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Abstract

For a tree Markov random field non-reconstruction is said to hold if as the depth of the tree goes to
infinity the information that a typical configuration at the leaves gives about the value at the root goes
to zero. The distribution of the measure at the root conditioned on a typical boundary can be computed
using a distributional recurrence. However the exact computation is not feasible because the support of
the distribution grows exponentially with the depth.

In this work, we introduce a notion of asurveyof a distribution over probability vectors which is a
succinct representation of the true distribution. We show that a survey of the distribution of the measure
at the root can be constructed by an efficient recursive algorithm. The key properties of surveys are
that the size does not grow with the depth, they can be constructed recursively, and they still provide a
good bound for the distance between the true conditional distribution and the unconditional distribution
at the root. This approach applies to a large class of Markov random field models including randomly
generated ones. As an application we show bounds on the reconstruction threshold for the Potts model
on small-degree trees.
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1 Introduction

Correlations between distant elements or sets of elements in randomly generated Markov random fields
(MRFs) are a main consideration in the analysis of random constraint satisfaction problems, and in the
design and analysis of message-passing, local search, and other iterative algorithms for these problems. Here
we study one such concept of correlation on tree MRFs. The presenceof this correlation is known as the
property ofreconstruction, and its absence asnon-reconstruction. Non-reconstruction is equivalent to the
free-boundary Gibbs measure of the tree beingextremal[5]. From the point of view of statistical physics,
reconstruction is equivalent toreplica-symmetry breaking[9]. Some important results on reconstruction
are [6, 3, 11, 12, 2, 1, 15, 16]. For the connection between this concept and the design of algorithms for
constraint satisfaction and optimization problems we refer the reader to [10,17, 8] and the references therein.

Our contribution is the first general efficient computational method to obtain non-trivial bounds for the
probability of reconstruction for a tree Markov random field. We illustrate the method with an application
to the Potts model.

Consider a tree MRF. The distribution of interest is the conditional distributionat the root, given a boundary
that is generated randomly according to the MRF. It is said that the rootcannot be reconstructed, or the
non-reconstruction property holds, if and only if with high probability this distribution converges to the
unconditional marginal distribution at the root as the depth of the tree goes toinfinity. The distribution of
the conditional distribution at the root (conditioned on a random boundary) can be expressed recursively1 -
there is a simple analytic expression for the distribution for a tree of depthn + 1 in terms of the distribution
for the tree of depthn. However as the depth of the tree increases the support of the distributiongrows
exponentially, which makes numerical estimates difficult to obtain. For analytical analysis one essentially
needs to find a special parameter of the distribution which can be bounded recursively, and this depends
on the particular MRF. Often the analysis has two steps - first showing that the expected distance from the
unconditional distribution is below some small constant, and then showing that arriving below this small
constant implies that this distance (or some parameter related to it) decreases geometrically. Particular
examples of this approach are the recent results on reconstruction for colorings of Bhatnagar, Vera, Vigoda,
and Weitz [1] and Sly [15], and for the q-state Potts model of Sly [16]. Themoral from their analysis
is that the first step is the more difficult to achieve. In particular, it is the step that makes the analysis
possible only for the case of large-degree trees. Here we propose a very general method for making this first
step, independent of the particular method for generating the MRF, and which is practical for the case of
small-degree trees.

We introduce the notion of asurveyof a distribution over probability vectors. The survey can be thought of
as a ”projection” onto a small ”basis” set of probability vectors that carries enough information about the
true distribution. In particular, for the reconstruction problem, when the goal is to bound from above the
probability of reconstruction, we show that it suffices to keep a survey of the distribution at each iteration.
Applying the recursion to the surveys for enough iterations allows us to obtain very good (possibly arbitrarily
good) bounds on the probability of reconstruction.

We apply our method to the symmetric 3-state Potts model with various parameters in order to compare with
previous results, although it will be clear that the method does not depend on the symmetry of the model.

1Notice that the “distribution of ... distribution” is not a mistake - the object we are interested in is indeed the distribution of the
randomness left in the root after looking at the boundary.
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For the Potts model the second step is also easy to achieve using the ideas from recent work of Sly [16].
Since the complexity of the method is exponential in the degree of the tree, and inthe alphabet of the MRF,
we do not apply it to very large parameters. However, we are able to demonstrate new bounds for 3-spins on
the 2-ary and 3-ary tree, and on a random tree in which every internal vertex has either 2 or 3 children with
equal probability, improving the bounds of Mossel and Peres [12]. We should point out that very recently
Formentin and K̈ulske [4] demonstrated even better results for this model. Thus, rather thanthe numerical
results, the importance of our contribution is in the generality of our method.

The algorithm we present can be viewed as a rigorous alternative to the population dynamics algorithm used
in physics [9, 17] to determine the spin-glass transition. In population dynamics the distributional recursion
is approximated by keeping a sample of the distribution at each step. What is not known rigorously is
whether applying the recursion to a sample of the distribution for the tree of depth n really results in some
sense in a “faithful” sample of the distribution for the tree of depthn + 1. In contrast, the main technical
lemma of our work is precisely the statement that applying the recursion to the survey of the distribution for
the tree of depthn results in a survey of the distribution for the tree of depthn + 1.

Another related algorithm is the density evolution algorithm for analysis of the probability of bit-error of
LDPC codes [13, 14]. The density evolution algorithm, as its name indicates, isalso a recursion on distribu-
tions, and in practice it is carried out by heuristically quantizing the distributionat every step by rounding.
Unfortunately, unlike the reconstruction recursion, the density evolution recursion does not commute with
taking surveys of the distributions therefore our method cannot be applied, or at least not in the obvious way.

Quantization of distributions is also an important design step in the Survey Propagation algorithm of [10]. In
its analytical form Survey Propagation uses messages that are distributions with growing support, whereas
in its practical form the messages are distributions with support of size 3. However we do not know if there
is a precise mathematical connection between the two kinds of quantization.

This article is organized as follows. In the next section we give the technical definitions related to recon-
struction, and the recursion relation that we analyze. Section 3 is dedicatedto the new definition of a survey
of a distributions, its key properties, and how it can be applied to the reconstruction problem. In the last
section we discuss an application to the Potts model, and compare the results obtained by our method to
previous bounds.

2 Reconstruction on trees

The reconstruction problem in its simplest form can be stated in terms of a broadcast problem. Consider
a process in which information is broadcast from the root of an infinite rooted treeT to other vertices as
follows. Each edgee = (u, v) acts as a channelM with a finite alphabetD = {1, 2, . . . , q}. The channel
M is a Markov chain where(M)i,j = Pr(v = j|u = i).

The letter at the rootρ, denoted byσρ, is chosen according to some initial distribution. This value is then
propagated in the tree as follows. For vertexv with parentu, let σv = M(σu) for each edge independently.

For distributionsµ andν on the same spaceΩ, thetotal variation distancebetweenµ andν is

dTV (µ, ν) =
1

2

∑

σ∈Ω

|µ(σ) − ν(σ)|
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Let L(n) denote the configuration at leveln.

Definition 1 The treeT and channelM have thenon-reconstruction propertyif for everya, b ∈ D,

lim
n→∞

dTV [La(n), Lb(n)] = 0

whereLc(n) denotes the conditional distribution ofL(n) given thatσρ = c.

In 2006 Mézard and Montanari [9] showed that the same problem had also been studied in physics for even
more general models, and the reconstruction transition is the equivalent to the replica symmetry breaking
spin-glass transition. In the physics formalism rather than using channels, the system is described as a
Markov random field, which in many application is also randomly generated, and the question again is
whether the root is reconstructible from typical assignments at the leafs.

Here, for greatest generality we will define the reconstruction problem using a Markov random field (MRF).
This way we capture models such as 3-SAT and other constraint satisfaction problems, which are not as easy
to think about in terms of channels.

Consider a treeT = (V, E) with root vertexρ. For everyv ∈ V there is a domain of valuesDv that
can be assigned to this vertex, and for every edgee = (u, v) a non-negative function we call potential
Ψe : Du × Dv → R+. We will define a distribution over assignments to the vertices×v∈V Dv = D.
For every configurationσ ∈ D, let σv denote the component corresponding to vertexv, andσ(n) the
components corresponding to leveln of the tree.

PT,Ψ(σ) :=
1

ZT,Ψ

∏

e=(u,v)∈E

Ψe(σu, σv), (1)

whereZ is the normalizing constantZT,Ψ =
∑

σ∈D

∏

e=(u,v)∈E Ψe(σu, σv).

We will allow random MRFs(T, Ψ) generated in the following way. To each level there corresponds a
degree distribution and a distribution over potential functions. A tree of depth 1 is just a single vertex (no
potential functions). An MRF of depthn + 1 is generated by choosing a degree for the root from the
degree distribution of leveln + 1, next choosing potential functions for all the edges adjacent to the root
independently from the distribution of potential functions corresponding toleveln+1, and finally attaching
randomly generated MRFs of depthn to the other ends of the edges.

We denote byL(n) the configuration at the vertices at leveln (assumingT is of depth at leastn), and byρ
the root. Let alsoLa(n) denote the configuration at leveln conditional on the root having valuea ∈ Dρ.

Definition 2 We say that a random MRFhas the non-reconstruction propertyif for everya, b ∈ Dρ

lim
n→∞

ET,Ψ[dTV (La(n), Lb(n))] = 0.

For the rest of this section we will consider a fixed MRF, so we can omitΨ from the subscript as the functions
on the edges will not be changing, and we will also omitT from the subscript whenever it is understood.
We will also usea andb for the events that the root takes the valuea or b respectively.
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We will use an alternative expression for the total variation distance, whichfollows from Bayes’ rule. For
this we denoteπ(a) := PT (a) andπ(b) := PT (b).

dTV (La(n), Lb(n)) =
∑

L

|P(L(n) = L|a) − P(L(n) = L|b)| (2)

=
∑

L

∣

∣

∣

∣

P(a|L(n) = L)P(L(n) = L)

π(a)
−

P(b|L(n) = L)P(L(n) = L)

π(b)

∣

∣

∣

∣

(3)

= EL(n)

[∣

∣

∣

∣

P(a|L(n))

π(a)
−

P(b|L(n))

π(b)

∣

∣

∣

∣

]

(4)

≤
1

π(a)
EL(n) [|P(a|L(n)) − π(a)|] +

1

π(b)
EL(n) [|P(b|L(n)) − π(b)|] . (5)

An immediate observation is that this quantity is monotonically decreasing with the depth of the treen.

EL(n+1)

[∣

∣

∣

∣

P(a|L(n + 1))

π(a)
−

P(b|L(n + 1))

π(b)

∣

∣

∣

∣

]

= EL(n+1)

[∣

∣

∣

∣

∣

∑

L

P(a|L(n) = L) P(L(n) = L|L(n + 1))

π(a)
−

P(b|L(n) = L) P(L(n) = L|L(n + 1))

π(b)

∣

∣

∣

∣

∣

]

≤ EL(n+1)

[

∑

L

P(L(n) = L|L(n + 1)) ×

∣

∣

∣

∣

P(a|L(n) = L)

π(a)
−

P(b|L(n) = L)

π(b)

∣

∣

∣

∣

]

=
∑

L′

P(L(n + 1) = L′)
∑

L

P(L(n) = L|L(n + 1) = L′) ×

∣

∣

∣

∣

P(a|L(n) = L)

π(a)
−

P(b|L(n) = L)

π(b)

∣

∣

∣

∣

=
∑

L

P(L(n) = L)

∣

∣

∣

∣

P(a|L(n) = L)

π(a)
−

P(b|L(n) = L)

π(b)

∣

∣

∣

∣

= EL(n)

[∣

∣

∣

∣

P(a|L(n))

π(a)
−

P(b|L(n))

π(b)

∣

∣

∣

∣

]

.

This expression for the variation distance is a function of a distribution that we will refer to many times in
the rest of the paper, so for convenience we define the following terminology for it:

Definition 3 For a tree Markov random model as in equation(1) the residual distribution at the root of
T is the distribution of the marginal distribution at the root conditional on a random boundary, which is
chosen according to the distributionPT,Ψ. In other words it is the distribution of the probability vector
η = (ηa := PT (a|L(n)), a ∈ Dρ), whereL(n) is a configuration for the leaves chosen according toPT,Ψ.

Intuitively, a random MRF has the non-reconstruction property if the residual distribution at the root is
with high probability concentrated on probability vectors arbitrarily close to thestationary distributionπ.
In particular, we will aim to show thatE[|P(a|L(n)) − π(a)|] goes to 0 for everya ∈ Dρ, which implies
non-reconstruction by the inequality (5).

Next we derive the recursive equation for the residual distribution at the root of a tree. For a treeT of depth
n with edgesET let

ZT (σ) :=
∏

e=(u,v)∈ET

Ψe(σu, σv).
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ThusZT :=
∑

σ ZT (σ). For a boundary configurationL, let

ZT (L) :=
∑

σ:σ(n)=L

ZT (σ).

For a boundaryL let ηT (L) = (ηa
T (L) : a ∈ Dρ) denote the probability vector for the distribution of the

assignment at the root conditional on the boundary beingL, i.e. ηa
T (L) := PT (a|L(n) = L). For any

probability vectorη onDρ let

ZT (η) :=
∑

L:ηT (L)=η

ZT (L).

Thus the probability that the marginal distribution at the root is equal toη is ZT (η)/ZT .

Suppose the children of the root of T arev1, . . . , vr, the corresponding edges connecting them to the root are
e1, . . . , er and the subtrees rooted at them are respectivelyT1, . . . , Tr. Consider a boundary configuration
L = (L1, . . . , Lr) for the large treeT , whereLi is the part of the boundary that belongs toTi. It is
straightforward to derive the expression forηT (L) in terms ofηTi

(Li):

ηa
T (L) =

∑

σ:σ(n)=L,σρ=a Z(σ)

ZT (L)

=

∑

σv1 ,...,σvr

∏r
i=1 Ψei

(a, σvi
) ZTi

(Li)η
σvi

Ti
(Li)

ZT (L)

=

∏r
i=1 ZTi

(Li)

ZT (L)

r
∏

i=1

∑

σvi∈Dvi

Ψei
(a, σvi

) η
σvi

Ti
(Li)

It is convenient to define the corresponding function (which is actually theupdate function of the belief
propagation algorithm for computing the marginal distribution at the root of anacyclic MRF). LetPv be
the space of probabilities over the domainDv for any v ∈ V . We definef : Pv1 , . . . ,Pvr → Pρ in the
following way:

fa(η1, η2, . . . , ηr) :=
r
∏

i=1

∑

σvi
∈Dvi

η
σvi

i Ψei
(a, σvi

).

We will also need to use the norm‖f(η1, . . . , ηr)‖ =
∑

a∈Dρ
fa(η1, . . . , ηr). With this notation

ηa
T (L) =

fa(ηT1(L1), . . . , ηTr(Lr))

‖f(ηT1(L1), . . . , ηTr(Lr))‖
.

For two vectors the symmetric relation∝ will indicate that the vectors are equal up to a multiplicative
constant. ThusηT (L) ∝ f(ηT1(L1), . . . , ηTr(Lr)). When used with probabilities it will indicate that
the normalization constant has been omitted. We are now ready to derive the recursion for the residual
distribution at the root of the tree.

Theorem 4 LetPi andQ be random vectors such thatPi is distributed according to the residual distribu-
tion at the root ofTi for i = 1, . . . , r andQ is distributed according to the residual distribution at the root
of T . Then for anyη ∈ Pρ

P(Q = η) ∝ E[‖f(P1, . . . ,Pr)‖ × Ind[f(P1, . . . ,Pr) ∝ η]].
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Proof: First we derive the recursion for the total weight of configurations with afixed boundary:

ZT (L) =
∑

a∈Dρ

∑

σv1 ,...,σvr

r
∏

i=1

Ψei
(a, σvi

) ZTi
(Li)η

σvi

Ti
(Li)

=

(

r
∏

i=1

ZTi
(Li)

)

×
∑

a∈Dρ

r
∏

i=1

∑

σvi
∈Dvi

η
σvi

Ti
(Li) Ψei

(σρ, σvi
)

=

(

r
∏

i=1

ZTi
(Li)

)

× ‖f(ηT1(L1), . . . , ηTr(Lr))‖.

Next, using the above, we derive the recursion for the total weight of configurations yielding a given marginal
distribution at the root:

ZT (η) =
∑

L:ηT (L)=η

ZT (L)

=
∑

L=(L1,...,Lr):
f(ηT1

(L1),...,ηTr
(Lr))∝η

(

r
∏

i=1

ZTi
(Li)

)

× ‖f(ηT1(L1), . . . , ηTr(Lr))‖

=
∑

η1,...,ηr :
f(η1,...,ηr)∝η

‖f(η1, . . . , ηr)‖
∑

L1:ηT1
(L1)=η1

· · ·
∑

Lr:ηTr (Lr)=ηr

r
∏

i=1

ZTi
(Li)

=
∑

η1,...,ηr :
f(η1,...,ηr)∝η

‖f(η1, . . . , ηr)‖
r
∏

i=1

ZTi
(ηi).

Finally we can derive the recursion for the residual distribution at the root:

P(Q = η) =
ZT (η)

ZT

=

∏r
i=1 ZTi

ZT

∑

η1,...,ηr :
f(η1,...,ηr)∝η

‖f(η1, . . . , ηr)‖
r
∏

i=1

ZTi
(ηi)

ZTi

=

∏r
i=1 ZTi

ZT

E[‖f(P1, . . . ,Pr)‖ × Ind[f(P1, . . . ,Pr) ∝ η]].

This recursion was also derived by Mézard and Montanari in [9] and, as pointed out by them, its fixed point
is known as the “1-step Replica Symmetric Breaking solution with Parisi parameter m = 1” (in the general
1RSB scheme the factor‖f(. . . )‖ is raised to a powerm). Almost all other work in reconstruction considers,
instead, the recursion for theconditionalresidual distribution at the root, conditioned on the boundary being
generated from the MRF with a fixed value at the root. The method we present here can be applied only
with the unconditional distribution.

The main contribution of this article is a method for discretizing the recursion of Theorem 4. The only
property off that is used is that it is a multi-affine function (i.e. affine in each coordinate).Thus the main
technical theorem will not use the definitions related to reconstruction.
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3 Surveys of distributions

Let us first illustrate our approach with the example of the channel corresponding to random coloring on the
regulard-ary tree. Each vertex can take one ofq colors. Based on the color of the parent, the colors of the
children are chosen independently and uniformly at random from the setof colors different from that of the
parent. If we start with a uniformly random color at the root, this process generates a random coloring of the
tree. Showing non-reconstruction for this process is equivalent to showing that for almost all colorings of
the leafs generated by choosing a random coloring of the tree, there arealmost the same number of colorings
consistent with these leafs, in which the root of the tree has each of theq colors. More precisely, letCL

denote the colorings of a tree of depthn with leafs colored according toL, andCi
L denote the colorings inCL

with color i at the root. We will recursively try to match up the colorings in the setsC1
L, ..., Cq

L by splitting
them into sets that are balanced or close to balanced. For example, supposeq = 3, the colors are called Red,
Blue and Green, and for someL we have(CR

L , CB
L , CG

L ) = (10, 5, 7). Then we can split this set of colorings
into 3 sets : one that is perfectly balanced, containing 5 colorings of each type; one that is balanced with
respect to Red and Green, containing two colorings with Red at the root, and two with Green at the root; and
one that contains the remaining 3 colorings with Red at the root ((10, 5, 7) = (5, 5, 5)+(2, 0, 2)+(3, 0, 0)).
We call such setsbundles. A bundle always contains only colorings that have the same colors at the leafs.
Bundles can be of several different types according to the ratio of number of colorings with red, blue and
green at the root, and we can choose the types that will be allowed. We will only keep track of the number
of bundles of each type. The goal is to construct the bundles recursively in such a way that the majority of
colorings are eventually in balanced bundles.

There is a simple process to construct bundles recursively. Suppose we have a particular splitting of the
colorings of thed-ary tree of depthn into bundles. For anyd-ple of these bundles, consider the set of
colorings of the tree of depthn + 1 such that the first subtree of depthn is colored with a coloring from the
first bundle, the second subtree with a coloring from the second bundle,etc. The resulting set of colorings
on the depthn + 1 tree, has the following properties: (1) all colorings have the same colors at the leafs, and
(2) the number (or fraction) of colorings in this set with a specific color at the root can be computed exactly
using only the types of the bundles in thed-ple. The resulting set of colorings on the depthn + 1 tree can
be split again into bundles of the allowed types. The specific recipe for splitting this set into bundles of
course will influence to what extent the balanced and near-balanced bundles dominate the entire collection
of bundles.

In the special case that the bundles are defined to be the set of coloringswith a given boundary, i.e. all
types of bundles are allowed and no splitting of bundles occurs, this givesexact recursive computation of
the distribution of the marginal distribution at the root.

In this next section we formalize and generalize the above construction.

3.1 Definitions

LetV denote a real vector space of finite dimension. LetS = (S1, . . . , Sn) be a finite sequence withSi ∈ V.
We denote the convex hull ofS in V by 〈S〉. Let α1, . . . , αn be functions from the convex hull〈S〉 to [0, 1]
such that the following properties hold for everyη ∈ 〈S〉:
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1.
∑n

i=1 αi(η) = 1,

2. η =
∑n

i=1 αi(η) Si.

Thus for everyη ∈ 〈S〉 these functions define a convex decomposition ofη. We will call the tuple
(S, α1, . . . , αn) askeletonin V, andS thebase setof the skeleton.

By P we denote a distribution onV with finite support as well as a random vector chosen from this distri-
bution. Let the skeleton(S, α1, . . . , αn) be such that the support of the distribution ofP lies inside〈S〉.
Let C be a random element ofS with the following distribution:P(C = Si) = E[αi(P)]. This is well
defined by the first condition on the functionsα1, . . . , αn. We will call C a surveyof P on the skeleton
(S, α1, . . . , αn).

We say thatA is a survey ofB without specifying the skeleton, whenever there exists a skeleton with respect
to whichA is the survey ofB.

3.2 Properties of surveys

In this section we show several useful properties of surveys.

Theorem 5 If P is a distribution onV with finite support,C is a survey ofP, andD is a survey ofC, then
D is a survey ofP.

Proof: SupposeC is a survey ofP on a skeleton(S, α1, . . . , αn), andD is a survey ofC on a skeleton
(T , β1, . . . , βm). Let γi(η) :=

∑n
j=1 αj(η)βi(Sj) for i = 1, . . . , n. Then (T , γ1, . . . , γm) is a valid

skeleton, because for everyη ∈ V

m
∑

i=1

γi(η) =
m
∑

i=1

n
∑

j=1

αj(η)βi(Sj) =
n
∑

j=1

αj(η)
m
∑

i=1

βi(Sj) =
n
∑

j=1

αj(η) = 1,

m
∑

i=1

γi(η)Ti =
m
∑

i=1

n
∑

j=1

αj(η)βi(Sj)Ti =
n
∑

j=1

αj(η)
n
∑

i=1

βi(Sj)Ti =
n
∑

j=1

αj(η)Sj = η.

Finally, we can verify thatD is a survey ofP on the skeleton(T , γ1, . . . , γm).

P(D = Ti) = E[βi(C)] =
n
∑

j=1

P(C = Sj) βi(Sj) =
n
∑

j=1

E[αj(P)] βi(Sj)

= E





n
∑

j=1

αj(P)βi(Sj)



 = E[γi(P)]

Theorem 6 Let P1 andP2 be independent distributions onV with finite support, and letC1 andC2 be
their surveys. Suppose a distributionP on V is defined to be equal toP1 with probabilityp ≥ 0 andP2

with probability1−p, and similarlyC is defined to beC1 with probabilityp andC2 with probability1−p.
ThenC is a survey ofP.
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Proof: SupposeC1 andC2 are surveys respectively ofP1 and P2 on skeletons(S, α1, . . . , αn), and
(T , β1, . . . , βm). Let R = S ∩ T and |R| = k. Without loss of generality, let’s suppose thatR =
{S1, . . . , Sk} andSi = Ti for i = 1, . . . , r. Let’s denote the union of the two basis sets asU = (U1, . . . , Um+n−k) =
(S1, . . . , Sn, Tr+1, . . . , Tm). This set will be the basis of the skeleton. Next we define the functions:

γj(η) :=
1

P(P = η)
×











p αj(η) P(P1 = η) + (1 − p) βj(η) P(P2 = η) j = 1, . . . , r

p αj(η) P(P1 = η) j = r + 1, . . . , n

(1 − p) βj−(n−r)(η) P(P2 = η) j = n + 1, . . . , m + n − k

It is straightforward to check that(U , γ1, . . . , γm+n−k) is a valid skeleton. To check thatC is a survey ofP
on this skeleton we just needP(C = Uj) = E[γj(P)]. For j = 1, . . . , r

P(C = Uj) = p P(C1 = Uj) + (1 − p) P(C2 = Uj)

= p E[αj(P1)] + (1 − p) E[βj(P2)]

=
∑

η∈P

(p P(P1 = η) αj(η) + (1 − p) P(P2 = η) βj(η))

=
∑

η∈P

P(P = η) γj(η)

= E[γj(P)].

Similarly, for j = r + 1, . . . , n, and forj = n + 1, . . . , n + m − k we have respectively

P(C = Uj) = p P(C1 = Uj) = p E[αj(P1)] = E[γj(P)],

P(C = Uj) = (1 − p) P(C2 = Uj−(n−r)) = (1 − p) E[βj−(n−r)(P2)] = E[γj(P)],

The next theorem is the one that allows us to use surveys in the context of the reconstruction recursion
of Theorem 4. LetV1, . . . ,Vr denote real vector spaces of finite dimensions. We say that a functionf :
V1 × · · · × Vr → V is multi-affineif for every η1 ∈ V1, η2 ∈ V2, . . . , ηr ∈ Vr, a ≥ 0 andb ≥ 0, such that
a + b = 1, i ∈ {1, . . . , r}, andη′i ∈ Vi, it holds that

f(η1, . . . , aηi + bη′i, . . . , ηr) = af(η1, . . . , ηi, . . . , ηr) + bf(η1, . . . , η
′
i, . . . , ηr).

Recall also that for a vectorη ∈ V we denote by‖η‖ the sum of the coordinates ofη.

Theorem 7 Letf : V1 × · · · × Vr → V be a multi-affine function. LetP1, . . . ,Pr be independent distribu-
tions onV1, . . . ,Vr with finite support, andC1, . . . ,Cr be their respective surveys. IfQ andD are random
elements ofV defined in the following way:

P(Q = η) ∝ E [‖f(P1, . . . ,Pr)‖ × Ind [f(P1, . . . ,Pr) ∝ η]] ,

P(D = η) ∝ E [‖f(C1, . . . ,Cr)‖ × Ind [f(C1, . . . ,Cr) ∝ η]] ,

thenD is a survey ofQ.
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Proof: We first demonstrate the proof for the caser = 1. We denoteP1 by P andC1 by C.

SupposeC is a survey ofP on the skeleton(S, α1, . . . , αn). Consider the set{f(Si)/‖f(Si)‖ : Si ∈
S}. The size of this set can be less thann if for two different indexes1 ≤ i < i′ ≤ n it happens that
f(Si)/‖f(Si)‖ = f(Si′)/‖f(Si′)‖. Let’s denote byT = (T1, . . . , Tm) the ordered list of distinct elements
corresponding to the above set. LetIj = {i : f(Si)/‖f(Si)‖ = Tj}.

Since the support ofC is S it follows that the support ofD is contained inT . It suffices to findβ1, . . . , βm

non-negative functions onV such thatP(D = Tj) = E[βj(Q)]. We begin with the left-hand side:

P(D = Tj) ∝
n
∑

i=1

P(C = Si) × ‖f(Si)‖ × Ind[f(Si)/‖f(Si)‖ = Tj ]

=
∑

i∈Ij

P(C = Si) × ‖f(Si)‖

=
∑

i∈Ij

E[αi(P)] × ‖f(Si)‖

= E





∑

i∈Ij

αi(P) ‖f(Si)‖





Thus the normalization constant for the above probability is:

m
∑

j=1

E





∑

i∈Ij

αi(P) ‖f(Si)‖



 = E

[

n
∑

i=1

αi(P) ‖f(Si)‖

]

= E

[

‖f

(

n
∑

i=1

αi(P)Si

)

‖

]

= E[‖f(P)‖],

where the second equality follows from the fact thatf is multi-affine.

Next, we look at the right hand-side of the desired equality. For everyη ∈ V we define

W (η) = E[‖f(P)‖ × Ind[f(P) ∝ η]],

W = E[‖f(P)‖].

Then by the definition ofQ, P(Q = η) = W (η)/W . For everyj ∈ {1, . . . , m}, let’s define

βj(η) =
1

W (η)
E





∑

i∈Ij

αi(P) × ‖f(Si)‖ × Ind[f(P) ∝ η]



 .

11



It is easy to check that
∑m

j=1 βj(η) = 1, and
∑m

j=1 βj(η) Tj = η for everyη ∈ V. Finally,

E[βj(Q)] =
∑

η∈supp(Q)

P(Q = η) ×
1

W (η)
E





∑

i∈Ij

αi(P) × ‖f(Si)‖ × Ind[f(P) ∝ η]





=
∑

η∈supp(Q)

W (η)

W
×

1

W (η)
E





∑

i∈Ij

αi(P) × ‖f(Si)‖ × Ind[f(P) ∝ η]





=
1

W
E





∑

i∈Ij

αi(P) ‖f(Si)‖



 = P(D = Tj)

Next we generalize the proof tor > 1. SupposeC1, . . . ,Cr are surveys on skeletons(S1, α1
1, . . . , α

1
n1

),
. . . , (Sr, αr

1, . . . , α
r
nr

). The same proof applies by defining the base set for the skeleton to be

{f(S1
i1

, . . . , Sr
ir

)/‖f(S1
i1

, . . . , Sr
ir

)‖ : S1
i1
∈ S1, . . . , Sr

ir
∈ Sr}

and changing the notation toIj = {(i1, . . . , ir) : f(S1
i1

, . . . , Sr
ir

)/‖f(S1
i1

, . . . , Sr
ir

)‖ = Tj}, andP =
(P1, . . . ,Pr). We have that

P[D = Tj ] =
E

[

∑

(i1,...,ir)∈Ij

(
∏r

k=1 αk
ik

(Pk)
)

‖f(S1
i1

, . . . , Sr
ir

)‖
]

E[‖f(P)‖]
= E[βj(Q)],

where

βj(η) =
1

W (η)
E





∑

(i1,...,ir)∈Ij

(

r
∏

k=1

αk
ik

(Pk)

)

× ‖f(S1
i1

, . . . , Sr
ir

)‖ × Ind[f(P) ∝ η]



 .

Theorem 8 Letg be a convex function onV. For every distributionP onV of finite support, andC a survey
of P, E[g(P)] ≤ E[g(C)] and the equality holds ifg is an affine function.

Proof:

E[g(C)] =
n
∑

i=1

P[C = Si] g(Si) =
n
∑

i=1

E[αi(P)] g(Si)

= E

[

n
∑

i=1

αi(P) g(Si)

]

≥ E

[

g

(

n
∑

i=1

αi(P) Si

)]

= E[g(P)]
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3.3 Using surveys to bound the probability of reconstruction

Using the theorems from the previous section now we can show how to calculate recursively a survey of
the residual distribution at the root of a random MRF on a skeleton of bounded size. Assume first that the
degree distributions and potential function distributions for all levels have small support. Suppose we have
a surveyC for the random MRF of depthn. For leveln+1 first we calculate, for each possible instantiation
of the degreer and potential functionsΨ1, . . . ,Ψr at the root, a survey of the residual distribution at the root
usingr copies ofC and the recursion of Theorem 4. The result is a survey of the true residual distribution
for this instantiation by Theorem 7. Suppose the probability of this instantiation isp(r, Ψ1, . . . ,Ψr). Next,
we combine these distributions by defining a distribution equal to the surveys of each of the instantiations
with probabilityp(r, Ψ1, . . . ,Ψr). This is a survey of the true residual distribution for the random MRF of
depthn + 1 by Theorem 6. Finally, if the support of the resulting survey is bigger thanthe required bound,
we can choose a smaller skeleton and compute a survey of the survey, which by Theorem 5 is also a survey
of the true residual distribution.

Finally, since distance from a fixed distribution is a convex function, by Theorem 8 the expected distance
of the survey of the residual distribution fromπ is an upper bound on the distance of the true residual
distribution fromπ. The quality of this bound of course depends on how the skeletons were chosen at each
step.

If the bound on the skeleton size isb, the maximum degree possible for the tree is∆, and the support of
the potential-function distribution for every level is at mostk, then the complexity of the computation of the
survey isO(n(kb)∆). The exponential complexity in∆ is in practice prohibitive, because in order to obtain
surveys that give good bounds for the probability of reconstruction,b may have to be large. However, the
important improvement here is that while the exact computation is exponential inn, computing the surveys
takes time linear inn.

A few more remarks regarding implementation are in order:

1. It is not impossible to handle the case when the degree distribution has infinite support. The cases
of the small degrees can be computed as above, and for large degrees,if the residual distribution is
known to be symmetric (for example if the potential functions are symmetric), thenone can use the
trivial survey, the one whose basis set is the set of basis vectors. Theuniform distribution on the basis
vectors is a survey of every symmetric distribution.

2. The size of the domains of the variables also influences the complexity of thealgorithm. The compu-
tation of the functionf in the recursive step in general requires time|Dv1 | × · · · × |Dvr |. However
the more important factor is that the size of the skeleton may have to grow significantly with the size
of the domain in order to obtain the desired bound. This dependence will have to be studied in the
context of particular models.

3. The strategy of choosing the skeleton at every step crucially influences the quality of the bounds. It
may be that one type of skeleton is beneficial in the beginning iterations and a different type in the
later ones. In our application we used small base sets in the beginning, whichmakes the first iterations
faster, and refined the base sets (increased their size) progressively. Perhaps strategies for choosing
the skeleton can be designed based on the current distribution (such as sampling a few probability
vectors from it), but we have not found such a general-purpose strategy that performs well.
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4. In order to obtain rigorous results, the computation of the survey of the residual distribution has to be
carried out with rational numbers. However, naturally the size of the denominators increases expo-
nentially, thus a “rounding” step is required at every iteration. In the caseof symmetric distributions,
such as those generated in the Potts model, this can be handled in a similar way to item 1. We choose
a largeN which will be a bound on the size of the denominators. At every step the weights of all the
vectors in the survey are rounded down to the nearest allowed rational number, one with denominator
N , and the remaining weight is distributed among the basis vectors. The resultingdistribution is a
survey of the original one. By the symmetry, in the resulting distribution all the basis vectors have the
same weight, therefore their denominator is at most|Dv|N .

4 Application to the Potts model on small-degree trees

Let T be a random infinite tree rooted at the vertexρ such that the number of childrend of every vertex is
distributed according to a random variabled with expected valued and maximum possible valuedmax. Let
the domain of values that can be assigned to each vertex be denoted byD = {1, · · · , q}, and we will also
call these valuescolors. The channelM on each edge in the Potts model is given by

Mi,j =

{

1 − p if i = j,
p

q−1 otherwise,

where0 ≤ p ≤ 1. This channel corresponds to theq-state Potts model on the tree. Denote the resulting
configurations of the tree byσ and the alphabet at a vertexv by σv. The Potts model weighs the resulting
configurations according to the Hamiltonian functionH(σ) =

∑

(u,v)∈E(T ) Ind[σu = σv] which counts
the number of edges in which the color on both end points is the same. On a finite tree, the probability
distribution is given by

P(σ) =
1

Z
exp



β
∑

(u,v)∈E(T )

Ind[σu = σv]





whereZ is a normalizing constant andβ is an inverse temperature parameter of the Potts model.

The second largest eigenvalue of the matrixM is denoted by

λ = 1 −
pq

q − 1
=

eβ − 1

eβ + q − 1
.

In line with the terminology for the Potts model,λ < 0 corresponds to theferromagnetic regimewhileλ > 0
corresponds to the anti-ferromagnetic regime. The special case of proper colorings corresponds toλ = −1

q−1 .

Thebranching numberof an infinite tree is the supremum of the real numbersγ ≥ 1 such thatT admits a
positive flow from the root to infinity, where on every edgee, the flow is bounded byγ−ℓe , whereℓe denotes
the number of edges, includinge on the path frome to the root. Note that for thed-ary tree, the branching
number isd. In the case where each vertex of the tree hask children with probabilitypk, it is known that if
the expected number of childrenm =

∑

k kpk > 1, then the branching number ism almost surely (see [7]).

14



The Kesten-Stigum bound [6] for the reconstruction problem says that for a tree with branching number
d such thatλd2 > 1 reconstruction holds. For the Potts model, Mossel and Peres [12] have shown that
non-reconstruction holds if

d
qλ2

2 + λ(q − 2)
< 1

and this bound was improved in [8].

At q = 3, for large enough degree, the Kesten-Stigum bound was recently shown to be sharp in both the
ferromagnetic and antiferromagnetic cases [16]. However, there is still agap for small degrees. We consider
the anti-ferromagnetic and the ferromagnetic Potts modelsq = 3, on 2- and3-ary trees, and on the tree
in which every vertex is chosen with equal probability to be 2 or 3, and showbounds on the threshold for
non-reconstruction.

Let σ denote a random configuration of a treeT given by the transition matrix. Recall that fora ∈ D, La(n)
denotes the random coloring ofL(n) conditioned onσρ = a. In agreement with the notation of [16] we
define the random variable

X+(n) = PL∼La(n)(σρ = a |L).

This is the conditional probabilities of the colora at the root when the coloring of the vertices at leveln is
chosen conditioned onσρ = a. Note that by the symmetry of the channel, the distribution ofX+(n) does
not depend on the particulara ∈ D.

Let Y +(n) := X+(n) − 1
q

and denote

xn = E[Y +(n)], and zn = E[Y +(n)2].

Here, the expectation is taken over the randomness of the tree and the Markov process on the tree (the
random coloring). We go back to the unconditional distribution using the following identity of Sly [16]:

Claim 9 ([16]) The following relations hold:

xn = E

[

q
∑

a=1

(

P(σρ = a|L(n)) −
1

q

)2
]

≥ zn ≥ 0

Therefore, clearly, the condition

lim
n→∞

xn = 0

is equivalent to non-reconstruction and further, if for eacha,

E

[

(

P(σρ = a|L(n)) −
1

q

)2
]

≤ ε,

thenxn ≤ qε.
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By expanding the recursion for the expectationE[Y +(n)] using a Taylor expansion, exactly as in [16],
we obtain a bound onxn+1 in terms ofxn and zn. Extending the analysis of [16] to random trees is
straightforward. First, we obtain a relation in terms of a fixed degreed and then take the expectation over
the distribution for the degreed.

Theorem 10 Let q,d, d, dmax, λ, xn andzn be defined as above. Then,

xn+1 ≤ dλ2xn +

dmax
∑

j=2

E

[(

d

j

)]

λ2j

[

2(q − 1)

q2

(

q(q − 3 + λ)

q − 1
xn −

q2λ

q − 1
zn

)j

(6)

+
(q − 1)(q − 2)

q2

(

−
q(3q − 6 + 2λ)

(q − 1)(q − 2)
xn +

2q2λ

(q − 1)(q − 2)
zn

)j

(7)

−
2(q − 1)

q

(

−
q

q − 1
xn

)j
]

. (8)

Proof: The degree of the root of the random tree of depthn + 1 is d. We first bound the expectation
conditional ond = d. Following the calculations of [16], we obtain

E[Y +(n + 1)|d = d] ≤
2(q − 1)

q2

(

1 +
λ2q(q − 3 + λ)

q − 1
xn −

q2λ3

q − 1
zn

)d

+
(q − 1)(q − 2)

q2

(

1 −
λ2q(3q − 6 + 2λ)

(q − 1)(q − 2)
xn +

2q2λ3

(q − 1)(q − 2)
zn

)d

−
2(q − 1)

q

(

1 −
λ2q

q − 1
xn

)d

+ 1 − 1/q

= dλ2xn +
d
∑

j=2

(

d

j

)

λ2j

[

2(q − 1)

q2

(

q(q − 3 + λ)

q − 1
xn −

q2λ

q − 1
zn

)j

+
(q − 1)(q − 2)

q2

(

−
q(3q − 6 + 2λ)

(q − 1)(q − 2)
xn +

2q2λ

(q − 1)(q − 2)
zn

)j

−
2(q − 1)

q

(

−
q

q − 1
xn

)j
]

.

Taking the expectation over the degree we obtain the statement of the theorem.

We obtain the following Corollary by applying Theorem 10 to particular valuesof q and degree distributions
d. The inequalities are obtained by optimizing each term in the summation (6) separately subject to the
constraint that0 ≤ zn ≤ xn.

Corollary 11 Let q = 3. In the ferromagnetic regime,
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1. If d = 2 with probability 1, andλ > 0

xn+1 ≤ 2λ2xn +
3

2
λ4x2

n(2λ2 + 4λ + 1)

2. If d = 3 with probability 1, andλ > 0

xn+1 ≤ 3λ2xn +
9

2
λ4x2

n(2λ2 + 4λ + 1) −
9

2
λ6x3

n(1 + λ)3

3. If d = 2 with probability 1/2,d = 3 with probability 1/2, andλ > 0

xn+1 ≤
5

2
λ2xn + 3λ4x2

n(2λ2 + 4λ + 1) −
9

4
λ6x3

n(1 + λ)3

In the antiferromagnetic regime,

4. If d = 3 with probability 1, andλ = −1
2

xn+1 ≤
3

4
xn +

63

32
x2

n −
351

256
x3

n

Using the above bounds, we show that non-reconstruction holds in the following cases.

Theorem 12 Let q = 3. In the ferromagnetic regime,

1. if d = 2 with probability 1, non-reconstruction holds forλ ≤ 0.69;

2. if d = 3 with probability 1, reconstruction holds forλ ≤ 0.555;

3. if d = 2 with probability 1/2,d = 3 with probability 1/2, non-reconstruction holds forλ ≤ 0.61.

In the antiferromagnetic regime,

4. If d = 3 with probability 1, andλ = −1
2 (the case of proper colorings), there is non-reconstruction.

Proof: Let x∗ = x∗(λ, q, d) denote the upper bound onxn given by the algorithm when it is run with inputs
λ, q, d. The values obtained forx∗ by the algorithm were as follows:

• If d = 2 w.p. 1,λ = 0.69, x∗ = 0.02939...

• If d = 3 w.p. 1,λ = 0.555, x∗ = 0.04457...

• If d = 2 or 3 each w.p.1/2, λ = 0.61, x∗ = 0.04057...

• If d = 3 w. p. 1 andλ = −1/2, x∗ = 0.00038..
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d KS [6] MP [12] FK [4] Theorem 12
2 0.7071.. 0.6666.. 0.7018.. 0.69
3 0.5773.. 0.5302.. 0.5731.. 0.555

2.5 0.6324.. 0.5873.. 0.6278.. 0.61

Table 1: The Kesten-Stigum upper bound on the non-reconstruction threshold and the values ofλ up to
which non-reconstruction has been shown in [12], [4] and here, forq = 3 in the ferromagnetic regime
(λ > 0).

The valuesx∗ are an upper bound onxn. It can be verified by substituting theλ above into the corresponding
inequalities in Corollary 11 that in each casexn+1 < Cxn whereC is a constant smaller than 1. This implies
non-reconstruction since in the limitxn goes to 0.

For each of these cases the algorithm was run using Maple 12 and with only integer computations, using
the rounding procedure described in the previous section. The base sets of the skeletons were selected
manually, refining them whenever the resulting bounds stop improving. The decomposition functions of
the skeletons were selected to minimize the expected total variation distance between the true vector and its
decomposition using the LP solver of Maple 12. Not more than 100 iterations were needed for every case
to obtain the required bound. The implementation was run on a MacBook with a 2GHz Intel Core 2 Duo
processor and 1GB of RAM. The limiting factor is that the last tens of iterationstake hours because the
skeleton size we choose towards the end is close to 100 (in the case of d=2,200). It is reasonable to expect
that with more computational power or time each of these bounds can be improved, although going beyond
the bounds of Formentin and Külske, if they are not tight, may require significantly better resources.

The values ofλ we obtain for non-reconstruction in the ferromagnetic regime are shown in Table 4 for a
comparison with previous bounds from [6, 12, 4] (the bounds of [8] are not explicitly derived, so we have
not included them). The second column is the Kesten-Stigum bound below which reconstruction is known
to hold. In all cases we improve the bound of [12]. The anti-ferromagneticcase (3-coloring on the 3-ary
tree) is also not implied by the bounds of [12].
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