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Abstract
We closeaffirmatively a questionwhich hasbeenopenfor long
time: decidabilityof the HOM problem.The HOM problemcon-
sistsin determining,givena treehomomorphism, anda regular
treelanguage- representedby a treeautomaton,whether,/.0-21 is
regular.

In orderto decidetheHOM problem,wedevelopnew construc-
tionsandtechniqueswhich areinterestingby themselves,andpro-
videseveralsignificantintermediateresults.For example,weprove
thattheuniversalityproblemis decidablefor languagesrepresented
by treeautomatawith equalityconstraints,andthattheequivalence
and inclusion problemsare decidablefor imagesof regular lan-
guagesthroughtreehomomorphisms.

Ourcontributionsarebasedonthefollowing new constructions.
We describea simpletransformationfor convertinga treeautoma-
tonwith equalityconstraintsinto a treeautomatonwith disequality
constraintsrecognizingthecomplementarylanguage.We alsode-
fine a new classof automatawith arbitrarydisequalityconstraints
anda particularkind of equalityconstraints.An automatonof this
new classessentiallyrecognizesthe intersectionof a treeautoma-
tonwith disequalityconstraintsandtheimageof aregularlanguage
througha treehomomorphism.Weprovedecidabilityof emptiness
andfinitenessfor thisclassby apumpingmechanism.Wecombine
theabove constructionsadequatelyto provide analgorithmdecid-
ing theHOM problem.

Categories and Subject Descriptors F.4.2 [MathematicalLogic
andFormal Languages]: GrammarsandOtherRewriting Systems;
F.4.3 [MathematicalLogic and Formal Languages]: Formal Lan-
guages

General Terms Logic, Theory, Decidability

Keywords Treeautomata,Homomorphisms,Regular languages,
Transducers

1. Introduction
Finite-statetree automata(TA) [5] were introducedby Thatcher
andWright [22] in thecontext of circuit verification.Many famous
researcherscontributedto this schoolin thelate60’s andtheearly
70’s, establishingconnectionsbetweenautomataandlogic. In the
70’smany new resultswereestablishedconcerningTA, which lose
a bit their connectionswith the applicationsandwerestudiedfor
theirown.Applicationsof TA to programverificationrevivedin the
80’s, after the relative failureof automateddeductionin this field.
Automata,andin particularTA, alsoappearedasanapproximation
of programson which fully automatedtools can be used.New
resultswere obtainedconnectingpropertiesof programsor type
systemsor rewrite systemswith automata.Theseapplicationsare
widely usednowadaysandanextendedmatterof research.

TA are a well studied formalism for representingterm lan-
guages,dueto their goodcomputationalandexpressivenessprop-
erties.They characterizethe “regular term languages”,a classi-
cal conceptused,e.g., to describethe parsetreesof a context-
free grammaror the well-formed termsover a sortedsignature,
andto naturallycapturetype formalismsfor tree-structuredXML
data[20, 2]. Similar asin thecaseof regularsetsof words,regular
term languageshave numerousconvenientpropertiessuchasclo-
sureunderBooleanoperations(intersection,union,negation),de-
cidablepropertiessuchasinclusionandequivalence,andthey are
characterizedby many differentformalismssuchasregulargram-
mars, regular term expressions,congruenceclassesof finite in-
dex, deterministicbottom-upTA, non-deterministictop-down TA,
or sentencesof monadicsecond-orderlogic [5]. DeterministicTA,
for instance,canbeeffectively minimizedandgive riseto efficient
parsing.

When the usedformalism for representingan infinite set of
terms is not a TA, it is often expedient to decidewhether the
representedset is in fact regular, or whena given transformation
preserves regularity. For example, when the set is describedas
the reachableconfigurationsof a program/systemfrom a starting
configuration,regularity of such set allows checkinginteresting
propertiesof reachableconfigurations,likevalidity.

1.1 The HOM problem

Treehomomorphismsarethenaturalextensionof word homomor-
phismsto trees.They were definedin 1970 as a specialcaseof
tree transducersby Thatcherin [21], and by Engelfriet in [10].
From the beginning, it wasnotedthat, the classicalpropertystat-
ing that a word homomorphismpreservesregularity, is no longer
truewhenonedealswith treelanguages.For example,thetreelan-
guage354768.09)1;: <>=@?BA is regularsinceit is recognizedby the tree
automaton359DCFE7GH4I.0E�1JCKE8A , whereE is anacceptingstate.But
its imagethroughthetreehomomorphism, definedby ,/.09)1!L/9
and ,/.04I.0MN1�12LPO7.0,/.0MN1;GH,Q.RMS1�1 is thesetof completetreesover
binary O andconstant9 , which is well-known to be non-regular.
It hasbeena long-standingopenquestionthe decidabilityof the
HOM problem:given a regular treelanguage- anda treehomo-
morphism, , is ,/.0-T1 regular?

This problemis not only a fundamentaltheoreticalquestion.
Treehomomorphismsarea powerful representationsystem.Sev-
eralrepresentationmechanismsbasedon treepatternsarejust par-
ticular casesof imagesof regular languagesthroughthreehomo-
morphisms,andthe setof reducibleinstancesof any term rewrite
systemalso can be representedin this way. Hence,it is not sur-
prisingthatparticularcasesandvariantsof this problemhave been
studiedalong the past35 years.For example,as it caneasilybe
derivedfrom thefundamentalresultsin [10], theHOM problemis
equivalentto thefollowing problem:givena bottom-uptreetrans-
ducerU , is therangeof U regular?Many variants,resultsandappli-



cationsof treetransducersarestudiedalongthe70’s and80’s (see
thebook[12] andthehandbook[13]). In [14] thedecidabilityof the
HOM problemis still statedasanopenquestion,andtheparticular
caseof theregularity of thereducibletermsby a termrewrite sys-
tem is alsoleft asanopenproblem.This particularcaseis posted
as the 7th problemin the RTA list of openproblemsin 1991by
ComonandDauchet.It is solvedindependentlyin [17,23, 19].The
HOM problemappearsalsoin [11], wherethemoregeneralcaseof
regularity of therangeof a top-down treetransduceris shown un-
decidable.In the morerecentyears,someotherparticularizations
of theHOM problemhave beentakeninto consideration.Treeau-
tomatawith constraintsareusedto prove decidabilityof theHOM
problemrestrictedto shallow homomorphismsin [3]. The HOM
problemrestrictedto monadicsignaturesor to top-copying homo-
morphismsis proved decidablein [16]. The latter result is based
on the decidabilityof first-orderequationalformulaewith regular
membershipconstraintsprovedin [6].

In thiswork, weprovedecidabilityof theentireHOM problem,
without any further restriction.To this end,we develop new con-
structionsandtechniques,whichareinterestingby themselves,and
provide several significantintermediateresults.We detail themin
thefollowing subsections.

1.2 Tree Automata with constraints

In order to prove decidability of HOM, we make useof several
ideas,techniquesandresultsrelatedto treeautomatawith disequal-
ity andequalityconstraints,TA VWYX W for short,developedalongthe
last15 years.For this reason,we dedicatethis specializedsubsec-
tion of theintroductionto theseremarkableresults.As anexample
of treeautomatonwith equalityconstraintsconsiderthefollowing:Z\[^]8_a`Ib0]8_H]8cId W)e[f] . Theconstraintgihkj imposesthat thefirst
andsecondchild mustcoincidefor theapplicationof therule.Thus,
theabove automatonrecognizesthesetof completetreesover bi-
nary ` andconstantZ .

Tree automatawith equality constraints,TA W for short, have
beenstudiedin theearly80sby M. DauchetandJ. Mongy. When
we considerits closureby booleanoperations,we get the class
of TA VWYX W . Unfortunately, propertieslike emptiness,finiteness,and
regularity of the representedlanguageare undecidable,even for
the restrictedclassof TA W . But somepositive resultshave been
obtainedfor other particularcasesof TA VWYX W . Emptinessof tree
automatahaving only disequalityconstraints,TA VW for short, is
proved decidablein [7]. Exptime-completenessof this problemis
proved in [8]. This result is developedin orderto prove exptime-
completenessof the groundreducibility problem.The decidabil-
ity result in [7] is extendedin [9] to the so-calledclassof reduc-
tion automata,which allow for arbitrary disequalitiesand a lim-
ited amountof equalities.Roughly speaking,a fixed numberof
equalitiesarepermittedat eachpathof a run. This result is used
to prove decidabilityof thefirst ordertheoryof reduction.Empti-
nessandfinitenessof treeautomatawith disequalityandequality
constraintsbetweenbrothers(direct children) is proved decidable
in [4]. Regularity for this classwasproved decidablein [3]. As a
consequence,theHOM problemis proveddecidablefor thepartic-
ularcaseof shallow homomorphisms,aswehavementionedabove.
But also,theseresultsarekey for proving decidabilityof preserva-
tion of regularity for shallow term rewrite systemsandinnermost
rewriting in [15]. Severalothervariantsof treeautomatawith con-
straintshavebeendeveloped,providing decidabilityresultsin logic
andtermrewriting, with applicationin protocolverification.Wedo
not mentionthemsincetherearelots,andtheprovidedtechniques
havenotbeenusedin thispaper.

1.3 Our contributions

In thepathof solvingtheHOM problem,we developseveral ideas
andtechniqueswhich are interestingby themselves,andproduce
significantintermediateresults.

Ourfirst contributionconsistsin aconstructionfor convertinga
TA W into a TA VW recognizingthecomplementlanguageof thefirst
one.Thisconstructionis rathereasy, but upto ourknowledge,it has
not beenstatedbefore,althoughsimilar argumentsareusedin [7]
to constructa TA VW recognizingthe setof normalforms of a term
rewrite system.Thecomplementconstructionhassignificantcon-
sequences,likedecidabilityof theuniversalityproblemfor treeau-
tomatawith equalityconstraints,andmoregenerally, decidability
of theinclusionof aregularlanguageinto thelanguagerepresented
by a TA W . Moreover, it givesa simpleproof of undecidabilityof
regularity testfor TA VW , andhence,for reductiontreeautomata(this
questionwasleft openin [3]).

In a secondstep,we definea new classof automatawith con-
straintscalled tree automatawith disequalityand HOM equality
constraints,TA VWYX l%mon for short.Essentially, they recognizethe in-
tersectionlanguagebetweenaTA VW andtheimageof a regularlan-
guagethrougha treehomomorphism.Wealsodefinetheparticular
subclassof TA lpm�n which recognizeimagesof regular languages
throughtreehomomorphisms.

This new classof treeautomatawith constraintsis interesting
by itself. It is essentiallya particularsubclassof TA VWYX W , subsumes
theclassof treeautomatawith disequalityandequalityconstraints
betweenbrothers,and is independentfrom the classof reduction
automata.In contrastto reductionautomata,TA VWYX l%mon permit an
unboundednumberof equalitiesat eachpathof a run. As we will
see,emptinessandfinitenessaredecidablefor TA VWYX l%mon .

Theabove constructionsandresultsallow to derive new signif-
icantconsequences.Sincetwo TA l%monrq and s representthe im-
agesof regular languagesthroughtreehomomorphisms,by com-
plementingq andintersectingwith s weobtainaTA VWYX lpm�n whose
emptinessis equivalentto theinclusiont b q cvu t b s c . Therefore,
weareableto provedecidabilityof inclusionandequivalenceprob-
lemsfor imagesof regularlanguagesthroughtreehomomorphisms.

Ourdecisionalgorithmfor theHOM problemhasaverysimple
description.First,it generatesaTA lpm�nwq recognizingthelanguagex b0y2c , for the given TA q and the given tree homomorphismx

. Second,it linearizesq into a TA s by removing all equality
constraintsandreplacingthe involved positionsin the constraints
by all possiblevalid termsup to a certainheight.Third, it checks
t b q c hzt b s c , concludes“regularity” in theaffirmative case,and
concludes“non-regularity” in thenegativecase.

Nevertheless,proving thatthisalgorithmdecidesHOM is more
complicated,and requiresto argue using all the above construc-
tions.In Section7 we provide moreintuition abouttheunderlying
ideasof this argumentation.

1.4 Organization of the paper

In Section2 we introducebasicconceptson termsand tree au-
tomata.In Section3 we presentthe constructiontransforminga
TA W into a TA VW . In Section4 we defineTA VWYX l%mon andTA lpm�n and
their runs,show thattheimageof a regularlanguagethrougha tree
homomorphismcanberecognizedby aTA l%mon , definetheintersec-
tion of a TA l%mon anda TA VW , the intersectionof two runs,andthe
respectiveprojectionsto recover theoriginal runsfrom arunof the
intersection.In Section5, we definethe conceptof pumpingof a
runof aTA VWYX l%mon . Also weshow thatfor abig enoughrunthereex-
istsa pumpingproviding a smallerrun, thusconcludingdecidabil-
ity of theemptinessproblemfor TA VWYX lpm�n . Moreover, weshow that
for abig enoughrunthereexist pumpingsproviding infinitely many
biggerruns,thusconcludingdecidabilityof thefinitenessproblem
for TA VW�X l%mon . In Section6 we show all the significantintermedi-



ateconsequencesof our constructions.In Section7 we useall the
developedtechniquesto provedecidabilityof theHOM problem.

2. Preliminaries
2.1 Terms

The size of a set { is denotedby |${�| , and the powersetof { is
denotedby }�~ . We assumethat the readeris familiarized with
terms,positions,substitutionsandreplacements.For moredetailed
explanationssee[1].

A signature consistsof analphabet� , i.e., a finite setof sym-
bols, togetherwith a mappingthat assignsto eachsymbol in � a
naturalnumber, its arity. We write �2����� to denotethe subsetof
symbolsin � that are of arity � , and we write �Y� ��� to denote
that � is a symbolof arity � . The setof all termsover � is de-
noted ������� andis inductively definedasthe smallestset � such
that for every �z��������� , ���k� , and �p�����������'� � �r� , the term
�7�0�%�����������H� � � is in � . For a termof theform �)��� we simply write
� . For instance,if �F�����������o�H�S���5�o� then ������� is the set of all
termsthatrepresentbinarytreeswith internalnodeslabeled� and
leaveslabeled� . Wefix theset  ¡�>�5¢ � �H¢ � �������$� of variables,i.e.,
any set £ of variablesis alwaysassumedto bea subsetof   . The
setof termsover � with variablesin   , denoted�¤���\¥w ¦� , is the
setof termsover �§¥T  whereeverysymbolin   hasarity zero.By
| ��| wedenotethesizeof � , definedrecursively as |��7�0�p�����������H� � �;|	�¨ª© | �%��| © ����� © | � � | for each�«�¬��� ��� , �­�®� and�p�����������H� � �������� , and | ¢S|�� ¨ for each¢ in   . By ¯8°�±p²#¯�³��0��� we denotethe
heightof � , definedrecursively as ¯8°�±p²#¯�³��;�7�0�p�����������H� � ���T�

¨T©
´7µ%¶ �'¯8°�±p²#¯�³��0�%�5�;����������¯8°�±p²#¯�³��0� � ��� for each �·�k�2����� , �¸� ¨
and �%�����������H� � �¹������� , ¯8°�±p²#¯�³	�R�)�2�>� for each�Q�·�2����� , and
¯8°�±p²#¯�³��0¢N���z� for each¢®�Q  . Positionsin termsaresequences
of naturalnumbers.Given a term �I�R�%�����������H� � �¦�º������� , its set
of positions »	¼�½��R��� is definedrecursively as ��¾I�¤¥ �;¿7À�¿ � �5Á�� ÂÃ|ÂÄ�Å»	¼�½#�0��ÀH��� . Here, ¾ denotesthe empty sequence(position of
the root node),and � denotesconcatenation.The subtermof � at
position Â is denotedby ��| Æ , and is formally definedas ��|�Ç/�È� ,
and �I�0�p�����������H� � �;| À�É Ær�Ê��ÀH| Æ . Ë	¼�¼%³��;�7�0�p�����������H� � ��� is � for any
symbol � . Thus, the symbol of � occurringat position Â is de-
notedby Ë	¼�¼%³��0��| Æ�� , andwe saythat � at position Â is labeledby
Ë	¼�¼%³��0��| Æ�� . For instance,for Ì«�kÍI�;�7�0���HÎ����HÏ�� , Ìp|R� equals�7�0���HÎ��
and Ë	¼�¼%³��0��|R��É � � is Î . For a set Ð , we use »	¼�½#Ñ	�0��� to denotetheset
of positionsof � thatarelabeledby symbolsin Ð . WhenapositionÂ
is of theform Â)��� Â � , wesaythat Â)� is aprefixof Â , denotedÂ)�JÒ®Â ,
and Â � is a suffix of Â . If in addition Â � is not ¾ , thenwe saythat
Â)� is a properprefix of Â , denotedÂ)�TÓzÂ . Moreover, with ÂiÔDÂ��
wedenoteÂ � . Wesaythattwo positionsÂ)� andÂ � areparallel,de-
notedÂ)��Õ�Â � , if neitherÂ)��ÒrÂ � nor Â � ÒrÂ�� hold.For terms Ìp�H�
andÂ«�Ö»	¼�½#�;Ì+� , wedenoteby Ì+× �'Ø�Æ theresultof replacingthesub-
termat position Â in Ì by theterm � . More formally, Ì+× �HØoÇ is � , and
�7�;Ì#������������Ì � ��× �HØ'À�É Æ is �7�;Ì#������������Ì�À�ÙY����Ì�ÀH× �'Ø�Æ���Ì�ÀRÚN������������Ì � � . For
instance,�7�;�7�0���H�)�;�H�B��× ��Ø�� is �I�0�)�o�B� . A substitutionÛ is a map-
ping from variablesto terms.It canbehomomorphicallyextended
to a functionfrom termsto terms:Ûv�0��� denotestheresultof simul-
taneouslyreplacingin � every ¢r�®Ü�¼ ´ �0Ûv� by Ûv�R¢S� . For example,
if Û is �5¢/ÝÞß�I�RÎ��HàB�;�Hà¹ÝÞ^��� , then Ûv�0ÍI�0¢S�HàB��� is ÍI�;�7�0Î��HàB�;�H�)� . A
rewrite rule is a pair of termsáTÞãâ . Applicationof a rewrite rule
á�ÞKâ to a term Ì+× Ûv�Rá;�äØ�Æ at position Â producestheterm Ì+× Ûv�0â��äØ�Æ .
If å is a setof rules,applicationof a rule of å to a term Ì result-
ing into a term � is denotedby Ì2Þræç� , andthereflexive-transitive
closureof this relationis denotedby Þ¹è æ .

Along thispaper, unlesstheoppositeisstated,by ��| Æ%é��/�+| Æ;ê we
meanthat Â)� andÂ � arepositionsin »	¼�½#�0��� andthesubtermsof � at
positionsÂ)� and Â � coincide.On theotherside,by �+| Æ#é¦ë�z��| Æ;ê we
meanthateitherÂ)� or Â � is not in »	¼�½#�0��� , or thatthesubterms��| Æ%é

and��| Æ�ê aredifferent.Notethat,with thissemantics,��| Æ%éìë�/��| Æ�ê is
thenegationof ��| Æ é �Q��| Æ ê .
2.2 Tree automata with constraints

Treeautomataandregular languagesarewell-known conceptsof
theoreticalcomputerscience[12, 13,5]. We assumethatthereader
knows the Booleanclosurepropertiesandthe decidabilityresults
on regular tree languages.Herewe only recall the notion of tree
automatawith constraints.

The subsequentpresentationis not the mostusualonefor tree
automatawith constraints,but it is anequivalentone.We usethis
presentationin order to make it moresimilar to otherdefinitions
of automataappearingin the restof thearticle, thuspreparingthe
readerfor furtherdefinitions.

DEFINITION 2.1 (automatawith constraints).A tree automaton
with disequalityandequalityconstraints, TA íîYï î for short, is a tu-
ple ðk�Äñ�òa�����HóT��ô¦õ , where ò is a setof states,� is a signature,
ó^öPò is thesubsetof final states,and ô is a setof rules of the
form �I�0÷������������H÷ � �ùøÞú÷ , where ÷������������H÷ � �H÷ are in ò , � is in
������� and Ï is a conjunction/setof atomsof theform Â)�¦ë�ºÂ � and
Â)�a��Â � for arbitrary positionsÂ)���HÂ � . Whenall constraints in ô
containonly disequalities(respectively, equalities)we saythat ð
is a TA íî (respectively, a TA î ). Whenall theconstraintsareempty,
wesaythat ð is a TA.

In orderto definetheconceptof run of a TA íîYï î we definethe
alphabetfor describingruns on terms,which are just termswith
labelsindicatingwhich rulehasbeenappliedateachnode.

DEFINITION 2.2 (alphabetof a run). Let ð­�Êñ�ò������HóT��ô¦õ be a
TA íîYï î . Thealphabetof a run of ð is ô , where each symbolof the
form �;�7�0÷������������H÷ � �\øÞÊ÷�� hasarity � , i.e. thesameas � .

Theresultingstateof a term â in �«��ôi� is ÷ if â is of the form
�;�7�0÷������������H÷ � �®øÞÊ÷����0�p�����������H� � � .

The projection ûSü ýþ�«��ôi� Þ ������� is recur-
sively defined as �0ûSü��;�7�0÷������������H÷ � �ÿøÞ ÷����0�p�����������H� � ���ã�
�I�RûSü��0�p���;���������HûSü��0� � ��� .
DEFINITION 2.3 (run). Let ðú�ßñ�òa�����HóT��ô¦õ be a TA íîYï î . We
definethe conceptof run of ð as a term in ����ôì� satisfyingcer-
tain conditionsrecursivelyas follows. Let �;�7�0÷������������H÷ � � øÞ ÷��
be a rule of ô . Let â8�����������Hâ � be runs of ð with resultingstates
÷������������H÷ � , respectively. Let � be �I�RûSü��0â8�5�;���������HûNü��0â � ��� . Sup-
pose�+| Æ é ë� ��| Æ ê holdsfor each �0Â)�Öë� Â � ���®Ï , and that �+| Æ é �
��| Æ�ê holds for each �RÂ��/�ãÂ � �®�ÅÏ . Then, �;�7�0÷������������H÷ � �^øÞ
÷8���0â8�����������Hâ � � is a run of ð on theterm � .

By
� �Rð¦�'÷8� wedenotethesetof terms� for which there existsa

run â of ð with resultingstate÷ such that ûSü��Râ8�!�/� . Thelanguage
acceptedby ð , denoted

� �0ðì� , is ����� � �0ði�H÷8� . A language � is
regular if thereexistsa TA ð such that

� �0ðì�!��� holds.

DEFINITION 2.4 (treehomomorphisms).Let �T����� � be two sig-
natures.A treehomomorphismis a function	ãý%�����T����ÞÊ�«��� � �
which canbedefinedasfollows.

Let 
 � representthe setof variables �5¢������������H¢ � � for each
natural number � . The definition of a tree homomorphism	 ý
�����2���^Þ ����� � � requires to define 	/�;�7�0¢������������H¢ � ��� for
each function symbol � � �2� of arity � as a term ��� in
����� � ¥

 � � . After that, 	/�;�I�R�%�����������H� � ��� is defined,for each
term �7�0�p�����������H� � �Ã�K�«���2�5� , as �5¢���ÝÞ�	Q�R�%�5�;���������H¢ � ÝÞ	/�0� � �;�#�0����� .

Alternatively, tree homomorphismscan be definedin the fol-
lowing way as a function 	 ýJ�����2���wÞ ����� � � satisfyingthe
followingcondition.For anyarbitrary setof variables   , thereex-
istsan extension	 ý������2��¥w ¦��Þ­����� � ¥w ¦� of 	 such that,



�����������
for each

�
in � , andfor each term ����� ���! #" � � and

each substitution$&%'�)(*� ���! �" � � , ��� $ � � ��� is � ��� $ ����� �+� � ��� ,
where

� ��� $ ��������� is interpretedin thenatural wayas
�+� $ ������� .

DEFINITION 2.5. TheHOM problemis definedasfollows:
Input: A TA , anda treehomomorphism

�
.

Question: Is
�+� , � regular?

3. The complement of a TA -
For agivenTA ./, �10�243��537683�9;: wewantto constructaTA <./=
recognizingthe complementof > � , � . This constructionis rather
easy. We just needto consider ?�@ as the setof statesof = . The
intuitive meaningof eachstate ACB 2 is that thereexists a run
with = of aterm � with resultingstateA if andonly if, for eachD inA , thereis norunwith , of � with resultingstateD . In otherwords,
using = we arecomputingsetsof stateswhich cannotbe reached

using , . The rules E � A  �3�F�F�F�3 AHG �JI(KA of = areconstructedto
ensurethat, for thosestatesD in A , no rule of , with right-hand
sideD canbeapplied.

DEFINITION 3.1 (Complementof aTA . ). Let , �L0�2M3���37683�9;:
be a TA . . Then,the complementTA <.J= of , is definedas the
tuple

0 ? @ 3��53�NO6MP7QR6 B 6/P B 2MST3�94P7: where
94P

is thesetof rulesE � A  U3�F�F�F�3 AVG �WI(XA satisfyingthefollowing:Y A  U3�F�F�F�3 AVG 3 AJB 2 .Y!Z is a conjunctionof disequalities[]\� D such that [ � D
occurs in theconstraint of somerule in

9
.Y For each D in A andeach rule of theform E � D  �3�F�F�F�3 D�G �_^(`D

in
9

eitherthereexistssomea in
Ncb�3�F�F�F�37deS

satisfyingDgf��JAVf ,
or thereexistpositions[  U3 [Hh such that [  i� [Vh occurs in j and[  \� [Vh occurs in Z .

EXAMPLE 3.2. Let , �k0l2M3��537683�9;: betheTA. with
2m�mN D S ,�L�CN Eon hqp 37r nts p S , 6u�CN D S , andwhere

9
containsthe two rulesr (*D and E � D 3 D �  .#hv (*D . ThisTA . recognizesthelanguageof the

completetrees.We canconstructthecomplementTA <. as follows.
Thesetof statesis ?�@ �wNOxV3�N D STS , thesignature is thesame

�
, the

setof acceptingstatesis
6 P �yNTN D STS andsomeof therules in

9 P
are:Y r ( xY E ��xV37x'� ( xY E ��xV37x'�  <.#hv ( N D SY E �qN D ST37x'� ( N D SY E ��xV3�N D ST� ( N D SY E �qN D ST3�N D Sc� ( N D S

This automaton clearly recognizes the language of the
non-completetrees (becauseat each position we can non-
deterministically check that either at least one child is non-
complete, or both children are not equal).According to the defi-
nition of the complementof a TA . , there exist more rules in

9 P
(like E �qN D ST3�N D Sc�  <.#hv ( N D S ), but they areunnecessaryor useless.

The following lemmaestablishesone of the directionsof the
statementmentionedabove: whenever a state A is the resultof a
runof = ona term � , nostateD in A canbetheresultof a runof ,
on � .
LEMMA 3.3. Let , � 0�2M3���376!3�9z:

be a TA . , and = �0 ?�@ 3���3�NO6 P Q#6 B 6 P B 24S�3U9 P : be its complementTA <. . Let D
bea statein

2
and let A bea stateof = containingD . Let � bea

termin > � = 3 A � .
Then,� is not in > � , 3 D � .

Proof. We prove it by contradiction.Let � be a minimum term in
sizecontradictingthestatement,i.e. thereexists AJB 2 , a run { P of= satisfying|�} � { P ��� � with resultingstateA , astateD in A anda
run { of , satisfying|~} � { ��� � with resultingstateD , andnoother
termsmallerthan� accomplishesthis statement.

We write � more explicitly as E � �  �3�F�F�F�3 ��G � , and the above

runs { P and { as
� E � A  U3�F�F�F�3 AVG ��I( A ��� { P  3�F�F�F�3 { P G � and� E � D  �3�F�F�F�3 D�G � ^( D ��� {  U3�F�F�F�3 {gG � , respectively. Note thatA  �3�F�F�F�3 AVG are the resultingstatesof the runs { P  3�F�F�F�3 { P G of =

on �  U3�F�F�F�3 �UG , respectively, and D  U3�F�F�F�3 D�G aretheresultingstates
of theruns{  U3�F�F�F�3 {�G of , on �  �3�F�F�F�3 �UG , respectively.

By the definition of
9 P

, since D belongsto A , for the ruleE � D  U3�F�F�F�3 D�G �y^(�D it holdsthat either(i) thereexists somea inNcb�3�F�F�F�37deS
satisfying D�f��wAHf , or (ii) thereexist positions[  U3 [Hh

suchthat [  i� [Hh occursin j and[  \� [Vh occursin Z .
In case(i), ��f , AVf , { P f , D�f , and {�f satisfytheassumedconditions

for � , A , { P , D and{ , but also
Q �Uf Q���Q � Q holds.Thisis in contradiction

with theminimality of � .
In case(ii), by the definition of run applied on { , it holds� Q ����� � Q ��� . But, similarly, by thedefinitionof runappliedon { P , it

holds� Q � � \� � Q � � , which is acontradictionagain. �
The following lemma establishesthe other direction of the

above statement,but for maximal A ’s, that is, givena term � , there
existsa run { with = of � whoseresultingstateA is just thesetof
statesD which cannotbetheresultof a run with , of � . Moreover,
this is alsothecasefor eachsubrun(subterm)of { .
LEMMA 3.4. Let , � 0�2M3���376!3�9z:

be a TA . , and = �0 ?�@ 3���3�NO6 P Q�6 B 6 P B 24ST3�9 P : be its complementTA <. . Let �
bea term.

Then,there existsa run { of = satisfying|~} � { �8� � andsuch
that, for each [e�����g� � { � it holdsthat { Q � is a run with resulting
state

N D;� 2MQ � Q � \��> � , 3 D ��S .
Proof. We prove it by inductionon

Q � Q . We write � moreexplicitly
as E � �  U3�F�F�F�3 �UG � . By inductionhypothesis,for each��f thereexists
a run {gf of = satisfying |~} � {�f ��� ��f and such that, for each[��m���g� � {gf � it holds that {�f Q � is a run with resultingstate

N D��2MQ �Uf Q � \��> � , 3 D �qS . In particular, the resultingstate AVf of {gf isN D;� 2MQ �Uf5\��> � , 3 D �qS .
Let Z betheconstraintdefinedastheconjunctionof disequal-

ities [  \� [Hh suchthat [  /� [Vh occursin the constraintof some
rule of , and� Q � � \� � Q � � holds(recallthat,by � Q � � \� � Q � � , we un-
derstandthateither [  or [Vh is not in ���g� � � � , or that thesubterms� Q � � and� Q � � aredifferent).In orderto conclude,it sufficesto prove

that E � A  U3�F�F�F�3 AVG ��I(�A for A �`N D�� 2MQ � Q � \��> � , 3 D �qS is
a rule of = . To this end,we mustshow, for eachD in A andeach
rule of the form E � D  3�F�F�F�3 D G �)^(�D in

9
, that eithersomea inNcb�3�F�F�F�37deS

satisfiesD�f4�LAHf , or thereexist positions[  �3 [Vh such
that [  
� [Vh occursin j and [  \� [Vh occursin Z . Thus,con-
siderany of suchD and E � D  �3�F�F�F�3 D�G � ^(`D andsupposethatall a
in
Ncb�3�F�F�F�37deS

satisfy D�f;\�wAHf . Then,by the definition of eachof
such AHf , thereexistsa run { P f of , satisfying|~} � { P f ��� ��f andwith
resultingstateD�f . Since D is in A , by the definition of A it holds
that thereis no run { P with resultingstateD suchthat |�} � { P �5� � .
Hence,

� E � D  U3�F�F�F�3 D�G � ^(*D �l� { P  3�F�F�F�3 { P G � is notarun.Thus,some[  8� [Vh occurringin theconstraintj mustbeunsatisfiedon � , i.e.� Q ��� \� � Q �q� for some[  �� [Hh in j . By theelectionof Z , [  \� [Hh
occursin Z . Thus,theexistenceof such[  �3 [Hh concludestheproof.�
THEOREM 3.5. Let , ��0l2M3��53�6!3�9;:

be a TA. , and = �0 ?�@ 3���3�NO6 P QV6 B 6 P B 2MST3�9 P : be its complementTA <. . Then,> � , ��� > � = � .



Proof.

� We first prove �!�����8�������
� . Let   bea termin �!���¡� . Then,
there exists a run ¢�£ of � with resulting state ¤ such that¥�¦ ��¢ £ ��§C  and ¨ª©u¤k©u« hold. Hence,for each¬ in ¨ ,
by Lemma3.3 it follows that   is not in �!���z­7¬�� . Thus,  is not
in �!����� .� Now, we prove �!������©C�!���¡� . Let   be a term which is not
acceptedby � . Then,for eachstate¬ of ¨ ,  �®¯ �����z­7¬�� holds.
By Lemma3.4,   is in �!���
­�¤�� where ¤ is °O¬ ¯ «M±i �± ²k®¯�!���z­7¬��q³ , andsincë`©C¤�©´« holds,it follows that   is in�!���¡� . µ
Proceedinganalogouslywe couldtransforma TA ¶· into a TA ·

recognizingthe complementof the first. We do not develop this
transformationsinceit is very similar andwe do not useit for the
proofof theHOM problem,but statetheanalogousconsequenceas
follows.

THEOREM 3.6. Let �]§´¸�«M­�¹�­7¨!­�ºz» bea TA ¶· . Then,it canbe
computeda TA · �X§*¸l¼�½�­�¹5­�°O¨/£�±H¨¾©m¨M£!©¿«M³T­�º�£7» , called
thecomplementTA · of � , such that �!������§+�!���¡� .
4. Tree automata with disequality and HOM

equality constraints
Our aim is to definea new classof automata,with a certainkind
of equalityconstraints,recognizingimagesof treehomomorphisms
appliedto regular languages.Thesewill bethetreeautomatawith
HOM constraints,denotedTA ÀRÁlÂ , andthey essentiallyrecognize
the rangeof a bottom up tree transducer. But we will define a
moregeneralclassincludingalsoarbitrarydisequalityconstraints,
denotedTA ¶·�Ã ÀRÁlÂ . The reasonis thatwe will needto argueabout
theintersectionlanguageof thelanguagesrepresentedby aTA ÀRÁlÂ
andaTA ¶· .

The definition of TA ¶·�Ã ÀRÁlÂ hasdifferencesfrom the definition
of TA ¶·�Ã · . Theleft-handsideof rulesarenotnecessarilyflat. Thus,
they directly useinformationof statescomputedat relative posi-
tions deeperthan Ä . The disequalityconstraintsarearbitrary, but
the equality constraintsare restricted.They always refer to posi-
tionswith identicalcomputedstates.Therulesarealsolabeled.The
labelsarenot relevantatall for furtherdefinitionsof run,pumping,
etc. We will usethem later, when intersectingtwo automata,for
keepingthe necessaryinformation to recover the runsof the two
originalautomatafrom arunof their intersectionautomaton.

DEFINITION 4.1 (new automata).A tree automatonwith dise-
quality andHOM equalityconstraints, TA ¶·�Ã ÀRÁlÂ for short, is a tu-
ple �k§L¸l«M­�¹5­7¨8­�º;» , where « is a setof states,¹ is a signature,¨¿©L« is thesubsetof final states,and º is a setof labeledrules
of the form ��Å�Æ!Ç]ÈÉ ¬�� , where Å is the label, Ç is a term overÊ �l¹JË¡«4�#Ì+« , interpretingthestatesof « as Í -ary symbols,andÎ is a conjunction/setof atomsof the form Ï#ÐÑ®§mÏHÒ for arbitrary
positionsÏ#Ð�­7ÏVÒ , andatomsof theform ÓÏ#Ð8§*ÓÏVÒ , where ÓÏ#Ð and ÓÏHÒ
are different positionssatisfying ÇR±qÔ²�Õ §¿ÇR±�Ô²�Ö ¯ « . Moreover, for
all positions ÓÏ#ÐU­gÓÏVÒ�­gÓÏ'× , if �RÓÏ#ÐØ§ÙÓÏVÒ�� and ��ÓÏVÒÚ§ÛÓÏV×�� occur in Î ,
then �RÓÏ#ÐÜ§´ÓÏ'×�� alsooccurs in Î . By ÝÞ����� wedenotethemaximum
amongtheheightsof left-handsidesof rules in º andthe lengths
of positionsoccurring in the constraints of º , and write Ý when� is clear from the context. Whenno constraint in º containsa
disequality, wesaythat � is a TA ÀRÁlÂ .

EXAMPLE 4.2. As an example of TAÀ�ÁßÂ consider �Wàâáã§¸�«M­U¹5­7¨8­�º;» , where «C§w¨ä§´°O¬Þ³ , ¹m§´°Tåoæ ×qç ­�Ý#æ Ðlç ­7è~æté ç ³ , andº is thesetof rules

�!ê Ði§+Å�ÐiÆ�è É ¬� ê ÒÜ§+ÅgÒÜÆÞÝÞ��è#� É ¬� ê ×�§+Å�×�ÆÞÝÞ�qå'��¬'­7¬Þ­7¬���� Ðqë Ð · Ðqë ÒÌ É ¬ .
Notethat theequalityconstraint refers to positionswith thesame
state, which is mandatoryfor this kindof automata.

As in the caseof tree automatawith constraints,in order to
definethe conceptof run of a TA ¶·oÃ À�ÁßÂ we definethe alphabet
for describingrunson terms,which arejust termswith additional
labels indicating which rule hasbeenappliedat eachnode.The
differencewith respectto the caseof plain tree automatawith
constraintsis thatnow we mayalsousefunctionsymbolsin ¹ for
definingruns,but notonly rules.Roughlyspeaking,this is because
the rules are not appliedat all the positionsof a term, sincethe
left-handsidesof rulesarenot necessarilyflat. Theprojection¥~¦
is overloadedto this alphabet.

DEFINITION 4.3 (alphabetof a run). Let �`§*¸l«M­�¹5­7¨8­�º;» be a
TA ¶·�Ã ÀRÁlÂ . Thealphabetof a run of � is ¹�ËJº , where each rule��ÅØÆÞÇ ÈÉ ¬�� hasthesamearity astheoneof thesymbolì�í�í�î���Ç�� .

Theresultingstateof a term ¢ in
Ê ��¹�ËÑºz� is ¬ if ¢ is of the

form ��ÅØÆÞÇ ÈÉ ¬Þ���� �ÐU­�ï�ï�ï�­7  Â � .
Theprojection¥~¦ Æ Ê ��¹eË
º�� É Ê ��¹�� is recursivelydefined

as ¥�¦ �qåV�� �ÐU­�ï�ï�ï�­7  Â �l�!§´å'� ¥~¦ �� �ÐO�q­�ï�ï�ï�­ ¥~¦ ��  Â ��� andas ¥~¦ ����ÅeÆÇ�ÈÉ ¬����� RÐ�­�ï�ï�ï�­7  Â ����§��ßì�í�í�î���Ç������ ¥~¦ �� �ÐO�q­�ï�ï�ï�­ ¥~¦ ��  Â ��� for each
rule ��ÅØÆÞÇ ÈÉ ¬Þ� in º .

For a term   in
Ê ��¹_ËÑºz� and a position Ï in ð�ígñc�� �� , we say

that Ï is a º position(of   ) if ì�í�í�îò�� �± ²T� is in º . If in addition Ï is
not ó and the only proper prefix of Ï beinga º positionis ó , we
saythat Ï is a first º position(of   ). We will usuallydenotewith a
hat ( ÓÏ ) thefirst º positions.

Runsof TA ¶·oÃ À�ÁßÂ aredefinedsimilarly to runsof TA ¶·�Ã · . One
of the differencesis that, for a given equality ��ÏoÐW§kÏVÒ�� , while a
TA ¶·�Ã · checksfor equalityof theprojectedtermsat therelativepo-
sitions Ï#Ð and ÏVÒ , a TA ¶·�Ã ÀRÁlÂ checksfor equalityof thesubrunsat
therelative positionsÏoÐ and ÏVÒ , beforeprojecting.This difference
is not relevant,sinceby interpretingequalitiesin theusualway we
would have the sameexpressiveness,ascanbe seenin the proof
of Lemma4.8. We have chosenit for presentationpurposes,thus
makingtheproofseasier.

DEFINITION 4.4 (run). Let �´§)¸�«M­�¹�­7¨8­�º;» bea TA ¶·�Ã ÀRÁlÂ . We
definetheconceptof a run of � asa termin

Ê ��¹�Ë
ºz� satisfying
certainconditionsrecursivelyasfollows.Let ��ÅØÆ'Ç ÈÉ ¬Þ� bea rule
of º , where Ç is of theform åV�qÇcÐU­�ï�ï�ï�­�Ç Â � . Let ô)§w°'ÓÏoÐU­�ï�ï�ï�­gÓÏÞõ'³
be thesetof positionsof Ç such that �RÓÏ ¯ ôCö÷ÇR± Ô² ¯ «�� holds.
Let ¬�ÐU­�ï�ï�ï�­7¬�õ be ÇR±�Ô²cÕ ­�ï�ï�ï�­�ÇR±qÔ²�ø , respectively. Let ¢ÞÐU­�ï�ï�ï�­7¢gõ be
runs of � with resultingstates¬�ÐU­�ï�ï�ï�­7¬�õ , respectively. Let Çq£ be¥~¦ �qÇ�ù ¢ÞÐûúTÔ² Õ ï�ï�ï�ù ¢gõ�úcÔ²�ø � . Suppose¢�üÜ§�¢cý for each ��ÓÏÞüÜ§uÓÏ�ý�� ¯ Î ,
and Çq£7± ²cÕ1®§þÇ�£7± ²�Ö for each ��Ï#Ðw®§`ÏVÒ�� ¯ Î . Then, ��Å)Æ�Ç ÈÉ¬Þ�l�qÇcÐ�­�ï�ï�ï�­�Ç Â ��ù ¢ÞÐûú Ô² Õ ï�ï�ï�ù ¢�õcú Ô²�ø is a run of � . Note that ô is the
setof first º positionsof ¢ .

By �����;­�¬Þ� wedenotethesetof terms  for which there existsa
run ¢ of � with resultingstate¬ such that ¥~¦ ��¢Þ��§�  . Thelanguage
acceptedby � , denoted������� , is ÿ����5�!���z­7¬Þ� .
EXAMPLE 4.5. (Following example 4.2) The term ¢gàâá §ê ×��qå'� ê ÐU­ ê ÐU­ ê Ò���è#���l� is a run of ��àûá with projection ¥~¦ ��¢�àâáU�
§ÝÞ�qåV��èo­7èo­�ÝÞ��è#���l� .

The following lemmaestablishesthat TA À�ÁßÂ can be usedto
representimages of regular languagesthrough tree homomor-
phisms.



PROPOSITION 4.6. Let
�����
	���
������������

be a TA. Let ������ 
���� � ��� 
"!#�
be a tree homomorphism.Then, it can be

computeda TA$&%('*) satisfying� �,+-� �.�/�0� +-� ) � .
Proof. We define ) as

�
	���
"!1�������32��
where

�32
is defined as

follows. Let
�32 2

be the setof rulesof the form 4 �,516 �87�:9 , for
substitutions4 andterms

5 6
satisfyingthefollowing conditions:; Thereexists a rule < � 9=���#>#>#>#��9 ' �*�?9 in

�
for a function

symbol < of arity @ suchthat � � < �BA ���#>#>#>#� A ' �
�C� 5 6 .; Moreover, D is theconjunctionof equalities
�FEG �H� EG !�� suchthat5 6�I
JK&L and

5 6�I
JKNM arethesamevariable.; Thesubstitution4 is O A �QP�R9S���#>#>#>#� A ' P�T9 '3U .
Now, wedefine

�32
asthesetobtainedby closing

�32 2
by thefixpoint

computation
�32 2 � �V�32 2XW OZY 7�[9 I]\ � Y 7�^9Z2_�N� � 9Z2`�^9=�"ab�32 2 �� Ydca*	3� U , andafterwardby removing from

�32 2
all rulesof theform9Z2C�e9

. It is straightforwardto seethat � �,+�� ���
� equals
+�� ) � by

inductionof thesizeof theinvolvedterms. f
EXAMPLE 4.7. Let )hg �i�
	3��
j��������� bethe k") satisfying

	l�
�m� O 9 U , 
n� O�oqpsr�t ��u psr�t �_v p

!
t U and

�w� O�o �x9y��u8�9=��v � 9y��9S�`�T9 U . Thatis, a TA recognizingthesetof all treeswith a
binarysymbol

v
andleaveso and

u
. Let

{z}|

bethesignatureof the
TA$&%('b) z~| of example4.2.Let ��� ��� 
"��� ��� 
Qz}|�� bethe tree
homomorphismdefinedasfollows:; � � o �0� o; � � uZ�0��� � o �; � � v �,A ��� A !��
�C�i� � < �,A !1� A !#� A ���
�
Theconstructionof Proposition4.6produces) z~| , andit is easyto
provethat � �,+�� )hg �
�C� +-� ) z~|�� holds.

The following lemmaestablishesthata TA $F%/' is essentiallya
particularcaseof a TA � , that is, for eachTA $F%/' we canconstruct
a TA � recognizingthesamelanguage.It will beusefulto obtaina
TA �� recognizingthecomplementof a TA $&%(' . Thedifficult point
to prove this inclusion is the fact that equalitiesof a TA $F%/' ask
for identicalruns,while equalitiesof aTA � askjust for identically
projectedruns.But this is easyto solveby transformingarunof the
constructedTA � in orderto make thoseidenticallyprojectedruns
alsoidenticalasruns.

LEMMA 4.8. Givena TA $F%/' ) $&%(' �e�
	3��
j��������� , a TA�.)��
canbecomputedsatisfying

+-� )�$F%/' �0� +�� )�� � . Moreover, theset
of states

	{2
of )�� includes

	
, andfor each

9
in
	

,
+�� )�$&%(' ��9S�C�+�� )�� ��9=� holds.

Proof. For makingthe proof easierto read,the
	"2

we will define
doesnot include

	
, but it includesa set OF��� I 9�a[	 U , and by

renamingeach� � to
9

theresultholds.
We define )�� as

�
	{2���
j����2����32��
, where

	"2
isOF��� I 5 is apropersubtermof a left-handsideof a rule in

� U W
OF� � I 9�al	 U , ��2 is OF� � I 9�ab� U and

�32
is O�< � ��� L �#>#>#>#� ���~� ���

� 6 p � L�� � � � � �~� t
I � 6 p � L�� � � � � �,� t

a 	"2 U W OZ< � ��� L �#>#>#>#� ���,� � 7�
� � I � < �,5 ���#>#>#>#� 5 ' ��7��9S��a�� U . It remainsto prove

+�� )�$F%/' ���+�� )�� � , and,morein general,
+�� ) $&%(' ��9S�Q� +-� )�� � � � � for each9

in
	

.; We prove
+�� )�$&%(' ��9S��� +�� )�� � � � � by induction on the

size of the involved terms.Let
5

be a term in
+�� )�$F%/' ��9=� .

Let � be a run of ) $&%(' with resulting state
9

such that��� � � ��� 5 . Let � be of the form
� < � Y ���#>#>#>#� Y ' ��7�9S� � Y ���#>#>#>#� Y ' �
� � �}� JK L >#>#>�� ��� � JK1� . Let

5 ���#>#>#>#� 5 � be the terms��� � � ���N�#>#>#>#� �q� � ��� � , respectively. Let
9=���#>#>#>#��9 � be the re-

sulting statesof � ���#>#>#>#� ��� . Note that each
5��

is in its corre-
sponding

+�� ) $F%/' ��9 � � . Thus,by inductionhypothesis,each
5��

is also in its corresponding
+�� )�� � � �(  � . Therefore,thereex-

ist runs � 2 � �#>#>#>#� � 2 � of )�� with resultingstates� � L �#>#>#>#� � � � ,
respectively, and such that ��� � � 2 � �¡� 5 ���#>#>#>#� �q� � � 2 � �¡�5 � hold. For each ¢ in O¤£ �#>#>#>#� @ U we define Y 2 � as the
term satisfying ¥§¦�¨ � Y 2 � �©� ¥§¦�¨ � Y � � , and for each G in¥§¦�¨ � Y � � , either Y � I K is in

	
and ª§¦�¦&« � Y 2 � I K � is ��¬  /­ ® , or

ª§¦�¦&« � Y � I K � is a symbol
v

in



of a certain arity ¯ andª§¦�¦&« � Y 2 � I K � is
� v � ��¬   ­ ®1° L �#>#>#>#� ��¬   ­ ®F° ± �²� ��¬   ­ ® � . It is

straightforward to check that � 2³� � < � � ¬ L �#>#>#>#� � ¬ � �´7�� � � � Y 2 � �#>#>#>#� Y 2 ' �
� � 2 � � JK L >#>#>�� � 2 � � JK1� is a run of )�� satisfying��� � � 2_�0� 5 .; We prove
+�� ) $&%(' ��9S�3µ +-� )�� � � � � by inductionon thesize

of the involved terms.Let
5

be a term in
+-� )�� � � � � . Let �

be a run of )�� with resultingstate � � suchthat �q� � � ��� 5 .
Let ª§¦�¦&« � � � be of the form < � � ¬ L �#>#>#>#� � ¬ � �:7� � � . By
the definition of )�� , the existenceof this rule in

�32
im-

plies the existenceof the rule < � Y ���#>#>#>#� Y ' � 7�n9 in
�

. LetEG ���#>#>#>#� EG � be the positions
EG � satisfying

� < � Y ���#>#>#>#� Y ' � I
JK   a	-�
. Again by the definition of )�� , � is necessarilyof the

form
� < � � ¬ L �#>#>#>#� � ¬ � �i7� � � � � Y 2 � �#>#>#>#� Y 2 ' �
� � �}� JK¤L >#>#>�� ��� � JK1� ,

whereeach Y 2 � is the term satisfying ¥§¦�¨ � Y 2 � �d� ¥§¦�¨ � Y � � , and
for each G in ¥S¦�¨ � Y � � , either Y � I K is in

	
and ª§¦�¦&« � Y 2 � I K �

is ��¬   ­ ® , or ª§¦�¦&« � Y � I K � is a symbol
v

in



of a certain ar-
ity ¯ and ª§¦�¦&« � Y 2 � I K � is

v � ��¬   ­ ®F° L �#>#>#>#� ��¬   ­ ®F° ± �¡� ��¬   ­ ® .
Moreover, � ���#>#>#>#� ��� are runs of )�� with resulting states��¬ ­,¶® L �#>#>#>#� ��¬ ­,¶® � , respectively, where Y is < � Y ���#>#>#>#� Y ' � , and
suchthat �q� � � ����� 5 I JK L �#>#>�>#� �q� � ��� ��� 5 I JK1� hold. By induc-
tion hypothesis,thereexist runs � 2 � �#>#>#>#� � 2 � of )�$&%(' with re-
sulting statesY I JK L �#>#>#>#� Y JK1� , respectively, suchthat �q� � � 2 � �d�5 I
JK L �#>#>#>#� ��� � � 2 � ��� 5 INJK#� hold. Note that, it could be the
casethat, for some £ ·¸¢�¹¸º8·¸» , a constraint

�&EG � �EG§¼ � occurs in D , thus
5 I JK   � 5 I JK�½ holds, but the runs � 2 �

and � 2¼ are different. For this reason,
� < � Y ���#>#>#>#� Y ' � 7�9S� � Y ���#>#>#>#� Y ' �
� � 2 � � JK¤L >#>#>�� � 2 � � JK#� is not necessarilya run. Let� 2 2� �#>#>#>#� � 2 2� be defined inductively as follows for each º inO¤£ �#>#>#>#� » U . If, for some ¢b¹^º , a constraint
�&EG � � EGS¼ � oc-

cursin D , then � 2 2¼ is definedas � 2 2� . Otherwise� 2 2¼ is definedas
� 2¼ . It is straightforwardto checkthat � 2 2�� � < � Y ���#>#>#>#� Y ' �¾7�9S� � Y ���#>#>#>#� Y ' �
� � 2 2� � JK&L >#>#>�� � 2 2� � JK#� is a run of )�$F%/' with result-
ing state

9
andsuchthat �q� � � 2 2_� is 5 .

f
FromLemmas4.8,3.3and3.4,thefollowing corollaryfollows.

COROLLARY 4.9. Givena TA$&%(' ) $F%/' ���
	���
"��������� , a TA ��)¿�� canbecomputedsatisfyingthefollowingconditions.
; Thesetof statesof )¿�� is À�ÁÃÂ , where

	"2
is a setincluding

	
.; For each state

9
in
	

, andeach state Ä in À�ÁÃÂ containing
9

and
each term

5
in
+�� ) �� � Ä � , 5 is not in

+�� ) $&%(' ��9S� .; For each term
5

in
��� 
{�

, there existsa run � of )¿�� satisfying��� � � ��� 5 and such that, for each G a ¥§¦�¨ � � � , � I K is a run
of )¿�� with a resulting state Ä satisfying Ä�Å 	:� O 9Ra	 I 5 I K ca +�� )�$&%(' ��9S� U . Moreover, if two positionsG ��� G !Æa¥§¦�¨ �,5 � satisfy

5 I K&L � 5 I K
M , then� I K¤L � � I KNM holds.

DEFINITION 4.10. Givena TA $F%/' ) $F%/' , by ) $F%/' wedefinethe
TA �� providedbyCorollary 4.9.

Now, weprovide thenecessarydefinitionsandlemmasto inter-
sectaTA �� andaTA $F%/' producingaTA �� � $F%/' , andto intersectthe
correspondingruns.Hereis whenthelabelsplayanimportantrole,
keepingthe necessaryinformationof the original runsin orderto
be ableto recover themby projectionfrom a run of the produced
TA �� � $F%/' . We do not give the proofsof theselemmas,sincethey



areratherstraightforward.We do not mind aboutthe labelsof the
initial TA ÇFÈ/É , andobviatethem.

DEFINITION 4.11 (Intersectionof aTA Ç&È(É andaTA ÊË ).
Let Ì Í Î
Ï-Ð0Ñ�Ò"Ñ�Ó{ÐCÑ�Ô�ÐCÕ be a TA ÇFÈ/É . Let Ö ÍÎ
Ï�×`Ñ�Ò"Ñ�Ó"×`Ñ�Ô�×`Õ be a TA ÊË . We define the TA ÊË�Ø Ç&È(É ÌÚÙÛÖ
as Î/Ï3ÐÝÜÞÏ�×`Ñ�ÒjÑ_Ó{Ð�Ü¾Ó"×`Ñ�Ô�Õ , where Ô is the set of rulesß,à�á=â�ãä ÎBåæÐCÑ�åæ×`Õ/ç satisfyingthefollowingconditions.
è â is a termin é ß ÒÆê ß Ï3ÐbÜëÏ�×0ç
ç .
è there existsa rule

ßNâNì�ã~íä åæÐqç in Ô�Ð satisfying î§ï�ð¤ñ ßNâNì ç¿Íî§ï�ð¤ñ ßNâ ç andfor each ò.óôî§ï�ð¤ñ ß
âNì ç , õ§ï�ï&ö ßNâNì�÷ ø çHÍlõ§ï�ï&ö ßNâF÷ ø ç
holds.è For each ùò�óúî§ï�ð ßNâ ç such that

âF÷
ûø
is of theform ÎBå ì Ð Ñ�å ì × Õ , âNì�÷
ûø

is å ì Ð .è àüá î§ï�ð¤ñ ßNâ ç ä Ô�× is a mapping satisfying the follow-
ing conditionsfor each ò in î§ï�ð¤ñ ßNâ ç : If

àýß òyç is of the formß
þÃß åSÿ(×HÑ������#Ñ�å É ×0ç ã}í íä å ì × ç , then õ§ï�ï&ö ßNâ1÷ ø ç is
þ
, and for each�

in ����Ñ������#Ñ��
	 , either
âF÷ ø�� �

is a stateof the form Î Ñ_å � ×HÕ , oràÃß ò
� � ç is definedasa rule with right-handsideå � × .è�� is the set � ì ê
��ò
� òXÿ��Í8ò�� ò�� ÷ òlóVî§ï�ð¤ñ ßNâ ç������#Ñ � ì ì Ñ�å ì × áßBàýß òÃç�Í ß � ã~í íä å ì × ç�� ß òXÿ��ÍÞò
��ç3ó � ì ì ç�	 . Moreover, for eachùòXÿHÍÝùò
� in � ì , âF÷ ûø�� Í âF÷ ûø � holds.

EXAMPLE 4.12. Let Ì"!�ÍTÎ
Ï ì Ñ�ÒjÑ_Ó ì Ñ�Ô ì Õ be a TA ÊË with Ï ì ÍÓ ì Í#��å ì 	 , Ò8Í¡Ò%$'& (the signature of the TA ÇFÈ/É�Ì($'& of exam-
ple4.2),andwhere Ô ì containstherules:
è*)+ ÿHÍ-, ä å ìè )+ �{Í þÃß å ì Ñ�å ì Ñ�å ì ç � ÊË�./ ä å ìè )+ . Í10 ß å ì ç ÿ

� ÿ ÊË ÿ � ./ ä å ìè*)+32 Í10 ß å ì ç ÿ
� ÿ ÊË ÿ � �/ ä å ì

We cancomputetheTA ÊË�Ø ÇFÈ/É ùÌTÍlÌ($'&`ÙdÌ ! obtaining Î/Ï�ÜÏ ì Ñ�ÒjÑ�Ó ÜdÓ ì Ñ�Ô�Õ , where Ô containsthefollowing rules:
è ù+ ÿHÍ à ÿ á , ä ÎBå=Ñ�å ì Õ , with label

à ÿ ß 4 ç0Í )+ ÿ .è ù+ �VÍ à � á 0 ß ,Xç ÿ
� ÿ ÊË ÿ � ./ ä ÎBåyÑ�å ì Õ , with label

à � ß 4 çlÍ )+ . ,à � ß �Zç0Í )+ ÿ . (Notethat theconstraint is alwayssatisfied.)è ù+ . Í à . á 0 ß ,Xç ÿ
� ÿ ÊË ÿ � �/ ä ÎBåyÑ�å ì Õ , with label

à . ß 4 çlÍ )+32 ,à . ß �Zç0Í )+ ÿ . (Notethat theconstraint is alwayssatisfied.)

è ù+32 Í à 2 á 0 ßNþyß ÎBå=Ñ�å ì Õ
Ñ#ÎBå=Ñ�å ì Õ
Ñ�ÎBåyÑ�å ì Õ/ç
ç
�65 �879�65 ��65 ��:79�65 ;�65 �<:79�65 ;
/ ä ÎBåyÑ�å ì Õ , with

label
à 2 ß 4 çCÍ )+ . , à 2 ß �ZçCÍ )+ � .

è ù+
= Í à = á 0 ßNþyß ÎBå=Ñ�å ì Õ
Ñ#ÎBå=Ñ�å ì Õ
Ñ�ÎBåyÑ�å ì Õ/ç
ç
�65 �879�65 ��65 ��:79�65 ;�65 �<:79�65 �
/ ä ÎBåyÑ�å ì Õ , with

label
à = ß�4 ç�Í )+>2 , à = ß ��ç�Í )+ � , which is uselessbecausethe

constraint is unsatisfiable.

PROPOSITION 4.13. Let Ì be a TA ÇFÈ/É . Let Ö be a TA ÊË . Then,? ß Ì�Ù Ö�çCÍ ? ß Ìdç�Ù ? ß Ö�ç .
DEFINITION 4.14. Let Ì Í Î
Ï-Ð0Ñ�ÒjÑ�Ó{ÐCÑ�Ô�ÐCÕ be a TAÇ&È(É . Let
Ö Í Î
Ï�×`Ñ�ÒjÑ�Ó{×HÑ�Ô�×HÕ be a TA ÊË . Let @ Í ß,à´á â ãäÎBå=Ñ�å ì Õ/ç ßNâ ÿ�Ñ������#Ñ â É ç�A @Sÿ'B ûø � ������A @DC�B ûø�E bea run of Ì�Ù�Ö .

The projectedrun FCÇFÈ/É ß @Sç is definedrecursively as
ßNâ ãä

åSç ßNâ ÿ�Ñ������#Ñ â É ç6A FCÇFÈ/É ß @Sÿ�çGB ûø � ������A FqÇ&È(É ß @HC=çGB ûøIE .
Theprojectedrun F ÊË ß @Sç is definedrecursivelyas follows.Let@ ì ÿ Ñ������#Ñ�@ ì C be F`ÊË ß @Sÿ�çNÑ������#Ñ�F`ÊË ß @DC=ç , respectively. Let

âNì
be any

term satisfying î§ï�ð ßNâNì ç*Í�î§ï�ð ßNâ ç , and for each ò�óRî§ï�ð¤ñ ßNâ ç
it holds that õ§ï�ï&ö ßNâ ì ÷ ø ç is

àÃß òyç . Then, F ÊË ß @Sç is defined asâNì A @ ì ÿ B ûø � ������A @ ì C B ûøIE .

PROPOSITION 4.15. Let Ì8Í Î
Ï3ÐCÑ�ÒjÑ�Ó{ÐCÑ�ÔdÐ0Õ bea TA ÇFÈ/É . LetÖmÍ:Î/Ï�×`Ñ�ÒjÑ�Ó"×`Ñ�Ô�×`Õ be a TA ÊË . Let @ be a run of ÌTÙ*Ö .
Then,FCÇ&È(É ß @=ç is a run of Ì , and F0ÊË ß @Sç is a run of Ö . Moreover,Fqñ ß @SçCÍ�F�ñ ß F ÇFÈ/É ß @Sç
ç0Í-Fqñ ß F ÊË ß @Sç
ç holds.

LEMMA 4.16. Let ÌRÍ8Î
Ï-Ð0Ñ�ÒjÑ�Ó{ÐCÑ�Ô�ÐCÕ bea TAÇFÈ/É . Let Ö[ÍÎ
Ï�×`Ñ�Ò"Ñ�Ó"×`Ñ�Ô�×`Õ bea TA ÊË . Let @Sÿ�Ñ�@J� berunsof ÌôÙCÖ . Let ò bea
positionin î§ï�ð ß @=ÿ�ç§Ù3î§ï�ð ß @K��ç such that õ§ï�ï&ö ß @=ÿ ÷ ø ç0Í õ§ï�ï&ö ß @K� ÷ ø ç
holds.

Then, õ§ï�ï&ö ß
ß F ÇFÈ/É ß @Sÿ�ç
ç ÷ ø ç Í õ§ï�ï&ö ß
ß F Ç&È(É ß @K�#ç/ç ÷ ø ç holds.
Moreover, if for all prefix ò ì of ò , õ§ï�ï&ö ß @=ÿ ÷ ø í ç Í©õ§ï�ï&ö ß @K� ÷ ø í ç
holds,then õ§ï�ï&ö ß
ß F`ÊË ß @=ÿ�ç/ç ÷ ø ç0Í õ§ï�ï&ö ß
ß F`ÊË ß @K�#ç/ç ÷ ø ç holds.

DEFINITION 4.17 (intersectionof runsof aTA Ç&È(É andaTA ÊË ).
Let Ì Í Î
Ï3ÐCÑ�Ò"Ñ�Ó{ÐCÑ�Ô�ÐCÕ be a TA ÇFÈ/É . Let Ö ÍÎ
Ï�×`Ñ�Ò"Ñ�Ó"×`Ñ�Ô�×`Õ be a TA ÊË . Let � be a term in é ß Ò{ç , and
let @æÐiÍ ßNâ ãä åSç�A @=ÿLB ûø�� ������A @HC�B ûøIE and @§× be runs of Ì and Ö ,
respectively, such that F�ñ ß @æÐqç ÍMFqñ ß @æ×0ç ÍN� . The intersected
run @iÍN@æÐ¾Ù�@§× is definedrecursively to satisfythe following
conditions:
è î§ï�ð ß @SçCÍ�î§ï�ð ß @�Ðqç0Í î§ï�ð ß @§×0ç .è For each

�
in ����Ñ������#Ñ�OP	 , @ ÷
ûø�Q Í ß @ � Ù ß @æ× ÷
ûøIQ ç
ç holds.è For each ò in î§ï�ð¤ñ ßNâ ç / � 4 	 , õ§ï�ï&ö ß @ ÷ ø çCÍ�õ§ï�ï&ö ß @�Ð ÷ ø ç holds.

è õ§ï�ï&ö ß @Sç is
ß,àÛáQâNì ã~íä Î åyÑ�å ì Õ/ç , where å ì is the resultingstate

of @§× , î§ï�ð ßNâ ç*Í î§ï�ð ßNâNì ç holds, for each ò in î§ï�ð¤ñ ßNâ ç the
equalities õ§ï�ï&ö ßNâNì�÷ ø çôÍ¸õ§ï�ï&ö ßNâF÷ ø ç and

àýß òyçôÍR@§× ÷ ø hold,
andfor each ùò in î§ï�ð8S ß
â ç theterm

âNì�÷ ûø
is Î âF÷ ûø Ñ�å ì × Õ , where å ì ×

is theresultingstateof thecorresponding@æ× ÷Nûø . Moreover, � ì is
theset� êT��ò
� òXÿ(�Í ò
� ò
� ÷ ò�óôî§ï�ð¤ñ ßNâ çU�V���#Ñ � ì ì Ñ�å ì × áyß,àÃß òyç`Íß � ã~í íä å ì × çK� ß òXÿW�Íbò���ç`ó � ì ì ç 	 . Furthermore, for each ùòXÿHÍÝùò��
in � ì , âNì�÷
ûø � Í âNì�÷
ûø � holds.

EXAMPLE 4.18. (Continues example 4.12) The following run
ù@ is a run of ùÌ : ù@nÍ ù+32 ßNþyß ù+ ÿ�Ñæù+ ÿ�Ñ�ù+ � ß ,Xç/ç
ç , with projectionFqñ ß ù@Sç[Í 0 ß
þÃß ,�Ñ�,XÑ�0 ß ,Xç
ç
ç , and it is the intersection of the
runs F ÇFÈ/É ß ù@SçbÍ + . ßNþÃß + ÿ�Ñ + ÿ�Ñ + � ß ,Xç
ç
ç (but without labels) andF`ÊË ß ù@SçCÍ )+ . ß )+ � ß )+ ÿ�Ñ )+ ÿ�Ñ )+ . ß )+ ÿ�ç
ç/ç .
PROPOSITION 4.19. Let Ì be a TA ÇFÈ/É . Let Ö be a TA ÊË . Let@æÐCÑ�@æ× berunsof Ì and Ö , respectively. Then,F ÊË ß @æÐ�Ù%@æ×`çCÍ-@§×
and FCÇFÈ/É ß @æÐ�ÙX@§×0çCÍ�@�Ð hold.

5. Pumpings
Pumpingis a traditionalconceptin automatatheory, andin partic-
ular, they arevery usefulto reasonabouttreeautomata.Thebasic
ideais to convertagivenrun @ into anotherrunby replacingasub-
term at a certainposition ò in @ by a run @ ì , thusobtaininga run@YA @ ì B ø . For plain treeautomata,the necessaryandsufficient con-
dition to ensurethat @YA @ ì B ø is a run is that the resultingstatesof@ ÷ ø and @ ì coincide,sincethecorrectapplicationof a rule at a cer-
tain positiondependsonly on theresultingstatesof thesubrunsof
thedirectchildren.Whenthe treeautomatahasequalityanddise-
quality constraints,theconstraintsmaybefalsifiedwhenreplacing
a subrunby a new run. For TA ÊË�Ø ÇFÈ/É , we will definea notion of
pumpingensuringthat theequalityconstraintsaresatisfied,while
nothingis guaranteedfor thedisequalityconstraints.

DEFINITION 5.1 (pumpingof a run). Let Ì Í:Î
Ï3Ñ�ÒjÑ�Ó�Ñ�Ô�Õ be
a TA ÊË�Ø Ç&È(É . Let @�Ñ�@ ì be runs of Ì , and let )ò be a position such
that @ ÷�Zø is a run of Ì and õ§ï�ï&ö ß @ ÷�Zø ç�Í õ§ï�ï¤ö ß @ ì ç holds. The
pumpingof @ ì into @ at position )ò , denoted@YA[A @ ì B[B Zø , is a term iné ß ÒÞê Ô�ç definedrecursively as follows. Let @ be of the formß,à�á=â ãä åSç ßNâ ÿ�Ñ������#Ñ â É ç�A @Sÿ'B ûø � ������A @HC�B ûø�E .

Supposefirst that )ò is
4
. Then,@YA[A @ ì B[B Zø is @ ì .



Otherwise, supposethat \] is of the form ^]>_�`�a] for someb
in c�dDe `�`�` e�fPg , and let hDi_ be h _�j[j h8ilkmk�no . Then, h jmj h8ilkmkIpo ish j h8i q'k�ro�s `�`�`�j h8it�k�ro�u , whereeach hDiv is definedas h8i_ in thecasewherew

is
b

or x�^]>_Uy ^] vIz occurs in { , and h8iv is definedas h v otherwise.
The casewhere \] is not | and no ^]>_ is a prefix of \] is not

possible, by theconditionthat h3}�po is a run.

Notethat h jmj h8ilkmkIpo is justanew termin ~�x6���(� z . Nevertheless,
byabuseof notation,whenwewrite h j[j h8ilk[k�po wesometimesconsider
it astheactionof constructingapumpingby assumingthath , h8i and\] arestill explicit.

While thedefinitionabovepreservessatisfactionof equalitiesin
theconstraints,nothingis guaranteedfor disequalities.Thefollow-
ing basiclemmais independentfrom thedefinitionof pumping,but
it will bevery usefulto reasonaboutpumpings.It intuitively says
that, whena concretedisequalityis falsifiedasa consequenceof
a simultaneousreplacementof occurrencesof onetermby another
new term,thenew termis uniquelydetermined.

LEMMA 5.2. Let � and � be termsin ~9x�� z such that �-�y � . Let� y c ] q e `�`�` e ] t g be a set of positionsin �K�H��x � z . Let
� i y

c ] i q�e `�`�` e ] i �8g bea setof positionsin �K�H��x�� z . Supposethat ��} o s y`�`�`Ky ��} o�u y ��} o�� s y1`�`�`Ky �I} o�� � holds.
Then, there exists at most one term � satisfying� j �3k o�s `�`�`�j �3k o�u y � j �3k o�� s `�`�`�j �3k o�� �

Proof.Weproveit by inductionon }m��}��(} ��} , anddistinguishingcases
dependingonwhethersome]3_ or ] i _ is | or not.

If some]3_ or ] i _ is | , say] q , thenf is d andsince�"�y � and ��} o�s
coincideswith all ��} o � � , it follows thatno ] i v is | . Therefore,either�

is � andhence� j �3k o � s `�`�`�j �3k o � � is � for any term � , or
�

is not �
andhence� is a propersubtermof � j �3k o�� s `�`�`�j �3k o�� � for any term � .
In thefirst case,only � y � makestheequality � j �3k o s `�`�`�j �3k oIu y
� y � y � j �3k o�� s `�`�`�j �3k o�� � true,andwearedone.In thesecondcase,
no � satisfiestheequality � j �3k o�s `�`�`�j �3k oIu y � j �3k o�� s `�`�`�j �3k o�� � , and
wearedone.

Otherwise,supposethat noneof the ]3_ ’s and ] i _ ’s is | . Since� and � are different,either �K�D���Jx � z �y �K�D���Jx�� z , or � and � are
of the form �>x � q e `�`�` e���� z e��
x�� q e `�`�` e���� z , respectively, andthere
exists some

b
in c�dDe `�`�` e��
g suchthat � _ and � _ are different. In

the first caseit is obvious that no � satisfies � j �3k o s `�`�`�j �3k o�u y
� j �3k o�� s `�`�`�j �3k o�� � , and we are done.Thus, assumethat the second
caseholdsfor a certain

b
, andlet

� _ and
� i_ be c ] } b ` ]�� � g andc ] } b ` ]�� � i�g , respectively. The terms � _ , � _ , andsetsof positions� _ and

� i_ satisfy the conditionsof the lemma,and }[� _ }Y��} � _ }%�}m�I} ��} ��} . Hence,inductionhypothesisapplyfor them,andit follows
also for � and � that there exists at most one term � such that� j �3k o s `�`�`�j �3k o�u y � j �3k o � s `�`�`�j �3k o � � holds. ¡

The following lemmaconnectswith the previous onebecause
it arguesthat a pumping is just a simultaneousreplacementof
occurrencesof onetermby anothernew term.

LEMMA 5.3. Let ¢ y¤£6¥ e��¦e�§¨e��ª© bea TA «¬U­ ®�¯ � . Let h bea run
of ¢ , andlet \] bea positionsuch that h3}�po is a run of ¢ .

Then,there exist parallel positions \] q e `�`�` eH\] � including \] such
that, for all run h8i satisfying�Y�D���Jx�h8i z y �Y�D���Jx�h3}�po z , then h3}�po s y`�`�`Ky h3} po � and h jmj h8ilk[k�po y h j h8ilkIpo s `�`�`�j h8ilkIpo � hold.

Moreover, if a prefix ] of \] satisfiesthat h3} o is a run and for
some

b
in c�dDe `�`�` e � g , ] is a prefixof \]3_ and }�\]3_Y°�] }Y±³²3x�¢ z , then,}mc ] i�} ] ± ] iU�´\](µ h3} o � is a run g8} is boundedby ²3x�¢ z .

Proof. It is easyto verify that the set of positions �K¶I·D·>�H��x�hDeD\] z ,
defined recursively as follows for a given run h and a po-
sition \] under the above assumptions,satisfiesthe statement.�K¶I·D·3�H��x�hDe�| z is defined as c8|>g , and �Y¶I·D·3�H��x�x�¸º¹»� ¼½

¾ z x � q e `�`�` e���� z j h q k ro s `�`�`�j h t k ro�u eH^]>_�`�a] z is definedas c3^] v `¿a] i�}lx w ybÁÀ x�^]3_Uy ^] vIz � { z µ�a] i � �K¶I·D·>�H��x�h _ e a] z g ¡
Whena pumpingdoesnot producea run, theremustexists at

leastonefalsifieddisequality, andoneof themmustbea prefix of
theposition \] of thepumping.

LEMMA 5.4. Let ¢ yÂ£�¥ e��¦e�§¨e��ª© be a TA «¬U­ ®�¯ � . Let hDe�h8i be
runsof ¢ , and let \] bea positionsuch that h3}�po is a run of ¢ and�K�D���Jx�h3} po z y �K�D���Jx�h8i z holds.Supposethat h j[j h8ilkmkIpo is nota run.

Then,thereexistsa position] such that �K�D���Jx�xGh j[j h8ilk[k�po z } o z is of
the form x�¸�¹Ã� ¼½ ¾ z , and there exists x ] q �yÄ]
Å z in { satisfyingÆÁÇ x�h j[j h8ilkmkIpo z } o�È o�s y ÆÁÇ x�h j[j h8ilkmkIpo z } o�È o É . Moreover, ] canbechosen
to bea prefixof \] .

Proof. We prove it by induction on Ê>¶HË�Ì�ÊJ�Jx�h z . If \] is | , then,h jmj h8ilkmkIpo is hDi , which is a run, thus contradictingthe statement.
Hence,without loss of generality, assumethat h is of the formx�¸9¹>� ¼½ ¾ z x � q e `�`�` e���� z j h q k ro s `�`�`�j h t k ro�u andthat \] is of theform^] q `¿a] .

If h q jmj h8ilkmk�no is not a run, then, by induction hypothesis,there
existsa prefix ] i of a] suchthat �K�D���Kx6x�h q jmj hDi kmk�no z } o � z is of theform

x�¸Ji�¹Í� i ¼ �½ ¾ i z , and there exists x ] q �yÎ]
Å z in {�i satisfyingÆÁÇ x�h q j[j h8ilkmk�no z } o � È o�s y ÆÁÇ xGh q j[j h8ilk[k�no z } o � È o�É . By defining ] as ^] q ` ] i
thelemmafollows.

Otherwise,assumethat h q j[j h8ilkmk�no is a run.Sinceh j[j h8ilk[k�po is not a
run,thiscanonly bedueto theexistenceof adisequalityx ] q �y�]
Å z
in { satisfyingÆÏÇ x�h jmj h i k[kIpo z } o�s y ÆÁÇ x�h jmj h i kmkIpo z } o É . By defining ] as| thelemmafollows. ¡
DEFINITION 5.5 (replacedpositionsandfalsifieddisequalities).
Let ¢ yÐ£�¥ e��Ñe�§¨e��ª© bea TA «¬U­ ®�¯ � . Let h bea run of ¢ , andlet\] bea positionsuch that h3}�po is a run of ¢ .

According to Lemma5.3, there exist parallel positions \] q y
\] e `�`�` eH\] � such that h j[j h8ilkmkIpo y h j h8ilk�po s `�`�`�j h8ilkIpo � for any run h8i
satisfying �K�D���Jx�h3} po z y �K�D���Jx�h8i z . We call the replacedpositions
of anyof such pumpingsh jmj h8ilkmkIpo to thesepositions.We will usually
denotethemwith a bar ( \]>_ ), or with a tilde ( a]3_ ).

Let h8i be a run such that �K�D���Jx�h3}�po z y �K�D���Jx�h8i z holds buth jmj h8ilkmkIpo is not a run. According to Lemma5.4, there existsa po-
sition ] such that �K�D���Jx�x�h j[j h i kmk po z } o z is of the form x�¸�¹%�Ò¼½ ¾ z ,
and there exists x ] q �yÓ]
Å z in { satisfying ÆÁÇ x�h jmj h8ilkmkIpo z } o�È o s yÆÁÇ x�h j[j h8ilkmkIpo z } o�È o É . In such a case, wesaythat thepumpingh jmj hDilk[kIpo
falsifies x ] q �yR]
Å z at ] . Moreover, if some \]3_ is a proper pre-
fix of ]
` ] q (]
` ]
Å ) we say that the pumpingh jmj h8ilkmkIpo close-falsifiesx ] q �yÔ]
Å z at £G] eD\]3_ e ]�` ] q © (at £�] eH\]3_ e ]
` ]�Å © ). Notethat, it mayhap-
pen that h jmj h8ilkmkIpo close-falsifiesx ] q �yÕ]
Å z at £�] eH\]3_ e ]
` ] q © and at£G] eH\]3_ e ]
` ]
Å © . In the casewhere h j[j h8ilk[k�po falsifies x ] q �yN]�Å z at ]
but no \]3_ is a properprefixof ] q or of ]
Å , wesaythat h j[j h i k[k�po far-
falsifies x ] q �y-]
Å z at ] .

EXAMPLE 5.6. (ContinuesExample4.18) Let h o be a run of ^¢ ,
definedas h o y ^Ö�Å x�× z . Then,the pumping ^h jmj h o k[k q È q is the run^h y ^Ö>Ø x �
x�^Ö<Å x�× z eH^Ö�Å x�× z eJ^Ö<Å x�× z�z�z , which far-falsifiesthedisequali-
ties d ` d9�y d `lÙ and d `lÚ �y d `lÙ at position | .

In order to give an exampleof a close-falsifieddisequality, let¢(Û'Ü�Ý yÒ£6¥ e��¦e�§¨e��ª© bea TA «¬U­ ®�¯ � where ¥Þy § y c ¾ g holds,� y c8�àß Å á e�²<ß q á e¿×Áßlâ á g holds,and � is the following conjunction
of rules:ã Ö q y × ½ ¾
ã Ö�Åäy ²3x ¾ z q È q «¬ q È Å° ½ ¾
ã Ö
åÑy �>x ¾ e ¾ z q ¬ Å° ½ ¾

Let hDÛ'Ü�Ý be the following run of ¢(Û'Ü�Ý :Ö�å x Ö�Å x Ö�Å x Ö q z6z e Ö<Å x Ö�Å x Ö q z�z6z , with projection ÆÁÇ xGhHÛ'Ü�Ý z y



æ>ç è3ç è3ç�é<ê�ê ë�è3ç è3çGé<ê�ê�ê
, and let ì�í be î�ï ç îUð ë îUð ê , whose pro-

jection is ñÁò ç ì8í êÞóôæ>ç�éàë�é<ê
. Then, the pumping ìHõLö�÷�ø[ø ì8í�ùmù�ð ú ð

is: î�ï ç î�û ç î
ï ç îàð ë îàð ê6ê ë î<û ç î
ï ç îàð ë îàð ê�ê6ê which is not a run, be-
cause it close-falsifies

ç�üDý[üÿþó üDý��8ê
at � üDë�üDý[üDë�üDý[üDýlü�� (or at

� üDë�üDýlüHë�üDýlüDý���� ), andit close-falsifies
ç6üHýlü þóÄüDý��8ê

at � �Dë��Dý[üDë��DýlüDý[ü��
(or at � �Dë��Dý[üDë��DýlüDý���� ).

The following technicaldefinitions and lemmasare used to
argue for the existenceof certainpumpingswhen a term is big
enough.Theseproofsaredevelopedin the following two subsec-
tions.

LEMMA 5.7. Let � ó �	� ë�
¦ë��¨ë�
��
be a TA ���� ����� . Let ì ë ì�� be

runsof � , and let �� bea positionsuch that ì����í is a run of � and�! � #" ç ì��$�í êÃó �! � #" ç ì � ê holds.
If ìYømø ì��lùmù%�í close-falsifiessomedisequality, then ìYømø ì��lù[ù%�í close-

falsifiesa disequality
ç � ð þó � û ê at a tuple � � ë ���& ë � ý � ð � where � is

a prefixof �� .

Proof. We prove it by induction on '�(*)�+�' " ç ì ê . If �� is , , then,ìYømø ì��lùmù%�í is ì�� , which is a run, thus contradictingthe statement.
Hence,without loss of generality, assumethat ì is of the formç.-0/2143576 ê�ç81 ð ë�ý�ý�ý�ë91 � ê ø ì3ð'ù;:í;< ý�ý�ý ø ì*=�ù;:í%> andthat �� is of theform?� ð ýA@� .

If ì3ð�ømø ì��lùmù�Bí close-falsifiessomedisequality, then,by induction
hypothesis,ìYð�ømø ì��lùmù�Bí close-falsifiesa disequality

ç � ð þó � û ê at a
tuple � � � ë*@��& ë � � ý � ð � where� � is aprefixof

@� . By defining� as
?� ð ý � �

and ���& as
?� ð ý9@��& thelemmafollows.

Otherwise,assumethat ì3ð�ømø ì��lù[ù#Bí doesnotclose-falsify any dise-
quality. Since ìYømø ì��lùmù%�í close-falsifiessomedisequality, it must be
a disequality

ç � ð þó � û ê close-falsified at a tuple of the form
�	, ë ���& ë , ý � ð � . By defining� as , thelemmafollows. C
DEFINITION 5.8 (

è
-similar terms).Let � ó �	� ë�
Ñë���ë�
��

be a
TA ���� ����� . Recallthat with

è
wedenote

è>ç � ê
. Let

1
and D beterms

in E ç	
äê
. By

1Ñó � D wedenotethat thefollowingconditionshold:
F For each position � with � � �2G è

,
ç �IHKJ  *L ç81IêNM �IHKJ  *L ç D ê�ê

holds.F For each �OHPJ  *L ç	1Iê with � � �QG è
,
ç �! � #" ç81 � í ê¦ó �! � #" ç D9� í ê�ê

holds.F For each positions � ð ë � û HRJ  *L ç81Iê with � � ð�� ë � � û%�SG è
,ç6ç81 � í < óT1 � í8U êVM ç D9� í < ó D9� í	U ê�ê holds.

Notethat
ó � is an equivalencerelationwith a finite numberof

classesdependingon
è
. By W ç � ê

, or W when� is clear fromthe
context, wedenotesuch a numberof classes.

LEMMA 5.9. Let � ó �	� ë�
¦ë��¨ë�
��
bea TA ���� ����� . Let ì ë ìYð ë ìKû be

runsof � , and let �� bea positionsuch that ì����í is a run of � and�! � #" ç ì��$�í êWó �! * #" ç ì3ð ê ó �! � #" ç ìJû ê holds.Supposethat ìYømø ì3ðLùmù%�í
and ìYømø ìKû¿ùmù%�í are not runs.Let �� ð ë�ý�ý�ý�ë ��VX bethereplacedpositions
of both ìYømø ì3ðLùmù%�í and ìYømø ìJû�ù[ù��í .

F If both ìYømø ì3ðLùmù%�í and ìYø[ø ìKû¿ùmù%�í far-falsify the same
ç � ð þó � û ê at

thesame� , then,ñÏò ç ì3ð êÃó ñÁò ç ìKû ê .F If ñÏò ç ì��$�í êÎó � ñÏò ç ì3ð ê ó � ñÁò ç ìJû ê and both ìYømø ì3ðLùmù%�í
and ìYø[ø ìJû�ù[ù��í close-falsifythe same

ç � ð þó � û ê at the same
� � ë ���& ë � ý � ð � , then ñÁò ç ì ê � �í�ú�Y.Y í�ú í#<8Z\[]�í%^AZ þó ñÁò ç ìYð ê � Y í�ú í#<8Z\[]�í9^ ó
ñÏò ç ìKû ê � Y í�ú í;<8Z\[]�í%^ .

Proof.Thefirst itemis adirectconsequenceof previousdefinitions
andLemma5.2.

For the second item, we first observe thatñÁò ç ì ê � �í�ú Y.Y í�ú í < Z\[]�í ^ Z ó ñÏò ç ì��$�í ê � Y í�ú í < Z\[]�í ^ ó ñÁò ç ì����í ^ ê � Y í�ú í < Z\[]�í ^ ó
ñÁò ç ì ê � �í ^ ú�Y.Y í�ú í < Z\[]�í ^ Z ó ñÏò ç ì ê � í�ú í < þó ñÁò ç ì ê � í�ú í8U holds.

Second,we prove that no position in _2�� ð ë�ý�ý�ý�ë ��VX�` can be
a proper prefix of � ý � û by contradiction. Thus, assumethat,

for someposition in _2�� ð ë�ý�ý�ý�ë �� X ` , say ��!a , ��!a is a proper pre-
fix of � ý � û . Note that ì����í ó ì����í%^ ó ì����ícb holds. Thus,ñÁò ç ì ê � í�ú í8U ó ñÁò ç ì ê � �í b ú Y.Y í�ú í	U;Z\[]�í b Z ó ñÁò ç ì����í b ê � YdY í�ú í8U#Z\[e�í b Z ó
ñÁò ç ì����í ê � Y.Y í�ú í U Z\[]�ícb�Z ó ñÁò ç ì ê � �í�ú�Y.Y í�ú í U Z\[]�í�b�Z holds, and hence,ñÁò ç ì����í ê � Y í�ú í < Z\[e�í ^ þó ñÁò ç ì����í ê � Y.Y í�ú í	U;Z\[]�í b Z follows from our
first observation. Since ñÁò ç ì����í êºó � ñÁò ç ì3ð ê holds, thenñÁò ç ìYð ê � Y í�ú í < Z\[e�í ^ þó ñÏò ç ì3ð ê � Y í�ú í	U;Z\[]�í b holds. But this is in con-
tradiction with the fact that ìYømø ìYð'ù[ù��í close-falsifies

ç � ð þó � û ê at
� � ë ���& ë � ý � ð � .

Third, we show that � ý � û is not a prefix of any position in
_2�� ð ë�ý�ý�ý�ë ��VX�` , again by contradiction.Thus,assumethat,for some
positionin _2�� ð ë�ý�ý�ý�ë �� X ` , say ��!a , � ý � û is a prefix of ��fa . Then,ìYð is
a subtermof ìYø[ø ì3ðLùmù%�í*� í�ú í U . On the otherside,since ��2& is a proper
prefix of � ý � ð , it holdsthat ìYø[ø ìYð'ùmù%�í*� í�ú í;< is a propersubtermof ìYð .
Thus,ìYømø ì3ðLùmù%�í�� í�ú í < ó ìYømø ì3ðLùmù%�í*� í�ú í	U is notpossible,contradictingthe
factthat ìYømø ì3ðLùmù%�í close-falsifies

ç � ð þó � û ê at � � ë ���& ë � ý � ð � .
From the two above previous facts, we conclude that� ý � û is parallel with all replacedpositions �� ð ë�ý�ý�ý�ë �� = . Thus,ì�� í�ú í U ó ìYømø ì3ðLùmù%�í*� í�ú í U ó ìYø[ø ìJû�ùmù%�í*� í�ú í U holds. Moreover, re-

call from the first observation that ñÏò ç ì ê � �í�ú�Y.Y í�ú í < Zg[e�í ^ Z þó
ñÁò ç ì ê � í�ú í U ó ñÁò ç ì�� í�ú í U ê holds. Hence, ñÁò ç ì ê � �í�ú Y.Y í�ú í < Z\[e�í9^�Z þó
ñÁò ç ìYø[ø ìYð'ùmù%�í ê � í�ú í U ó ñÁò ç ìYø[ø ìYð'ùmù%�í*� í�ú í U ê . Note also thatñÁò ç ìYð ê � Y í�ú í < Z\[e�í ^ ó ñÏò ç ìYømø ì3ð'ù[ù��í ê � í�ú í < ó ñÁò ç ìYø[ø ìYð'ùmù%�í ê � í�ú í8U ó
ñÁò ç ìYø[ø ìYð'ùmù%�í*� í�ú í8U ê , and ñÁò ç ìKû ê � Y í�ú í < Z\[]�í ^ ó ñÏò ç ìYømø ìKû�ù[ù��í ê � í�ú í < ó
ñÁò ç ìYø[ø ìJû�ùmù%�í ê � í�ú í8U ó ñÁò ç ìYø[ø ìJû�ùmù%�í*� í�ú í8U ê hold. Therefore,ñÁò ç ì ê � �í�ú Y.Y í�ú í < Z\[]�í ^ Z þó ñÁò ç ìYð ê � Y í�ú í < Z\[e�í ^ ó ñÏò ç ìKû ê � Y í�ú í < Z\[]�í ^
alsohold,andwearedone. C
5.1 decreasing pumpings

When a term is big enough,it can be arguedthe existenceof a
pumping decreasingthe size and producinga correct run. This
allows to prove decidability of emptiness.The argumentationof
this factfollows theideaspresentedin [9].

LEMMA 5.10. Let � ó �	� ë�
¦ëA��ë�
��
be a TA ���� ����� . Let

1
be a

term of minimal sizeamongall the termsacceptedby � . Let h
be Wji2� 
 �2i ç	�ck�è3ê Ymû	l �%m ð$Z , where

k
is the numberof different

disequalitiesin therulesof



.

Then,'�(*)�+;' " ç81Iê G è ç�ç.kon�ü8ê8prq�üDê6ç.kon�ü8ê8s�k
.

Proof. Let ì be a run of � with an acceptingresultingstateand
suchthat ñÁò ç ì êÃóT1

. Let t� beapositionof ì . In orderto conclude,

it sufficesto bound ��t� � by
è ç�çdkon�üDê	puq�ü8ê�ç.k7n ü8ê8sAk

.
We will apply a conceptualprocessdealing with a data

structureof the form ��v ë _��dw"ð ë�x ð ��ë�ý�ý�ý�ë �dw X ë�x X � ` � , where all
v ë wªð ë�x ð ë�ý�ý�ý�ë w X ë�x X aresetsof positionssatisfyingthe follow-
ing invariants:
F vzy{wªð|y ý�ý�ý y{w X is thesetof all positions� suchthat � G}t�

holdsandì�� í is a run.F Thesetsv ë w"ð ë�ý�ý�ý�ë w X arepairwisedisjoint.F For each ~ in _ üDë�ý�ý�ý�ë9� ` and eachtwo positions �� ë ��H w & ,1 ���í ó � 1 � í and �! � #" ç ì��$�í êÃó �! � #" ç ì�� í ê hold.F x ð ë�ý�ý�ý�ë�x X containpositionsthat aresuffixesof positionsoc-
curringin theconstraintof somerule in



.F For each~ in

üDë�ý�ý�ý�ë9�
, andeach �� ë �PH w & , andeach �� in

x & ,1 ���í�úg�í óT1 � í�ú\�í holds.

Starting the process: The first tuple of our processwill be
�d� ë _��dwªð ë � ��ë�ý�ý�ý�ë �dw X ë � � ` � , where _�wªð ë�ý�ý�ý�ë w X;` is the partition
satisfyingthat w"ð�y ý�ý�ý y{w X is thesetof all positions� suchthat� G�t� holds,ì�� í is a run,andtwo positions �� ë � arein thesamew &
if andonly if

ç81 �$�í ó � 1 � í�� �! � #" ç ì����í ê¨ó �! * #" ç ì2� í ê6ê holds.It is
clearthatthefirst tuplesatisfiestheinvariants.



A step of the process: Now, at eachstepof theprocesswith a
currenttuple �	�������d�����������	�9�9�9�9�9����������������� , it is chosenthemin-
imum position �� of �������9�9�2�I�{� in size.Without lossof gen-
erality, supposethat �� is in ��� . Note that �� is a properprefix of
all positions� in �������2�� � , and that �� $¡¢ andall �2  ¢ for eachof
such� areruns.Moreover, by theminimality of £ , no �f¤¥¤ ��  ¢�¦¥¦ ¡¢ for
eachof such � is a run. By Lemma5.4, eachof such �f¤¥¤ ��  ¢�¦¥¦ ¡¢
falsifiessomedisequality § � �r¨© �Vª�« at some �*¬ . Moreover, by
Lemma5.7, in the casewhere �f¤�¤ ��  ¢c¦¥¦ ¡¢ close-falsifiesa disequal-
ity § � ��¨© �Vª�« at some� �*¬ �*��*¬ � �*¬ � � �c� , this �*¬ canbechosento bea
prefix of �� . Now, theprocessconsiderstheset � ¬ of all positions�
in ���­�®�2�� � suchthat �f¤¥¤ ��  ¢c¦�¦ ¡¢ far-falsifiessomedisequality. Note
that, by the minimality of �� , on the oneside  A��  �¯° ��� f±T² , and
on the otherside,by the first item of Lemma5.9,  �� ¬  ³¯µ´P ���   .
Thus,  �� ¬   is boundedby ´¶§8 ¥�| N±·² « . Now note that, for each� in ���³�r§	�2�� ���®� ¬A« , �f¤�¤ ��  ¢�¦¥¦ ¡¢ close-falsifiessomedisequality
§ � �¶¨© �Vª9« at some � �*¬ ����*¬ � �*¬ � � �c� . Moreover, by Lemma5.7, for
eachof such� we canassumethatthecorresponding�*¬ is a prefix
of �� . Notealsothat,by thelastpartof thestatementin Lemma5.3,
sucha �¸¬ canbechosenonly among¹�§.º « possibilities.Theprocess
constructsapartition ��� ¬ � �9�9�9�9��� ¬» � of ������§8�2�� �e�0� ¬A« andsatis-
fying thefollowing condition:for each¼ in �;²��9�9�9�9��½e� , thereexists
a position ¾��¿ , a disequality § � � ¨© � ª « , anda tuple � � ¬ �*�� ¬ � � ¬ � � � � ,
suchthat, for eachposition � in � ¿ , the pumping �f¤¥¤ ��  ¢�¦¥¦ ¡¢ close-
falsifies§ � �À¨© �Vª�« at � �*¬ �*��*¬ � �*¬ � � �c� , �*¬ is aprefixof �� and�*¬ � � ���Á��*¬
equals ¾� ¿ (note that therecould be several differentelectionsfor
the partition ��� ¬ � �9�9�9�9��� ¬» � if some �f¤�¤ ��  ¢�¦¥¦ ¡¢ close-falsifies sev-
eral disequalities).For eachof such ¼ ’s, disequalities§ � �Â¨© �Vª9« ,
and tuples � �*¬ �*��*¬ � �*¬ � � ��� , by the seconditem of Lemma 5.9,Ã­Ä §.� «   ¡¢;Å Æ.Æ ¢�Ç�Å ¢#È8É\Ê ¡¢�Ç\É is different from Ã­Ä §.��  ¢ «   Æ ¢�Ç�Å ¢#È8É\Ê ¡¢�Ç for each� in � ¬¿ , andall of suchÃ­Ä §d��  ¢ «   Æ ¢�Ç�Å ¢ È É\Ê ¡¢cÇ areidentical.It followsÃ­Ä §.� «   ¡¢;ÅgË¢%Ì ¨© ÃQÄ §.� «   ¢#Å\Ë¢9Ì for each� in � ¬¿ , andall ÃQÄ §.� «   ¢#ÅgË¢9Ì are
identicalfor all � in � ¬¿ . Thus,by theinvariantsof theprocess,¾� ¿ is
not in �Í� (notethat this consequenceis valid for ¾� �c�9�9�9�9�*¾� » ). The
tuple constructedfor the next stepis ���Â�Â�2�� �Î�Â� ¬ �9����� ¬ � ���Í����2¾� �����	�9�9�9�9�9��� ¬» ���Í���0�2¾� » ���	�9�d� ª ��� ª ���9�9�9�9�9�d� � ��� � �	��� . Fromthe
aboveobservationsit follows thatthenew tuplesatisfiestheinvari-
ants,too.

Recallthat,ateachstep,�d���c���Í��� is removedandnew �d� ¬ � ���Í����2¾� �����	�9�9�9�9�9��� ¬» ���Í�]�K�2¾� » ��� areadded,whereeachof such���e�
�2¾� ¿ � satisfy that ¾� ¿ is not in �Í� . Also recall that, by the invari-
ants, the sets �]Ï containsuffixes of positionsoccurringat dise-
qualitiesin the constraintsof rules in Ð . Thereareat most Ñ�´P¹
different suffixes of this kind. Moreover, by the last part of the
statementin Lemma5.3, the triples � �*¬ �*��¸¬ � �¸¬ � � ��� areconstructed
by choosing�*¬ among ¹ possibilities,and � � among Ñc´ possi-
bilities, from which ��*¬ is uniquely determined.Hence,thereare
at most Ñc´P¹ possibletriples.Thus,when �d���c���Í��� is replacedby
�d� ¬ � ���Í�]�K�2¾� �c���	�9�9�9�9�9�d� ¬» ���Í�e�K��¾� » ��� , suchan ½ is boundedby
Ñc´®¹ . Therefore,the numberof executionstepsof the processis
boundedby Ò ©¶ÓÕÔ  �ÐÖ  Ô §	Ñc´P¹ « Æ ª	×ÙØ%Ú � É . It follows thatthepro-
cessterminates,and � containsall prefixes � of Û� suchthat ��  ¢ is
a run when it halts.Let � ¿ representthe set � at the ¼ -th execu-
tion step.By theabove remarks ¥� ¿ Ú �c �¯Ü �� ¿  ;±Ý´P§8 �� ¿  ;±P² « ±®² .
Since  ��ßÞ�  ©¶à , wecanbound  �� ¿   by §	§d´µ±¶² « ¿ �Â² « §d´µ±�² «	á ´ ,
and hence,the numberof prefixes � of Û� suchthat ��  ¢ is a run

is boundedby  ¥�NâI �¯ §	§.´ã±ä² « â �ä² « §d´å±ä² «8á ´ , andthis

concludesthe proof since,asa consequence,¹ timesthis number
bounds �Û�   . æ

COROLLARY 5.11. The emptiness problem is decidable for
TA çè�é Ø�ê�ë .

5.2 Increasing pumpings

When a term is big enough,it can be argued the existenceof
infinite pumpingsincreasingthe sizeandproducingcorrectruns.
This allows to prove decidabilityof finiteness,but also,it will bea
key point for thedecidabilityof theHOM problem.

DEFINITION 5.12. Let º © �	ìÎ��í���îÍ��Ð�� be a TA çè�é Ø�ê�ë . We de-
fine Û¹�§.º « as Ó®Ô  �Ð�  Ô §	¹�§.º « ª ±�¹�§.º «	« Ô §	§�Ñc´®¹�§.º « ±Ö² « Æ ª	×eØ Æ�ïNÉ Ú � É « ,
where ´ is thenumberof differentdisequalitiesin therulesof Ð .

Thekey lemmaof thissubsectionis Lemma5.19.For its proof,
weneedto developseveralintermediatetechnicalresultsrelatedto
falsifieddisequalities.

LEMMA 5.13. Let º © �	ìÎ��í���îÍ��Ð�� bea TA çè�é Ø�ê�ë . Let � bea run
of º satisfyingð�ñ*ò�ó;ð¸ô¸§.� «�õ Û¹�§.º « . Let Û� bea positionin ö!÷*ø;§.� «
satisfying  �Û�   © ð�ñ*ò�ó;ð¸ô¸§.� « . Then,there are two positions� ���� of
ö!÷*ø;§.� « satisfyingthefollowingconditions:
ù �ûú �� ¯�Û� and   �  ;±ü¹�§dº « ª ú  A��   .ù ��  ¢ and �� �¡¢ are runssatisfyingý!÷�÷;ô¸§d�2  ¢ « © ý!÷�÷#ô¸§.�� $¡¢ « .ù �f¤�¤ ��  ¢�¦¥¦ ¡¢ doesnot close-falsifyanydisequality.

Proof. We proceedby contradictionby assumingthat such two
positionsdo not exist. Thus,for any two positions� �*�� satisfying�Iú �� ¯ÕÛ� ,   �  �±S¹ ª ú  ���   , ��  ¢ and�� $¡¢ areruns,and ýf÷�÷#ô¸§.��  ¢ « ©
ý!÷�÷#ô¸§.�� $¡¢ « , it holdsthat thepumping�f¤�¤ ��  ¢�¦¥¦ ¡¢ close-falsifiessome
disequality.

Since  �Û�   © ð�ñ*ò�ó;ð¸ô¸§.� « holds,in particular,  AÛ�   õ Û¹�§.º « holds.
Fromtheprefixesof Û� wecanchooseaset� with   �I fþ Û¹�§dº «	á § ÓÂÔ
 �ÐÖ  Ô §8¹ ª ±�¹ «	« © §	Ñc´®¹�±Â² « Æ ª8×eØ�Ú � É andsatisfyingthefollowing
conditions.
ù For eachposition� in � , ��  ¢ is a run.ù For eachtwo positions � �*�� in � , Ã­Ä §.��  ¢ « © Ø Ã­Ä §.�� �¡¢ « and
ý!÷�÷#ô¸§.��  ¢ « © ý!÷�÷#ô¸§.�� �¡¢ « hold.

ù For eachtwo positions� �*�� in � , satisfying�Áú �� ,   �  �±ü¹ ª ú
 A��   holds.

By ourassumptions,for any two positions�0ú �� in � , thepumping
�f¤¥¤ ��  ¢c¦�¦ ¡¢ close-falsifiessomedisequality.

We will proceedby modifying � anda setof positions� as
followsby preservingtheaboveconditions,andalsoby preserving
the following invariant: � containssuffixesof positionsoccurring
atdisequalitiesin theconstraintsof rulesin Ð , andfor eachposition
¾� in � andeachtwo positions�Iú �� in � , Ã­Ä §.��  ¢;ÅgË¢ « © ÃQÄ §.��  ¡¢#Å\Ë¢ «
holds.

Initially, � is ÿ and � is definedas above. At eachstep,we
considerthemaximumposition �� of � in size.Notethat,for each
position�ûú �� in � thepumping�f¤¥¤ ��  ¢c¦�¦ ¡¢ close-falsifiessomedise-
quality § � �À¨© �ßª�« atsome� �*¬ �*��*¬ � �*¬ � � �c� . Moreover, by Lemma5.7,
for eachof such � we can assumethat the corresponding�¸¬ is
a prefix of �� . Note also that, by the last part of the statementin
Lemma5.3,sucha �¸¬ canbechosenonly among¹ possibilities.

Let ���Ö���9�9�9�9��� » � bea partitionof �u�S�2�� � satisfyingthefol-
lowing condition: for each ¼ in �;²��9�9�9�9��½]� , there exists a posi-
tion ¾� ¿ , a disequality § � �Â¨© �Vª�« , anda tuple � �*¬ ����*¬ � �*¬ � � �c� , such
that,for eachposition� in � ¿ , thepumping�f¤�¤ ��  ¢c¦¥¦ ¡¢ close-falsifies
§ � � ¨© �Vª9« at � �¸¬ ����*¬ � �*¬ � � �c� , �*¬ is a prefix of �� and �¸¬ � � ���7��*¬
equals ¾� ¿ (note that therecould be several differentelectionsfor
the partition ���Ö���9�9�9�9��� » � if some �f¤�¤ ��  ¢�¦¥¦ ¡¢ close-falsifies sev-
eral disequalities).For eachof such ¼ ’s, disequalities§ � �Â¨© �Vª9« ,
and tuples � �*¬ �*��¸¬ � �¸¬ � � ��� , by the seconditem of Lemma 5.9,Ã­Ä §.� «   ¡¢;Å Æ.Æ ¢�Ç�Å ¢ È É\Ê ¡¢�Ç\É is different from Ã­Ä §.��  ¢ «   Æ ¢�Ç�Å ¢ È É\Ê ¡¢�Ç for each� in � ¿ , andall of suchÃ­Ä §d��  ¢ «   Æ ¢�Ç�Å ¢ È É\Ê ¡¢cÇ areidentical.It followsÃ­Ä §.� «  �¡¢;ÅgË¢ Ì ¨© Ã­Ä §d� «   ¢#Å\Ë¢ Ì for each� in � ¿ , andall ÃQÄ §.� «   ¢#Å\Ë¢ Ì are



identicalfor all � in ��� . Thus,by theinvariant, �� � is not in � (note
thatthisconsequenceis valid for ����
	�������	 ���
 ). For thenext step,we
choose� asthe ��� with maximumcardinality � ����� , andchoose�
as �������� ��� . Fromtheabove observationsit follows that thenew� 	 � satisfytheinvariants,too.

Note that, at eachstep, � increasesits cardinalityby � . Also
recall that the set � containssuffixes of positionsoccurring at
disequalitiesin the constraintsof rules in � . Thereare at most�����

differentsuffixesof this kind. It follows that the numberof
executionstepsis boundedby

�����
. Moreover, by the last part

of the statementin Lemma5.3, the triples  �"!�	$#�"!�	��"!�� �%��& arecon-
structedby choosing�"! among

�
possibilities,and �%� among

���
possibilities,from which #�"! is uniquelydetermined.Hence,there
areat most

�����
possibletriples. Thus,the partition � ��	�������	 � 


hasat most
�����

parts.Hence,the cardinalof � is subtractedby� and then divided by at most
�����

at eachexecutionstep, i.e.� �('*) � �(+-,/.*� �('0�213�54*67. ���8� 4:9 . Note that, accordingto the as-
sumptions,� mustbe emptyat the last executionstep.Thus,the
starting� satisfies� �;�=<>.?. ���8�A@ �54
BDC*EGF ) �IH 4 , andthis is in con-
tradictionwith � �;��+>. ���8��@ �54
BJC?EGF ) ��H . K
LEMMA 5.14. Let LNMO IP 	
QR	�SA	 � & be a TA TUWV F0XIY . Let Z 	 Z !
be runs of L , and let #� be a position such that []\$\_^`.:Z���ab 4>M[]\$\_^`.:Z ! 4 . Let �%��	�� C betwopositionssuch that Z�� b_c is a run, Z�� b7cedMZ�� b?f holds,and both ���
	�� C are prefixesof replacedpositionsinZ=gJg Z !ihJh ab . Then,either Z=gJg Z !ihJh ab � b_c is a propersubtermof Z=gJg Z !ihJh ab � b f ,
or Z=gJg Z !ihJh ab � b?f is a propersubtermof Z=gDg Z !ihJh ab � b c .
Proof.We prove it by inductionon � #� � . We write Z moreexplicitly
as .:jlknmpoqsr 4?.?m �
	�������	 m Y 4?g Z �th5ub_c ����� g Z 
_h7ubwv . If ��� or � C is x , the
resultfollows trivially. Thus,assumethatnoneof themis x . If � C
is a positionin y]\"z7{W.?mw4 , then,sinceboth ��� and � C areprefixesof
replacedpositionsand Z�� b c is a run, it follows that ��� is of the
form |� � � �`! � , and � C is a properprefix of a certain |� ' satisfying
that ._|� �}M~|� 'w4 occursin � . The result follows trivially by the
definitionof pumping.Thus,assumethat � C is not in y]\"z7{%.*mw4 . In
thiscase,��� is of theform |� � � �`! � , and� C is of theform |� ' � �`! C where._|� �WM�|� 'w4 occursin � . Let |��� betheprefixof #� amongthepositions|���
	�������	 |��
 . Notethateither |� � is |� � or ._|� ��M�|� � 4 occursin � , and
either |� ' is |�2� or ._|� 'lM�|��� 4 occursin � . Now, observe that the
runs Z�� ub_� 	 Z ! , theposition #� 1p|��� , andthetwo positions�"! � and �`! Csatisfy the assumptionsof the lemmaand � #� 1�|� � �A<�� #� � holds.
Therefore,by inductionhypothesis,either .:Z�� ub0� 4IgJg Z !ihDh ab_� ub0� � b�� c is a
propersubtermof .:Z�� ub0� 4?gDg Z !ihDh ab7� ub_� � b��f , or .:Z�� ub0� 4?gDg Z !ihDh ab7� ub_� � b��f is a
propersubtermof .:Z�� ub_� 4?gJg Z !ihJh ab_� ub0� � b � c . Finally, sinceeither |� � is |���
or ._|� �WM�|� � 4 occursin � , andeither |� ' is |� � or .0|� '�M�|� � 4 occursin� , then .:Z�� ub0� 4?gDg Z !ihDh ab_� ub0� � b�� c M8Z=gDg Z !ihDh ab � b c and .:Z�� ub0� 4?gDg Z !ihDh ab_� ub0� � b��f MZ=gJg Z !ihJh ab � b*f hold,andhence,theresultfollows. K
LEMMA 5.15. Let L�M� ?P 	
Q�	�S�	 � & be a TA TUWV F0XIY . Let Z 	 Z ! be
runsof L , andlet #� bea positionsuch that []\$\_^`.:Z���ab 4�M>[]\$\_^`.:Z ! 4 .
Let � be a prefix of #� such that ���"�0�7�`^`.:Z�� b 4>MO�D. #� 1 � 4*� @���"�0�7�`^`.:Z���ab 4 holds.Let ��� bea positionsuch that �2� ��� is a prefix
of a replacedpositionin Z=gJg Z !ihDh ab . Let � be �J� �"! � �8�3�`! < �2� �����Z�� b � is a run�$� .

Then,���"�0�7�`^`.:Z=gDg Z !ihJh ab � b7� b c 4�+�� #� 1 � � @ ���"�0�7�`^].�Z ! 451��n� � .�L�4 .
Proof. We prove it by inductionon � . If Z�� b_� b_c is not a run, then,
since ��� is a prefix of a replacedposition, ��� canbe enlarged to
satisfy that Z�� b_� b c is a run, by preservingthe restof assumptions
andthevaluefor � . Thus,assumethat Z�� b_� b_c is a run.

Assumethat �%� is x . Then � is   , ���"�0�7�`^`.:Z=gJg Z !ihJh ab � b7� b c 4�M���"�0�7�`^`.:Z=gJg Z !ihDh ab � b 4�+¡�D. #� 1 � 4*� @ ���"�0�7�`^`.:Z ! 4 holds,andhence,���"�0�7�`^`.:Z=gJg Z !ihDh ab � b_� b c 4�+�� #� 1 � � @ ���"�0�7�`^`.:Z ! 4%1¢�(� � follows.
Otherwise,assumethat �%� is not x . We write Z moreexplicitly

as .:j£knm oqsr 4?.*m ��	�������	 m Y 4?g Z �¤h ub c ����� g Z 
_h ub�v . Let |� ' betheprefix

of #� amongthepositions|���
	�������	 |��
 . SinceZ�� b_� b_c is arun, �2� ��� is of
theform ��� |� � � �"! � for some |� � suchthateither |� � is |� ' , or ._|� �WM�|� 'w4
occursin � . Now, note that the runs Z 	 Z ! , the position #� , and the
positions ��� |� ' and � ! � satisfy the assumptionsof the lemmafor��1¥� . Thus,by inductionhypothesis,���"�_�7�`^`.:Z=gDg Z !ihJh ab � b7� ub
¦w� b�� c 4A+� #� 1�. �2� |� 'w4?� @ ���"�0�7�`^`.:Z ! 4%18.*�(1��54%� � holds.

Since either |� � is |� ' or ._|� �§M¨|� 'w4 occurs in � , it follows
that Z=gDg Z !ihJh ab � b7� b c coincideswith Z=gDg Z !ihJh ab � b7� ub
¦w� b�� c . Since � #� 1 � � �� #� 1�. ��� |� 'w4*� @3� holds,it follows ���"�0�7�`^`.:Z=gJg Z !ihJh ab � b_� b c 4©+ª� #� 1� � @ ���"�0�7�`^`.:Z ! 4%1��(� � andwearedone. K
COROLLARY 5.16. Supposethehypothesisof thepreviouslemma
and ���"�0�7�`^`.:Z ! 4�«����"�0�7�`^`.:Z���ab 4 @ �(� � .:L¬4 ,

Then,���"�0�7�`^`.:Z=gJg Z !ihJh ab � b_� b c 4�«¢���"�0�7�`^`.:Z�� b 4 .
LEMMA 5.17. Let LpM3 ?P 	
QR	�SA	 � & bea TA TUWV F0XIY . Let Z bea run
of L satisfying���"�0�7�`^`.:Z=4R«�­� .:L¬4 . Let ­� bea positionin y]\"z7.:Z=4
satisfying� ­� �2M����"�0�7�`^`.:Z=4 . Then,there exist two positions�2	$#� ofy]\"z7.:Z=4 satisfyingthefollowingconditions:® � < #��� ­� and � � � @¥� .�L�4?CR<�� #� � .® Z�� b and Z���ab are runssuch that []\"\_^`.:Z�� b 4�M§[]\"\_^`.:Z���ab 4 .® Z=gDg Z�� b hJh ab is a run.

Proof. We consider ��	"#� to be the two positions given by
Lemma5.13.In orderto conclude,it sufficesto provethat Z=gJg Z�� b hDh ab
doesnotfar-falsify any disequality. Weproceedby contradictionby
assumingthat it far-falsifiesa disequality . ��� dM � C 4 at a position� ! . Thus, ¯°{%.:Z�� b � � b_c 4 dM�¯°{%.:Z�� b � � b f 4 and ¯°{%.�Z=gJg Z�� b hDh ab � b � � b7c 4lM¯°{%.:Z=gDg Z�� b hJh ab � b � � b*f 4 hold. By Lemma5.4, �"! canbeassumedto be
a prefix of #� . Notethat,by thedefinitionof far-falsification,no re-
placedposition in Z=gDg Z�� b hJh ab is a properprefix of �`!/� ��� nor �`!/� � C .
Sincē°{%.:Z�� b � � b c 4 dM3¯n{W.�Z�� b � � b*f 4 holds,thereexistsa position �"! !
satisfyingthefollowing conditions:® � �"! ! � � � .® no replacedpositionin Z�gDg Z�� b hDh ab is a properprefix of �"!�� ���
� �"! !

nor � ! � � C � � ! ! .® ¯n{%.:Z�� b � � b_c�� b � � 4 dM±¯°{%.:Z�� b � � b f � b � � 4 .® either(i) therootsof ¯n{%.:Z�� b � � b c � b � � 4 and ¯°{%.�Z�� b � � b*f$� b � � 4 differ,
or (ii) someof Z�� b � � b c � b � � or Z�� b � � b?f$� b � � is a run.

Wechoose�"! ! to beminimal in sizesatisfyingtheaboveconditions.
Note that, since ¯n{%.:Z=gJg Z�� b hDh ab � b � � b c 4²M¡¯n{%.:Z=gJg Z�� b hDh ab � b � � b?f 4 holds,
then̄°{%.:Z=gDg Z�� b hJh ab � b � � b7c�� b � � 4�M±¯°{%.:Z=gDg Z�� b hJh ab � b � � b f � b � � 4 alsoholds.

In case (i), it follows ¯°{%.�Z�gDg Z�� b hDh ab � b � � b7c�� b � � 4 dM¯°{%.:Z=gDg Z�� b hJh ab � b � � b*f$� b � � 4 , a contradiction.Thus,assumethatcase(ii)
holds.At this point,wedistinguishthefollowing cases:® Assumethatboth�`!/� ���
� �`! ! and�"!�� � C � �"! ! areprefixesof replaced

positionsin Z=gJg Z�� b hDh ab . Sinceeither Z�� b � � b c � b � � or Z�� b � � b*f$� b � � is a
run, by Lemma5.14,either Z=gDg Z�� b hJh ab � b � � b7c�� b � � is a propersub-
term of Z=gJg Z�� b hDh ab � b � � b?f$� b � � or Z=gJg Z�� b hDh ab � b � � b?f$� b � � is a propersub-
termof Z=gJg Z�� b hJh ab � b � � b_c�� b � � . In any case,̄n{%.:Z=gJg Z�� b hDh ab � b � � b_c�� b � � 4 dM¯n{%.:Z=gJg Z�� b hDh ab � b � � b f � b � � 4 follows,acontradiction.® Assumethatnoneof �"!�� �%��� �"! ! and �"!�� � C � �"! ! is a prefix of a re-
placedpositionin Z=gJg Z�� b hDh ab . In this case,̄°{%.�Z=gJg Z�� b hDh ab � b � � b_c�� b � � 4
coincideswith ¯°{%.�Z�� b � � b c � b � � 4 , and ¯°{%.:Z=gJg Z�� b hJh ab � b � � b?f$� b � � 4 co-
incides with ¯n{%.:Z�� b � � b?f$� b � � 4 . This is in contradiction with¯n{%.:Z�� b � � b_c�� b � � 4 dM¥¯°{%.�Z�� b � � b f � b � � 4 and ¯°{%.:Z=gDg Z�� b hJh ab � b � � b7c�� b � � 4GM¯n{%.:Z=gJg Z�� b hDh ab � b � � b?f$� b � � 4 .® Finally, assumethat only one of �"!�� �%��� �"! ! and �`!�� � C � �`! ! is a
prefix of a replacedpositionin Z=gDg Z�� b hJh ab . We assumethat it is�"!�� �%��� �"! ! (the othercasereachesa contradictionanalogously).
Thus, ¯n{W.�Z=gJg Z�� b hDh ab � b � � b f � b � � 4 coincides with ¯°{%.:Z�� b � � b f � b � � 4 .
Note that ���"�_�7�`^`.:Z�� b � � b*f$� b � � 4;<ª���"�0�7�`^`.:Z�� b � 4 holds.By the



minimality election for ³"´ ´ , it holds that µ·¶¹¸Dº�³`´ ´ ´�¸e³"´±»³"´ ´ ´�¼½³"´�¾ ³�¿
¾ ³"´ ´AÀ±Á�¸ Â�Ã Ã Ã is a runÄ5¸ is smaller than or equal
to Å . Recall that ³`´ is a prefix of Æ³ , ³"´�¾ ³�¿�¾ ³"´ ´ is a pre-
fix of a replacedposition in Á=ÇJÇ Á�¸ Â�ÈDÈ0ÉÂ , and since Æ³ is a pre-
fix of Ê³ , then Ë�Ì"Í0Î7Ë`Ï`Ð:Á�¸ Â�ÃIÑp¶Ò¸DÐ_Æ³8ÓÔ³"´/Ñ*¸�ÕÖË�Ì"Í0Î7Ë`Ï`Ð:Á�¸ ÉÂ Ñ
holds. Recall also that ¸�Æ³§ÓÖ³2¸Ø×ÙÅ�Ú holds, and hence,Ë�Ì"Í0Î7Ë`Ï`Ð:Á�¸ Â Ñ>×-Ë�Ì"Í0Î7Ë`Ï`Ð:Á�¸ ÉÂ Ñ�Õ·Å Ú holds. Thus, by Corol-
lary 5.16, Ë�Ì"Í0Î5Ë`Ï`Ð�Á�ÇDÇ Á�¸ Â�ÈDÈ0ÉÂ ¸ Â�Ã�Û Â7Ü�Û Â�Ã Ã�Ñ�×ÝË�Ì"Í0Î7Ë]Ï`Ð�Á�¸ Â�Ã�Ñ holds.
It follows Ë�Ì"Í0Î7Ë`Ï`Ð:Á=ÇJÇ Á�¸ Â�ÈDÈ0ÉÂ ¸ Â�Ã�Û Â Ü Û Â�Ã ÃIÑ�×¥Ë�Ì"Í0Î7Ë`Ï`Ð:Á�¸ Â�Ã�Û Â?Þ$Û Â�Ã ÃIÑ�¶Ë�Ì"Í0Î7Ë`Ï`Ð:ßnàWÐ�Á�¸ Â�Ã�Û Â Þ Û Â�Ã Ã�Ñ?Ñ�¶~Ë�Ì"Í0Î7Ë`Ï]Ð�ß°à%Ð:Á=ÇJÇ Á�¸ Â�ÈJÈwÉÂ ¸ Â�Ã�Û Â Þ Û Â�Ã ÃIÑ?Ñ .
Therefore, ß°à%Ð:Á=ÇJÇ Á�¸ Â�ÈDÈwÉÂ ¸ Â�Ã�Û Â_Ü�Û Â�Ã ÃIÑâá¶ãß°à%Ð�Á=ÇJÇ Á�¸ Â�ÈDÈ0ÉÂ ¸ Â�Ã�Û Â Þ Û Â�Ã ÃIÑ?Ñ
holds,acontradiction. ä

COROLLARY 5.18. Let åØ¶çæ?è�é
ê�é�ë�é�ì©í bea TA îï%ð ñ_ò�ó . Let Á be
a run of å satisfyingË�Ì"Í0Î7Ë`Ï`Ð:Á=Ñ¬× ÊÅ�Ð:å¬Ñ . Let Ê³ be a position inô]õ"ö Ð:Á=Ñ satisfyinģ/Ê³�¸]¶¢Ë�Ì"Í0Î5Ë`Ï`Ð:Á=Ñ . Let Æ³ betheminimumprefixofÊ³ in sizesatisfyingthat Á�¸ ÉÂ is a run and ¸/Æ³2¸=×�Å�Ð:å¬Ñ*Ú .

Then,there existsa run Á ´ satisfyingthat Á=ÇJÇ Á ´ ÈJÈwÉÂ is a run andË�Ì"Í0Î7Ë`Ï`Ð:Á5´/Ñ�×�Ë�Ì"Í0Î7Ë`Ï`Ð:Á�¸ ÉÂ Ñ .
Proof. Let ³2é$÷³ be the positionsgiven by Lemma5.17.Thus,they
satisfythefollowing conditions:ø ³ù¼Ö÷³�»ÖÊ³ and ¸ ³�¸7Õ¢Å�Ú�¼�¸/÷³2¸ .ø Á�¸ Â andÁ�¸�úÂ arerunssuchthat û õ$õ Ï`Ð:Á�¸�úÂ Ñ�¶§û õ$õ Ï`Ð:Á�¸ Â Ñ .ø Á=ÇDÇ Á�¸ Â�ÈJÈ úÂ is a run.

In order to conclude, it suffices to observe that the pumpingÁ=ÇJÇ Á�¸ Â�ÈJÈ úÂ at ÷³ canbeseenasa pumpingat Æ³ , sinceÁ=ÇDÇ Á�¸ Â�ÈJÈ úÂ equalsÁ=ÇJÇ=Ð?Ð:Á�¸ ÉÂ Ñ?ÇDÇ Á�¸ Â�ÈDÈ úÂ7ü�ÉÂ Ñ ÈDÈ0ÉÂ .
ä

LEMMA 5.19. Let å be a TA îïWð ñ0òIó . Let Á be a run of å such
that Ë�Ì"Í0Î7Ë`Ï`Ð:Á=Ñ�× ÊÅ�Ð:å¬Ñ . Then,there existsa position Æ³ in Á and
infinitelymanydifferentruns Á�¿�é�Á Ú é�¾�¾�¾ of å such that:ø ¸/Æ³�¸�×�Å�Ð:å¬Ñ*Ú and Á�¸ ÉÂ is a run.ø all û õ$õ Ï`Ð:Á�¸ ÉÂ Ñ*é�û õ$õ Ï`Ð:Á=¿�Ñ*é�û õ$õ Ï`Ð:Á Ú Ñ*é�¾�¾�¾ coincide.ø all pumpingsÁ=ÇDÇ Á�¿ ÈJÈwÉÂ é�Á=ÇDÇ Á Ú ÈJÈwÉÂ é�¾�¾�¾ are runs.

Proof.Let Ê³ beany positionin
ô]õ"ö Ð�Á=Ñ satisfying ¸/Ê³�¸]¶¢Ë�Ì`Í0Î7Ë`Ï`Ð:Á=Ñ .

We chooseÆ³ astheminimumprefix of Ê³ in sizesatisfyingthat Á�¸ ÉÂ
is arunand ¸/Æ³2¸=×�Å�Ú . By Corollary5.18,thereexistsarun Á�¿ satis-
fying that Á ´ ¿�ý ¶8Á=ÇJÇ Á ¿ ÈDÈ ÉÂ is a run and Ë�Ì`Í0Î7Ë`Ï`Ð:Á ¿ Ñ�×¢Ë�Ì"Í_Î7Ë`Ï`Ð:Á�¸ ÉÂ Ñ .
Notethat Æ³ is alsotheminimumprefixof apositionin

ô]õ"ö Ð:Á5´ ¿ Ñ with
lengthË�Ì"Í0Î7Ë`Ï`Ð:Á5´ ¿ Ñ . Thus,Corollary5.18canbeappliedagain,con-
cludingtheexistenceof a run Á Ú satisfyingthat Á5´ Ú ý ¶§Á5´ ¿ ÇJÇ Á Ú ÈJÈwÉÂ ¶Á=ÇJÇ Á Ú ÈJÈwÉÂ is a run and Ë�Ì"Í0Î7Ë`Ï]Ð�Á Ú ÑG×¥Ë�Ì"Í0Î7Ë`Ï`Ð:Á5´ ¿ ¸ ÉÂ Ñ�¶¥Ë�Ì`Í0Î7Ë`Ï`Ð:Á=¿�Ñ .
Weconcludeby notingthatthis inferencecanbeiteratedagainand
again.

ä

COROLLARY 5.20. The finiteness problem is decidable for
TA îïWð ñ0òIó .

Proof. By Lemma 5.19, in order to decide this problem for a
given a TA îïWð ñ_ò�ó åª¶þæ?èÿé
êRé�ëAé
ì©í , it sufficesto checkwhether
thereis a run Á of å with an acceptingresultingstateandsatis-
fying Ë�Ì"Í0Î7Ë`Ï`Ð:Á=Ñ × ÊÅ�Ð:å¬Ñ . This questioncan be easily reduced
to theemptinessproblem,which is decidable,accordingto Corol-
lary 5.11.To this end, it suffices to straightforwardly constructa
new TA îïWð ñ_ò�ó å(´ acceptingthe samelanguageas å minus the
termswith heightsmallerthanor equalto ÊÅ�Ð�å¬Ñ , andthendecide
emptinessof

� Ð�åÿ´¤Ñ .
ä

6. Consequences
We first mentionthe consequencesfrom the complementarycon-
struction.

THEOREM 6.1. Theinclusionproblem
� Ð:å¬Ñ�� � Ð��;Ñ is decidable

for a TA ï å anda TA � givenasinput.

Proof. By Theorem3.5, the complementTA îï Æå of å recognizes� Ð�å�Ñ . It is well-known how to computea new TA îï recognizing
the intersectionof the languagesrepresentedby a TA îï anda TA
(in fact, our Definition 4.11 subsumesthis construction).Thus,a
TA îï Æå���� recognizing

� Ð:å¬Ñ	� � Ð
� Ñ canbecomputed.It is well-
known (see[7, 8]) thatemptinessof aTA îï is decidable(in fact,our
Corollary5.11subsumesthis result).Thus,we concludeby noting
thatdecidingemptinessof

� Ð:å¬Ñ�� � Ð��;Ñ is equivalentto deciding� Ð�å�Ñ�� � Ð
� Ñ .
ä

COROLLARY 6.2. Theuniversality problemis decidablefor TA ï .

Proof. Deciding
� Ð:å¬Ñ�¶
�;Ð?ê Ñ is equivalentto deciding

� Ð:å¬Ñ���;ÐIê�Ñ , andsince�;ÐIê�Ñ is regular, from Theorem6.1it follows that
universalityis decidable.

ä

COROLLARY 6.3. Thefinitenessproblemof
� Ð��;Ñ°Ó � Ð:å¬Ñ is de-

cidablefor a TAï å anda TA � givenasinput.

Proof. As in the proof of Theorem6.1, we can constructa TA îï
recognizing

� Ð:å¬Ñ�� � Ð��;Ñ . In orderto conclude,we mentionthat
it is well-known thatfinitenessof a TA îï is decidable(in fact,our
Corollary5.20subsumesthis result).

ä

COROLLARY 6.4. Theregularity testis undecidablefor TA îï , and
thus,for reductiontreeautomata.

Proof.Sinceregularity is undecidablefor TA ï , our transformation
of a TA ï into a TA îï recognizingthe complementis a reduction
from this probleminto regularity of a TA îï . SinceTA îï area par-
ticularcaseof reductionautomata,thesecondpartof thestatement
follows, too.

ä
Now, we mentiontheconsequencesof combiningthecomple-

mentconstructionandthedecidabilityof emptinessandfiniteness
of TA îïWð ñ0òIó . Someof themgeneralizepreviousones.

THEOREM 6.5. Theinclusionproblemis decidablefor imagesof
treehomomorphisms,that is,

� Ð����°Ð:å¬Ñ?Ñ�� � Ð�����Ð��;Ñ?Ñ is decid-
able for a TA å , a TA � , and treehomomorphisms��� and ���
givenasinput.

Proof. By Proposition 4.6, two TA ï å(´ and �¬´ recognizing� Ð
���°Ð:å¬Ñ?Ñ and
� Ð
����Ð��;Ñ?Ñ , respectively, can be computed.By

Lemma 4.8 and Theorem3.5, the complementTA îï Æå ´ of å(´
recognizes

� Ð:å ´ Ñ . By Proposition 4.13, Æå ´ ���¬´ recognizes� Ð�å ´ Ñ�� � Ð��¬´/Ñ . By Corollary5.11,emptinessof
� Ð:å ´ Ñ�� � Ð��¬´/Ñ

is decidable.Thus, we concludeby noting that deciding empti-
nessof

� Ð:å ´ Ñ�� � Ð�� ´ Ñ is equivalent to deciding
� Ð�����Ð:å¬ÑIÑ��� Ð
����Ð��;Ñ?Ñ .

ä

COROLLARY 6.6. The equivalenceproblemis decidablefor im-
agesof treehomomorphisms,that is,

� Ð����°Ð:å¬Ñ?ÑG¶ � Ð�����Ð��;Ñ?Ñ is
decidablefor a TA å , a TA � , and treehomomorphisms��� and��� givenasinput.

COROLLARY 6.7. Theinclusionandequivalenceproblemsarede-
cidablefor rangesof bottom-uptreetransducers.

COROLLARY 6.8. The finiteness problem of
� Ð�����Ð��;Ñ?Ñ3Ó� Ð
���°Ð:å¬Ñ?Ñ is decidablefor a TA å , a TA � , and treehomomor-

phisms��� and ��� givenasinput.

Proof.As in theproofof Theorem6.5,wecanconstructaTA îï rec-
ognizing

� Ð
���°Ð:å¬Ñ?Ñ�� � Ð
����Ð��;Ñ?Ñ . In orderto conclude,we note
that,by Corollary5.20,finitenessof theprevioussetis decidable.ä



7. Decision of the HOM problem
In this sectionwe prove that the HOM problemis decidable.The
algorithm,which is simple,is presentedin thefirst subsection.The
remainingsubsectionsprove its correctness.To this endwe make
use of almost all resultsobtainedfor TA ���� ���! in the previous
sections.

7.1 The algorithm deciding the HOM problem

DEFINITION 7.1 (linearizationof aTA �"�# ). Let $ �"�# %&('*),+-)/.0)2143
be a TA���! . Let 5 be a natural number. The lin-

earizationof $ ���! by 5 is the TA �"�# &('*)2+-)6.7)219863
, denoted:<;>=@?BA�CD;�EF?HG $ �"�# ) 5DI , where

198
is thesetof all rulesof the formJLKMJONQPQR�SUT>T>T2KVJ>W�PXRLY[Z]\ such that:

^ A rule of theform J
_Z]\ occurs in
1

.^7` N ) T>T>T ) ` W are thepositionsoccurringin a .^ For each b in cOd ) T>T>T )/egf , J>h is a term in i G $ ���! ) J"j RLk I such
that 5 ?	;"l 5	m G J>h Ionp5 .^ For each b )/q in cOd ) T>T>T )/egf such that

G ` h % `Fr I occurs in a ,J2h % J r holds.

It is straightforward thata linearizationof any TA �"�# is com-
putableandrecognizesa regular language,sinceno equalitycon-
straintsappear. It is alsoclearthat i G $ ���! I includesthelanguage
of any of its linearizations.Moreover, in thecasewherei G $ �"�# I
is included in someof its linearizations,we can concludethati G $ ���! I is regular.

EXAMPLE 7.2. Let $tsQu6v % &('*),+-)/.0)2143
be a TA �"�# such that' % c \ ) \ 8/f and

. % c \ 8/f hold,
+ % cBwUxMy(z )/{ x}|~z f holds,andthe

rulesof
1

are:
^7� N % { Z]\^7� y %�� G \ I Z]\
^7��� % w G \ ) \ I N � y� Z]\ 8^ �@� % w G \ ) � G \ I(I Z�\ 8

Then,the linearization
:<;>=@?BA�CD;�E	?HG $tsQu6v )6� I is

&('9)2+-)/.0)2198/3
,

where
198

is thesetof rules c � N ) � y
) � 8 � ) �@� f such that � 8 � is therulew G {U)/{ I Z]\ 8 . It is easyto seethat thelanguageof thelinearization

containstheoriginal languageof $tsQu6v , andit followsthat i G $tsQuQv,I
is regular.

But if weconsidertheTA ��U� �"�# $tsQuQ� % &('9)2+-)/.0)2198 8/3
, where1 8 8

is
1 � c �@� f , it can be proved that no linearization of $tsQuQ�

containstheoriginal language.

The key point for decidingthe HOM problemusinglineariza-
tion is statedby thefollowing lemma.

LEMMA 7.3. Let $ �"�# be a TA �"�# . Let �� be�� G $ �"�# �� $ �"�# I . Supposethat i G $ ���! I is not included in
i G�:<;>=@?<A�CD;�E	?HG $ �"�# ) �� I(I . Then,i G $ ���! I is not regular.

The proof of this lemmais donealong the next subsections.
It provides a simple decisionalgorithm for the HOM problem,
describedasfollows.

^ Input:A treeautomaton$ anda treehomomorphism� .^ Constructa ��$ ���! $ ���! recognizing� G $�I .^ Constructthe linearization � of $ ���! by ���% �� G $ ���! �
$ �"�# I .^ If i G�:<;>=@?BA�CD;�E	?HG $ �"�# ) �� I#I includesi G $ ���# I thenhalt with
output“REGULAR”.^ Otherwise,haltwith output“NON-REGULAR”.

The constructionof the seconditem canbe doneaccordingto
Proposition4.6.TheTA �� $ �"�# is constructedaccordingto Defi-
nitions 3.1 and4.10.The TA ���� �"�# $ �"�# � $ �"�# is constructed
accordingto definition 4.11.The naturalnumber �� is the oneof
definition5.12.Thereis astraightforwardalgorithmbasedonafix-
point computationfor deciding the inclusion of the fourth item.
Nevertheless,Theorem6.5 providesa moregeneraldecisionpro-
cedure.

THEOREM 7.4. TheHOM problemis decidable.

To conclude,it remainsto proveLemma7.3.

7.2 A non-terminating process detecting non-regularity

In orderto prove Lemma7.3, we describea non-terminatingpro-
cess.We emphasizethat this processis not executedin order to
decideregularity (thealgorithmhasalreadybeenpresentedin the
previoussection).It will just helpusto argueaboutthecertainness
of Lemma7.3.

The processdealswith setsof termswith equalityconstraints.
They representaninfinite setof groundterms:theonesobtainedby
applyingsubstitutionsholdingtheconstraints.

DEFINITION 7.5 (constrainedterms).Let $ �"�# % &('*)2+�)/.7)21�3
be a TA �"�# . A constrainedterm with respectto $ �"�# is a pair� j a , where

�
is a term in � G +���' I , and a is a conjunction/setof

equalitiesof positions
G ` N % ` y I satisfyingthat

� j R�S % � j R���� '
holdsand ` N and ` y are different.Moreover, if

G ` N % ` y I
) G ` y %` � I occur in a , then

G ` N % ` � I also occurs in a , for arbitrary
positions̀ N ) ` y

) ` � . We identify a term
�

with a constrainedterm� j � , that is, with an emptyconjunctionof equalities.We alsodefine
the replacementof a subterm

� j R in a term
�

at position ` by a
constrainedterm J"j a , denoted

� KVJ"j a PQR , as
� KVJ/PQRBj x R�S � R�� zQ� _

G ` T ` N %` T ` y I .
An instanceof

� j a isagroundtermof theform
� KVJONXPQR�S�T2T>T2KVJ>W�PXRLY ,

where c ` N ) T>T>T ) ` W f are the positions ` h satisfying
� j R>k�� '

,c JON ) T>T>T ) J>W f aregroundtermssatisfyingJ>h�� i G $ �"�# ) � j R k I such
that, for each

G ` h % `Fr I occurring in a , J>h % J r holds.Theset
of instancesof a constrained term

� j a with respectto $ �"�# is
denotedby

;>=�� m AL=��H?<�OG � j a ) $ �"�# I , or by
;>=�� m AL=��H?<�OG � j aBI when$ ���! is clear from the context. The set of instancesof a set 

of constrained termswith respectto a TA �"�# $ �"�# , denoted;>=�� m A"=��H?<�OG   ) $ �"�# I or
;>=�� m AL=��H?<�OG   I when$ �"�# is clearfrom

thecontext, is x}¡6¢ _ zQ�<£
G�;>=�� m AL=��H?<�OG � j aBI#I .

DEFINITION 7.6 (linearizationof constrainedterms).Let$ ���! % &('*)2+�)/.7)21�3
be a TA �"�# . Let 5 be a natural num-

ber. Let
� j a be a constrained term with respectto $ �"�# . The

linearizationof
� j a by 5 , denoted

:<;>=@?BA�CD;�E	?HG � j a ) 5DI , is the set
of terms

� KVJONXPQR S T>T>T2KVJ>W�PXRLY , where c ` N ) T>T>T ) ` W f are the posi-
tions occurring in a , c JON ) T>T>T ) J>W f are ground terms satisfyingJ>h�� i G $ ���! ) � j R k I , each 5 ?<;"l 5Fm G J>h I is smallerthanor equalto5 , andfor each

G ` h % `Fr I occurringin a , J>h % J r holds.

EXAMPLE 7.7. Consider the TA���! of Example 7.2 and the
constrained term

� j a % w G \ ) w G \ ) \ I(I j cOd % ¤ T ¤ f . Then,:<;>=@?BAOCD;�E	?HG � j a )6� I is w G {U) w G \ )/{ I(I .
The processhas a TA ���! $ �"�# % &('9)2+-)/.0)2143

as input,
constructsa set

 
of constrainedtermswith respectto $ �"�# , and

proceedsby modifying
 

until it (eventually)detectsa condition
implying non-regularity. The following invariantsare satisfiedat
thebeginningof eachstepof theprocess:

I1. Each
� j a in

 
satisfiesthat a is � , i.e.

 
containsjust terms.

I2.
;>=�� m AL=��H?<�OG   I is equalto i G $ ���! I .



I3. For eachtwo terms¥"¦2§/¥>¨ in © andeachtwo positionsª«¦,§/ª�¨ sat-
isfying that ¥"¦2¬ ­O® and¥L¨>¬ ­(¯ arein ° , ¬±¬ ª�¨L¬O²p¬ ªU¦,¬M¬D³µ´@¶�·�¸�¹!º9» .
Thedescriptionof theprocessis asfollows

1. Input:A TA ¸�¹!º¼·�¸�¹!ºµ½�¾#°*§2¿-§/À0§2Á4Â .
2. Assign ©�ÃM½�À .

3. If all termsin © arein Ä[¶(¿�» , i.e.nostatein ° occursin © , then
haltwith output“REGULAR”.

4. Otherwise,let ª bea positionminimal in sizeamongÅ~ª	Æ6¬@Ç"¥-È©�Ã�¥>¬ ­~É È¼°9Ê . Let ¥ bea termof © satisfying¥>¬ ­9ÈË° . Let Ì be
¥>¬ ­ . Assign ©¼Ã±½�¶�©Í²pÅ~¥>ÊO»�ÎÍÅ~¥2ÏVÐ"¬ Ñ,ÒQ­*¬D¶(Ð
ÓÔ ÌD»oÈ�Á4Ê . (Note
that,at this point, © satisfiesall theinvariantsexceptI1).

5. While © doesnot satisfyI1 do:

a. Let ¥ Æ ¬ Ñ Æ beaconstrainedtermin © whereÑ Æ is notempty.

b. If there exists a position ª Æ in Ñ Æ and a term ¥ Æ Æ inÕ>Ö�×"ØFÙLÖ�ÚBÛ<× ¶
¥ Æ ¬ Ñ Æ »Ü² Õ>Ö�×"ØFÙLÖ�ÚHÛ<× ¶(©�²]Å~¥ Æ ¬ Ñ Æ ÊO» such thatÝ@Û<Õ"ÞOÝ	Ø ¶�¥ Æ Æ ¬ ­~É »�ßáà´@¶�·�¸"¹#ºãâ ·�¸"¹#º�» , thenhalt with output
“NON-REGULAR”.

c. Otherwise, assign © Ã±½ ¶�©ä² Å~¥ Æ ¬ Ñ Æ ÊO»åÎæ<Õ>Ö@ÛBÙ�çDÕOè	Û ¶
¥ Æ ¬ Ñ Æ §>à´@¶�· ¸"¹#º â · ¸"¹#º »(» .
6. Go to 3.

It is clear that the above processsatisfiesall the invariants
when it passesthroughitem 3. We insist again that this process
is notexecuted.Thus,it doesnotmatterif theusedinstructionsare
computable(neverthelessthey are).

LEMMA 7.8. If the processdoes not halt with output “NON-
REGULAR”, then é�¶�· ¸"¹#º »9êëé7¶ æ<Õ>Ö@ÛBÙ�çDÕ�è	Û ¶
· ¸�¹!º §>à´@¶�· ¸"¹#º â
·�¸�¹!º�»(»(» holds.

Proof. Let Á Æ the set of rules of
æ<Õ>Ö@ÛBÙOçDÕ�è	Û ¶�· ¸"¹#º §>à´@¶�· ¸"¹#º â

·�¸�¹!º�»(» . Note that,whenstep3 is executed,any term ì inside ©
satisfiesì Ô�í î É Ì Æ for someÌ Æ È�À . Thus,in orderto conclude,
it sufficesto prove thatany term ì in é�¶�· ¸"¹#º » is includedin © at
somepointof theexecution,undertheassumptionsof thelemma.

Assumethat the processdoes not halt with output “NON-
REGULAR”. Let ì be a term in é7¶�· ¸�¹!º » . Note that, either the
processhalts with output “REGULAR” at step3, or it doesnot
halt. In thefirst case,by InvariantI2, ì belongsto © whenthepro-
cesshalts.In thesecondcase,atsomepointof theexecutionin step
3, theminimal position ª in sizeamong Å~ª Æ ¬�Ç"¥ÜÈã©�Ã@¥>¬ ­~É Èã°*Ê
satisfies¬ ªï¬ðß Ý@Û<Õ"ÞOÝ	Ø ¶�ì�» . Thus,by Invariant I2, at this point of
theexecution,ì is alsoin © , andwearedone. ñ

The contrapositionof the statementin Lemma7.8 saysthat,
if é�¶�·�¸"¹#º�» is not includedinto é7¶ æ<Õ>Ö@ÛBÙ�çDÕOè	Û ¶�·�¸"¹#º9§ à´@¶�·�¸"¹#º
â
·�¸�¹!º�»(»(» , thenthe processhaltswith output“NON-REGULAR”.
Hence,in order to prove Lemma 7.3, it reststo seethat, when
theprocesshaltswith output“NON-REGULAR”, é7¶�·�¸�¹!º9» is not
regular. This reducesto checkthat,whenthe conditionin step5b
of theprocessis satisfied,it follows that é7¶�·�¸"¹#º�» is not regular.

7.3 Intuition behind the non-regularity condition

The proofs of the following subsectionare very technical.Here,
we briefly try to provide someintuition, in order to show oneof
thefundamentaltricks of theproofs,andhow theconstructionsof
previoussectionsplayanimportantrole.

For simplifying, first we call · to ·�¸�¹!º and supposethat ·
is just a deterministicTA insteadof an arbitraryTA ¸�¹!º , andthat© is the setof constrainedterms ÅHò�¶�ÌD¦2§/ÌD¦,»(¬±¶(ó�½�ôH»�§4ò�¶�Ì	¨>§/Ì@¦~»�Ê
for different states ÌD¦2§/Ì	¨ of · . Also supposethat we have a
“big enough”term ò�¶�¥>§/¥2» in

Õ>Ö�×"ØFÙLÖ�ÚHÛ<× ¶�ò�¶�ÌD¦2§/ÌD¦~»�¬±¶#óõ½öôH»#»�²

Õ>Ö�×"ØFÙ"Ö�ÚHÛ<× ¶�ò�¶�Ì	¨L§/ÌD¦~»(» . Ourgoalis to provethat
Õ>Ö�×"ØFÙLÖ�ÚHÛ	× ¶�©�» is

not regular. (Although theseassumptionsarenot compatiblewith
our context, since

Õ>Ö�×"ØFÙLÖ�ÚHÛ<× ¶(©�»Í½�é7¶�·�» is not possible,they
will beusefulto ourclarifying purposes).

Note that,by thedefinitionof instance,¥ belongsto é7¶�·�§/ÌD¦,» ,
andsince· is deterministicandÌ@¦ and Ì	¨ aredifferent,¥ doesnot
belongto é�¶
·�§/ÌF¨2» . Since ò�¶�¥>§/¥>» is “big”, by meansof pumpings
on ¥ we can constructinfinite terms ¥�¦,§/¥>¨L§>÷>÷>÷ suchthat each ¥2ø
reachesÌ@¦ with · . Thus, ò�¶�¥,ø!§/¥,ø/» is in

ÕLÖ�×"ØFÙLÖ�ÚHÛ<× ¶�ò�¶�ÌD¦2§/ÌD¦,»(¬±¶(ó�½ôH»(»�² Õ>Ö�×"ØFÙLÖ�ÚHÛ<× ¶(ò�¶�Ì	¨>§/ÌD¦,»(» by thesamereason,i.e. each¥,ø is iné�¶
·4§6Ì@¦~» , andhence,it is not in é�¶�·�§/Ì	¨2» .
Now, in order to prove that

Õ>Ö�×"ØFÙLÖ�ÚHÛ<× ¶�©�» is not regular, we
proceedby contradictionby assumingthe existenceof a TA ù
satisfyingé�¶�ù�»�½ Õ>Ö�×"ØFÙLÖ�ÚHÛ<× ¶�©�» . Fromtheabove infinite terms
we canchoosea ¥2ø which is “big enough”with respectto thesize
of · and ù . By meansof a pumpingon ¥,ø , we can constructa
new ¥ Æ ø differentfrom ¥,ø but reachingthesamestatewith · andthe
samestatewith ù . Thus, ò�¶�¥ Æ ø §/¥,ø/» reachesanacceptingstatewithù , and ¥ Æ ø reachesÌD¦ with · . Note that ò�¶�¥ Æ ø §/¥,ø/» is not an instance
of ò�¶�ÌD¦,§/ÌD¦,»�¬}¶(ó
½úôH» because¥ Æ ø and ¥2ø are different,neitheran
instanceof ò�¶�ÌF¨>§/ÌD¦,» because¥ Æ ø reachesÌD¦ with · . Hence,wehave
reachedacontradictionsinceò�¶�¥ Æ ø §/¥,ø6» is in é�¶(ù9»,² Õ>Ö�×"ØFÙLÖ�ÚHÛ<× ¶(©�» .

The previous ideashave a big obstaclewhen · is an arbitrary
TA ¸�¹!º insteadof just a TA. The reasonis that the startingho-
momorphismcould be non-injective, and, in fact, TA ¸"¹#º are in-
herentlynon-deterministic:thus,even when ¥ reachesÌ@¦ andnotÌ	¨ with · , it may happenthat the generated¥"¦2§/¥>¨>§>÷>÷>÷ by pump-
ing reachboth ÌD¦ and Ì	¨ with · . Hence,the new infinitely many
terms ò�¶�¥,ø!§/¥,ø/» arenot necessarilyin

Õ>Ö�×"ØFÙ"Ö�ÚHÛ<× ¶�ò�¶�ÌD¦2§/ÌD¦~»�¬±¶(óË½ôH»(»�² Õ>Ö�×"ØFÙLÖ�ÚBÛ<× ¶�ò�¶�Ì	¨L§6Ì@¦~»(» , andwe cannotrepeattheargument
above.Hereis when · playsanimportantrole.Notethatthereex-
istsanexecutionof ¥ with · reachinga set © containingÌ	¨ . If ¥ is
“big enough”with respectto thesizeof · and· , then,wecanper-
form infinite pumpingsproducingterms¥"¦,§/¥L¨>§>÷>÷>÷ suchthateach¥2ø
reachesÌD¦ with · , and © with · , thusensuringthateach¥2ø cannot
reachÌ	¨ with · . This allows to reproducethe sameargumentas
before.

7.4 Correctness of the process

Wewill usethefollowing lemma,whichcharacterizeswhenaterm
is notaninstanceof aconstrainedterm.It holdsdueto thefactthat
eachsymbolhasafixedarity.

LEMMA 7.9. Let ·�¸"¹#º�½�¾(°*§2¿-§/À0§2Á4Â bea TA ¸"¹#º . Let Ð"¬ û bea
constrainedterm.Let ¥ bea term in Äü¶#¿�»�² Õ>Ö�×"ØFÙLÖ�ÚHÛ	× ¶(ÅBÐL¬ û«ÊO» .
Then,oneof thefollowingconditionshold:
ý There is a position ª in þDÿ ×�� ¶(ÐL»�â[þFÿ × ¶�¥2» such that

ç ÿBÿ Ø ¶(Ð"¬ ­H»
is differentfrom

ç ÿBÿ Ø ¶�¥>¬ ­H» .ý There is a position ª in þFÿ ×�� ¶�ÐL» such that ¥>¬ ­ is not iné7¶�·�§>Ð"¬ ­B» .ý There is an equality ¶�ª«¦t½ ª�¨2» in û such that ¥>¬ ­ ® is different
from ¥L¬ ­�¯ .
Thefollowing two lemmasallow to concludethat,whencondi-

tion in step5b of theprocessis satisfied,it follows that é7¶�·�¸"¹#º�»
is not regular.

LEMMA 7.10. Let · ¸�¹!º ½ ¾#°*§2¿-§/À0§2Á4Â be a TA̧�¹!º . Let © be
a setof constrainedtermssatisfyingI2 and I3. Let ¥L¬ Ñ be a con-
strained term in © . Let �ªU¦,§>÷>÷>÷>§��ª�� be the positions �ª@ø satisfying¥>¬	�­�
[È ° . Supposethat �ª«¦ occurs in Ñ , and that, without lossof
generality, �ª�¨L§>÷>÷>÷>§��ª�
 are all positions �ª�� such that ¶��ªU¦�½��ª��L» oc-
curs in Ñ . Supposethat ¥ Æ ½ã¥2Ï ¥"¦QÒ��­�®�÷>÷>÷2Ï ¥�¦XÒ��­��BÏ ¥ 
�� ¦QÒ��­���� ® ÷>÷>÷,Ï ¥���Ò��­��
is a term in

Õ>Ö�×"ØFÙLÖ�ÚHÛ<× ¶
¥L¬ ÑB»�² Õ>Ö�×"ØFÙLÖ�ÚHÛ<× ¶�©�²õÅ~¥L¬ Ñ<ÊO» such thatÝ@Û<Õ"ÞOÝFØ ¶
¥�¦~»oßµà´@¶�· ¸"¹#º â · ¸"¹#º » holds.



Then, there exist infinitely many terms ����� �� !���	� "# �$�$�$ such
that all ��% ����� &('�)*�+ $�$�$�% ����� &('�)*�, % ��-�. � '�)*�,0/ + $�$�$�% ��1�'�)*#2 are also termsin3�465�7�8#469�:;5�< �#= >�?A@ 3�465�7�8#469�:�5�<�B @DCE�#= >�F�? .
Proof.By thedefinitionof instance,thereexistsa run G�� of HJI�KML
suchthat NPO < G��E?RQS��� andtheresultingstateof G�� is ��=M)* + . Let TG be
a run of H I�K(L satisfying NUO < TG�?VQW�	X andall conditionsgiven by
Corollary4.9.In particular, for eachY[Z]\�^ 5�< TG�? it holdsthat TG�= * is
arunwith aresultingstateincluding CE_`Zbac=��MX!= *edZgf < H I�KML  !_�?�F ,
and TG�= )*�+ Qh$�$�$iQjTG�= )*#2 holds. Let kG�� be the run G��mlnTG�= )*�+ ofH I�K(L l H I�K(L . By Lemma5.19,thereexist a position TY in kG�� and
infinitely many differentruns kG���� �� �kG���� "� �$�$�$ of H I�KML l H I�K(L such
that:o =0TY�=�prq < H I�KML l H I�KML ? " and kG���=!s* is a run.o All t�^�^ 7;< kG���=!s* ?� Et�^�^ 7;< kG���� ��?� Et�^�^ 7;< kG���� "�?� �$�$�$ coincide.o All pumpingskG���%u%vkG���� �v'w'#s*  �kG���%u%vkG��	� "0'w'#s*  �$�$�$ areruns.

Wedefine k���	� �yxuQzNUO < kG��E%w%vkG���� ��'u'�s* ? , k����� "{xuQzNUO < kG��E%w%vkG���� "!'u'�s* ? ,. . . .
Now, considerY as any position in \�^ 5�< kG��E? satisfying = Y�=}|q < H I�KML l H I�KML ? . Since=!TY�=�p~q < H I�KML l H I�KML ? " , by thelastpart

of thestatementin Lemma5.3,no replacedpositionin kG���%u%vkG��	� �v'w'#s*
is a prefix of Y . Thus,for eachof suchpositionsY andeach�`��� ,t�^�^ 7;< kG��E%w%vkG��	� &('w'#s* = * ? coincideswith t�^�^ 7�< kG���= * ? . By Lemma4.19,N��� < kG���?[Q�TG�= )*�+ and NPI�K(L < kG���?[Q�G�� hold, andby Lemma4.16,
for eachof suchpositionsY andeach�z��� , the resultingstates
of TG6=M)* + = * and

< N �� < kG���%u%vkG���� &('u'�s* ?	?�= * coincide. Moreover, again by
Lemma4.16, the resultingstatesof G�� and N�I�KML < kG��E%w%�kG��	� &('w'#s* ? co-
incide,i.e. they are�#=M)* + .

One of the particular implications of the above com-
ments is that each ��% k����� &!'�)* + $�$�$�% k����� &('�)*�, % ��-�. � '�)*�,0/ + $�$�$�% ��1�'�)*�2 is
an instance of �#= > . Thus, at first look, we could try to
define the desired terms ����� �� !����� "# �$�$�$ of the statement of
the lemma as k����� �� k����� "# �$�$�$ , respectively. The problem is that
some ��% k���	� &(' )*�+ $�$�$�% k����� &(' )*�, % � -�. ��' )*�,�/ + $�$�$�% ��1�' )*#2 could also be in3�465�7�8#469�:;5�<	B @�CE�#= >�F�? . In orderto conclude,it sufficesto seethat
only a finite numberof themsatisfythis condition.To this end,we
show that,for each��= � in

B @}CE��= >�F , atmostafinite numberof terms��% k����� &('�)* + $�$�$�% k����� &('�)*�, % ��-�. � '�)*�,0/ + $�$�$�% ��1�'�)*#2 areinstancesof ��= � .
Considerany constrainedterm ��= � in

B @�CE��= >�F . Since�MX is not
aninstanceof ��= � , accordingto Lemma7.9,wecandistinguishthe
following cases:o Assumethat thereis a position Y in \�^ 5 O < �#?�l�\�^ 5�< �MX0? such

that t�^�^ 7;< ��= * ? is differentfrom t�^�^ 7;< �MX!= * ? . We distinguishthe
following cases:

Supposefirst that Y is of the form �Y��($ Y�X!$ Y;X X for some �
in C��� �$�$�$� ���F and somepositions Y;X0 !Y;X X suchthat = Y�X!=VQq < H I�KML l H I�K(L ?����Wp�q < H I�KML ? . By Invariant I3, it
holdsthat ��= )*��M� *�� is a termin � <	� ? , i.e.withoutany symbol
in a . Note that �MX!= )*��M� *�� is a term different from �#= )*��M� *E�
becausethey differ at the symbol locatedat their relative
positionY X X . Recallthatnoreplacedpositionin kG��E%w%vkG���� ��'u'�s* is
aproperprefixof Y�X . Thus,by Lemma5.2,atmostonetermk����� & makes

< ��% k����� &('�)*�+ $�$�$�% k����� &('�)*�, % ��-�. � '�)*�,0/ + $�$�$�% ��1�'�)*#2 ?	= )*��M� *E�
equalto ��= )* � � * � , andwearedone.

Second, suppose Y is not of the form �Y��($ Y;X0$ Y�X X
for some � in C��� �$�$�$� ���F and some positionsY X  !Y X X such that = Y X =�Q q < HJI�KMLjl HJI�K(LV?D�j� .
In this case, t�^�^ 7;< �	X0= * ? coincides with allt�^�^ 7;<	< ��% k����� &('�)*�+ $�$�$�% k����� &('�)*�, % ��-�. � '�)*�,0/ + $�$�$�% ��1�'�)*�2 ?�= * ? ,
and thus, it differs from t�^�^ 7;< ��= * ? . Hence,noneof these
termsis aninstanceof ��= � , andwearedone.

o Assumethat thereis a position Y in \�^ 5��R< �#? suchthat �	X0= * is
not in f < H` ���= * ? . Let _ be ��= * andlet

B * be the resultingstate
of TG�= * . By theelectionof TG , it holdsthat _ is in

B * .
Let us fix a � � � and suppose thatTG�% N �� < kG���%w%�kG��	� &('w'#s* ? '�)* + $�$�$�% N �� < kG���%u%vkG���� &('u'#s* ?¡'�)*�, is a run ofH I�KML . Note that, by Invariant I3, either no position
in �Y¢�� �$�$�$� ��Y - is a prefix of Y , or Y is of the form�Y��($ Y�X for some � in C��� �$�$�$� ���F and some Y�X satisfying= Y�X!=£|�q < HJI�KML¤?�|�q < HJI�K(L¥l HJI�K(LV? . In the secondcase,
recall that, for such a position Y�X , t�^�^ 7;< kG���%u%vkG���� &('u'�s* = *E� ? co-
incides with t�^�^ 7;< kG���= *E� ? . Thus, in any case, the resulting
state of

< TG�% N��� < kG���%u%vkG���� &('u'�s* ?¡' )*�+ $�$�$�% N��� < kG��E%w%vkG���� &('w'#s* ?¡' )*�, ?�= *
is

B * . By Lemma 4.9, it follows that��% k���	� &(' )*�+ $�$�$�% k����� &(' )*�, % � -�. ��' )*�,�/ + $�$�$�% ��1�' )*#2 is not an instanceof��= � .

Hence,in orderto conclude,it sufficesto arguethat the termsTG�% N��� < kG���%w%�kG��	� &('w'#s* ? ' )*�+ $�$�$�% N��� < kG���%u%vkG���� &('u'#s* ?¡' )* , are runs of HJI�KML
exceptfor afinite numberof � ’s.

Note that TG and each term N �� < kG���%u%vkG��	� &('u'�s* ? is a run ofHJI�KML , and t�^�^ 7;< TG�= )*�+ ? Q $�$�$¦Q t�^�^ 7�< TG�= )*�2 ? Qt�^�^ 7;< N �� < kG��E%w%vkG���� &('w'#s* ?	? holds. Thus, if, for a concrete � ,TG�% N �� < kG���%w%�kG��	� &('w'#s* ? '�)* + $�$�$�% N �� < kG���%u%vkG���� &('u'#s* ?¡'�)*�, is not a run ofHJI�KML , theremustexist a position Y�X X satisfyingthe following
assumptions:

Y�X XU§¨�Y�� for some� in C��� �$�$�$� ���F .
t�^�^ 7;< TG�% N �� < kG���%u%vkG���� &('u'#s* ?¡'�)* + $�$�$�% N �� < kG��E%w%vkG��	� &('w'#s* ?¡'�)*�, ?�= *E� � ,
i.e. t�^�^ 7;< TG6= *�� � ? , is a rule © < _��� �$�$�$� !_�L¤? ª« _�X
where ¬ contains a disequality Y � dQ Y " such that< ��% k����� &(' )*�+ $�$�$�% k����� &(' )*�, % � -�. �v' )*�,0/ + $�$�$�% ��1�' )*#2 ?�= * � � � * + is equal
to
< ��% k����� &('�)*�+ $�$�$�% k���	� &('�)*�, % ��-�. � '�)*�,0/ + $�$�$�% ��1�'�)*�2 ?�= *�� �!� *�­ .

Since TG is a run of H I�K(L , �	X!= *�� �0� *�+ is different from�MX!= *�� �!� *�­ . Recall that, all replaced positions in kG���%u%vkG���� &M'u'#s*
have length greater than q < H I�K(L l H I�KML ?��¦q < H I�KML ? .
Thus,

< ��% k����� &('�)* + $�$�$�% k���	� &('�)*�, % ��-�. � '�)*�,0/ + $�$�$�% ��1�'�)*�2 ?�= *�� �!� *�+ and< ��% k���	� &('�)* + $�$�$�% k���	� &('�)*�, % ��-�. � '�)*�,�/ + $�$�$�% ��1�'�)*�2 ?�= *E� �!� * ­ can be ob-
tained from �MX!= *E� �!� *�+ and �MX!= *�� �!� *�­ , respectively, by replacing�MX!=M)* + � s* by NUO < kG��	� &#?	? at somepositionswhich are independent
from � . By Lemma5.2,only onetermcansatisfythisstatement
for suchY;X X andY®� dQSY¯" .
The elections for Y�X X and Y®� dQ Y�" are finitely
bounded. Thus, at most for a finite number of � ’s,TG�% N �� < kG���%w%�kG��	� &('w'#s* ? '�)* + $�$�$�% N �� < kG���%u%vkG���� &('u'#s* ?¡'�)*�, is not a run,
andwearedone.o Finally, assumethat thereis an equality

< Y®�`Q°Y�"�? in � such
that �MX!= * + is different from �MX!= * ­ . Note that both ��= * + and ��= * ­
are identicaland in a . Hence,by Invariant I3, Y®� and Y¯" are
not of the form �Y6�!$ Y�X!$ Y;X X for some � in C��� �$�$�$� ���F and some
positions Y;X0 !Y;X X suchthat = Y�X!=iQhq < HJI�KML�l HJI�KML¤?��¥�~pq < H I�KML ? . Note also that, in the casewhere some �Y�� for �
in C��� �$�$�$� ���F is a prefix of Y¢� (Y�" ), no replacedposition inkG���%u%vkG���� �v'w'#s* is a proper prefix of Y¢�J@±�Y�� (Y�"g@²�Y�� ). Thus,
for each�n�³� < ��% k���	� &(' )*�+ $�$�$�% k����� &(' )*�, % � -�. ��' )*�,�/ + $�$�$�% ��1�' )*#2 ?�= * +
and

< ��% k����� &('�)*�+ $�$�$�% k���	� &('�)*�, % ��-�. � '�)*�,0/ + $�$�$�% ��1�'�)*�2 ?�= *�­ can be ob-
tained from � X = * + and � X = * ­ , respectively, by replacing�MX!=M)* + � s* by NPO < kG���� &#? at some positions which are inde-
pendent from � . By Lemma 5.2, at most one term k���	� &
makes

< ��% k���	� &(' )*�+ $�$�$�% k����� &(' )*�, % � -�. ��' )*�,0/ + $�$�$�% ��1�' )*#2 ?�= * + equal to< ��% k���	� &(' )*�+ $�$�$�% k���	� &(' )*�, % � -�. ��' )*�,�/ + $�$�$�% ��1�' )*�2 ?�= * ­ . Hence, for all
the remaining � ’s, ��% k���	� &('�)* + $�$�$�% �	X �	� & '�)*�, % ��-�. � '�)*�,�/ + $�$�$�% ��1�'�)*�2 is



not aninstanceof ´�µ ¶ , dueto thesamereasonas ·M¸ , andwe are
done. ¹

LEMMA 7.11. Let ºJ»�¼M½¿¾ÁÀMÂcÃ�ÄÅÃ!ÆÇÃ�È`É be a TA »�¼M½ . Let Ê
be a set of constrained terms satisfying I2 and I3. Let ·�µ Ë be
a constrained term in Ê . Let ÌÍ®Î Ã�Ï�Ï�Ï�Ã�ÌÍ6Ð be the positions ÌÍ�Ñ
satisfying ·�µMÒÓ#Ô�Õ Â . Supposethat ÌÍ®Î occurs in Ë , and that,
without loss of generality, ÌÍ�Ö Ã�Ï�Ï�Ï�Ã�ÌÍ�× are all positions ÌÍ�Ø such
that Ù�ÌÍ®Î ¾ ÌÍ�Ø#Ú occurs in Ë . Supposethat there exist terms· ×�Û Î Ã�Ï�Ï�Ï�Ã!· Ð and infinitely manyterms · Î	Ü Î Ã!· Î	Ü Ö Ã�Ï#Ï�Ï such that all·�Ý · Î�Ü Ø(Þ ÒÓ�ß Ï�Ï�Ï�Ý · Î�Ü Ø(Þ ÒÓ�à Ý · ×�Û Î Þ ÒÓ�à0á ß Ï�Ï�Ï�Ý · Ð�Þ ÒÓ#â are in ã�ä6å�æ�ç#ä6è�é�å�Ù�·�µ Ë Ú�êã�ä6å�æ�ç#ä6è�é;å�Ù	Ê ê�ë ·�µ Ë�ì Ú .

Then, ã�ä6å�æ�ç#ä6è�é�å�Ù�Ê Ú is not regular.

Proof. We proceed by contradiction by assuming thatã�ä6å�æ�ç#ä6è�é;å�Ù	Ê Ú is regular. Thus, let í be a TA recog-
nizing ã�ä6å�æ�ç#ä6è�é�å�Ù�Ê Ú . Note that, in particular, í is a
TA »�¼(½ . Among all the terms · Î	Ü Ø we choose one, called· Î , such that î�é�ã�ï�î;æ;Ù�· Î�Úñð òó Ù�íõô ºJ»�¼(½ Ú holds. Note
that ·M¸ ¾ ·�Ý · ÎvÞ ÒÓ ß Ï�Ï�Ï�Ý · Î�Þ ÒÓ�à Ý · ×�Û ÎvÞ ÒÓ�à0á ß Ï�Ï�Ï�Ý · Ð�Þ ÒÓ�â is inã�ä6å�æ�ç#ä6è�é;å�Ù¡·#µ Ë Úbê ã#ä6å�æ�ç#ä6è�é�å�Ù�Ê êöë ·�µ Ë�ì Ú . In particular, ·M¸
is in ã�ä6å�æ�ç#ä6è�é�å�Ù	Ê Ú , andhence,· ¸ belongsto ÷mÙ�í Ú . Thus,there
exists a run ø of í with a resulting acceptingstate such thatùPú Ù�ø Ú ¾�·M¸ . Let ûø be a run of º »�¼M½ satisfying ùPú Ù�ûø Ú ¾�·M¸
and all conditionsgiven by Lemma 4.9. In particular, for eachÍ Õ]ü�ý å�Ù�ûø Ú it holdsthat ûø�µ Ó is arunwith aresultingstateincludingëEþ Õ ÂcµU·	¸!µ Ó~ÿÕ ÷mÙ�º »�¼(½ Ã þ�Ú ì . Let �ø Î be the run ø�µ ÒÓ ß ôDûø�µ ÒÓ ß ofí�ô ºJ»�¼M½ . By Lemma5.19, thereexist a position ûÍ in �ø Î and
infinitely many different runs �ø Î	Ü Î Ã��ø Î	Ü Ö Ã�Ï�Ï�Ï of í°ô º »�¼M½ such
that:
� µ0ûÍ µ ðró Ù�íDô º »�¼(½ Ú Ö and �ø Î µ��Ó is a run.
� All � ý�ý æ;Ù��ø Î µ��Ó Ú Ã�� ý�ý æ;Ù��ø Î�Ü Î�Ú Ã�� ý�ý æ;Ù��ø Î�Ü Ö�Ú Ã�Ï�Ï�Ï coincide.
� All pumpings�ø Î ÝuÝ��ø Î�Ü ÎvÞwÞ �Ó Ã��ø Î ÝuÝ��ø Î	Ü Ö0ÞwÞ �Ó Ã�Ï�Ï�Ï areruns.

Wedefine �· Î	Ü Î
	 ¾ ùUú Ù��ø Î ÝwÝ��ø Î�Ü Î�ÞuÞ �Ó Ú , �· Î�Ü Ö�	 ¾ ùUú Ù��ø Î ÝwÝ��ø Î�Ü Ö!ÞuÞ �Ó Ú ,. . . .
Now, considerÍ as any position in ü�ý å�Ù��ø ÎEÚ satisfying µ Í µ �ó Ù�íWô ºJ»�¼(½ Ú . Since µ0ûÍ µ ð ó Ù�íWô ºJ»�¼M½ Ú Ö , by the last part of

the statementin Lemma5.3, no replacedpositionin �ø Î ÝwÝ��ø Î�Ü Î�ÞwÞ �Ó is
a prefix of Í . Thus,for eachof suchpositionsÍ andeach
���� ,
� ý�ý æ;Ù��ø Î ÝwÝ��ø Î	Ü Ø(ÞwÞ �Ó µ Ó Ú coincideswith � ý�ý æ�Ù��ø Î µ Ó Ú . By Lemma4.19,ù��� Ù��ø Î�Ú ¾�ûø�µMÒÓ ß and ù »�¼M½¤Ù��ø ÎEÚ ¾ ø�µ	ÒÓ ß hold, andby Lemma4.16,
for eachof suchpositionsÍ andeach
���� , the resultingstates
of ûø6µ ÒÓ ß µ Ó and Ù ù �� Ù��ø Î ÝuÝ��ø Î�Ü Ø(ÞuÞ �Ó Ú	Ú µ Ó coincide. Moreover, again by
Lemma 4.16, the resulting statesof ø�µ	ÒÓ ß and ù »�¼(½VÙ��ø Î ÝuÝ��ø Î�Ü ØMÞuÞ �Ó Ú
coincide.

One of the particular implicationsof the above commentsis
thateach·M¸0Ý �· Î�Ü Ø(Þ ÒÓ ß is in ÷¤Ù�í Ú . It is alsoclearthateach·M¸0Ý �· Î	Ü Ø(Þ ÒÓ ß ,
for �· Î�Ü Ø ÿ¾�· Î , is not an instanceof ·#µ Ë , since the terms at the
positions ÌÍ®Î and ÌÍ�Ö differ. Thus, in order to reacha contradic-
tion, it suffices to prove that, for some 
 satisfying �· Î�Ü Ø ÿ¾ · Î ,·M¸0Ý �· Î�Ü Ø(Þ ÒÓ�ß is not an instanceof Ê ê�ë ·�µ Ë�ì . To concludewe will
prove that,only for a finite numberof 
 ’s, the terms·M¸0Ý �· Î�Ü Ø(Þ ÒÓ ß are
instancesof Ê ênë ·�µ Ë�ì . To this end,it canbeshown that,for each´�µ ¶ in Ê êWë ·�µ Ë�ì , at most a finite numberof terms ·M¸0Ý �· Î	Ü Ø(Þ ÒÓ�ß ¾·�Ý �· Î�Ü Ø(Þ ÒÓ ß Ý · Î�Þ ÒÓ�� Ï�Ï�Ï�Ý · ÎvÞ ÒÓ�à Ý · ×�Û Î Þ ÒÓ�à�á ß Ï�Ï�Ï�Ý · Ð�Þ ÒÓ�â areinstancesof ´�µ ¶ .

Considerany constrainedterm ´�µ ¶ in Ê ê�ë ·�µ Ë�ì . Since·M¸ is not
aninstanceof ´�µ ¶ , accordingto Lemma7.9,wecandistinguishthe
following cases:
� Assumethat thereis a position Í in ü�ý å ú Ù�´ Ú ô ü�ý å�Ù�·M¸ Ú such

that � ý�ý æ;Ù�´�µ Ó Ú is differentfrom � ý�ý æ;Ù�·M¸!µ Ó Ú . We distinguishthe
following cases:

Supposefirst that Í is of the form ÌÍ®Î Ï Í ¸!Ï Í ¸ ¸ for someposi-
tions Í ¸!Ã Í ¸ ¸ suchthat µ Í ¸0µ�¾ ó Ù�í ô ºJ»�¼(½ Ú�� � ð~ó Ù¡º`»�¼M½ Ú .
By InvariantI3, it holdsthat ´�µ ÒÓ�ß�� Ó�� is a term in �[Ù	Ä Ú , i.e.
withoutany symbolin Â . Notethat ·	¸0µ ÒÓ�ß�� Ó � is a termdiffer-
ent from ´�µ ÒÓ ß � Ó�� becausethey differ at the symbol located
at their relativepositionÍ ¸ ¸ . Recallthatnoreplacedposition
in �ø Î ÝwÝ��ø Î�Ü Î�ÞuÞ �Ó is a properprefix of Í ¸ . Thus,by Lemma5.2,
atmostoneterm �· Î�Ü Ø makes·M¸0Ý �· Î	Ü Ø(Þ ÒÓ�ß µ ÒÓ ß � Ó�� equalto ´�µ ÒÓ ß � Ó�� ,
andwearedone.

Second,supposeÍ is not of the form ÌÍ®Î Ï Í ¸0Ï Í ¸ ¸ for some
positionsÍ ¸!Ã Í ¸ ¸ suchthat µ Í ¸!µ�¾ ó Ù	í ô º »�¼M½ Ú�� � . In this
case,� ý�ý æ;Ù�·M¸!µ Ó Ú coincideswith all � ý�ý æ;Ù�·M¸0Ý �· Î	Ü Ø(Þ ÒÓ�ß µ Ó Ú , and
thus,it differs from � ý�ý æ;Ù�´#µ Ó Ú . Hence,noneof theseterms
is aninstanceof ´�µ ¶ , andwearedone.

� Assumethat thereis a position Í in ü�ý å! RÙ�´ Ú suchthat ·	¸0µ Ó is
not in ÷¤Ù¡º`Ã�´�µ Ó Ú . Let þ be ´�µ Ó andlet Ê Ó be the resultingstate
of ûø�µ Ó . By theelectionof ûø , it holdsthat þ is in Ê Ó .
Let us fix a 
"��� andsupposethat ûø�Ý ù �� Ù��ø Î ÝuÝ��ø Î�Ü Ø(ÞuÞ �Ó Ú¡Þ ÒÓ ß is a
runof ºJ»�¼(½ . Notethat,by InvariantI3, either ÌÍ®Î is notaprefix
of Í , or Í is of the form ÌÍ®Î Ï Í ¸ for some Í ¸ satisfying µ Í ¸!µ �ó Ù�ºJ»�¼M½ Ú � ó Ù�í ô ºJ»�¼(½ Ú . In thesecondcase,recall that,for
suchposition Í ¸ , � ý�ý æ;Ù��ø Î ÝwÝ#�ø Î	Ü Ø(ÞwÞ �Ó µ Ó�� Ú coincides� ý�ý æ;Ù��ø Î µ Ó�� Ú .
Thus,in any case,theresultingstateof Ù�ûø�Ý ù �� Ù��ø Î ÝuÝ��ø Î	Ü Ø(ÞuÞ �Ó Ú Þ ÒÓ ß µ Ó
is Ê Ó . By Lemma4.9,it followsthat ·M¸0Ý �· Î�Ü Ø(Þ ÒÓ ß is notaninstance
of ´�µ ¶ .

Hence,in orderto conclude,it sufficesto arguethat the termsûø�Ý ù �� Ù��ø Î ÝwÝ#�ø Î	Ü Ø(ÞwÞ �Ó Ú Þ ÒÓ ß arerunsof º »�¼(½ exceptfor a finite num-
ber 
 ’s.

Notethat ûø andeachterm ù �� Ù��ø Î ÝuÝ��ø Î	Ü Ø(ÞuÞ �Ó Ú is arunof º »�¼M½ , and
� ý�ý æ;Ù�ûø�µMÒÓ�ß Ú ¾$� ý�ý æ;Ù ù��� Ù��ø Î ÝwÝ��ø Î�Ü Ø(ÞwÞ �Ó Ú	Ú . Thus,if, for a concrete

 , ûø�Ý ù �� Ù��ø Î ÝwÝ#�ø Î	Ü Ø(ÞwÞ �Ó Ú¡Þ ÒÓ ß is not a run of º »�¼M½ , theremustexist a
positionÍ ¸ ¸ satisfyingthefollowing assumptions:Í ¸ ¸&%¨ÌÍ®Î .

� ý�ý æ;Ù�ûø�Ý ù��� Ù��ø Î ÝuÝ��ø Î�Ü Ø(ÞuÞ �Ó Ú¡Þ ÒÓ ß Ú µ Ó�� � , i.e. � ý�ý æ;Ù�ûø�µ Ó�� � Ú , is a rule' Ù þ�Î Ã�Ï�Ï�Ï�Ã þ ½ Ú)(* þ ¸ where + containsa disequalityÍ®Î ÿ¾Í�Ö suchthat ·M¸0Ý �· Î�Ü Ø(Þ ÒÓ�ß µ Ó�� ��� Ó ß is equalto ·	¸0Ý �· Î�Ü Ø(Þ ÒÓ�ß µ Ó�� ��� Ó�� .
Since ûø is a run of º »�¼(½ , ·M¸!µ Ó�� ��� Ó�ß is different from ·M¸!µ Ó�� ��� Ó � .
Recall that, all replacedpositions in �ø Î ÝuÝ��ø Î	Ü Ø(ÞuÞ �Ó have length
greaterthan ó Ù�í ô ºJ»�¼(½ Ú � ó Ù ºJ»�¼M½ Ú . Thus,·	¸�Ý �· Î�Ü Ø(Þ ÒÓ�ß µ Ó�� ��� Ó�ß
and ·M¸0Ý �· Î	Ü Ø(Þ ÒÓ ß µ Ó�� ��� Ó�� canbeobtainedfrom ·M¸!µ Ó�� ��� Ó ß and ·M¸!µ Ó�� ��� Ó�� ,
respectively, by replacing·M¸!µ	ÒÓ�ß�� �Ó by ùPú Ù��ø Î	Ü Ø#Ú	Ú atsomepositions
which areindependentfrom 
 . By Lemma5.2, only oneterm
cansatisfythis statementfor suchÍ ¸ ¸ andÍ Î ÿ¾ Í Ö .
The electionsfor Í ¸ ¸ and Í®Î ÿ¾ Í�Ö arefinitely bounded.Thus,
at mostfor a finite numberof 
 ’s, ûø�Ý ù �� Ù��ø Î ÝuÝ��ø Î	Ü Ø(ÞuÞ �Ó Ú¡Þ ÒÓ ß is not a
run,andwearedone.

� Finally, assumethat there is an equality Í®Î ¾ Í�Ö in ¶ such
that ·M¸!µ Ó ß is different from ·M¸!µ Ó,� . Note that both ´�µ Ó ß and ´�µ Ó,�
are identicaland in Â . Hence,by Invariant I3, Í®Î and Í¯Ö are
not of the form ÌÍ®Î Ï Í ¸!Ï Í ¸ ¸ for somepositions Í ¸!Ã Í ¸ ¸ suchthatµ Í ¸!µ`¾ ó Ù�í¨ô º`»�¼M½ Ú-� �.� ó Ù¡º`»�¼M½ Ú . Note also that, in
the casewhere ÌÍ¢Î is a prefix of Í®Î (Í�Ö ), no replacedposition
in �ø Î ÝwÝ��ø Î�Ü Î ÞuÞ �Ó is a prefix of Í Î ê ÌÍ Î (Í Ö ê ÌÍ Î ). Thus,for each

/�0� , ·	¸�Ý �· Î�Ü ØMÞ ÒÓ ß µ Ó�ß and·M¸0Ý �· Î	Ü Ø(Þ ÒÓ ß µ Ó � canbeobtainedfrom ·M¸!µ Ó�ß
and·M¸!µ Ó,� , respectively, by replacing·M¸!µMÒÓ�ß�� �Ó by ùPú Ù��ø Î	Ü Ø#Ú atsome
positionswhichareindependentfrom 
 . By Lemma5.2,atmost
oneterm �· Î	Ü Ø makes ·	¸�Ý �· Î�Ü Ø(Þ ÒÓ�ß µ Ó ß equalto ·M¸0Ý �· Î	Ü Ø(Þ ÒÓ�ß µ Ó�� . Hence,
for all therest
 ’s, ·	¸�Ý �· Î�Ü Ø(Þ ÒÓ�ß is notaninstanceof ´�µ ¶ , dueto the
samereasonas·M¸ , andwearedone. ¹



8. Conclusion
We have closedaffirmatively theopenquestionof thedecidability
of theHOM problem.By studyingin detailour algorithmandtak-
ing into accountthedefinitionof 12 , it canbederiveda time com-
plexity with a tower of four exponentialswith respectto the size
of the input. But thereis spacefor improvements.In [8] a propa-
gationtechniqueis presentedfor proving exptime-completenessof
theemptinessproblemfor TA 34 . It couldbeinterestingto studythe
applicability of this techniqueto the caseof TA 3465 798;: in orderto
improve thetime complexity.

Our result implies decidabilityof other relatedquestions.For
example, in [11] the decidability of the regularity of the range
of a given treehomomorphismis questioned.This is a particular
caseof theHOM problem,andhence,we alsoclosethis question
affirmatively.

THEOREM 8.1. Given a tree homomorphism< , it is decidable
whethertherankof < is regular.

On theotherside,treehomomorphismsarea particularcaseof
bottom-uptreetransducers.In [10] it is shown that for any given
regular language= andany given bottom-uptreetransducer> , a
regularlanguage=
? andatreehomomorphism< canbecomputed
suchthat >A@B=DCFE�<G@#=
?HC holds.Thus,as a consequenceof our
resultwehave thefollowing:

THEOREM 8.2. Givena regular language = anda bottom-uptree
transducer> , it is decidablewhether>I@#=DC is regular.

This is in contrastwith top-down treetransducers:treehomo-
morphismsarealsoa particularcaseof top-down treetransducer,
but it is well known [11] thattheregularity of theimageof a given
regular languagethrougha top-down tree transduceris undecid-
able.On the otherhand,top-down tree transducerswith just one
stateare,in fact,treehomomorphisms,soour resultsimply thefol-
lowing partialresult.

THEOREM 8.3. Givena regular language = and a top-downtree
transducer> with just onestate, it is decidablewhether>I@#=DC is
regular.

We have introducedthe new classTA 3465 798;: . This classof au-
tomataisatthesametimemeaningful(it containstheimagesof reg-
ular languagesthroughtreehomomorphisms)andtractable(many
propertiesare decidablefor automataof this class).It would be
interestingto know whetherTA 3465 7�8J: could still be further ex-
tendedin ameaningfulwaywhile still keepingat thesametime its
tractability. Also, we believe that the studyof TA 3465 7�8J: may pro-
vide further insightsinto othertopics.For example,treeautomata
with globalconstraints,whicharesimilarto theequalityconstraints
occurringin our TA 798;: in the sensethat we imposeequality of
termsreachingidentical(but local) states,areusedfor theanalysis
of securityprotocols[18].

Acknowledgments: We greatlyappreciatethecommentsof Z.
Fülöp.
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[11] Z. Fülöp. Undecidablepropertiesof deterministictop-down tree
transducers.TheoreticalComputerScience, 134:311–328,1994.

[12] F. Gécseg andM. Steinby. TreeAutomata. AkadémiaiKiadó, 1984.
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