedent, and a sequence of antecedents is an antecedent, and are represented by �;�. Everytype is a con�guration, and every con�guration is an antecedent: we adopt the convention of usingthe most speci�c notation applicable; in particular, for non-associative sequents we write X; Y; Zfor con�gurations as opposed to �;� for antecedents. (Perhaps this should have come earlier, inthe �rst half of the paper) 24



X([l�1; A��B;�;�2])) C [��L]l(�)) BX(l(�1; A;�2))) C l(Y1; : : : ; Yn) = � Y1 if n = 1[lY1; : : : ; Yn] o.w.X([r�1; A��B;�;�2])) C [��L]r(�)) BX(r(�1; A;�2))) C r(Y1; : : : ; Yn) = � Y1 if n = 1[rY1; : : : ; Yn] o.w.X([r�1;�; A��B;�2])) C [��L]l(�)) BX(l(�1; A;�2))) CX([r�1;�; A���2])) C [��L]r(�)) BX(r(�1; A;�2))) CX ) A��B [��R]l0(X;B)) A l0(X;B) =� [lY1; : : : ; Yn; B] if X = [lY1; : : : ; Yn][lX;B] o.w.X ) A��B [��R]r0(X;B)) A r0(X;B) =� [rY1; : : : ; Yn; B] if X = [rY1; : : : ; Yn][rX;B] o.w.X ) B��A [��R]r00(B;X)) A r00(B;X) =� [rB; Y1; : : : ; Yn] if X = [rY1; : : : ; Yn][rB;X] o.w.X ) B��A [��R]l00(B;X) ) A l00(B;X) =� [lB; Y1; : : : ; Yn] if X = [lY1; : : : ; Yn][lB;X] o.w.Figure 3: Gentzen sequent presentation of normal associative headed calculus
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