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Already known

O Growth of functions. Algorithm analysis.
O Problems: types and classes (complexity point of view)

O Basic algorithmic techniques
* Greedy algorithms
* Backtracking

* Divide and Conquer. Master Theorem and recurrence-solving,.

* Dynamic Programming

Growth of functions: Asymptotic notations

We consider only functions defined on the natural numbers.

f,9: N—=N

O-notation

For a given function g(n)

O(g(n)) = {f(n) |there are positive constants ¢y, ¢2, and ng > 0 such that}
0 < c1g9(n) < f(n) < cag(n) for all n > np}

Although ©(g(n)) is a set we write f(n) = ©(g(n)) to indicate that f(n) is a
member of O(g(n))

5n® + 2n? = O(n?)

5n® 4+ 2n? ¢ O(n?)

It is used for asymptotic equivalence

O-notation

For a given function g(n)

O(g(n)) = {f(n) |there exists a positive constant ¢ and ng > 0 such that}
0< f(n) <cg(n) for all n > ng}

It is used for asymptotic upper bound.



Q-notation w-notation
For a given function g(n) f(n) € w(g(n)) iff g(n) € o(f(n))

Q(g(n)) = {f(n) |there exists positive constants ¢ and ng such that}
0<cg(n) < f(n) for all n = ng}

It is used for asymptotic lower bound.

o-notation

For a given function g(n)

o(g(n)) = {f(n) |for any positive constant ¢ there is a positive constant ny such that}

0< f(n) <cg(n) for all n = ng}

Note that f(n) = O(n) implies f(n) < cg(n) asymptotically for some ¢
but f(n) = o(n) implies f(n) < cg(n) asymptotically for any ¢

and when f(n) = o(g(n)) it holds that lim,, ., L2 =0

It is used for asymptotic upper bounds that are not asymtotically tight.



Algorithm's analysis
O Time

O Space

Algorithm A on input x takes time ¢(z).

|z| denotes the size of input z.

Definition: The cost function of algorithm A is a function from N to N defined as
Ca = max t(x)

|z|=n

If in addition we have a probability distribution on the set of inputs Pr(z), we can
compute the average cost of the cost function seen as a random variable.

Problem types

O Decision
Input z
Property P(z)

Example: Given a graph and two vertices, is there a path joining them?

O Function

Input =
Compute y such that Q(x,y)

Example: Given a graph and two vertices, compute the minimum distance
between them.

Decision problem clases

O Undecidible

No algorithm can solve the problem.

O Decidible
There is an algorithm solving them.
* P:
There is an algorithm solving it with polynomial cost.
* EXP

There is an algorithm solving with exponential cost.

* NP
It is posible to define a certificate y and a property P(x,y) such that
o If x es an input with answer yes, there is y such that P(z,y) is true,
e P(x,y) can be decided in polynomial time, given x and y.
e y has polynomial size with respect to |z|.

Problems with a polynomial time verifier



NP-hardness
It is an open question whether P = NP or NP = EXP. Most believed is that P £ NP

IT is NP-hard means that a polynomial time algorithm for Il can be reused to solve

in polynomial time any problem in P.

The NP-hardness of a problem is assesed through reductions

NP-completeness

Decision problem A is NP-complete iff A € NP and A is NP-hard.
Look at Garey and Johnson for a big list of NP-hard/complete problems.

Optimization problems
An optimization problem is a structure P = (I, sol, m, goal), where
O | is the input set to P;
O sol(z) is the set of feasible solutions for an input x.
O m is an integer measure defined over pairs (x,y), © € I and y € sol(x).

O goal is the optimization criterium MAX or MIN.

An optimization problem is a function problem whose goal, with respect to an

instance x is to find an optimum solution, that is, a feasible solution y such that

y = goal{(m(z,y) | y' € sol(z)}.

Example: Given a graph and two vertices, obtain a path joining them with

minimum length.

Optimization problem classes

O PO there is a polynomial time algorithm computing an optimal solution for
any input.
O EXPO there is an exponential time algorithm computing an optimal solution

for any input.
O NPO
An optimization is an structure P = (I, sol, m, goal), where
* | is recognizable in polynomial time.

* sol(x) is the set of feasible solutions for an input . These solutions are
short, that is, a polynomial p exists such that, for any,
y € sol(x), |y| < p(|x|) . Moreover, it is decidable in polynomial time
whether, for any z and for any y such that |y| < p(|x|), wehether y € sol(x)

* m is an integer measure, defined over pairs (z,y), € I and y € sol(x). The
function m is computable in polynomial time and is also called the

objective function.

* goal is the optimization criterium MAX or MIN.



The bounded version of an optimization problem is the decision problem Problems and al gorith ms

* minimization P = (I, sol, m, min) is ) . o . . .
We are interested in designing efficient algorithms for solving problems.

Given x € | and an integer k
Is there a solution y € sol(x) such that m(z,y) < k?

Efficient?
* maximization P = (I, sol, m, max) is
Given z € | and an integer k
Is there a solution y € sol(z) such that m(z,y) > k?
The bounded version of an NPO problem belongs to NP.
Other problem types The first problem
0 Counting obtain |sol(z)]. Maximum Fractional Knapsack (MAX-F-KNAPSACK)
O Enumeration obtain all y € sol(x). We have n objects and a knapsack.

O Sampling given a distribution 7 on sol(z) dessing an algorithm that produces The i-th object has positive weight w; and positive unit value v;.

an element y € sol(xz) with probability 7(y). The knapsack capacity is C.
We wish to select a set of proportions of objects to put in the knapsack so that

the total values is maximum and without breaking the knapsack.



function FracKnapsackGreedy(w[l .. n],v[l .. n], M) : array [l .. n] of rational

The objects are sorted in increasing order of (*)---
for i <+ 1 to n do
z[i] < 0
end for;
weight < 0;7 «— 1;
while weight < M A i <n do
if weight + wli] < M
then z[i] < 1; weight « weight + w][i];
else z[i] «— (M — weight)/wli]; weight « M
end if;
1—1+41
end while;
return (z)
end

(*) Different selections will provide different greedy algorithms.

In any reasonable sorting criteria the algorithm’s cost is polynomial.

Fractional Knapsack an example

Input: 5 objects, C' = 100

w |10 20 30 40 50
v |20 30 66 40 60

Select always the most valuable object

object 1 2 3 4 5

selected | O O 1 05 1

Total selected weight 100 and total value 146.

Input: 5 objects, C' = 100

w |10 20 30 40 50
v |20 30 66 40 60

Select always the lighter object

object 1 2 3 4
selected | 1 1 1 1

5
0
Total selected weight 100 and total value 156.

Input: 5 objects, C' = 100

w |10 20 30 40 50
v |20 30 66 40 60




Select always the object with highest ratio value/weight

object 1 2 3 4 5
ratio 20 15 22 1.0 1.2
selected | 1 1 1 0 0.8

Total selected weight 100 and total value 164.

Input: 5 objects, C' = 100

w |10 20 30 40 50
v |20 30 66 40 60

Theorem: The greedy algorithm that always selects the most valuable object does
not always find an optimal solution to the Fractional Knapsack problem.

Theorem: The greedy algorithm that always selects the lighter object does not
always find an optimal solution to the Fractional Knapsack problem.

Theorem: The greedy algorithm that always selects the object with better ratio
value/weight always finds an optimal solution to the Fractional Knapsack problem.

Proof. Assume that the objects are {1,...,n} and that

U1 Vo Up,
> = > > o
w1 Wa W,

Let X = (x1,...,,) be the solution computed by the greedy algorithm.
If x; = 1 for all 4, the solution is optimal.

Otherwise, let j be the smallest value for which x; < 1.

According with the algorithm we have:

If i < j then z; = 1, and if i > j then x; = 0.

Furthermore " | z;w; = W

Let Y = (y1,...,Yn) be any feasible solution, we have

n n
Zyiwi W= inwi
i=1 =1
therefore

n n
Z Tiw; — Z yiw; = 0.
i=1 i—1

Let V(Z) denote the total value of a feasible solution.

V(X) - V(Y) = Z(fﬂz - yi)vi = Z(l’z - yz)wz%

i=1 i=1 v



If i <j, 2z =1then ; —y; >0 and 2 > 2L and we have
i Fi
i

v
(zi — Z/z);7 > (@ — yb)u—i

If i > j, x; = 0 then z; — y; < 0 but 2= < & therefore
i fi

v; v
ri —yi)— = (2 —yi) -
(@i =yi)y - > (@ y,)wj

Plugging the inequality we have

V(X)=V(Y) = Z(xz - yz)wz_l > (i — yz)wzw_] > w_] Z(l‘z —y)w; 20
i=1 =1 J J =1

Therefore X is an optimal solution.

Next problems

Given a sequence aq, ..., a, of elements from a well ordered set, the indices i < j

form an inversion if a; > a;.

Inversions (INS)
Given a sequence without repeated elements compute the number of inversions.

Number of inversion is one measure used when comparing two different rankings.

Closest pair of points (CP)
Given n points in the plane find the closests pair of points, according to the
euclidian distance.



