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Abstract

We close affirmatively a questionwhich hasbeenopenfor long
time: decidability of the HOM problem.The HOM problemcon-
sistsin determininggiven a treehomomorphismH anda regular
treelanguagel representetly atreeautomatonwhetherH (L) is
regular

In orderto decidethe HOM problem we developnew construc-
tionsandtechniquesvhich areinterestingby themseles,andpro-
vide severalsignificantintermediateesults For example we prove
thattheuniversalityproblemis decidabl€or languagesepresented
by treeautomatawith equalityconstraintsandthattheequialence
and inclusion problemsare decidablefor imagesof regular lan-
guageghroughtreehomomorphisms.

Our contritutionsarebasednthefollowing new constructions.
We describea simpletransformatiorfor corvertinga treeautoma-
tonwith equalityconstraintsnto atreeautomatorwith disequality
constraintgecognizingthe complementaryanguageWe alsode-
fine a new classof automatawith arbitrary disequalityconstraints
anda particularkind of equalityconstraintsAn automatorof this
new classessentiallyrecognizeghe intersectiorof a treeautoma-
tonwith disequalityconstraint@ndtheimageof aregularlanguage
througha treehomomorphismWe prove decidabilityof emptiness
andfinitenesdor this classby a pumpingmechanismWe combine
the above constructionsadequatelyto provide analgorithmdecid-
ing theHOM problem.

Categories and Subject Descriptors  F.4.2 [MathematicalLogic

andFormal Languayeg: GrammarsandOtherRewriting Systems;
F.4.3 [MathematicalLogic and Formal Languajeq: Formal Lan-

guages

General Terms  Logic, Theory Decidability

Keywords Tree automataHomomorphismsRegular languages,
Transducers

1. Introduction

Finite-statetree automata(TA) [5] were introducedby Thatcher
andWright [22] in the context of circuit verification.Many famous
researchersontributedto this schoolin thelate 60’s andthe early
70’s, establishingconnectiondetweenautomataandlogic. In the
70's mary new resultswereestablishedoncerningrA, whichlose
a bit their connectionswith the applicationsand were studiedfor

theirown. Applicationsof TA to programverificationrevivedin the
80’s, after therelative failure of automatedieductionin this field.

Automataandin particularTA, alsoappeared@sanapproximation
of programson which fully automatedtools can be used.New

resultswere obtainedconnectingpropertiesof programsor type
systemsor rewrite systemswith automataTheseapplicationsare
widely usednowadaysandanextendedmatterof research.

TA are a well studiedformalism for representingerm lan-
guagesdueto their good computationabnd expressvenessprop-
erties. They characterizethe “regular term languages”a classi-
cal conceptused,e.g., to describethe parsetreesof a context-
free grammaror the well-formed terms over a sortedsignature,
andto naturally capturetype formalismsfor tree-structurecKML
data[20, 2]. Similar asin the caseof regular setsof words,regular
termlanguage$have numerousconvenientpropertiessuchasclo-
sureunderBooleanoperationgintersectionunion, negation), de-
cidablepropertiessuchasinclusionandequivalence andthey are
characterizedy mary differentformalismssuchasregulargram-
mars, regular term expressions congruenceclassesof finite in-
dex, deterministicbottom-upTA, non-deterministicop-dovn TA,
or sentencesf monadicsecond-ordelogic [5]. DeterministicTA,
for instancecanbe effectively minimizedandgive riseto efficient
parsing.

When the usedformalism for representingan infinite set of
termsis not a TA, it is often expedientto decidewhetherthe
representedetis in factregular, or whena given transformation
preseres regularity. For example, when the setis describedas
the reachableconfigurationsof a program/systenfrom a starting
configuration,regularity of such setallows checkinginteresting
propertiesof reachableonfigurationslik e validity.

1.1 TheHOM problem

Treehomomorphismsarethe naturalextensionof word homomor
phismsto trees.They were definedin 1970 as a specialcaseof
tree transducersy Thatcherin [21], and by Engelfrietin [10].
From the beginning, it was notedthat, the classicalpropertystat-
ing that a word homomorphisnpreseresregularity, is no longer
truewhenonedealswith treelanguageskor example thetreelan-
guage{g™(a)|n > 0} is regularsinceit is recognizedy thetree
automaton{a — ¢, g(q) — q}, wheregq is anacceptingstate But
its imagethroughthetreehomomorphisn# definedby H(a) = a
andH(g(z)) = f(H(z), H(z)) is the setof completetreesover
binary f andconstanta, which is well-known to be non-regyular
It hasbeena long-standingopenquestionthe decidability of the
HOM problem:given a regular treelanguagel. anda tree homo-
morphismH, is H(L) regular?

This problemis not only a fundamentaltheoreticalquestion.
Tree homomorphismsare a powverful representatiosystem.Sev-
eralrepresentatiomechanismfasedon treepatternsarejust par
ticular casesf imagesof regular languageghroughthreehomo-
morphismsandthe setof reducibleinstancef ary term rewrite
systemalso can be representedh this way. Hence,it is not sur
prisingthatparticularcasesandvariantsof this problemhave been
studiedalong the past35 years.For example,asit caneasilybe
derivedfrom the fundamentatesultsin [10], the HOM problemis
equivalentto the following problem:given a bottom-uptreetrans-
ducerT, istherangeof T' regular?Many variantsresultsandappli-



cationsof treetransducersrestudiedalongthe 70’'s and80’s (see
thebook[12] andthehandbooK13]). In [14] thedecidabilityof the
HOM problemis still statedasanopenquestionandtheparticular
caseof theregularity of the reducibletermsby a termrewrite sys-
temis alsoleft asan openproblem.This particularcaseis posted
asthe 7th problemin the RTA list of openproblemsin 1991 by
ComonandDauchetlt is solvedindependentlyn [17,23, 19]. The
HOM problemappearslsoin [11], wherethe moregenerakaseof
regularity of the rangeof a top-davn treetransduceis shovn un-
decidableIn the morerecentyears,someotherparticularizations
of the HOM problemhave beentakeninto considerationTreeau-
tomatawith constraintsareusedto prove decidabilityof the HOM
problemrestrictedto shallov homomorphismsn [3]. The HOM
problemrestrictedto monadicsignaturesr to top-cofying homo-
morphismsis proved decidablein [16]. The latter resultis based
on the decidability of first-orderequationaformulaewith regular
membershigonstraintgprovedin [6].

In thiswork, we prove decidabilityof theentireHOM problem,
without ary further restriction.To this end,we develop new con-
structionsandtechniqueswhich areinterestingoy themseles,and
provide several significantintermediateresults.We detail themin
thefollowing subsections.

1.2 TreeAutomata with constraints

In orderto prove decidability of HOM, we make use of several
ideastechniquesndresultsrelatedto treeautomatawvith disequal-
ity andequalityconstraints;TA_. _ for short,developedalongthe
last15 years.For this reasonwe dedicatethis specializedsubsec-
tion of theintroductionto theseremarkableesults As anexample
of treeautomatorwith equalityconstraintconsiderthefollowing:

a—q, f(¢,9) 1=2 g- Theconstraintl = 2 imposeghatthefirst
andseconcthild mustcoincidefor theapplicationof therule. Thus,
the above automatorrecognizeghe setof completetreesover bi-
nary f andconstantu.

Tree automatawith equality constraints,TA_ for short, have
beenstudiedin the early 80sby M. DauchetandJ. Mongy. When
we considerits closureby booleanoperationswe get the class
of TA.,—. Unfortunately propertiedik e emptinessfinitenessand
regularity of the representedanguageare undecidable even for
the restrictedclassof TA—. But somepositive resultshave been
obtainedfor other particular casesof TA. —. Emptinessof tree
automatahaving only disequality constraints, TA_. for short, is
proved decidablein [7]. Exptime-completenessf this problemis
provedin [8]. This resultis developedin orderto prove exptime-
completenessf the groundreducibility problem. The decidabil-
ity resultin [7] is extendedin [9] to the so-calledclassof reduc-
tion automatawhich allow for arbitrary disequalitiesand a lim-
ited amountof equalities.Roughly speaking,a fixed numberof
equalitiesare permittedat eachpath of a run. This resultis used
to prove decidability of the first ordertheoryof reduction.Empti-
nessandfinitenessof tree automatawith disequalityand equality
constraintetweenbrothers(direct children)is proved decidable
in [4]. Regularity for this classwas proved decidablein [3]. As a
consequenceheHOM problemis proveddecidabldor the partic-
ularcaseof shallov homomorphismsaswe have mentionedabove.
But also,theseresultsarekey for proving decidabilityof presera-
tion of regularity for shallov term rewrite systemsandinnermost
rewriting in [15]. Several othervariantsof treeautomatawith con-
straintshave beendeveloped providing decidabilityresultsin logic
andtermrewriting, with applicationin protocolverification.\We do
not mentionthemsincetherearelots, andthe providedtechniques
have notbeenusedin this paper

1.3 Our contributions

In the pathof solvingthe HOM problem,we develop severalideas
andtechniqueswhich areinterestingby themseles, and produce
significantintermediateesults.

Ourfirst contribution consistsn a constructiorfor corvertinga
TA_ into a TA_: recognizingthe complementanguageof thefirst
one.Thisconstructioris rathereasybut upto ourknowledge,it has
not beenstatedbefore,althoughsimilar agumentsare usedin [7]
to constructa TA_: recognizingthe setof normalforms of aterm
rewrite system.The complementonstructiorhassignificantcon-
sequencedik e decidabilityof theuniversalityproblemfor treeau-
tomatawith equality constraintsand more generally decidability
of theinclusionof aregularlanguagénto thelanguageepresented
by a TA_. Moreover, it givesa simple proof of undecidabilityof
regularity testfor TA ., andhencefor reductiontreeautomatgthis
questiorwasleft openin [3]).

In a secondstep,we definea new classof automatawith con-
straintscalled tree automatawith disequalityand HOM equality
constraintsTA . »om for short.Essentiallythey recognizethein-
tersectiorlanguagebetweera TA andtheimageof aregularlan-
guagethroughatreehomomorphismWe alsodefinethe particular
subclasof TAr.» wWhich recognizeimagesof regular languages
throughtreehomomorphisms.

This new classof tree automatawith constraintds interesting
by itself. It is essentiallya particularsubclas®f TA_. —, subsumes
the classof treeautomatawith disequalityandequalityconstraints
betweenbrothers,andis independenfrom the classof reduction
automataln contrastto reductionautomata,TA . rom permitan
unboundechumberof equalitiesat eachpathof arun. As we will
see emptinesandfinitenessaredecidablegfor TA . hom.

Theabove constructiongndresultsallow to derive new signif-
icantconsequencesincetwo TAx.m A and B representheim-
agesof regular languageghroughtree homomorphismsbhy com-
plementingA andintersectingvith B we obtainaTA £ ,om Whose
emptinesss equivalentto theinclusion£(A) O £(B). Therefore,
we areableto prove decidabilityof inclusionandequivalenceprob-
lemsfor imagesof regularlanguageshroughtreehomomorphisms.

Ourdecisionalgorithmfor theHOM problemhasavery simple
descriptionFirst,it generatea TA ., A recognizinghelanguage
H(L), for the given TA A and the given tree homomorphism
H. Secondjt linearizesA into a TA B by removing all equality
constraintsandreplacingthe involved positionsin the constraints
by all possiblevalid termsup to a certainheight. Third, it checks
L(A) = L(B), concludesregularity” in the affirmative case and
concludesnon-regularity” in the negative case.

Neverthelessproving thatthis algorithmdecidesHOM is more
complicated,and requiresto argue using all the above construc-
tions.In Section7 we provide moreintuition aboutthe underlying
ideasof this amgumentation.

1.4 Organization of the paper

In Section2 we introducebasic conceptson termsand tree au-
tomata.In Section3 we presentthe constructiontransforminga

TAZ intoaTA.. In Sectiond we defineTA . hom andTApom and
theirruns,shawv thattheimageof aregularlanguagehroughatree
homomorphisntanberecognizedy aTAon, definetheintersec-
tion of a TAnom anda TA—, the intersectionof two runs,andthe
respectie projectiongo recover the original runsfrom arun of the
intersectionIn Section5, we definethe conceptof pumpingof a

runof aTA nom. Also we shaw thatfor abig enougtrunthereex-

istsa pumpingproviding a smallerrun, thusconcludingdecidabil-
ity of theemptinesgroblemfor TA_. 1om. Moreover, we shaw that
for abig enoughrunthereexist pumpinggroviding infinitely mary

biggerruns,thusconcludingdecidabilityof the finitenessproblem
for TA hom. IN Section6 we shaw all the significantintermedi-



ateconsequencesf our constructionsin Section7 we useall the
developedtechniquego prove decidabilityof the HOM problem.

2. Preiminaries
2.1 Terms

The size of a set S is denotedby |S|, and the powersetof S is
denotedby 2°. We assumethat the readeris familiarized with
terms,positions substitutionsandreplacementd-or moredetailed
explanationssee[1].

A signatue consistsof analphabet, i.e., afinite setof sym-
bols, togetherwith a mappingthat assignso eachsymbolin X a
naturalnumber its arity. We write »(™) to denotethe subsetof
symbolsin X that are of arity m, andwe write f(™ to denote
that f is a symbol of arity m. The setof all termsover X is de-
noted7 () andis inductively definedasthe smallestset7" such
thatfor every f € (™ m > 0, andt1,...,tm € T, theterm
f(ti,...,tm) isin T. For atermof theform a() we simply write
a. Forinstancejf & = {f?, a®} thenT () is the setof all
termsthatrepresenbinarytreeswith internalnodedabeledf and
leaveslabeleda. Wefix thesetX’ = {z1,z2,...} of variablesj.e.,
ary setV of variablesis alwaysassumedo be a subseof X'. The
setof termsover X with variablesin X', denoted!'(X U X), is the
setof termsover XU X whereevery symbolin X' hasarity zero.By
|t| wedenotethesizeof ¢, definedrecursvely as| f (t1, . . ., tm)| =
14 [t1] 4 ...+ |tm| foreachf € £ m > 0 andty, ..., tm €
T(X), and|xz| = 1 for eachz in X. By height(t) we denotethe
heightof ¢, definedrecursvely asheight(f(t1,...,tm)) = 1+
max(height(t1),...,height(tm)) for eachf € =M m > 1
andti, ..., tm € T(), height(a) = 0 for eacha € ©(?, and
height(z) = 0 for eachz € X. Positionsin termsaresequences
of naturalnumbersGivenaterm f(t1,...,tm) € T(X), its set
of positionsPos(t) is definedrecursvely as{\} Ui<;<m {i.p |
p € Pos(t;)}. Here, A denotesthe empty sequencéposition of
the root node),and. denotesconcatenationThe subtermof ¢ at
positionp is denotedby t|,, andis formally definedast|x = t,
and f(t1,...,tm)|ip = tilp. Toot(f(t1,...,tm)) is f for ary
symbol f. Thus, the symbol of ¢ occurringat position p is de-
notedby root(t|,), andwe saythatt at positionp is labeledby
root(t|,). For instancefor s = g(f(a,b),c), s|1 equalsf(a,bd)
androot(t|1.2) is b. For asetl’, we usePosr (t) to denotethe set
of positionsof ¢ thatarelabeledby symbolsin I'. Whenapositionp
is of theform p1.p2, we saythatp, is aprefixof p, denoted < p,
andp- is a suffix of p. If in additionp: is not \, thenwe saythat
p1 is aproperprefix of p, denotedp, < p. Moreover, with p — p;
we denotep,. We saythattwo positionsp; andp» areparallel,de-
notedp; || p2, if neitherp; < p2 norps < p1 hold. For termss, t
andp € Pos(s), we denoteby s[t], theresultof replacingthe sub-
termatpositionp in s by theterm¢. More formally, s[t], is ¢, and
f(Sl, ey Sm)[t]i_p is f(Sl, ey Sie1, Si[t]p, Sidlyeen, Sm). For
instance,f(f(a,a),a)[a]: is f(a,a). A substitutions is a map-
ping from variablesto terms.It canbe homomorphicallyextended
to afunctionfrom termsto terms:o () denotegheresultof simul-
taneouslyreplacingin ¢ every z € Dom(c) by o(x). For example,
if ois{z — f(b,y),y — a}, theno(g(z,y)) is g(f(b,y),a). A
rewrite rule is a pair of termsl — r. Application of a rewrite rule
I — rtoaterms[o(l)], atpositionp producesheterm sjo(r)]p.
If R is asetof rules,applicationof arule of R to aterms result-
ing into atermt is denotedby s — g t, andthereflexive-transitve
closureof thisrelationis denotedby — 5.

Alongthispaperunlessheoppositds statedby t|,, = t|p, We
mearnthatp; andp. arepositionsin Pos(t) andthesubterm®f ¢ at
positionsp; andp, coincide.Ontheotherside,by t|,, # t|p, We
meanthateitherp; or p» is notin Pos(t), or thatthe subtermg|,,

andt|,, aredifferent.Notethat, with this semanticst|,, # t|p, iS
thenegationof t|p, = t|p,-

2.2 Treeautomata with constraints

Treeautomataandregular languagesire well-known conceptsof

theoreticakcomputerscience[1213, 5]. We assumeéhatthereader
knows the Booleanclosurepropertiesand the decidability results
on regular tree languagesHere we only recall the notion of tree
automatawith constraints.

The subsequenpresentations not the mostusualonefor tree
automatawith constraintshut it is an equivalentone.We usethis
presentatiorin orderto make it more similar to other definitions
of automataappearingn therestof the article, thuspreparingthe
readerfor furtherdefinitions.

DEFINITION 2.1 (automatawith constraints) A tree automaton
with disequalityandequalityconstraintsTA. — for short,is a tu-
pleA=(Q,%, F,A), whee Q is a setof states X is a signatue,
F C Q is the subseof final states,and A is a setof rules of the

form f(qi,...,qm) — ¢, Whee qi,...,qm,q arein Q, f isin
(™) andc is a conjunction/sebf atomsof theform p; # p» and
p1 = p= for arbitrary positionsp, , p2. Whenall constaintsin A
containonly disequalities(respectivelyequalities)we saythat A
isa TA. (respectivelya TA-). Whenall the constaintsare empty

wesaythat A isa TA.

In orderto definethe conceptof run of a TA. — we definethe
alphabetfor describingruns on terms,which are just termswith
labelsindicatingwhich rule hasbeenappliedat eachnode.

DEFINITION 2.2 (alphabebfarun). Let A = (Q, X, F,A) bea
TA.—. Thealphabebf arunof A is A, whee ead symbolof the
form (f(qi,...,qm) = q) hasarity m, i.e. thesameas f.
Theresultingstateof a termr in 7(A) is q if r is of theform
(Flqrs - osgm) = @) (1, tm).
The projection > : 7(A) — T(X) is recur
sively definedas (s (f(qi,... qm) — @)(t1,...,tm)) =

DEFINITION 2.3 (run). Let A = (Q,X, F,A) bea TAx =. We
definethe conceptof run of A asatermin 7 (A) satisfyingcer

tain conditionsrecursively as follows. Let (f(q1,...,qm) — q)
bearule of A. Letry,..., rm berunsof A with resultingstates

qi,- .., qm, respectivelyLet t be f(rs(r1),...,m=(rm)). Sup-
poset|,, # t|p, holdsfor eah (p1 # p2) € ¢, andthatt|,, =
t|p, holdsfor each (p1 = p2) € c. Then,(f(q1,...,qm) —
q)(r1,...,rm) isarunof A onthetermt.

By L(A, q) wedenotethe setof termst for which there existsa
runr of A with resultingstateq sud that7s () = t. Thelanguage
accepteddy A, denotedC(A), is U, £(A, q). Alanguage L is

regularif there existsa TA A suc that £L(A) = L holds.

DEFINITION 2.4 (treehomomorphisms)Let 331, 32 be two sig-
natures.A treehomomorphisnis afunctionH : 7 (1) — T (X2)
which canbedefinedasfollows.

Let X,, representthe setof variables{z1, ...,z } for eath
natural numberm. The definition of a tree homomorphisnH :
T(X1) — 7T(32) requirs to define H(f(z1,...,2m)) for
ead function symbol f € X; of arity m as a term ¢5 in
T (X2 U Xy). After that, H(f(¢1,--.,tm)) is defined,for eac
term f(t1,...,tm) € T(21), as{z1 — H(t1),...,Tm —
H(tm)}(t).

Alternatively tree homomorphismgan be definedin the fol-
lowing way as a function H : 7(X;) — 7 (X2) satisfyingthe
following condition.For anyarbitrary setof variables X, there ex-
istsan extensionH : 7 (X1 UX) — 7 (X2 U X) of H sud that,



H(z) = « for ead z in X, andfor each termt € 7 (¥, U X) and
eadsubstitutionr : X — T (X1UX), H(o(t)) is (H(0))(H(t)),

whee (H (o)) (z) is interpretedin the natural wayas H (o(x)).

DEFINITION 2.5. TheHOM problemis definedasfollows:
Input: ATA A andatreehomomorphisni.
Question: Is H(A) regular?

3. Thecomplement of a TA_

ForagivenTA- A = (Q, X, F, A) wewantto construc TA: B
recognizingthe complemenif £(A). This constructionis rather
easy We just needto consider2® asthe setof statesof B. The
intuitive meaningof eachstateS C Q is thatthereexists a run
with B of atermt with resultingstatesS if andonly if, for eachg in
S, thereis norunwith A of ¢ with resultingstateq. In otherwords,
using B we arecomputingsetsof stateswhich cannotbe reached

using A. Therules f(S1,...,S5m) 2. S of B areconstructedo

ensurethat, for thosestatesg in S, no rule of A with right-hand
sideq canbeapplied.

DerINITION 3.1 (ComplementfaTAZ). LetA = (Q, X, F, A)
be a TA—. Then,the complementTA. B of A is definedas the
tuple (29,3, {F'| F C F’ C Q},A’) whee A’ is thesetof rules
F(S1,...,5m) L, § satisfyingthe following:

¢S, .., S, SCQ.

e D is a conjunctionof disequalitiesp # ¢ sut thatp = ¢
occursin theconstrint of somerule in A.

e For eath ¢ in S andead rule of theform f(qi,...,qm) = ¢
in A eitherthereexistssomei in {1, ..., m} satisfyingy; € .S;,

or there existpositionsp: , p2 sud thatp; = p» occuisin ¢ and

p1 # p2 Occusin D.

EXAMPLE 3.2. LetA = (Q, X, F, A) bethe TA- with Q = {q},
Y = {f®,a9}, F = {¢}, andwher A containsthe two rules
a— qgandf(q,q) =2 . ThisTA_ recanizeshelanguage of the
completetrees.We can constructthe complemenTA.. asfollows.
Thesetof statess 29 = {0, {q}}, thesignatueis thesames, the
setof acceptingstatesis F' = {{q}} and someof therulesin A’
are:

eq—10

° f(0,0) =0

.« £(0,0) 22 {g}

e f({q},0) — {q}

o f(0,{q}) = {q}

e f({a}.{a}) = {a}

This automaton clearly recaynizes the language of the
non-completetrees (becauseat ead position we can non-
deterministically ched that either at least one child is non-
complete or both children are not equal). Accoding to the defi-
nition of the complemenbf a TA_, there exist more rulesin A’

(like f({q}.{q}) 2 {q}), but they are unnecessaryr useless.

The following lemmaestablishe®ne of the directionsof the
statemenimentionedabove: whenever a stateS is theresultof a
runof B onatermt, nostateg in S canbetheresultof arunof A
ont.

LEMMA 3.3. Let A = (Q,%,F,A) bea TA-, and B =
(29,2 {F'| F C F' C Q},A’) beits complementA_. Let g
be a statein @ andlet S be a stateof B containingg. Lett bea
termin £(B, S).

Then,tisnotin L(A4, q).

Proof. We prove it by contradiction.Let ¢ be a minimumtermin
sizecontradictinghestatementi.e. thereexists.S C Q, arunr’ of
B satisfyingns; (') = t with resultingstateS, astateg in S anda
runr of A satisfyingrs.(r) = ¢ with resultingstateg, andno other
termsmallerthant accomplisheshis statement.

We write ¢ more explicitly as f(t1,...,tm), and the above
runs ' and r as (f(Si,...,5m) 2 S)(r},....rk) and
(Flqy---yqm) = @)(r1,...,7m), respectiely. Note that
S1,...,Sm arethe resultingstatesof the runsri,...,r,, of B
onty,...,tm, respectiely, andqs, . . ., ¢ aretheresultingstates
of therunsry, ..., rm Of AoOnt, ... tn,, respectiely.

By the definition of A’, since ¢ belongsto S, for the rule
flqi,...,qm) = q it holdsthateither (i) thereexists somei in
{1,...,m} satisfyingq; € S;, or (ii) thereexist positionsp1, p2
suchthatp; = p» occursin ¢ andp; # p2 occursin D.

In case(i), t;, S;, 7}, q;, andr; satisfythe assumedonditions
fort, S,r’, g andr, butalso|t;| < |¢| holds.Thisisin contradiction
with the minimality of ¢.

In case(ii), by the definition of run applied on r, it holds
t|p, = t|p,- But, similarly, by thedefinitionof runappliedonr’, it
holdst|,, # t|p,, Whichis a contradictionagain. O

The following lemma establisheshe other direction of the
above statementbut for maximal S’s, thatis, givenatermt, there
existsarunr with B of ¢t whoseresultingstates is just the setof
statesy which cannotbetheresultof arunwith A of . Moreover,
thisis alsothe casefor eachsubrun(subterm)of r.

LEMMA3.4. Let A = (Q,%,F,A) bea TA_, and B =
(29,3, {F'| F C F' C Q},A’) beits complemenTA... Lett
beaterm.

Then,there existsa run r of B satisfyingrs(r) = ¢t andsud
that, for eadh p € Pos(r) it holdsthat r|, is a run with resulting

state{q € Q| t|, & L(A,q)}.

Proof. We prove it by inductionon |¢|. We write ¢ moreexplicitly
asf(t1,-..,tm). By inductionhypothesisfor eacht; thereexists
arun r; of B satisfyingns(r;) = t; andsuchthat, for each
p € Pos(r;) it holdsthatr;|, is a run with resultingstate{q €
Q| tilp &€ L(A,q)}. In particular the resultingstateS; of r; is
{acQlt: € L(A g}

Let D bethe constraintdefinedasthe conjunctionof disequal-
ities p1 # p2 suchthatp; = p2 occursin the constraintof some
rule of A andt|,, # t|p, holds(recallthat,by t|,, # t|p,, Weun-
derstandhateitherp; or p2 is notin Pos(t), or thatthe subterms
t|p, andt|,, aredifferent).ln orderto concludeijt suficesto prave

that £(S1....,S8m) 2 Sfor S = {q € Q| tlp & L(A,q)} is
arule of B. To this end,we mustshaw, for eachq in S andeach
rule of the form f(q1,-..,qm) = qin A, thateithersomei in
{1,...,m} satisfiesq; € S;, or thereexist positionsp1, p2 such
thatp: = po occursin ¢ andp; # p2 occursin D. Thus,con-
siderary of suchq and f(q1, ..., q¢m) — ¢ andsupposehatall i
in {1,...,m} satisfyq; ¢ S;. Then,by the definition of eachof
suchsS;, thereexistsarunr; of A satisfyingrs(r;) = ¢; andwith
resultingstateq;. Sincegq is in S, by the definition of S it holds
thatthereis no run r’ with resultingstateq suchthatrs(r') = t.
Hence(f(qi;---,qm) = q)(rl,- .., rh) isnotarun.Thus,some
p1 = p2 occurringin the constraintc mustbe unsatisfiecn, i.e.
t|p, # t|p, fOr somep: = ps in c. By theelectionof D, p1 # p
occursin D. Thus,theexistenceof suchp,, p2 concludegheproof.
d

THEOREM 3.5. Let A = (Q,%,F,A) bea TA_, and B =
(29, %, {F'| F C F' C Q},A’) beits complemenTA... Then,
L(A) = £(B).




Proof.

o We first prove L(A) Q L(B). Lett beatermin £(B). Then,
there exists a run ' of B with resulting state.S such that
mx(r') = tandF C S C Q hold. Hence,for eachq in F,
by Lemmag3.3it follows thatt is notin £(A, ¢). Thus,t is not
in L(A).

e Now, we prave L(A) C L(B). Lett beatermwhich is not
acceptedy A. Then,for eachstateq of F', ¢t ¢ L(A, q) holds.
By Lemma3.4,¢ isin £(B,S) whereS is {¢ € Q| t|, ¢
L(A,q)}, andsinceF C S C @ holds,it follows thatt is in

(

B).

O

Proceedinganalogouslywe could transforma TA_. into a TA—

recognizingthe complementof the first. We do not develop this

transformatiorsinceit is very similar andwe do not useit for the

proofof theHOM problem but statetheanalogousonsequencas
follows.

THEOREM 3.6. Let A = (Q, X, F, A) bea TA. Then,it canbe
computeda TA- B = (29 %, {F'| F C F' C Q},A’), called
the complemenTA_ of A, sudthat L(A) = £(B).

4, Treeautomatawith disequality and HOM
equality constraints

Our aim is to definea new classof automatawith a certainkind
of equalityconstraintsyecognizingmagesof treehomomorphisms
appliedto regularlanguagesThesewill bethetreeautomatawith
HOM constraintsdenotedTA ..., andthey essentiallyrecognize
the rangeof a bottom up tree transducerBut we will definea
moregeneraklassincluding alsoarbitrarydisequalityconstraints,
denotedTA . rom. Thereasoris thatwe will needto argueabout
theintersectiorlanguageof thelanguagesepresentely aTAxom
andaTA.

The definition of TA_ rom hasdifferencesrom the definition
of TA —. Theleft-handsideof rulesarenotnecessarilylat. Thus,
they directly useinformation of statescomputedat relative posi-
tions deeperthan 1. The disequalityconstraintsare arbitrary but
the equality constraintsare restricted.They always refer to posi-
tionswith identicalcomputedstatesTherulesarealsolabeled.The
labelsarenotrelevantatall for furtherdefinitionsof run, pumping,
etc. We will usethem later, when intersectingtwo automatafor
keepingthe necessarynformationto recover the runs of the two
original automatdrom arun of their intersectiorautomaton.

DEFINITION 4.1 (new automata)A tree automatonwith dise-
quality andHOM equalityconstraintsTA. ».m for short, is a tu-

ple A =(Q, X%, F,A), whee Q is a setof states X is a signatue,

F C Q isthesubsenf final statesand A is a setof labeledrules
of theform (I : s N q), whee I is thelabel, s is a term over
T(XUQ) — Q, interpretingthe statesof ) as0-ary symbolsand
c is a conjunction/sebf atomsof the form p; # p» for arbitrary

positionsp: , p2, and atomsof theform p, = p2, where p; andp,

are different positionssatisfyings|s, = s|z, € Q. Moreover, for

all positionspi, p2, ps3, if (p1 = p=2) and (p2 = p3) occurin ¢,

then(p1 = ps3) alsooccurisin c. By h(A) wedenotethe maximum
amongthe heightsof left-handsidesof rulesin A andthelengths
of positionsoccurring in the constaints of A, and write ~ when
A is clear from the context. Whenno constaint in A containsa

disequalitywesaythat A is a TApom.

EXAMPLE 4.2. As an example of TAp,n, consider Ao, =
(Q, %, F,A),wheeQ = F = {q}, = = {f*,n(V,a(*}, and
A isthesetofrules

epp=hLh:a—q
e pp=1D:h(a) —q

1.1=1.2
* p3=1I3:h(f(q,4,9) —q.

Notethat the equality constrint refeis to positionswith the same
state which is mandatoryfor this kind of automata.

As in the caseof tree automatawith constraintsjn order to
definethe conceptof run of a TA. rhom We definethe alphabet
for describingrunson terms,which arejust termswith additional
labelsindicating which rule hasbeenappliedat eachnode.The
differencewith respectto the caseof plain tree automatawith
constraintds thatnow we may alsousefunction symbolsin X for
definingruns,but notonly rules.Roughlyspeakingthisis because
the rules are not appliedat all the positionsof a term, sincethe
left-handsidesof rulesarenot necessarilyflat. The projectionrs;
is overloadedo this alphabet.

DEFINITION 4.3 (alphabebfarun). Let A = (Q, X, F,A) bea
TA. hom- Thealphabetof arunof A is ¥ U A, where ead rule

(I:s < g) hasthesamearity asthe oneof the symbolroot (s).
Theresultingstateof atermr in 7(X U A) is ¢ if r is of the

form(I:s 5 q)(t, ... tm).
Theprojectionrs; : 7 (3 U A) — 7(X) is recursivelydefined
aSﬂ'E(f(tl, ey tm)) = f(ﬂ'z;(tl), ey 71'2(75 )) andaSﬂ'g((I :

(root(s))(ms(t1),...,m=(tm)) for eath

S i> q)(tl,.. ,tm)) =
rule (7:s < q)in A.

Foratermt in 7(X U A) anda positionp in Pos(t), we say
thatp is a A position(of ) if root(t|,) isin A. If in additionp is
not A and the only proper prefix of p beinga A positionis A, we
saythatp is afirst A position(of ¢). We will usuallydenotewith a
hat (p) thefirst A positions.

Runsof TA hom aredefinedsimilarly to runsof TA: —. One
of the differencess that, for a givenequality (p1 = p2), while a
TA,— checkdor equalityof the projectedermsattherelative po-
sitionsp: andp2, a TA rom checksfor equalityof the subrunsat
therelative positionsp; andp,, beforeprojecting.This difference
is notrelevant, sinceby interpretingequalitiesin the usualway we
would have the sameexpressienessas canbe seenin the proof
of Lemma4.8. We have chosenit for presentatiorpurposesthus
makingthe proofseasier

DEFINITION 4.4 (run). LetA = (Q, X, F, A) bea TAx hom. We
definethe conceptof arunof A asatermin 7 (X U A) satisfying
certainconditionsrecursivelyasfollows.Let (1 : s < ¢) bearule
of A, whee s isoftheform f(si1,...,8m). LetP = {p1,...,Pn}
be the setof positionsof s sud that ( € P < s|; € @) holds.
Letqi,...,qn bES|py,. .-, s|p,.. respectivelyLet rq, ..., In be
runs of A with resultlngstateSql, vy Qs respectlverLet s’ be
ms(s[ri]p, --- [Tnlp, ). SUuppose; = r; for ead (p; = p;) € ¢,
and s'|p, # §'|p, for eadh (p1 # p2) € c. Then,(I : s S
Q) (S1y--.ySm)[r1]p, - - - [Tn]p. IS @runof A. Notethat P is the
setof flrstA posmonsofr

By L(A, q) wedenotethe setof termst for which there existsa
runr of A with resultingstateq sud that7s () = t. Thelanguage
acceptedy A, denotedC(A), is U,y £(4, q).

EXAMPLE 4.5. (Following example 4.2) The term re
p3(f(p1,p1,p2(a))) is a run of A, with projection s (rex)
h(f(a,a, h(a))).

The following lemmaestablisheghat TA,,, canbe usedto
representimages of regular languagesthrough tree homomor
phisms.



PROPOSITION 4.6. Let B = (Q,%1,F,A) bea TA. Let H :
T(X1) — 7 (X2) be a tree homomorphismThen, it can be
computeda TAy.., A satisfyingH (L(B)) = L(A).

Proof. We define A as (Q, X2, F, A’) where A’ is definedas
follows. Let A” be the setof rulesof the form o(t;) < ¢, for
substitutionsr andtermst; satisfyingthefollowing conditions:

¢ Thereexists a rule f(q1,...,9m) — ¢ in A for a function
symbol f of arity m suchthat H (f (1. .., xm)) = t;.
¢ Moreover, c is theconjunctionof equalities(p, = p2) suchthat

t¢|p, andty|p, arethesamevariable.

e Thesubstitutions is {z1 — q1,...,Zm — Gm}.

Now, wedefineA’ asthesetobtainedoy closingA” by thefixpoint
computatiorA” == A" U {s % ¢|3(s = ¢), (¢ — ¢q) € A" :
(s € Q)}, andafterwardby remaving from A" all rulesof theform

q — q. It is straightforvardto seethat H (£(B)) equalsL(A) by
inductionof thesizeof theinvolvedterms. O

EXAMPLE 4.7. Let A, = (Q, X, F, A) betheT A satisfyingQ =
F={g3% = {a9b¢P}andA = {a — ¢b —
4,9(q,q) — q}. Thatis, a TArecanizingthesetof all treeswith a
binary symbolg andleaves: andb. Let Y., bethesignatue of the
TAhom Aex Of exampled.2.Let H : T(X) — T (X.x) bethetree
homomorphisndefinedasfollows:

e Ha)=a
o H(b) = h(a)
* H(g(z1,72)) = h(f (72, 72, 71))

Theconstructionof Proposition4.6 producesA.x, andit is easyto
provethat H(L(A,)) = L(Ae) holds.

Thefollowing lemmaestablisheshata TA o IS essentiallya
particularcaseof a TA=, thatis, for eachTA},.,, we canconstruct
aTA_ recognizingthe samelanguagelt will beusefulto obtaina
TA_: recognizingthe complementf a TA . Thedifficult point
to prove this inclusionis the fact that equalitiesof a TApom ask
for identicalruns,while equalitiesof a TA~ askjustfor identically
projectedruns.But thisis easyto solve by transformingarun of the
constructedlrA_ in orderto make thoseidentically projectedruns
alsoidenticalasruns.

LEMMA 4.8. Givena TArom Arom = (@, X, F,A), a TAZ A=
canbecomputedsatisfyingC(Arom) = L(A=). Moreover, theset
of states)’ of A_ includesQ, andfor ead ¢ in Q, L(Anom,q) =
L(A—, ¢) holds.

Proof. For makingthe proof easierto read,the Q" we will define
doesnot include @, but it includesa set {q,|¢ € Q}, and by
renamingeachq, to ¢ theresultholds.

We define A- as (Q,X,F',A'), where Q' is
{q¢|t is apropersubtermof aleft-handsideof arulein A} U
{qalg € Q) Fis {qqlq € F}y andA"is {f(qr,....ar,) —
Af(trsersto) [ Df 1 sestm) € —
Aol(f(t1, .. ytm) = q) € A}, It remainsto prove £(Anom) =
L(A-), and,morein general,L(Anom, q) = L(A—, qq) for each
qinQ.

e We prove L(Anom,q) € L(A—-,qq) by induction on the
size of the involved terms. Let ¢t be a term in £L(Anom, Q).
Let » be a run of A.m with resulting state ¢ such that

ms(r) = t. Let r be of the form (f(si,...,5m) —
Q) (81, -y Sm)[r1lpy - - - [Tn]pn- Let t1,..., tn be the terms
ms(r1),...,ms(rn), respectiely. Let ¢i,...,¢n be the re-

sulting statesof r1, ..., r,. Note that eacht; is in its corre-
spondingL(Anom, ¢i)- Thus,by inductionhypothesisgeacht;

is alsoin its correspondingC(A=, qq, ). Therefore thereex-
ist runsry,...,r, of A= with resultingstatesqy, , - - ., Qg.
respectiely, and such that 7s(r}]) = ti,...,7x(r,) =
t, hold. For eachi in {1,...,m} we define s; as the
term satisfying Pos(s;) = Pos(s;), and for each p in
Pos(s;), either si|, is in @ and root(si|,) is qs,,, Of
root(s;|p) is a symbol g in X of a certain arity ¥ and
— qu‘|p)' It is
straightforvard to checkthat 7' = (f(Qs;,..-,qs,,) —
Aq)(81, - Sm)[rilpy - - - [Trlp, iS @ run of A- satisfying
ms(r') = t.

We prove L(Ahnom, q) 2 L(A=,qq) by inductionon the size
of the involved terms.Let ¢t beatermin £(A—,qq). Let r
be arun of A— with resultingstateq, suchthatrs(r) = t¢.

Let root(r) be of the form f(qs,,---,Qs,,) — dq. By
the definition of A—, the existenceof this rule in A’ im-
plies the existenceof therule f(s1,...,sm) — qin A. Let
p1,-..,Pn bethepositionsp; satisfying(f(s1,...,Sm)ls; €
Q). Again by the definition of A_, r is necessarilyof the
Loy Sm)rlps -« - [Pnlpns
whereeachs; is the term satisfyingPos(s;) = Pos(s;), and
for eachp in Pos(s;), either s;|, is in Q and root(s;|y)
iS qs,|,, OF root(s;|p) is a symbolg in 3 of a certainar
ity k and root(si|p) IS g(Qs;|p1s---+s;lpp) — Gsilp-
Moreover, r1,...,r, areruns of A_ with resulting states
sy, -+ > sl 0 respectrely, wheres is f(s1,...,sm), and
suchthatzs(r1) = t|s,,...,ms(rn) = t|5, hold. By induc-
tion hypothesisthereexist runsri, ..., r,, of Apom With re-
sulting statess|s, , . . ., $p,,, respectiely, suchthatrs(ry) =
tlpy,---,mx(rs) = t|s, hold. Note that, it could be the
casethat, for somel < i < j < n, aconstraint(p; =
pj) oceursin ¢, thus t|;, = t|s, holds, but the runs r;

and 7 are different. For this reason, (f(s1,...,8m) —

ry,...,r be definedinductively as follows for each; in
{1,...,n}. If, for somei < j, aconstraint(p; = p;) oc-
cursin ¢, thenr? is definedasr;’. Otherwiser’ is definedas
7. It is straightforvardto checkthatr” = (f(s1, ..., 8m) —
qQ)(S1y---ySm)[rT]py - - - [Pmlp, 1S @runof Apom with result-
ing stateg andsuchthatrs (r") is t.

O
FromLemmas4.8,3.3and3.4,thefollowing corollaryfollows.

COROLLARY 4.9. Givena TAhom Ahom = (Q, X, F,A), a TA,
A canbecomputedsatisfyingthe following conditions.

» Thesetof statesof A. is 29" whee Q' isasetincluding Q.

e For eadh stateg in @, andead statesS in 29’ containingg and
eadtermtin L(Ax, S), tisnotin L(Arom, q).

e For eadh termt in 7 (%), there existsa run r of A satisfying
mx(r) = t and suc that, for each p € Pos(r), r|p isarun
of A with a resulting state S satisfyingS N Q = {q €
Q| tlp € L(Arom,q)}. Moreover, if two positionsp,pa €
Pos(t) satisfyt|p, = t|p,, thenr|,, = r|p, holds.

DEFINITION 4.10. Givena TAnom Ahom, BY Anom Wedefinethe
TA.. providedby Corollary 4.9.

Now, we provide the necessargefinitionsandlemmasto inter-
sectaTA. andaTArom producinga TA nom, andto intersecthe
correspondinguns.Hereis whenthelabelsplay animportantrole,
keepingthe necessarynformationof the original runsin orderto
be ableto recover themby projectionfrom a run of the produced
TA ., hom. We do not give the proofsof theselemmas sincethey



areratherstraightforvard. We do not mind aboutthe labelsof the
initial TAxom, andobviatethem.

DEFINITION 4.11 (Intersectiorof a TAnom andaTA).
Let A = (Qa,X,Fa,A4) be a TAwom. Let B =
(@B,X, Fg,Ap) be a TA.. We definethe TAx hom A N B
as (Qa X Qp,X,Fa x Fp,A), whee A is the set of rules
(I:s < (qa,qg)) satisfyingthefollowing conditions.

e sisatermin T(X U (Qa X @B)).

¢ ther existsa rule (s’ g, qa) in A4 satisfyingPosx(s') =
Posx(s) andfor ead p € Posx(s’), root(s’|,) = root(s|p)
holds.

e For eadh p € Pos(s) suc that s is of theform (¢'y, ), |5
is q'y.

e ] : Posxs(s) — Ap is a mappingsatisfyingthe follow-
ing conditionsfor each p in Posx(s): If I(p) is of the form
(f(qiB,-..,qmB) = q%), thenroot(s|,) is f, andfor ead
iin {1,...,m}, eithers|,; is a stateof theform (_, ¢;5), or
I(p.7) is definedasa rule with right-handsideg; 5.

e cisthesetc U {p.p1 # p.p2lp € Posx(s) A T, qp :
(I(p) = (t = ¢i5) A (p1 # p2) € ¢')}. Moreover, for ead
]31 :]52 in C/, S|i)1 = | holds.

EXAMPLE 4.12. Let Ay = (@', X, F', A’) bea TA, with Q' =
F' = {¢'}, ¥ = X (the signatue of the TApom Aex Of exam-
ple4.2),andwhere A’ containstherules:

*m=a—¢

_ 243
e p2=f(d,d,d) == q

/

_ 1.1#41.3
o s =h(g) "¢
_ 1.1#41.2
o p1=h(g) "¢

We can computethe TA: pom A = Aex N Aq Obtaining (Q x
Q' 3, F x F',A), whee A containsthefollowing rules:
o /31 =1 :a— <(], q/>,With Iabel[l()\) = p1.
e po = I : ha) "Z5° (q,¢), with label I,(\) = ps,
I,(1) = p1. (Notethattheconstaint is alwayssatisfied.)

e i3 = Is : h(a) "5 (q,¢), with label Is(\) = 74,
I3(1) = p1. (Notethatthe constaint is alwayssatisfied.)

1.1=1.2
1.2 #£1.3
~ 1.1#1.3 , X
* pa=1Ii: h(f((a.q),(a.d).(a.d)) — (a4, with
label I4()\) = ﬁ3 (1) p2.
1.1=1.2
1.2 #1.3
1.1 # 1.2

* o5 =15 : h(f({q,q"),{(a.4"), (a,q"))) ~—" {(q,q'), with
label I5(\) = pa, I5(1) = p2, which is uselesecausehe
constaint is unsatisfiable

PROPOSITION 4.13. Let A bea TAnom. Let B bea TA... Then,
L(ANB) = L(A)N L(B).

DEFINITION 4.14. Let A = (Qa,X, Fa, Aa) bea TApom. Let
B = <QB,E,FB,AB> be a TA#. Let r = (I s S
(@,d')) (81, ---,8m)[r1]py - - - [Tn]p,, Dearunof AN B.

The projectedrun mh.m(r) is definedrecussively as (s =

Q815+ - $m)[Thom (11)]py - - - [Thom (1n)]p -
TheprOJectedrun m2(r) is defmedrecursnvelyasfoIIows Let
ri,...,m, be 7r7g(1“1) ..... ,mx(rn), respectivelyLet s’ be any
term satlsfylngPos( ") = Pos(s), and for ead p € Posx(s)
it holds that root(s|,) is I(p). Then, n.(r) is defined as

AU P (e P

PROPOSITION 4.15. Let A = (Qa,X, Fa,Aa) bea TApom. Let

= (@B.X,Fp,AB) bea TA.. Letr bea run of A N B.
Then,mhom (1) isarun of A, andr(r) is a run of B. Moreover,
w5 (r) = s (Thom (1)) = s (m£(r)) holds.

LEMMA 4.16. Let A = (Qa, X, Fa,Ax) bea TAyom. Let B =
(@B, X, Fs,Ap) beaTA.. Letr, r; berunsof AN B. Letp bea
positionin Pos(r;) NPos(rz) sud thatroot(ry|,) = root(rz|p)
holds.

Then, root((Thom(r1))|p) = root((Thom(r2))|p) holds.
Moreover, if for all prefix p’ of p, root(ri|,) = root(raz|,)
holds,thenroot((m.(r1))|p) = root((m.(r2))|p) holds.

DEFINITION 4.17 (intersectiorof runsof a TArom andaTA ).
Let A = (Qa,X,Fa,A4) be a TAwom. Let B =
(@B,%, Fp,Ap) be a TAx. Let t be a term in 7(X), and
letra = (s < @)[ri]p, - - - [Pn]p, andrps berunsof A and B,
respectivelysud that 7s;(r4a) = m=(rg) = t. Theintersected
runr = ra N rp is definedrecursively to satisfythe following
conditions:

Pos(r) = Pos(ra) = Pos(rR).
e Foreadh:in {1, e ,n}, r|f’i = (Ti N (TB|1§i)) holds.
Foreadp in Posx:(s) — {A}, root(r|p) = root(ralp) holds.

root(r)is (I : s % {q,q')), whee ¢ is the resultingstate
of rg, Pos(s) = Pos(s ) hOIdS for eadh p in Posx(s) the
equalitiesroot(s’|,) = root(s|,) and I(p) = rg|, hold,
andfor eadh p in Posq(s) theterms’|; is (s|;, ¢5), whee ¢
is theresultingstateof the corresponding | ;. Moreover, ¢’ is
thesete U {p.p1 # p.p2|p € Poss(s) A 3t, ", ¢z : (I(p) =

(t = gB) A (1 # p2) € ¢')}. Furthermog, for each 1 = p»
in C,, S/|:[,1 = S/‘f,Q holds.

EXAMPLE 4.18. (Continues example 4.12) The following run
fisarun of A1 7 = pa(f(pr.p1.p2(a))), with projection
ms(#) = h(f(a,a,h(a))), and it is the intersection of the
runs Thom (7) = p3(f(p1,p1,p2(a))) (but without labels) and
w2 (F) = ps(p2(p1, p1, p3(p1))).

PROPOSITION 4.19. Let A be a TAnom. Let B be a TA.. Let
ra,rs berunsof A and B, respectivelyThenrx(ranNrg) = rp
andmhom (ra NTB) = ra hold.

5. Pumpings

Pumpingis atraditionalconceptin automataheory andin partic-
ular, they arevery usefulto reasorabouttreeautomataThe basic
ideais to convertagivenrunr into anotherun by replacinga sub-
term at a certainpositionp in r by arun +/, thus obtaininga run
r[r'],. For plain tree automatathe necessarynd suficient con-
dition to ensurethat r[r'],, is a run is that the resulting statesof
r|, andr’ coincide,sincethe correctapplicationof arule ata cer
tain positiondepend®nly on the resultingstatesof the subrunsof
thedirectchildren.Whenthe treeautomatahasequalityanddise-
quality constraintsthe constraintsnay befalsifiedwhenreplacing
a subrunby a new run. For TA rom, We will definea notion of
pumpingensuringthat the equality constraintsare satisfied while
nothingis guaranteedor the disequalityconstraints.

DEFINITION 5.1 (pumpingof arun). Let A = (Q,X, F,A) be
a TA. hom. Letr, 7’ berunsof A, andlet p be a position suc
that r|, is a run of A and root(r|,) = root(r’) holds. The
pumpingof »’ into r at position p, denotedr|[[r']]5, is a termin
T (X U A) definedrecursively as follows. Let r be of the form
(I:s 5 q)(s1,5--2y8m)[rlpy ---[rnlp,-

Supposéirstthatp is A. Then,r[[r']]; is7'.



Otherwise supposethat p is of the form p;.p for some
i in {1,...,n}, and let r; be r;[[r']]z. Then, r[[r']]; is
rlrilp, - - - [rnlp,. . where ead 1} is definedasr; in thecasewhere
jisior (p; = p;) occuisin ¢, andr; is definedasr; otherwise

The casewhele p is not A and no p; is a prefix of p is not
possible by the conditionthat |3 is a run.

Notethatr([r']], is justanew termin 7 (X U A). Nevertheless,
by ahuseof notation whenwewrite r[[r']] ; we sometimegonsider
it astheactionof constructinga pumpingby assuminghatr, " and
p arestill explicit.

While thedefinitionabove preseressatisfctionof equalitiesn
theconstraintsnothingis guaranteedor disequalitiesThefollow-
ing basiclemmais independenfrom thedefinitionof pumping,but
it will be very usefulto reasoraboutpumpings.t intuitively says
that, whena concretedisequalityis falsified asa consequencef
asimultaneouseplacemenof occurrencesf onetermby another
new term,thenew termis uniquelydetermined.

LEMMA 5.2. Let s andt betermsin 7 (X) sud thats # t¢. Let

P = {p1,...,pn} be a setof positionsin Pos(s). Let P' =
{p1,...,p)} beasetof positionsin Pos(t). Supposehat s|,, =
- S|pn = t|p/1 =...= t‘p;ﬁ, holds.

Then, ther exists at most one term wu satisfying

slulpy - - [ulp, = tlulp; .- [u]y

Proof.We proveit by inductionon|s|+|t|, anddistinguishingcases
dependingn whethersomep; or p; is A or not.

If somep; or p; is \, sayp1, thenn is 1 andsinces # t ands|,,
coincideswith all t|p;_, it follows thatnOp; is A. Therefore either
k is 0 andhencet([u],; ... [u]p;ﬁ is t for ary termu, or k is not0
andhenceu is apropersubtermof ¢[u],; . .. [u]p;v for ary termu.
In thefirst caseonly v = t makesthe equalitys|u]p, .. . [u]p, =

u =1 =t[u], ...[u], true,andwearedone.In theseconctase,
nou satisfiesthe equality sfulp, .. . [u]p, = t[u]y; ... [u], , and
we aredone.

Otherwise,supposehat noneof the p;'s andp}’'s is \. Since
s andt aredifferent, eitherroot(s) # root(t), or s andt are
of theform f(s1,...,8m), f(t1,...,tm), respectiely, andthere
exists somes in {1,...,m} suchthats; andt; aredifferent.In
the first caseit is obvious that no v satisfiess{u]p, . .. [u]p, =
tlulp - - [u}p;ﬁ, and we are done. Thus, assumethat the second

caseholdsfor a certaini, andlet P; and P; be {p|i.p € P} and
{pli.p € P'}, respectiely. Thetermss;, t;, andsetsof positions
P; and P; satisfythe conditionsof the lemma,and |s;| + [t;| <
|s|+ |t|. Hence jnductionhypothesisapplyfor them,andit follows
alsofor s andt that there exists at most one term « suchthat
slulp, - - [ulp, = t[uly; ... [u], holds. O

The following lemmaconnectswith the previous one because
it arguesthat a pumpingis just a simultaneouseplacemeniof
occurrencesf onetermby anothemew term.

LEMMA 5.3. LetA = (Q, X, F, A) bea TA« hom. Letr bearun
of A, andlet p bea positionsud thatr|; is a run of A.

Then,there exist parallel positionspi, . . ., pr. includingp suc
that, for all run r’ satisfyingroot(r’) = root(r|;), thenr|;, =
. =1lp, andr[[r]]p = r[r']p, - - . [1']p, hold.

Moreover, if a prefix p of p satisfiesthat r|, is a run and for
someiin {1,...,k}, pisaprefixof p; and|p; — p| < h(A), then,
{p'lp < p’ < P Ar|, isarun}|is boundedoy h(A).

Proof. It is easyto verify that the setof positionsreppos(r, p),
defined recursvely as follows for a given run r and a po-
sition p under the abore assumptionssatisfiesthe statement.
reppos(r,)\) is defined as {)\}, and reppos((I : s =

Q) (815 8m)[rpy - - [Tnlpn, Pi-p) is definedas {p;.0'|(j =
iV (pi = P;j) €c) NP € reppos(ri,p)} d

Whena pumpingdoesnot producea run, theremustexists at
leastonefalsifieddisequality andone of themmustbe a prefix of
thepositionp of thepumping.

LEMMA 5.4. Let A = (Q,X, F,A) bea TA, hom. Letr, 7’ be
runsof A, andlet p bea positionsud that r|; is a run of A and
root(r|p) = root(r’) holds.Supposehatr[[r']], is notarun.

Then there existsa positionp sud thatroot((r[[r']]5)|,) is of
theform (I : s < ¢), andthere exists (p1 # p2) in ¢ satisfying
s (r[[r'15)|lp.ps = T (r[[r']]5)]p.po- MOreover, p canbe chosen
to bea prefixof p.

Proof. We prove it by induction on height(r). If p is A, then,
r[[r']]p is v, which is a run, thus contradictingthe statement.
Hence,without loss of generality assumethat r is of the form
(I:s % q)(s1,.y8m)[rilp, - - - ['n]p. @ndthatp is of theform
P1.p.

If r1[[r']]5 is not a run, then, by induction hypothesis,there
existsaprefixp’ of p suchthatroot((ri[[r']]5)|,) is of theform

(I' : & % ¢), andthereexists (p1 # p2) in ¢ satisfying
T (r[[r]]p)]p oy = m2(r1[[r']]5)|p.p.- By definingp asps.p’
thelemmafollows.

Otherwiseassumehatr [[r']] is arun. Sincer[[r']] is nota
run, this canonly bedueto theexistenceof adisequality(p: # p2)
in ¢ satisfyingrs (r[[7']]5)|lp; = m=(r[[7']]5)|p, - By definingp as
A thelemmafollows. O

DEFINITION 5.5 (replacedoositionsandfalsifieddisequalities).
LetA = (Q, %, F,A) bea TA hom. Letr bearun of A, andlet
P bea positionsud thatr|, is a run of A.

Accoding to Lemma5.3, there exist parallel positionsp; =
D. ..., Dk sud that r[r']]l; = 7[r']s ... [r']5, for anyrun ¢’
satisfyingroot(r|,) = root(r’). We call the replacedpositions
of anyof such pumpings-[[r’]] to thesepositions We will usually
denotethemwith a bar (p;), or with a tilde (p;).

Let v’ be a run sud that root(r|s) = root(r’) holds but
r[[r']]5 is not a run. Accoding to Lemmab.4, there existsa po-
sition p sud that root ((r[[r']]5)|p) is of theform (I : s < q),
and there exists (p1 # p2) in ¢ satisfyingms(r[[r']]p)|lp.p; =
w5 (r[[7']]5)|p.ps - IN SUh a case we saythat the pumpingr|[r’]];
falsifies (p1 # p2) at p. Moreover, if somep; is a proper pre-
fix of p.p1 (p.p2) we saythat the pumpingr[[r]]; close-tlsifies
(1 # p2) at(p, ps, p-p1) (at (p, ps, p.p2)). Notethat, it mayhap-
penthat r[[r]]; close-falsifiesp1 # p2) at {p, p;, p.p1) and at
(p, Pi, p-p2). In the casewhee r[[r']]; falsifies(p1 # p2) atp
but no p; is a proper prefixof p, or of ps, we saythat r[[r']]5 far
falsifies(p1 # p2) atp.

EXAMPLE 5.6. (ContinuesExample4.18) Let r, be a run of A,
definedas r, = p2(a). Then,the pumping#[[rp]]1.1 is the run
7 = pa(f(p2(a), p2(a), p2(a))), which far-falsifiesthe disequali-
ties1.1 # 1.3 and1.2 # 1.3 at position\.

In order to give an exampleof a close-falsifieddisequality let
Aexa = (Q, 2, F, A) bea TA£ hom Where Q@ = F = {q} holds,
2 = {f@,hM a©} holds,and A is the following conjunction
of rules:

®pr—=a—¢(q
1.1#1.2
*p2=h(q) —"q
1=2
° p3= flqg,0) —= ¢

Let 7.0 be the
p3(p2(p2(p1)), p2(p2(p1))),

following run  of  Aee:
with projection 75 (rex2) =



f(h(h(a)),h(h(a))), and let r, be ps(p1,p1), whose pro-
jection is m(rp) = f(a,a). Then,the pumping rexz([rp]]1.1
is: p3(p2(ps(p1,p1)), p2(ps(p1,p1))) Which is not a run, be-
causeit close-falsifies(1.1 # 1.2) at (1,1.1,1.1.1) (or at
(1,1.1,1.1.2)), andit close-falsifieg1.1 # 1.2) at (2,2.1,2.1.1)
(orat(2,2.1,2.1.2)).

The following technical definitions and lemmasare usedto
amgue for the existenceof certain pumpingswhen a term is big
enough.Theseproofsare developedin the following two subsec-
tions.

LEMMA 5.7. Let A = (Q, X, F,A) bea TA, pom. Letr, 7’ be
runsof A, andlet p bea positionsud that |, is a run of A and
root(r|z) = root(r’) holds.

If r[[r']], close-falsifiessomedisequality thenr[[r]], close-
falsifiesa disequality(p1 # p2) atatuple (p, p;, p.p1) wheep is
a prefixof p.

Proof. We prove it by induction on height(r). If p is A, then,

r[[r']]5 is r’, which is a run, thus contradictingthe statement.

Hence,without loss of generality assumethat r is of the form
(I:s 5 q)(s1,---y8m)[r1)p; - - - [rn]p, andthatp is of theform
P1.D.

If r1[[r']]5 close-flsifiessomedisequality then,by induction
hypothesis,ri [[7']]; close-lsifiesa disequality(pi # p2) ata
tuple(p’, p;, p’.p1) wherep' is aprefix of p. By definingp asp;.p’
andp; asp;.p; thelemmafollows.

Otherwiseassumehatr [[r]]; doesnotclose-flsify ary dise-
quality. Sincer|[[r']]s close-lsifies somedisequality it mustbe
a disequality (p1 # p2) close-flsified at a tuple of the form
(A, Pis A.p1). By definingp as ) thelemmafollows. O

DEFINITION 5.8 (h-similarterms).Let A = (Q, %, F,A) bea
TA hom. Recallthat with h wedenoteh(A). Lets andt beterms
in 7(X). By s = t wedenotethatthe following conditionshold:

e For eadh positionp with |p| < h, (p € Pos(s) < p € Pos(t))
holds.

e For eath p € Pos(s) with |p| < h, (root(s|p) = root(t|y))
holds.

e For ead positionspi,pa € Pos(s) with |p1],[p2| < h,
((8|P1 = 5|P2) A (t‘pl = t‘pz)) holds.

Notethat =), is an equivalenceelationwith a finite numberof
classegdependingn h. By H(A), or H whenA is clear fromthe
contet, wedenotesud a numberof classes.

LEMMA 5.9. LetA = (Q, X, F, A) bea TA4 hom. Letr, r1, 72 be
runsof A, andlet p bea positionsud that r|; is a run of A and
root(r|p,) = root(ri1) = root(rz) holds.Supposehat r[[r1]],
andr|[[rz]]s are notruns.Letp1, . .., pr bethereplacedpositions
of bothr{[r1]]5 andr([rz]]s.

o If bothr[[r1]], andr[[r2]], far-falsify the same(p: # p2) at
thesamep, then,rs(r1) = s (r2).

o If ms(rlp) =n m=(r1) =n mwx=(rz) and both r[[r1]],
and r[[r2]]; close-falsifythe same(p: # p2) at the same
(P, Dis p-p1), thenms (1) |5.(p.p1) -5 7 T=(r)|p) 5 =
75(r2)| (p.p1) s -

Proof. Thefirstitemis adirectconsequencef previousdefinitions
andLemmab.2.

For the second item, we first obsere that
772(7”)|13.((p.p1)—;5i) = Wz(r|ﬁ)|(p-l’1)—i’i = 772(7'|17i)|(12-1’1)—17i =
7T )|p;.((p.p1)—p;) = T=(T ‘p-pl # s (r |p_p2 holds.

Second,we prove that no positionin {p1,...,pr} can be
a proper prefix of p.ps by contradiction. Thus, assumethat,

for somepositionin {p1,...,px}, say p;, p; IS a properpre-
fix of p.p>. Note that r|; = r|5, = 7l holds. Thus,
Ts(r)lppe = T(1)l5;(0p2)—5) = T=(lp)|(p2)—5;) =
(7o) l(pp2)-5;) = T=(7)|p.((p.p2)—p;) oIS, and hence,
7['2(7"|5)|(p_p1),pi 7& Wz(’l“|5)|((p_p2),pj) follows from our
first obseration. Since nx(r|s) =p m=(r1) holds, then
7l'x(7”1)|(p_p1),i,i ;é 7Tx(’r‘1)|(p.p2),ﬁj holds. But this is in con-
tradictionwith the fact that r[[r1]], close-flsifies(p1 # p2) at
<p*ﬁl~pp1>

Third, we showv that p.p2 is not a prefix of ary positionin
{P1,...,Pr}, again by contradiction Thus,assumehat,for some
positionin {p1,...,Dr}, sayp;, p-p2 is aprefixof p;. Then,r; is
a subtermof r[[r1]]5|p.p.- On the otherside,sincep; is a proper
prefix of p.p1, it holdsthatr[[r1]]s|p.p, iS apropersubtermof r;.
Thus,r[[r1]]5lp.p, = r[[r1]]5]p.p, iS NOtpossiblecontradictinghe
factthatr[[r1]]5 close-Blsifies(p1 # p2) at (p, pi, p.p1).

From the two above previous facts, we conclude that
p.p2 is parallel with all replacedpositions pi,...,p.. Thus,
Tlpps = rllrillslpps = 7llr2]lslp.p, holds. Moreover, re-
call from the first obseration that ms(r)|p.(p.p1)—ps) 7
72 (r)|pps = 7u(r|p.p,) holds. Hence,ms(r)|p.((p.p1)—p:)
m(rl[rllp)lpp. = m(rllri]]slpp.). Note also that
T(r)lprn-p, = Trllp)lpe = mlrllp)lpr. =
T (r([r1]lplp.pe ) @A T (r2)|p.p1) -5, = T (rl[r2llp)lpp =
ms(rllrallp)lpp. = m=(rllrallslpp,) hold. Therefore,

(M)l (wp)-5) F T=)|p-5 = 7T=(r2)|@.p1) -5
alsohold, andwe aredone. O

5.1 decreasing pumpings

When a term is big enough,it canbe arguedthe existenceof a
pumping decreasinghe size and producinga correctrun. This
allows to prove decidability of emptinessThe agumentationof
this factfollows theideaspresentedn [9].

LEMMA 5.10. Let A = (Q, %, F,A) bea TA, hom. Lets bea
term of minimal sizeamongall the termsacceptedby A. Let M
beH - |A| - (2Nh)2Nr+D "whee N is the numberof different
disequalitiesn therulesof A.

Thenheight(s) < h[((N +1)M )N+ 1)/N] .

Proof. Let » be a run of A with an acceptingresultingstateand
suchthatms (r) = s. Letp beapositionof r. In orderto conclude,
it suficesto bound|;| by [((N DM 1) (N +1) /N] .

We will apply a conceptual processdealing with a data
structureof the form (S, {(E1, P1),...,(Ek, Px)}), where all
S, Er, Pi,..., Ey, P, aresetsof positionssatisfyingthe follow-
ing invariants:

e SU FE; U...U Ey isthesetof all positionsp suchthatp < p
holdsandr|, isarun.

¢ ThesetsS, F1, ..., E), arepairwisedisjoint.

e For each: in {1,...,k} andeachtwo positionsp,p € E;,
s|p =n s|p androot(r|s) = root(r|,) hold.
e P,..., P, containpositionsthat are sufixes of positionsoc-

curringin the constraintof somerulein A.
e Foreachiinl1,..., k, andeachp, p € E;, andeachp in P;,

5|E-ﬁ = S|p.ﬁ holds.

Starting the process: The first tuple of our processwill be
(0,{(E1,0),...,{Ex,0)}), where{E\,..., Ex} is the partition
satisfyingthat £, U ... U Ey is thesetof all positionsp suchthat
p < p holds,r|, is arun,andtwo positionsp, p arein thesameE;
if andonly if (s|z =n s|p A root(r|z) = root(r|,)) holds.It is
clearthatthefirst tuple satisfiegheinvariants.



A step of the process: Now, at eachstepof the processwith a
currenttuple (S, {(E1, P1),...,(Ek, Px)}), it is choserthe min-
imum positionp of E; U ... U Ej in size.Without loss of gen-
erality, supposethatp is in E;. Note that p is a properprefix of
all positionsp in E; — {p}, andthatr|; andall r|, for eachof
suchp areruns.Moreover, by the minimality of s, no r[[r|»]]5 for
eachof suchp is a run. By Lemmabs.4, eachof suchr[[r|,]]5
falsifies somedisequality (p1 # p2) at somep’. Moreover, by
Lemmab.7,in the casewherer|[r|,]], close-flsifiesa disequal-
ity (p1 # p2) atsome(p’, p’, p’.p1), thisp’ canbe choserto bea
prefix of p. Now, the processonsiderghesetS’ of all positionsp
in E1 — {p} suchthatr[[r|]]5 farfalsifiessomedisequality Note
that, by the minimality of p, on the oneside |p| < |S| + 1, and
on the otherside, by the first item of Lemma5.9, |S’| < N|p|.
Thus, |S’] is boundedby N(|S| + 1). Now note that, for each
pin E1 — ({p} U S), r[[r|p]]5 close-tlsifies somedisequality
(p1 # p2) atsome(p’,p’,p’.p1). Moreover, by Lemmas.7, for
eachof suchp we canassumehatthe corresponding’ is a prefix
of p. Notealsothat,by thelastpartof the statemenin Lemmab5.3,
suchap’ canbechoseronly amongh,(A) possibilities Theprocess
constructs partition{E1, ..., E, } of E1 — ({p} U S’) andsatis-
fying thefollowing condltlon for eachiin{1,...,n}, theree(lsts
a positionp;, a disequality(p: # p2), andatuple( 0,0 p1),
suchthat, for eachpositionp in E;, the pumpingr[[r\p]]l—, close-
falsifies(p1 # p2) at{p’, p’,p".p1), p" isaprefixof p andp’.p; —p’
equalsp; (notethattherecould be several different electionsfor
the partition {E1,. .., E,} if somer[[r|y]], close-flsifies sev-
eral disequalities)For eachof suchi’s, disequalities(p: # p2),
and tuples (p’, p’,p".p1), by the seconditem of Lemma 5.9,
()| 5.0’ p1)—p7) 18 differentfrom ms(r[,)| (. p)—p fOr €ach
pin E;, andall of suchms (r()| (7 py)—p’ areldentlcal It follows
s (r)|p.5; # 7s(r)|p.s, fOr eachp in Eg, andall 7 (r)|p.5, are
identicalfor all p in E;. Thus,by theinvariantsof theprocessy; is
notin P; (notethatthis consequences valid for p1, ..., pn). The
tuple constructedor the next stepis (S U {p} U S’, {(E{, P, U
{ﬁ1}>1 SRR <E;u P U {ﬁn}>a <E21 P2>7 LR <Ek7 Pk>}> Fromthe
above obsenationsit follows thatthe new tuple satisfiegheinvari-
ants,too.

Recallthat,ateachstep,(E1, P ) isremavedandnew (E7, PiU
{P1})s.--,(Ey, P U{p,}) areaddedwhereeachof suchP; U
{p:} satisfythat p; is notin P;. Also recall that, by the invari-
ants, the sets P; containsuffixes of positionsoccurringat dise-
qualitiesin the constraintof rulesin A. Thereareat most2Nh
different suffixes of this kind. Moreover, by the last part of the
statementn Lemmab5.3, thetriples (p’, p’, p".p1) areconstructed
by choosingp’ amongh possibilities,and p; among2N possi-
bilities, from which 7’ is uniquely determined Hence,thereare
atmost2Nh p055|bletr|ples.Thus,when (E1, Pr) is replacedby
(B, PLU{p1}),...,{En, Pr U{pn}), suchann is boundedby
2N h. Therefore the numberof executionstepsof the procesds
boundedby M = H - |A| - (2Nh) 2N +D) it follows thatthe pro-
cessterminatesand.S containsall prefixesp of p suchthatr|, is
arunwhenit halts.Let S; representhe set S at the i-th execu-
tion step.By theabove remarks|S; 1| < |Si| + N(|S:| +1) + 1.
Since|So| = 0, we canbound|S;| by (N + 1) — 1)(N +1)/N,
and hence,the numberof prefixesp of p suchthat r|, is a run

is boundedby | S| < [((N + DM —1)(N + 1)/N], andthis

concludeghe proof since,asa consequence timesthis number
bounds|p|. O

COROLLARY 5.11. The emptiness problem is decidable for
TA% hom.-

5.2 Increasing pumpings

When a term is big enough,it can be amgued the existenceof
infinite pumpingsincreasingthe size and producingcorrectruns.
This allows to prove decidabilityof finitenessput also,it will bea
key pointfor thedecidabilityof theHOM problem.

DEFINITION 5.12. Let A = (Q,%, F,A) bea TA hom. e de-
fineh(A) asH-|A|-(h(A)2+h(A))-((2Nh(A)+1) ENRAFD),
whee N is thenumberof differentdisequalitiesn therulesof A.

Thekey lemmaof this subsections Lemma5.19.For its proof,
we needto developseveralintermediatdechnicalresultsrelatedto
falsifieddisequalities.

LEMMA 5.13. LetA = (Q, X, F, A) beaTA. hom- Letr bearun
of A satisfyingheight(r) > h(A). Letp bea positionin Pos(r)
satisfying|p| = height(r). Then,there are two positionsp,  of
Pos(r) satisfyingthefollowing conditions:

o p <p<pand[p| + h(A)* < [p|.
® r|, andr|; arerunssatisfyingroot(r|,) = root(r|s).
e r[[r|p]]p doesnot close-falsifyanydisequality

Proof. We proceedby contradictionby assumingthat such two
positionsdo not exist. Thus,for ary two positionsp, p satisfying
p <P <p,|p|+h* < |p|, r|, andr|, areruns,androot(r|,) =
root(r|s), it holdsthatthe pumpingr[[r|»]]5 close-alsifiessome
disequality

Since|p| = height(r) holds,in particular || > h(A) holds.
Fromtheprefixesof p we canchooseasetE with |E| > h(A)/(H-
|A| - (h? 4 h)) = (2Nh + 1) N+ andsatisfyingthefollowing
conditions.

e For eachpositionp in E, |, isarun.

¢ For eachtwo positionsp, p in E, =(r|p)
root(r|,) = root(r|) hold.

=h TFZ(T|5) and

e For eachtwo positionsp, p in E, satisfyingp < p, |p| + k% <
|p| holds.

By ourassumptiongpr any two positionsp < pin E, thepumping
r[[r|p]]5 close-alsifiessomedisequality

We will proceedby modifying £ anda setof positionsP as
follows by preservingheabore conditions,andalsoby preserving
the following invariant: P containssuffixesof positionsoccurring
atdisequalitiesn theconstraint®f rulesin A, andfor eachposition
pin P andeachtwo positionsp < pin E, ms(r|p.3) = m=(r|s.5)
holds.

Initially, P is ¢ and E is definedas above. At eachstep,we
considerthe maximumpositionp of E in size.Notethat,for each
positionp < pin E thepumpingr|[r|,]]s close-alsifiessomedise-
quality (p1 # p2) atsome(p’, p’, p’.p1). Moreover, by Lemma5s.7,
for eachof suchp we can assumethat the corresponding’ is
a prefix of p. Note alsothat, by the last part of the statemenin
Lemmabs.3,suchap’ canbechoseronly amongh possibilities.

Let{E,..., Eyn} beapartitionof £ — {p} satisfyingthefol-
Iownng condition: for eachi in {1,...,n}, there eX|sts a posi-
tion j%;, a disequality(p1 # p2), andatuple (p’, '.p',p .p1), such
that,for eachposmonp in E;, thepumplngr[[r| ]] close- falsmes
(p1 # p2) at(p',p',p'.p1), p" is aprefix of p andp'.p1 — 7'
equalsp; (notethat therecould be several different electionsfor
the partition {E1, ..., E,} if somer[[r|y]]5 close-tlsifies sev-
eral disequalities)For eachof suchi’s, disequalities(p: # p2),
and tuples (p’,p’,p".p1), by the seconditem of Lemma 5.9,
w:(r)|,—,_((p/,pl), n is differentfrom 7s(7]p)| (' .p,)—5 fOr €ach
pin E;, andall of suchms:(r|p)|p’.p1) -5/ areldentlcal It follows
ms(r)|p.5, # m=(r)|p.s, for eachp in Ei, andall ns(r)|p.5, are



identicalfor all p in E;. Thus,by theinvariant,p; is notin P (note
thatthis consequencis valid for p1, . . ., pn). For thenext step,we
chooseF asthe E; with maximumcardinality| F;|, andchooseP
asP U {p;}. Fromthe abore obsenationsit follows thatthe new
E, P satisfytheinvariantstoo.

Note that, at eachstep, P increasests cardinalityby 1. Also
recall that the set P containssufixes of positionsoccurring at
disequalitiesin the constraintsof rulesin A. Thereare at most
2N h differentsuffixes of this kind. It follows that the numberof
execution stepsis boundedby 2Nh. Moreover, by the last part
of the statementn Lemmas.3, the triples (p’, p’, p’.p1) arecon-
structedby choosingp’ amongh possibilities,andp; among2N
possibilities,from which p’ is uniquely determinedHence,there
areat most2Nh p055|bletr|ples Thus,the partltlon FEn,..., E,
hasat most2Nh parts.Hence the cardinalof E is subtractecby
1 andthendivided by at most2Nh at eachexecutionstep,i.e.
|Ej+1] > [(|E;| — 1)/(2NR)]. Note that, accordingto the as-
sumptions,EE mustbe empty at the last executionstep.Thus, the
startingE satisfie§ E| < ((2Nh 4 1)+ andthisis in con-
tradictionwith |E| > (2Nh + 1)(2NVh+1), O

LEMMA 5.14. Let A = (Q,XZ, F,A) be a TA, hom. Let r, 7’
be runs of A, and let 5 be a position sud that root(r|z) =
root(r’). Letp1, p» betwopositionssuc thatr|,, isarun,r|,, #
r|p, holds,and both p1, p» are prefixesof replacedpositionsin
r[[r']]5. Then,eitherr[[r']]5|p, is a proper subtermof r{[r']]5|p,
or 7[[r']]5|p, is a propersubtermof r[[r']]5]p, -

Proof. We prove it by inductionon |p|. We write  moreexplicitly
as(l:s % q)(s1,---,8m)[r1lps - - - [Tnlpn - If p1 Orpo is A, the
resultfollows trivially. Thus,assumehatnoneof themis A. If D2
is apositionin Posy: (s), then,sincebothp, andp. areprefixesof
replacedpositionsand r|,, is a run, it follows that p; is of the
form p;.p, and ps is a proper prefix of a certainp; satisfying
that (p; = p;) occursin c. The result follows trivially by the
definition of pumping.Thus,assumehatp. is notin Possx(s). In
thiscasep; is of theform p;.p1, andps is of theform p;.p5 where
(ﬁi ]5]) occursin c. Let py, betheprefixofﬁamongthepositions
Ply.er,Pn. Notethateltherpl is pi or (p; = pr) occursin ¢, and
eltherp, is pr. or (p; = pr) occursin c. Now, obsere that the
runsr|s, . r’, thepositionp — p, andthetwo positionsp; andps
satisfy the assumption®f the lemmaand|p — px| < |p| holds.
Therefore by inductionhypothesisgither (7|5, ) [[r']]5— prlpy 152

propersubtermof (r|p, ) [[7']]z—ps |y OF ({5, ) [[r]]5- pklp' is a
propersubtermof (s, )[[r']]5-5, |, - Finally, sinceeitherp; is py
or (p; = pr) oceursin ¢, andeitherp; is py or (p; = pr) occursin
c,then(rls, ) [[r']l5—sxlpy = rllr'lslp, @nd(rlp) [l ]lp-21 oy, =
r[[r']]5|p. hold,andhencetheresultfollows.

LEMMA 5.15. Let A = (Q, %, F, A) bea TAx hom. Letr,r’ be
runsof A, andlet p bea positionsud thatroot(r|5) = root(r’).
Let p be a prefix of p sud that height(r|,) = [(p — p)| +
height(r|5) holds.Letp: bea positionsud that p.p; is a prefix
of a replacedpositionin 7[[']] 5. Letk be |{p'|p < p’ < p.p1 A
r|y isarun|.

Thenpeight (r([r|lplp.p,) > [5—p|+height (') — k-h(A).

Proof. We prove it by inductionon k. If r|,, is notarun, then,
sincep; is a prefix of a replacedposition, p; canbe enlagedto
satisfythatr|,.,, is arun, by preservingthe restof assumptions
andthevaluefor k. Thus,assumehatr|, ,, isarun.
Assumethat p; is A. Thenk is 0, height(r[[r']]zlp.p,) =
height(r [[r']] lp) > |(P—p)| + helght(r ) holds,and hence,
height(r[[r']]slp.pr) = 1P — p| + height(r ") — k - h follows.
Othenmse,assumethatp] is not \. We write » moreexplicitly

as(l: 5 5 q)(s1,...,8m)[r1]py - - - [Tn)p, - LEtD; bethe prefix

of pamonghepositionsp1, . . ., pn. Sincer|, p, isarun,p.p; is of
theform p.p;.p for somep; suchthateitherp; is p;, or (p; = p;)
occursin ¢. Now, notethatthe runsr, 1, the positionp, andthe
positionsp.p; and p satisfy the assumptionf the lemma for
k — 1. Thus,by inductionhypothesisheight (r[[r']]5
|p — (p-pj)| + height(r’) — (k — 1) - h holds.
Since either p; is p; or (p; = p;) occursin ¢, it follows
that r[[7']]5]p.p, coincideswith r([r']]5[, 5, ¢ - Since|p — p| <
|p — (p.pj)| + h holds,it follows height(r[[r']]s|p.p;) > P —
p| + height(r’) — k - h andwe aredone. O

|p.ﬁj.p’l) >

COROLLARY 5.16. Suppos¢he hypothesi®f the previouslemma
andheight(r’) > height(r|;) + &k - h(A),
Thenheight(r[[r']]5]p.p, ) > height(r|p).

LEMMA 5.17. LetA = (Q, X, F, A) beaTA. hom. Letr bearun
of A satisfyingheight(r) > h(A). Letp bea positionin Pos(r)
satisfying|p| = height(r). Then,there exist two positionsp, j of
Pos(r) satisfyingthefollowing conditions:

* p<p < pandp| + h(A)* < |p|.
e r|, andr|; arerunssud thatroot(r|,) = root(r|s).
o r[[r|p]]p isarun.

Proof. We consider p,p to be the two positions given by
Lemmab5.13.In orderto concludeijt sufiicesto prove thatr|[r|p]]»
doesnotfarfalsify ary disequalityWe proceedy contradictiorby
assuminghatit farfalsifiesa disequality(p: # p2) ata position
P ThUS, 755 (Pl ) 7 T5(rpr ) AN s (P[]l 5,) =
7 (r[[r|pl]slp .p,) hold. By Lemmab.4, p’ canbe assumedo be
aprefix of p. Notethat, by the definition of far-falsification,no re-
placedpositionin r[[r|»]] is a properprefix of p’.p1 nor p’.ps.
Sincerns:(r|p p,) # m=(r|y p,) holds,thereexists a positionp”
satisfyingthefollowing conditions:

° |p//| S h

e no replacedpositionin r[[r|,]]; is a properprefix of p’.p1.p”
norp’.ps.p”.

® (Tl prpr) F T(rlppyprr)-

e either(i) therootsof s (7| p, p7) ANATs (7| pr p,.p7) differ,
or (i) someof 7|, 5, 17 OF 7|yt py 7 ISATUN.

We chooseg”’ to beminimalin sizesatisfyingtheabove conditions.
Note that, since 75 (r[[r|p]]s|p p,) = 7 (r[[Flp]]s]y 5,) hOIdS,
thens (r([r|plp|p.py ) = 75 (r[[|p]]p | 5, ) alsoholds.

In case (i), it follows ws(r([rlpllaly’.pyp”) #
s (r[[r]p)]plp pe.p ), @cOntradictionThus,assumehat caseii)
holds.At this point, we distinguishthe following cases:

o Assumethatbothp’.p;.p” andp’.p2.p” areprefixesof replaced
positionsin r{[r|,]]5. Sinceeitherr|,: ,, p OF 7|y py pr IS A
run, by Lemma5.14, eitherr[[r|,]]5|p p, .p iS @ propersub-
termof r[[r[,]]5]p'.po.p OF 7([r[p]ls|p ps.p IS @ propersub-
termof 7([r[,]]5p p, p - IN ary casems (r([r(p]]slpr.pi o) #
s (r[[r]p]]slp ps.p) TOllows,acontradiction.

Assumethatnoneof p’.p1.p"”" andyp’.p2.p” is a prefix of are-
placedpositionin 7[[r|,]]z. In this casems (r{[r|p]]5|p' .pr.p7)
coincideswith 7 (7| py p), and s (r[[r|p]l5]p" .py.p7) €CO-
incides with 7 (7|, p, p+). This is in contradiction with
T (rlpr pyp) 7 T8 ]y o) ANATS (P [[7|p]]5lp py 7)) =
T (r{[lp]lplp po.pr)-
Finally, assumethat only one of p’.p;.p"” andp’.p2.p” is a
prefix of areplacedpositionin r[[r|]],. We assumehatit is
p'.p1.p”" (the othercasereachesa contradictionanalogously).
Thus 7"2( [[7|p]]5p .ps.pr7) cOINCIdEs With 752 (1| py 7).
Note thatheight(r|p p,.p7) < height(r|,) holds.By the



minimality electionfor p”, it holdsthat k. = |{p"'| p' <
p" < p'.p1.p” A |y isarun}| is smaller than or equal
to h. Recall that p’ is a prefix of p, p'.p1.p” is a pre-
fix of a replacedpositionin r[[r|y]]5, andsincep is a pre-
fix of p, thenheight(r|,) = |(p — p’)| + height(r|s)
holds. Recall also that |[p — p| > h2 holds, and hence,
height(r|,) > height(r|z) + h® holds. Thus, by Corol-
lary 5.16, height (7[[7|p]]s|p'.p,.p7) > height(r[,s) holds.
It followsheight (r[[r|p]]5|pr.py.p77) > height (7| py.p) =
height (s (7|p.p,.p7)) = height(mu(r[[rlpl]plp .pyp))-
Therefore, ms (r[[rlpllplpr pr ) # T (rlrlp]lalpr.po.p7))
holds,a contradiction.

O

COROLLARY 5.18. LetA = (Q, 2, F, A) beaTAx hom. Letr be
arun of A satisfyingheight(r) > h(A). Let} be a positionin
Pos(r) satisfying|p| = height(r). Letp bethe minimumprefixof
p in sizesatisfyingthatr|, is arun and || > h(A)>.

Then,there existsa run ' satisfyingthat r[[r']]; is a run and
height(r') > height(r|s).

Proof. Let p, p bethe positionsgiven by Lemma5.17. Thus,they
satisfythefollowing conditions:

e p<p<pand|p|+h* < |p|
e r|, andr|; arerunssuchthatroot(r|s) = root(r|p).
o r[[r|p]]s isarun.

In order to conclude,it suffices to obsere that the pumping
r[[r|p]]s atp canbe seenasa pumpingat p, sincer[[r|,]]; equals
[l ((r2)rlplls-5) Nl- 0

LEMMA 5.19. Let A be a TAx hom. Let 7 be a run of A sud

thatheight(r) > h(A). Then,there existsa positionp in ~ and
infinitely manydifferentrunsri, rq, . . . of A sud that:

e |p| > h(A)? andr|; isarun.
e all root(r|p), root(ri), root(rs), ... coincide
e all pumpings-([r1]]s, [[r2]]s, - - - areruns.

Proof.Let p beary positionin Pos(r) satisfying|p| = height(r).
We choosep asthe minimum prefix of p in sizesatisfyingthatr|;
isarunand|p| > h?. By Corollary5.18,thereexistsarun; satis-
fying thatr} := r[[r1]]s isarunandheight(ri) > height(r|s).
Notethatj is alsotheminimumprefix of apositionin Pos(r} ) with
lengthheight(r}). Thus,Corollary5.18canbeappliedagain,con-
cludingthe existenceof arun ro satisfyingthatry := ri[[r2]]5 =
r[[r2]]p isarunandheight(rs) > height(r}|s) = height(r1).
We concludeby notingthatthisinferencecanbeiteratedagain and
again. O

COROLLARY 5.20. The finiteness problem is decidable for
TA#,hom-

Proof. By Lemma5.19, in order to decide this problem for a
givenaTAx hom A = (Q, X, F, A), it sufficesto checkwhether
thereis a run r of A with an acceptingresultingstateand satis-
fying height(r) > A(A). This questioncan be easily reduced
to the emptinesgproblem,which is decidable accordingto Corol-
lary 5.11. To this end, it sufiicesto straightforvardly constructa
new TA. rom A’ acceptingthe samelanguageas A minus the
termswith heightsmallerthanor equalto A(A), andthendecide
emptinesof £(A"). O

6. Consequences

We first mentionthe consequencesom the complementarycon-
struction.

THEOREM 6.1. Theinclusionproblem£(A) O £(B) isdecidable
fora TA- A anda TA B givenasinput.

Proof. By Theorem3.5, the complemenfTA: A of A recognizes
L(A). It is well-known how to computea new TA.. recognizing
the intersectionof the languagesepresentedy a TA: anda TA
(in fact, our Definition 4.11 subsumeshis construction).Thus,a
TA.. AN B recognizingC(A) N £(B) canbecomputedIt is well-
known (se€f7, 8]) thatemptines®f aTA . is decidablgin fact,our
Corollary5.11subsumeshis result). Thus,we concludeby noting
thatdecidingemptinesof £(A) N £(B) is equivalentto deciding
L(A) D L(B). O

COROLLARY 6.2. Theuniversality problemis decidablefor TA-.

Proof. Deciding £L(A) = 7 (X) is equialentto decidingL(A) D
T (X), andsinceT (X) is regular, from Theorem6.1it follows that
universalityis decidable. |

COROLLARY 6.3. Thefinitenesgproblemof £(B) — L(A) is de-
cidablefor a TA- A anda TA B givenasinput.

Proof. As in the proof of Theorem6.1, we canconstructa TA
recognizingC(A) N £L(B). In orderto conclude we mentionthat
it is well-known thatfinitenessof a TA . is decidable(in fact, our

Corollary5.20subsumethis result). |

COROLLARY 6.4. Theregularity testis undecidablgor TA., and
thus,for reductiontreeautomata.

Proof. Sinceregularity is undecidabldor TA_, our transformation
of a TA— into a TA recognizingthe complements a reduction
from this probleminto regularity of a TA.. SinceTA_. area par
ticular caseof reductionautomatathe secondpartof the statement
follows, too. O

Now, we mentionthe consequencesf combiningthe comple-
mentconstructiorandthe decidabilityof emptinesandfiniteness
of TA hom. Someof themgeneralizepreviousones.

THEOREM 6.5. Theinclusion problemis decidablefor images of
treehomomorphismshatis, L(Ha(A)) 2 L(Hp(B)) is decid-
ablefor a TA A, a TA B, andtreehomomorphismé¢f, and Hp
givenasinput.

Proof. By Proposition4.6, two TA_ A’ and B’ recognizing
L(Ha(A)) and L(Hp(B)), respectrely, can be computed.By
Lemma 4.8 and Theorem3.5, the complementTA_. A’ of A’
recognizesL(A’). By Proposition4.13, A’ N B’ recognizes
L(A") N L(B"). By Corollary5.11,emptinesof £L(A’) N L(B")
is decidable.Thus, we concludeby noting that deciding empti-
nessof L(A’) N L(B') is equivalentto decidingL(Ha(A4)) D
L(Hp(B)). O

COROLLARY 6.6. The equivalenceproblemis decidablefor im-
agesof treehomomorphismsghatis, L(Ha(A)) = L(HB(B)) is
decidablefor a TA A, a TA B, andtreehomomorphismg{ 4 and
Hp givenasinput.

COROLLARY 6.7. Theinclusionandequivalenceroblemsare de-
cidablefor rangesof bottom-uptreetransduces.

COROLLARY 6.8. The finiteness problem of L(Hp(B)) —
L(Ha(A)) is decidablefor a TA A, a TA B, andtree homomor
phismsH 4 and Hg givenasinput.

Proof. As in theproofof Theoremb.5,we canconstruca TA_ rec-
ognizingL(Ha(A)) N L(Hp(B)). In orderto concludewe note
that, by Corollary 5.20, finitenessof the previous setis decidable.
|



7. Decision of the HOM problem

In this sectionwe prove thatthe HOM problemis decidable The
algorithm,whichis simple,is presentedh thefirst subsectionThe
remainingsubsectiongrove its correctnessTo this endwe male
use of almostall resultsobtainedfor TA_ rom in the previous
sections.

7.1 Thealgorithm decidingthe HOM problem

DEeFINITION 7.1 (linearizationof aTArom). Let  Apom =
(Q,%, F,A) bea TAyom. Let h be a natural number The I|n-
earizationof Apom by h is the TApom (Q, 3%, F,A’), denoted
linearize(Apom,h), Where A’ is the setof all rules of the form
s[s1]py - - - [Sn]p, — q Sudthat:

e Arule oftheforms < g occuisin A.

* p1,...,pn arethepositionsoccurringin c.

e Foreadiiin {1,...,n}, s; isatermin L(Anom, s|p;) Sut
thatheight(s;) < h.

e For each 4,5 in {1,...,n} sud that (p; = p;) occuisin c,
Si = 8 holds.

It is straightforvard that a linearizationof ary TA},.,, iS com-
putableandrecognizesa regular language sinceno equality con-
straintsappearlt is alsoclearthat £( Apom ) includesthelanguage
of ary of its linearizationsMoreover, in the casewhereL(Arom )
is includedin someof its linearizations,we can concludethat
L(Anom) is regular

EXAMPLE 7.2. Let Aexs = (Q, 2, F, A) be a TApom sud that
Q={¢.q'YandF = {¢'} hold,x = {f®,a©®} holds,andthe
rulesof A are:

[ ) pl = a—)q
* p2=h(q) —q
1=2
* p3=flg,q) — ¢
* ps= f(q,h(q)) — ¢

Then,the linearization 1inearize(Aexs, 0) is (Q, 3, F, A),
whete A’ is thesetof rules {p1, p2, p3, pa} sud that pj is therule
f(a,a) — ¢'. It is easyto seethatthelanguage of thelinearization
containstheoriginal language of Aexs, andit followsthat £( Aexs)
is regular.

Butif we considerthe TA. rom Aexa = (@, X, F, A”), whee
A" is A — {p4}, it can be provedthat no linearization of Aexs
containsthe original language.

The key point for decidingthe HOM problemusinglineariza-
tion is statedby thefollowing lemma.

LEMMA 7.3. Let  Apom be a TAwowm. Let L be
h(Anom N Anom)- Sypposethat L(Arom) is not included in
L(linearize(Anom, h)). Then,L(Anrom) iS NOtregular

The proof of this lemmais donealong the next subsections.

It provides a simple decisionalgorithm for the HOM problem,
describedhsfollows.

e Input: A treeautomatonAd andatreehomomorphisni.

e Construca T Anom Anom recognizingH (A).

e Constructthe linearization B of Apom by & = A(Anom N
Ahom)-

o If £L(1linearize(Anom,
output“REGULAR”.

e Otherwisehaltwith output‘NON-REGULAR”.

h)) includesL(Apom) thenhalt with

The constructionof the seconditem canbe doneaccordingto
Proposition4.6. The TA_: Apom is constructedaccordingto Defi-
nitions 3.1and4.10. The TA hom Ahom N Anom IS CONstructed
accordingto definition 4.11. The naturalnumber/ is the one of
definition5.12.Thereis astraightforvardalgorithmbasedn afix-
point computationfor decidingthe inclusion of the fourth item.
NeverthelessTheorem6.5 providesa more generaldecisionpro-
cedure.

THEOREM 7.4. TheHOM problemis decidable
To concludejt remaingto prove Lemma7.3.

7.2 A non-terminating process detecting non-regularity

In orderto prove Lemma7.3, we describea non-terminatingoro-
cess.We emphasizahat this processis not executedin orderto
decideregularity (the algorithmhasalreadybeenpresentedn the
previoussection) It will justhelpusto agueaboutthecertainness
of Lemma7.3.

The procesddealswith setsof termswith equality constraints.
They represenaninfinite setof groundterms:the onesobtainedby
applyingsubstitutionsholdingthe constraints.

DEFINITION 7.5 (constrainederms).Let Apom, = (Q, 3, F, A)
be a TApom. A constrainederm with respectto Apo.m iS @ pair
t|c, wher t isatermin 7 (X U Q), andc is a conjunction/sebf
equalitiesof positions(p1 = p2) satisfyingthatt|,, = t|p, € Q
holdsand p: andp. are different. Moreover, if (p1 = p2), (p2 =
p3) occurin ¢, then(pi = ps) also occuss in ¢, for arbitrary
positionsps, p2, ps. We identify a term ¢ with a constainedterm
t|@, thatis, with an emptyconjunctionof equalities e alsodefine
the replacemenbf a subtermt|, in a term¢ at positionp by a
constainedterms|c, denoted[s|clp, ast(s]p| A ,, —p,)cc(P-P1 =

P-p2).

Aninstanceoft|cisagroundtermoftheformt[si]p, - - . [snlpy.
whee {p1,...,pn} are the positionsp; satisfyingt|,, € Q,
{s1,...,sn} aregroundtermssatisfyings; € L(Anom, t|p,) suh

that, for eadh (p; = p;) occurringin ¢, s; = s; holds. The set
of instancesof a constained term t|c with respectto Anom is
denotedby instances(t|c, Arom ), OF by instances(t|c) when
Anom Is clear from the context. The set of instancesof a set
S of constained termswith respectto a TAnom Arom, denoted
instances(S, Apom ) OF instances(S) whenAy,,, isclearfrom
thecontext, is | ;. s (instances(t|c)).

DEFINITION 7.6 (linearizationof constrainederms).Let

Apom = (Q,%, F,A) be a TApom. Let h be a natural num-
ber Let t|c be a constained term with respectto Apom. The
linearizationof ¢|c by h, denotedlinearize(t|c, h), is the set
of terms t[si]p, - .- [Sn]p,, Where {pi,...,pn} are the posi-
tions occurring in ¢, {s1,...,8,} are ground terms satisfying
si € L(Ahom, t|p,), ead height(s;) is smallerthanor equalto
h, andfor eadh (p; = p;) occurringin ¢, s; = s; holds.

EXAMPLE 7.7. Consider the TAn,» Of Example 7.2 and the
constained term tlc = f(q, f(q,q)){1 = 2.2}. Then,
linearize(t|c,0) is f(a, f(g, a))

The processhasa TApom Arom = (@, %, F,A) asinput,
constructsa setS of constrainedermswith respecto An,.m, and
proceedsy modifying S until it (eventually) detectsa condition
implying non-reularity. The following invariantsare satisfiedat
thebeginning of eachstepof the process:

I11. Eacht|cin S satisfieghatcis (), i.e. S containgustterms.
I2. instances(S) is equalto L(Anom ).



13. Foreachtwo termst;, t2 in S andeachtwo positionsp: , p» sat-
isfying thatt, |, andta|p, arein Q, ||p2| — |p1l| < h(Arom)-

Thedescriptionof the processs asfollows
1. Input: A TAnom Anom = (Q, X, F, A).
2. AssignS := F.

3. If all termsin S arein 7 (X), i.e.nostatein @ occursin S, then
haltwith output‘REGULAR”.

4. Otherwise/et p beapositionminimalin sizeamong{p’| 3t €
S :t|, € Q}. Lett beatermof S satisfyingt|, € Q. Letq be
t|p. AssignS := (S — {t}) U {t[s|c]p | (s < q) € A}. (Note
that,atthis point, S satisfiesall theinvariantsexceptl1).

5. While S doesnotsatisfyl1 do:

a. Lett'|c’ beaconstrainedermin S wherec’ is notempty

b. If there exists a position p’ in ¢ and a term ¢ in
instances(t'|c') — instances(S — {t'|c'}) suchthat
height(t"|,) > h(Arom N Anom), thenhaltwith output
“NON-REGULAR".

c. Otherwise, assign S = (S — {¢I}) u
linearize(t'|c’, h(Ahom N Ahom))-
6. Goto 3.

It is clear that the abore processsatisfiesall the invariants
whenit passedhroughitem 3. We insist again that this process
is notexecuted Thus,it doesnot matterif the usedinstructionsare
computablgneverthelesshey are).

LEMMA 7.8. If the processdoes not halt with output “NON-
REGULAR”,then£(Anom) C L(linearize(Anom, h(Anom N
Ahom))) holds.

Proof. Let A’ the setof rules of linearize(Anom, 2(Anom N
Arom)). Note that, whenstep3 is executed,ary termu inside S
satisfiesu —7, ¢’ for someq’ € F. Thus,in orderto conclude,
it sufficesto prove thatary termw in £(Anom) is includedin S at
somepoint of the execution,underthe assumptionsf thelemma.
Assumethat the processdoes not halt with output “NON-
REGULAR". Let u beatermin L(Anom). Note that, eitherthe
processhalts with output “REGULAR” at step3, or it doesnot
halt. In thefirst case py Invariantl2, » belongsto S whenthe pro-
cesshalts.In thesecondcaseatsomepoint of theexecutionin step
3, theminimal positionp in sizeamong{p’| 3t € S : t|,y € Q}
satisfies|p| > height(u). Thus,by Invariantl2, at this point of
theexecution,u is alsoin S, andwe aredone. O
The contrapositionof the statemenin Lemma?7.8 saysthat,
if L(Anom) is notincludedinto £(1inearize(Apom, E(Aham N
Arom))), thenthe processhaltswith output“NON-REGULAR”.
Hence,in orderto prove Lemma?7.3, it reststo seethat, when
theprocessaltswith output‘NON-REGULAR”, L(Arom ) iS not
regular. This reducesgto checkthat, whenthe conditionin step5b
of the processs satisfiedjt follows that £( Ap..,) is notregular

7.3 Intuition behind the non-regularity condition

The proofs of the following subsectiorare very technical.Here,
we briefly try to provide someintuition, in orderto shav one of
the fundamentatricks of the proofs,andhow the construction®f
previous sectionsgplay animportantrole.

For simplifying, first we call A to Ax.» andsupposehat A
is just a deterministicTA insteadof an arbitrary TAjom, andthat
S is the setof constrainederms{f(qi1,¢:1)|(1 = 2), f(g2,q1)}
for different statesqi1,¢> of A. Also supposethat we have a
“big enough”term f(¢,t) in instances(f(q1,q1)|(1 = 2)) —

instances(f(q2,¢1)). Ourgoalisto provethatinstances(S) is
not regular. (Although theseassumptionsre not compatiblewith
our contet, sinceinstances(S) = L(A) is not possible,they
will beusefulto our clarifying purposes).

Note that, by the definition of instance¢ belongsto £(A, ¢1),
andsinceA is deterministicandg; andg- aredifferent,t doesnot
belongto £(A, g2). Since f(t,t) is “big”, by meansof pumpings
on t we can constructinfinite termst,, t2, ... suchthat eacht;
reacheg; with A. Thus, f(t:, t;) isin instances(f (g1, q1)|(1 =
2)) — instances(f (g2, q1)) by thesamereasonj.e. eacht; isin
L(A, q1), andhencejt isnotin L(A, ¢2).

Now, in orderto prove that instances(S) is not regular, we
proceedby contradictionby assumingthe existenceof a TA C
satisfying£(C) = instances(S). Fromthe abore infinite terms
we canchoosea t; which is “big enough”with respecto the size
of A and C. By meansof a pumpingon ¢;, we can constructa
new t; differentfrom ¢; but reachingthe samestatewith A andthe
samestatewith C. Thus, f(¢;, t;) reachesan acceptingstatewith
C, andt; reachesy; with A. Notethat f(¢;,¢;) is notaninstance
of f(q1,q1)|(1 = 2) because; andt, are different, neitheran
instanceof f(g2, q1) because, reacheg; with A. Hencewe have
reachedicontradictiorsincef (¢;, ;) isin £(C')—instances(S).

The previous ideashave a big obstaclewhen A is anarbitrary
TAnom insteadof just a TA. The reasonis that the starting ho-
momorphismcould be non-injective, and, in fact, TAnom arein-
herentlynon-deterministicthus, even whent reaches;; andnot
g2 with A, it may happenthatthe generated, , t2, ... by pump-
ing reachboth ¢; andg2 with A. Hence,the new infinitely mary
terms f(t;, t;) arenot necessarilyin instances(f(q1,q1)|(1 =
2)) — instances(f(q2, ¢1)), andwe cannotrepeatthe agument
above. Hereis when A playsanimportantrole. Notethatthereex-
istsanexecutionof ¢ with A reachingasetS containinggs. If ¢ is
“big enough’with respecto thesizeof A and A, then,we canper
form infinite pumpingsproducingtermsty, t2, . . . suchthateacht;
reachesy; with A, andsS with A, thusensuringthateacht; cannot
reachgz with A. This allows to reproducethe sameargumentas
before.

7.4 Correctness of the process

Wewill usethefollowing lemma,which characterizeshenaterm
is notaninstanceof a constrainederm.It holdsdueto thefactthat
eachsymbolhasafixedarity.

LEMMA 7.9. Let Apom = (Q, X, F, A) bea TApom. Lets|d bea
constainedterm.Lett beatermin 7 (X) — instances({s|d}).
Then,oneof thefollowing conditionshold:

¢ Theeis a positionp in Posx(s) N Pos(t) sud thatroot(s|y)
is differentfromroot(t|p).

¢ Thee is a position p in Posg(s) sud that t|, is not in
L(A, s]p).

e Theris an equality (p1 = p2) in d sud thatt|,, is different
fromt|p,.

Thefollowing two lemmasallow to concludethat, whencondi-
tion in step5b of the processs satisfied,t follows that £(Anom )
is notregular

LEMMA 7.10. Let Apom = (Q, X, F, A) bea TAnom. Let S be
a setof constainedtermssatisfyingl2 and 13. Let t|c be a con-
strainedtermin S. Let p1, ..., p, be the positionsp; satisfying
t|s;, € Q. Supposehat p; occuss in ¢, and that, without loss of
geneality, p, ..., P areall positionsp; sud that (p1 = p;) oc-
cursin c. Supposehatt’ = t[ti]p, - .. [t1]p, [tk ]s,p - - - [Enlsn
is atermin instances(t|c) — instances(S — {t|c}) sud that
height(t1) > A(Anom N Anom) holds.




Then, there exist infinitely many terms t11,t1,2,... sud
thatall t[t1,7]5 .- [t1,5]55 [tk+1]pr sy - - - [En] 5, @realsotermsin
instances(t|c) — instances(S — {t|c}).

Proof. By the definition of instancethereexistsarunr; of Apom
suchthatrs (r1) = t; andtheresultingstateof r, ist|s, . Let7 be
arun of Apom satisfyingzs () = ¢’ andall conditionsgiven by
Corollary4.9.1n particular for eachp € Pos(7) it holdsthat7|, is
arunwith aresultingstateincluding{q € Q| t'|, € L(Arom,q)},
and7|s, = ... = 7|3, holds.Let #; betherunry N 7|3, of
Ahom N Anom. By Lemma5.19,thereexist a positionp in 7, and
infinitely mary differentruns?y 1, #1,2, . . . Of Apom N Apom SUCh
that:

¢ 5| > h(Anom N Apom)? andsy |5 isarun.
¢ All root(71|p), root(71,1),root(1,2), ... coincide.
o All pumpingst [[71,1]]5, #1[[71,2]]5, - - - @reruns.

Wedefinet; 1 := s (#1[[F1.1]]p), t1,2 := T (F1[[F12]]p), .-

Now, considerp asary positionin Pos(7#) satisfying|p| <
R(Ahom N Anom). SINCE|B| > h(Anom N Anom)?, by thelastpart
of the statemenin Lemma5.3, no replacedoositionin #1 [[#1,1]]5
is aprefix of p. Thus,for eachof suchpositionsp andeach;j > 1,
root(71[[F1,5]]p|p) coincideswith root(71|,). By Lemma4.19,
m+(f1) = Tlp, andmhom(71) = 71 hold, andby Lemma4.16,
for eachof suchpositionsp andeach; > 1, the resultingstates
of 7|5, |p and (7= (71[[#1,;]]5))|p coincide. Moreover, again by
Lemma4.16, the resultingstatesof r1 and mhom (71[[71,5]]5) CO-
incide,i.e.they aret|;, .

One of the particular implications of the aboe com-
ments is that each t[t1 ]y, ... [t1,5]p, [tet1]lppsy -+ - [Enlp, 1S
an instance of t|c. Thus, at first look, we could try to
define the desired terms t1,1,%1,2,... of the statementof
the lemma as #1,1,%1 2,..., respectiely. The problem is that
some t[t1 ;s - - - [E1,5]py [tk+1]ppsy - - - [tn]s, cOUld also be in
instances(S — {t|c}). In orderto concludejt sufficesto seethat
only afinite numberof themsatisfythis condition.To this end,we
shaw that,for eachs|d in S—{t|c}, atmostafinite numberof terms
tltr 315, - - - [E1,5)e [tk 1]ppss - - - [En]p, areinstancef s|d.

Considerary constrainederms|d in S — {t|c}. Sincet’ is not
aninstanceof s|d, accordingto Lemma7.9,we candistinguishthe
following cases:

¢ Assumethat thereis a positionp in Posx(s) N Pos(t') such
thatroot(s|,) is differentfrom root(t'|,). We distinguishthe
following cases:

= Supposefirst that p is of the form p;.p’.p" for somei
in {1,...,k} andsomepositionsp’, p” suchthat |p’| =
h(Anom N Anom) + 1 > h(Anom). By Invariant|3, it
holdsthats|;,.,» isatermin 7 (%), i.e. withoutary symbol
in Q. Note that t'|;, ,» is a term different from s|, .
becausehey differ at the symbollocatedat their relative
positionp”. Recallthatno replacedpositionin 71 [[71,1]], is
aproperprefix of p. Thus,by Lemma5.2,atmostoneterm
t1,; makes(t[t,jlp - - [t1,5]p [Ertalpgs - [Enlsn) s
equalto s|3, ,7, andwe aredone.

Second, suppose p is not of the form p;.p’.p"
for some i in {l,...,k} and some positions
p',p" such that |p'| = h(Arom N Arom) + L.
In this case, root(t'|,) coincides with all
root((t[t1,5]p, - - - [b1,5lps [ths1lpi s - - - [Enls) b)),
andthus, it differs from root(s|,). Hence,noneof these
termsis aninstanceof s|d, andwe aredone.

¢ Assumethatthereis a positionp in Pos(s) suchthatt’|, is
notin £(A, s|). Let ¢ be s|, andlet S, betheresultingstate
of 7|,. By theelectionof 7, it holdsthatq isin S,,.
Let us fix a j > 1 and suppose that
Plre(PallPrillp)le, - - - m2 (Pul[Paslle)lse is @ run of
Anom. Note that, by Invariant 13, either no position
in p1,...,pr is a prefix of p, or p is of the form
pi.p) for some i in {1,...,k} and some p’ satisfying
'] < h(Ahom) < h(Arom N Arom). In the secondcase,
recall that, for sucha position p’ , root(71[[f1;]]5|,7) cO-
incides with root(71],/). Thus, in ary case,the resulting
state of (Pl (P1[[715]1p)]5, - - [z (PallF1,5]]0) ] ) Lo
is  Sp. By Lemma 49, it follows that
tlt1,5]py - - - [t1,5]pe [kt 150y - - - [En]p, 1S NOtan instanceof
s|d.
Hence,in orderto conclude|t sufiicesto arguethattheterms
Pz (Pal[P15]lp)les - [z (F1l[F1,5]]p)]5, @rerunsof Apom
exceptfor afinite numberof j’s.
Note that 7 and each term m(#1[[f1,;]]5) is a run of
Apom, and root(7lz,) = ... = root(Fl|s,) =
root(mx(71[[71,5]]p)) holds. Thus, if, for a concrete j,
Plre(PallPr5]lp)]s: - - - [mz (P[P15]]5)]5, s not a run of
Anom, theremustexist a positionp” satisfyingthe following
assumptions:

= p’ < p,; forsomeiin {1,...,k}.

* root (F[ma (P1[[F15]lp) |y - - [ (Pa[[F15]]0) ] ) o

i.e. root(Fly), is a rule flqi,...,qm) = ¢

where e contains a disequality p1 # p2 such that

(t[trglp - - [Prglon [Bea]pn g - [Enlpn )l py 1S eQual

10 (t[t1,5]p, - - - [E1alon [Ertlmnrs - - [Enlsn) o po-
Since 7 is a run of Apom, t'|pr,, is different from
t'|p p,- Recall that, all replaced positions in #1[[1,;]]5
have length greaterthan h(Anom N Ahom) > h(Ahom)-
ThEIS, (t[thjlzﬁ s [tld]ﬁk [tk+1]§k+1 s [tn]ﬁn)|p”-1’1 and
(t[t15]p, - - - [Ergloe [tk ]y - - - [En]pn)lp7.p,  CBN e ob-
tained from ¢, ,, andt'|,~ ,,, respectely, by replacing
t'|5,.5 by ms(1,;)) at somepositionswhich areindependent
from j. By Lemmab.2,0nly onetermcansatisfythis statement
for suchp” andp; # po.

The elections for p”’ and p1 # p2 are finitely
bounded. Thus, at most for a finite number of j's,
Pl (PullPeillp)le, - - - [mz (P[Pa]le)]s,  is not a run,
andwe aredone.

Finally, assumehatthereis anequality (p1 = p2) in d such
thatt'|,, is differentfrom ¢'|,,. Note that both s|,, ands|p,
areidenticalandin Q. Hence,by Invariantl3, p; andps are
not of the form p,.p".p” for somei in {1,...,k} andsome
positionsp’, p” suchthat [p’| = h(Arom N Anom) + 1 >
h(Arom). Note also that, in the casewhere some p; for i
in {1,...,k} is a prefix of p1 (p2), no replacedposition in
#1[[f1,1]]5 is a proper prefix of p1 — P; (p2 — P:). Thus,
foreachj > 1 (t[t1,5]p - - [ta,3l [tea ]y - - [nlisn ) oo
and (t[t1,5]p, - - - (b1 lpn [tk 1]ppsy - - - [En]s, ) |p, CaN be ob-
tained from t'|,, and t'|,,, respectiely, by replacing
t'|5,.p by m=(71,;) at some positions which are inde-
pendentfrom j. By Lemma 5.2, at most one term £ ;
malkes (t[tr,j]p, - - [t1,5lp [Ert1lpg i - - [tnlp,)lpy €Qualto
(tltrls - [bglo [tea]pgy o - - [Enlsn)]po - Hence, for all
the remainingj’s, t[t1 j]p, - .. [t1 ;5 [tke1]ppey - - [tnls, 1S

/




notaninstanceof s|d, dueto the samereasorast’, andwe are
done.

O

LEMMA 7.11. Let Apom = (Q, X, F,A) be a TArom. Let S
be a set of constained terms satisfying |2 and I3. Let t|c be
a constained term in S. Let p1,...,p, be the positions p;
satisfying t|;, € Q. Supposethat p; occuss in ¢, and that,
without loss of geneality, pa,...,pr are all positionsp; sudh

that (5 = p;) occuss in ¢. Supposethat there exist terms
tk+1,-- -, tn andinfinitely manytermst; 1, 1,2, ... sud thatall
tltrilp, - - [trs]m, [tk+1]Pk+1 .- [tn]p, arein instances(t|c) —

instances(S — {t|c})
Then,instances(S) is notregular.

Proof. We proceed by contradiction by assuming that
instances(S) is regular Thus, let C be a TA recog-
nizing instances(S). Note that, in particular C is a
TArom- Among all the terms t;; we choose one, called
t1, such that height(t;) > A(C' N Apom) holds. Note
that ¢ = t[tl}i‘;l .. [tl]f’k [tk+1]ﬁk+1 . [tn]ﬁn is in
instances(t|c) — instances(S — {t|c}). In particulay ¢
is in instances(S), andhence,t’ belongsto £(C). Thus,there
exists a run r of C with a resulting acceptingstate such that
ms(r) = t'. Let ¥ be arun of Ay, satisfyingns(7) =
and all conditionsgiven by Lemma4.9. In particular for each
p € Pos(7) it holdsthat7|, is arunwith aresultingstateincluding
{g € Q| t'|p € L(Ahom,q)}. Let #1 betherunr|z, N 7|z, of
C N Apom. By Lemma5.19, there exist a positionp in #; and
infinitely mary differentruns #1,1,#1,2,... of C N Apom Such
that:

¢ |p| > h(C N Apom )? andsy | isarun.

o All root(#1]5), root(71,1),root(f1,2), ... coincide.

o All pumpingsti [[#1,1]]5, #1[[71,2]]5, - - - @reruns.

We definefl,l = 71'2(77‘1[[12111]]13), tAl’g = Wz}(?ﬁl[[fl,zﬂﬁ),. .

Now, considerp asary positionin Pos(71) satisfying|p| <
h(C N Apom). Since|p| > h(C N Anom)?, by the last part of
the statemenin Lemmas.3, no replacedpositionin 71 [[1,1]]5 IS
a prefix of p. Thus,for eachof suchpositionsp andeach; > 1,
root(71[[71,5]]5|p) coincideswith root(#1|,). By Lemma4.19,
7w (1) = Tlp, andmhom (1) = 7|5, hold, andby Lemma4.16,
for eachof suchpositionsp andeach; > 1, the resultingstates
of 7|3, |p and (w(#1[[*1,5]]5))|p coincide. Moreover, again by
Lemma4.16, the resulting statesof 7|3, and whom (#1[[%1,5]]5)
coincide.

One of the particularimplications of the abore commentsis
thateacht'[f1 ;] isin £(C). It is alsoclearthateacht’[f1 ;] ,
for t1,; # t1, is not an instanceof t|c, sincethe termsat the
positionsp; and p» differ. Thus, in order to reacha contradic-
tion, it suficesto prove that, for some; satisfyingty ; # ti,
t'[t1 4]5 is not an instanceof S — {t|c}. To concludewe will
prove that, only for a finite numberof j's, thetermst'[{; ;];, are
instanceof S — {t|c}. To thisend,it canbe shawvn that, for each
s|din S — {t|c}, at mosta finite numberof termst'[{1 ;]3, =
t[fl,jhﬁl [tl}ﬁz . [tl]f’k [tk+l]15k+1 . [tn]f,n areinstance®f S|d.

Considerary constrainederms|d in S — {t|c}. Sincet’ is not
aninstanceof s|d, accordingto Lemma7.9,we candistinguishthe
following cases:

¢ Assumethatthereis a positionp in Posx(s) N Pos(t') such
thatroot(s|p) is differentfrom root(t'|,,). We distinguishthe
following cases:

= Suppossirst thatp is of the form p,.p’.p"" for someposi-
tionsp’, p” suchthat|p’| = h(CNApom)+1 > h(Arom)-
By Invariantl3, it holdsthats|;, ,» is atermin 7 (%), i.e.
withoutary symbolin Q. Notethatt'|, . is atermdiffer-
entfrom s|;, ,» becausehey differ at the symbollocated
attheirrelative positionp” . Recallthatnoreplacedposition
in 71[[1,1]]5 is a properprefix of p’. Thus,by Lemma5.2,
atmostoneterm#; ; makest’ [f1,;]3, |5, .» €qualto s|;, pr,
andwe aredone.

Second,supposep is not of the form p,.p’.p"” for some
positionsp’, p” suchthat|p’| = h(C N Ahom) + 1. In this
case,root(t'|,) coincideswith all root(# [f1,;]3, |»), and
thus,it differsfrom root(s|,). Hencenoneof theseterms
is aninstanceof s|d, andwe aredone.

¢ Assumethatthereis a positionp in Posg(s) suchthatt’|, is
notin £L(A, s|p). Let g be s|, andlet S, betheresultingstate
of 7|,,. By theelectionof 7, it holdsthatq isin Sj.
Letusfix aj > 1 andsupposehat7m.(71[[f1,5]]5)]5 IS a
runof Ap.n. Notethat,by Invariantl3, eitherp, is nota prefix
of p, or p is of the form p,.p" for somep’ satisfying|p’| <
h(Anom) < h(C N Anom ). In thesecondcaserecallthat, for
suchpositionp’ , root(#1[[71,;]]5],/) coincidesroot(71|,).
Thus,in ary casetheresultingstateof (7[mxz(71([71,5]]p)]5: |p
is Sp. By Lemmad4.9, it followsthatt’ [f1 ;] is notaninstance
of s|d.
Hence,in orderto conclude,t sufiicesto arguethattheterms
Flm£(F1[[71,5]]5)] 5, arerunsof Aporm exceptfor afinite num-
berj’s.
Notethat7 andeachtermm (71 [[#1,5]]p) isarunof Apom, and
root (7| ) = root(mx(71[[f1,5]]5)). Thus,if, for a concrete
J, Flr2(F1[[1,5]]5)]5, 1S notarun of Apom, theremustexist a
posmonp "’ satisfyingthefollowing assumptions:

- p < pl.

» root (F{me(f1([f1,5]]5)]5, )| p7, 1-€. TOOL(T|p), is @ rule
flqr,...,qm) = ¢’ wheree containsa disequalityp, #
p2 suchthatt'[ty ;]s, [p.p, is equalto t'[t1 5], [ p, -

Since7 is arun of Anom, t'|p7 .5, is differentfrom ¢'|, .

Recall that, all replacedpositionsin #[[#1,;]]5 have length
greatethanh(C N Apom) > h(Anom). Thus,t'[f1 515 o7 .o

andt’[t1,;]3, | p, Canbeobtainedfrom ¢'|, ,, andt’|, .,

respectiely, by replacingt’ | 5, .5 by s (1,;)) atsomepositions
which areindependenfrom j. By Lemmab.2, only oneterm
cansatisfythis statementor suchp” andp; # ps.

The electionsfor p”” andp; # p2 arefinitely boundedThus,
atmostfor afinite numberof j's, 7[r (71[[#1,;]]5)], IS nota
run,andwe aredone.

Finally, assumethat thereis an equalityp; = ps2 in d such
thatt'|,, is differentfrom ¢'|,,. Note thatboth s|,, ands|p,

areidenticalandin @. Hence,by Invariantl3, p; andps are
not of the form p;.p".p” for somepositionsp’, p’’ suchthat
[p'| = h(C N Apom) + 1 > h(Arom). Note alsothat, in
the casewherep; is a prefix of 1 (p=2), no replacedposition
in 7"1[[7“1 1]] is aprefixof py — p1 (p2 — p1). Thus,for each
§ > 1,t[t1 4] lpy @andt’[E1 5] |p, Canbeobtainedromt'|,,

andt’|,,, respectiely, by replacingt’| 5, .5 by s (71,;) atsome
positionswhichareindependenfrom j. By Lemma5.2,atmost
onetermi; ; makest’[{1,;]s, |, €qualto t'[f1 ;13 |p,- Hence,
for all therest;j's, '[f1 ;] is notaninstanceof s|d, dueto the
samereasorast’, andwe aredone.

O



8. Conclusion

We have closedaffirmatively the openquestionof the decidability
of the HOM problem.By studyingin detail our algorithmandtak-
ing into accountthe definition of A, it canbe derived a time com-
plexity with a tower of four exponentialswith respectto the size
of the input. But thereis spacefor improvements.in [8] a propa-
gationtechniquds presentedor proving exptime-completenessf
theemptinesproblemfor TA . It couldbeinterestingo studythe
applicability of this techniqueto the caseof TA_. rom in orderto
improve thetime compleity.

Our resultimplies decidability of otherrelatedquestions For
example,in [11] the decidability of the regularity of the range
of a given tree homomorphisnis questionedThis is a particular
caseof the HOM problem,andhence we alsoclosethis question
affirmatively.

THEOREM 8.1. Given a tree homomorphismA, it is decidable
whethertherankof H is regular.

Ontheotherside,treehomomorphismarea particularcaseof
bottom-uptreetransducersln [10] it is shavn thatfor ary given
regularlanguageL andary given bottom-uptreetransducefl’, a
regularlanguagel.’ andatreehomomorphisn¥ canbecomputed
suchthat1'(L H(L' holds.Thus,asa consequencef our
resultwe have thefollowing:

THEOREM 8.2. Givena regular language L anda bottom-uptree
transducer!’, it is decidablewhether’(L is regular.

This is in contrastwith top-davn tree transducerstree homo-
morphismsarealsoa particularcaseof top-davn treetransducer
but it is well known [11] thattheregularity of theimageof agiven
regular languagethrougha top-davn tree transduceiis undecid-
able.On the other hand,top-davn tree transducersith just one
stateare,in fact,treehomomorphismssoourresultsimply thefol-
lowing partialresult.

THEOREM 8.3. Givena regular language L and a top-downtree
transducer’ with just onestate it is decidablewhether?'(L is
regular.

We have introducedthe new classTA . nom. This classof au-
tomatais atthesametime meaningfulit containgheimageof reg-
ular languageshroughtreehomomorphismsandtractable(mary
propertiesare decidablefor automataof this class).It would be
interestingto know whetherTA . rom could still be further ex-
tendedn ameaningfulway while still keepingatthe sametimeits
tractability Also, we believe thatthe study of TA . hom Mmay pro-
vide furtherinsightsinto othertopics.For example,tree automata
with globalconstraintswhich aresimilarto theequalityconstraints
occurringin our TAp.m in the sensethat we imposeequality of
termsreachingdentical(but local) statesareusedfor the analysis
of securityprotocols[18].

Acknowledgments: We greatlyappreciatéhe commentsf Z.
Filop.

References

[1] F. BaaderandT. Nipkow. TermRenriting and All That Cambridge
University PressNew York, 1998.

[2] V. Benzalen, G. CastagnaH. Hosoya, B.C. Pierce,and S. Van-
summeren.The Encyclopedieof DatabaseSystemschapter‘ XML
Typechecking”.Springer To appear

[3] B. Bogaert,F. Seynhaave, andS. Tison. Therecognizabilityproblem
for treeautomatawith comparisorbetweerbrothers.In Foundations
of Softwae Scienceand ComputationStructues (FOSSAS) pages
150-164,1999.

[4] B. BogaertandS. Tison. Equality and disequalityconstraintson
direct subtermsn tree automata. In International Symposiunon
Theoetical Aspectf ComputerSciencgSTACS) pagesl61-171,
1992.

[5] H. Comon,M. Dauchet,R. Gilleron, C. Ldding, F. Jacquemard,
D. Lugiez,S. Tison,andM. Tommasi. Treeautomataechniquesand
applications.Availableat http://www.grappa.uni-lille3.fr/tata, 2007.

[6] H. ComonandC. Delor. Equationalformulaewith membership
constraintsInformationand Computation112:167—2161994.

[7] H. ComonandF. JacquemardGroundreducibility andautomatawvith
disequalityconstraints.In International Symposiunon Theoketical
Aspectof ComputerSciencgSTACS) pagesl51-162,1994.

[8] H. ComonandF. Jacquemard.Groundreducibility is EXPTIME-
complete.ln Logic in ComputerSciencgLICS), pages26-34,1997.

[9] M. DauchetA.-C. Caron,andJ.-L. Coquice. Automatafor reduction
propertiesolving. Journal of SymbolidComputation20(2):215-233,
1995.

[10] J. Engelfriet. Bottom-upand top-davn tree transformations a
comparison MathematicalSystem3heory 9(3):198-2311975.

[11] Z. Fulép. Undecidablepropertiesof deterministictop-davn tree
transducersTheoetical ComputerScience134:311-3281994.

[12] F. Gécsg andM. Steinby TreeAutomata AkademiaiKiadd, 1984.

[13] F. Gécsg andM. Steinby Treelanguages.In G. Rozenbeg and
A. Salomaagditors,Handbookof Formal Languayes volume 3,
pagesl-68.SpringerVerlag,1997.

[14] R. Gilleron. Decisionproblemsfor term rewriting systemsand
recognizabletree languages. In International Symposiunon
Theoetical Aspectf ComputerSciencegSTACS) pagesl48-159,
1991.

[15] G.Godg andE. Huntingford.Innermost-reachabilitgndinnermost-
joinability aredecidablefor shallov term rewrite systems.In Term
Rewriting and Applications(RTA), pagesl84—-1992007.

[16] G. Godogy, S. Maneth,andS. Tison. Classe®f treehomomorphisms
with decidablepreseration of regularity. In Foundationsof Softwae
Scienceand ComputationStructues (FOSSAS) pagesl27-141,
2008.

[17] D. Hofbauerand M. Huber Computinglinearizationsusing test
sets.In Third InternationalWorkshopon Conditional Term Rewriting
System$CTRS) pages287-301,1992.

[18] FlorentJacquemardrrancisKlay, and Camille Vacher Rigid tree
automata. In Languaye and AutomataTheoryand Applications
(LATA), pagest46—457,2009.

[19] G. Kucherow andM. Tajine. Decidability of regularity andrelated
propertiesof ground normal form languages. Information and
Compuation118:91-1001995.

[20] M. Murata,D. Lee,M. Mani, andK. Kawaguchi.Taxonomyof XML
schemdanguagesisingformal languageheory ACM Transactions
of InternetTechnologies 5(4):660—7042005.

[21] J.W. Thatcher Generalized sequentiamachinemaps. Computer
and SystenBciences4:339-3671970.

[22] J.W. ThatcherandJ. B. Wright. Generalizedinite automataheory
with an applicationto a decisionproblemof second-ordetogic.
MathematicalSystem3heory 2(1):57-81,1968.

[23] S.Vagwlgyi andR. Gilleron. For a rewrite systemit is decidable
whetherthe setof irreducible,groundtermsis regognizable Bulletin
of theEATCS 48:197-2091992.



