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Partial Match Queries in Relaxed Multidimensional
Search Trees1

C. Martı́nez,2 A. Panholzer,3 and H. Prodinger4

Abstract. Partial match queries arise frequently in the context of large databases, where each record contains
a distinct multidimensional key, that is, the key of each record is aK -tuple of values. The components of a key
are called thecoordinatesor attributesof the key. In a partial match query we specify the value ofs attributes,
0 < s < K , and leave the remainingK − s attributes unspecified. The goal is to retrieve all the records
in the database that match the specified attributes. In this paper we present several results about the average
performance and variance of partial matches in relaxedK -dimensional trees (search trees and digital tries).
These data structures are variants of the well knownKd-trees andKd-tries. In relaxed trees the sequence of
attributes used to guide a query is explicitly stored at the nodes of the tree and randomly generated and, in
general, will be different for different search paths. In the standard variants, the sequence of attributes that
guides a query examines the attributes in a cyclic fashion, fixed and identical for all search paths. We show
that the probabilistic analysis of the relaxed multidimensional trees is very similar to that of standardKd-trees
and Kd-tries, and also to the analysis of quadtrees. In fact, besides the average cost and variance of partial
match in relaxedKd-trees andKd-tries, we also obtain the variance of partial matches in two-dimensional
quadtrees. We also compute the average cost of partial matches in other relaxed multidimensional digital tries,
namely, relaxedKd-Patricia and relaxedKd-digital search trees.

Key Words. Analysis of algorithms, Multidimensional search trees,K -dimensional binary search trees,
RelaxedK -dimensional search trees, Quadtrees.

1. Introduction. In many applications such as Geographical Information Systems,
databases, computer graphics, and statistical data analysis, the need frequently arises to
maintain a setF (also called afile) of multidimensional recordsdynamically [17]. Such
a file should support insertions of new multidimensional records, deletions, and several
associative queries, i.e., different types of operations that retrieve information from the
file, given a condition on the keys of the records.

Each multidimensional record in the file contains a distinctmultidimensional key
and associated data. For the sake of simplicity, we will identify each record with its
multidimensional key, which is an orderedK -tuple x = (x(0), x(1), . . . , x(K−1)). For
0 ≤ j < K , x( j ) is the value of thej th attribute (also the j th coordinate) of x. Each
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x( j ) belongs to some totally ordered domainDj , and thusx is an element ofD =
D0 × D1 × · · · × DK−1. Therefore, each (multidimensional) key may be viewed as a
point in aK -dimensional space. The analogy can be further exploited as we can, without
loss of generality, assume thatDj = [0,1] for all 0 ≤ j < K and hence thatD is the
hypercube [0,1]K .

ForK ≥ 2, there are several types of queries we might be interested in (actually many
of these queries make sense forK = 1 too). Among them, we have:

• Exact match queries: given a keyx, determine whether a record with keyx is present
in the file F or not.
• Range queries: given a hyperrectangle [`0,u0]× [`1,u1]×· · ·× [`K−1,uK−1], return

the subset of records inF which fall inside the given hyperrectangle, i.e., those keys
x such that̀ j ≤ x( j ) ≤ uj for all 0≤ j < K .
• Nearest neighbor queries: given a keyx, find them keys in the file closest to the

given one, according to some “distance” measure (we should better say a similarity
measure) defined overD.
• Partial match queries: given a queryq = (q0,q1, . . . ,qK−1) where eachqj is either

a value inDj (specified) orqj = ∗ (unspecified), return the subset of records inF
whose attributes coincide with the specified attributes ofq, i.e., returnx if and only
if, for any j , qj = ∗ or qj = x( j ).

In this paper we analyze the performance of partial match queries for several different
multidimensional data structures. Before going on, and describing these data structures,
we fix a piece of notation that will be consistently used through the paper. The number of
specified attributes in a partial match query will be denoteds. We assume that 0< s< K .
Otherwise, whens = K , we have exact match queries; and ifs = 0, all keys in the file
satisfy the query. As we will see, the performance of partial match depends on the ratio
ρ = s/K rather than on the actual values ofs andK . By hypothesis, 0< ρ < 1.

In the last 20 years, several data structures have been proposed for the dynamic main-
tenance of files of multidimensional records (i.e., the file must support both insertions
and deletions) and a variety of associative queries. Clearly, it is desirable that any mul-
tidimensional data structure efficiently supports several associative queries, rather than
being tailor-made for just one type of associative query.

K -dimensional binary search trees (Kd-trees, for short) were introduced by Bentley
[1] as a practical solution to this problem. Algorithms forKd-trees are simple, robust,
flexible, and usually exhibit good average performance. All the associative queries men-
tioned above are efficiently supported byKd-trees.

A Kd-tree for a fileF can be incrementally built by successive insertions into an
initially empty Kd-tree as follows. The first key is put into a single node with two empty
subtrees. The first attribute of the second key is compared then with the first attribute of
the key at the root: if it is smaller or equal, the second key is recursively inserted in the
(empty) left subtree; otherwise, it is recursively inserted in the (empty) right subtree. The
first attribute of the third key is compared with the first attribute of the key at the root,
and recursively inserted into the left or right subtree, as before. However, if the subtree
is not empty (because it contains the second key), we shall not compare the respective
first attributes of the keys, but their second attributes. In general, when inserting a key
x, we compare the key to be inserted with the keyz at the root of some subtree: ifz is
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Fig. 1.A 2d-tree and its corresponding partition of the search space.

at level j , we comparex( j modK ) andz( j modK ), and recursively continue the insertion in
the left or the right subtree ofz, until a leaf (empty subtree) is found, assuming thatx
is not already present in the tree. In Figure 1 we depict the 2d-tree that results from the
insertion ofN = 10 keys into an initially empty tree, in the same order as they have been
listed in the left part of the figure. The figure also shows the partition of [0,1]2 induced
by the 2d-tree. It should be clear that if the same points were inserted in a different order
they could yield a substantially different 2d-tree.

Exact match queries inKd-trees obviously operate by following a path down the tree,
exactly the same way as if we were inserting that key: either we find it and report success
or we reach a leaf, reporting failure.

The standard model for the probabilistic analysis ofKd-trees is that a randomKd-
tree of sizeN is built by insertingN points independently drawn from some continuous
probability distribution defined over [0,1]K . This is equivalent to assuming that the
probability that an insertion falls in a given leaf of a randomKd-tree of sizeN is the
same for any of itsN + 1 leaves. Under this assumption, the performance of updates
and exact match queries coincides with the performance of updates and searches in
binary search trees (notice that 1d-trees and binary search trees are the same); therefore,
the expected cost of updates and exact match queries in randomKd-trees isO(logn).
Furthermore, these costs are independent ofK . For partial match queries, Flajolet and
Puech [7] have shown that the average cost of a partial match queryq with s out of K
specified attributes is

E[Cn] = βqn1−ρ+ϑ(ρ) + o(n1−ρ+ϑ(ρ)),

whereϑ(x) is the unique real solution of

(ϑ(x)+ 3− x)x(ϑ(x)+ 2− x)1−x − 2= 0,

andβq is a constant which only depends on the pattern of alternance between specified
and unspecified attributes inq. Furthermore, for 0< x < 1,ϑ(x) ≤ 0.07, but the result
above disproved an old conjecture thatE [Cn] = 2(n1−ρ).

The idea ofKd-trees can easily be generalized to digital search trees: instead of
partitioning the search space using the data, we can make a regular partition of the
search space, based on the digits. The recursive partition of a region of the search space
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Fig. 2.A 2d-trie and its corresponding partition of the search space.

is not continued further when it contains one or no data points. Thus in a search in a
binary Kd-trie we use the first bit of the first attribute of the given key in the first level,
going to the left if it were a zero, and to the right if it were a one. Then we use the first
bit of the second key in the second level, the first bit of the third key, and so on, down
to the(K − 1)th level. Then, in theK th level, we use the second bit of the first key, etc.
In general, in thej th level we must use theb j / K cth bit of the( j mod K )th attribute
of the given key. Figure 2 depicts a 2d-trie for the same set of keys (now expressed in
binary) as in Figure 1, and the induced partition of the search space. Notice that both
the tree and the partition depend on the given set of keys but not on the order those were
inserted.

Digital multidimensional data structures were first proposed around 1975 [2], [15] and
further analyzed in [7], [11], [12], and [18]. The performance of partial match inKd-tries
and other multidimensional digital data structures (digital search trees, Patricia) is on
the average2(n1−ρ), the only difference being the coefficient—which is not constant,
but a fluctuating function—of the main order term. The usual probability model for the
analysis of these digital data structures, the so-called Bernoulli model, is that each of
the K attributes of a keyx is an independently generated infinite string of 0’s and 1’s,
with each bit independently generated from the others, with identical probability 1/2
(symmetric Bernoulli model) or with fixed probabilitiesp andq = 1− p (asymmetric
Bernoulli model).

Quite recently, Duch et al. [4] have used a technique calledrelaxation to obtain
a variant ofKd-trees that facilitates the introduction of randomization, rotations, and
other similar operations which tend to be complex and inefficient in the standard variant.
Therelaxedmultidimensional trees differ from their standard counterparts because in the
relaxed trees each node explicitly stores a valuej that will be used as the discriminator
when a search path “passes” through that node. So, instead of using the preceptive
attribute given by the cyclic rule of standardKd-trees, in relaxedKd-trees a field of
the node is examined to know what attribute has to be used for the comparison at that
point. This idea was already used by Friedman et al. [9] in theiroptimized Kd-trees,
where explicitly stored discriminators are used to build an optimalKd-tree, a fortiori,
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given all the keys in the file in advance, and under the assumption that neither insertions
nor deletions are made afterwards. In [4], however, relaxedKd-trees are used for the
dynamic maintenance of a file, and the discriminator assigned to each node is given by
an independent random variable uniformly distributed over{0, . . . , K − 1}.

Random relaxedKd-trees thus satisfy the following recursive definition:T is a random
relaxedKd-tree if and only if

1. |T | = 0 (i.e.,T is empty) or
2. |T | = n, its left subtreeL is a random relaxedKd-tree of sizei , 0≤ i < n, its right

subtreeR is a random relaxedKd-tree of sizen− 1− i , and for anyx ∈ T and any
discriminator j , 0≤ j < K ,

P[〈x, j 〉 is the root ofT ] = 1

nK
.

RandomKd-trees satisfy a similar (at least in spirit) but more complex recursive char-
acterization, as the discriminators in successive levels must follow the cyclic sequence:
0,1, . . . , K − 1,0,1, . . . .

As we shall see the recursive definition above makes the analysis of partial match in
relaxedKd-trees much easier. We tackle this analysis in Sections 2–4.

We prove that the expected cost of a partial match in a random relaxedKd-tree is
β · nε + O(1) (Theorems 1 and 2), whereε andβ are constants only depending onρ.
RelaxedKd-trees perform slightly worse thanKd-trees, asε(ρ) ≥ 1− ρ +ϑ(ρ) for all
ρ, but the difference is almost insignificant (the difference betweenε and 1− ρ + ϑ(ρ)
is always “small,” never exceeding 0.08). Also, the constantβ for relaxedKd-trees is
independent of the query pattern, while for standardKd-trees there is a possibly distinct
constantβq for each of the 2K − 2 relevant query patternsq. Thus relaxedKd-trees
are not sensitive to the actual query, whereasKd-trees are, and the difference in the
performance between two different partial match queries onKd-trees could be (for
values ofn in practical ranges) of the same order of magnitude or even greater than the
differences of performance betweenKd-trees and relaxedKd-trees.

Next, in Section 4, we compute the variance of the cost of partial match inKd-
trees, which isβ ′ · n2ε + O(nε). In Section 5 we make a slight detour from the main
theme of the paper, and briefly consider the analysis of the variance of the cost of partial
match in quadtrees, a rather different multidimensional data structure, whose analysis
has remarkable similarities with that ofKd-trees (both standard and relaxed). We find the
variance for two-dimensional quadtrees. The variance for higher dimensional quadtrees
still remains open.

The following sections (Sections 6–9) cover the analysis of partial match in relaxed
multidimensional digital trees, which can be defined analogously to relaxedKd-trees.
In particular, we analyze the expected cost of partial match in random relaxedKd-tries
and its variance, and compare the expected costs for the relaxed variants ofKd-tries,
Kd-digital search trees, andKd-Patricia.

2. Partial Match in Relaxed Kd-Trees. Let Cn be the cost of partial match in a
random relaxedKd-tree of sizen whens out of theK attributes have been specified,
with 0< s< K , and letρ = s/K .
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The analysis of partial match in standardKd-trees explicitly involves the query pat-
tern and requires the solution of a system ofK equations [7]. On the contrary, the
analysis of partial match in relaxedKd-trees is considerably less difficult than the anal-
ysis of partial match in standardKd-trees, because it is equivalent to the analysis of
a “valuation” pm(·) over random binary search trees. Let pm(t) denote the cost of a
partial match query in a relaxedKd-tree with shapet . This random variable is defined
by

P[pm(t) = k] = ρ

( |t1| + 1

|t | + 1
P[pm(t1) = k− 1]+ |t2| + 1

|t | + 1
P[pm(t2) = k− 1]

)
+ (1− ρ)P[pm(t1)+ pm(t2) = k− 1],

if t = ◦(t1, t2) andk > 0, P[pm( ) = 0] = 1 andP[pm(t) = k] = 0 in any other
case.

The recurrence above is simply the formalization of the following intuitive argument:
if the given tree is not empty, then with probability(1− ρ) the root of the tree is not
specified and one needs to visit the root and then continue the search in both subtrees; on
the other hand, with probabilityρ the root of the tree is specified and one needs to visit
the root and then proceed recursively on the left subtree with probability(`+1)/(n+1)
(where` is the size of the left subtree andn the size of the tree) and on the right subtree
with complementary probability.

PROPOSITION1. Let C(z,u) be the bivariate generating function

C(z,u) =
∑
n≥0

∑
k≥0

P[Cn = k]znuk.

It satisfies

∂2

∂z2
zC(z,u) = 2ρ

1− z
u
∂

∂z
zC(z,u)+ 1− ρ

z
u
∂

∂z
(zC(z,u))2

with the initial conditions C(0,u) = 1 and Cz(0,u) = u. Here and in what follows
Cx(z,u) denotes the partial derivative of C(z,u) with respect to the variable x.

PROOF. To find the functional equation satisfied byC(z,u), we first introduce the
convenient and appealing notation

upm(t) =
∑
k≥0

P[pm(t) = k]uk,

for the probability generating function associated to the random variable pm(t).
Then the recurrence forP[pm(t) = k] translates to

upm(t) = u ·
(
ρ
|t1| + 1

|t | + 1
upm(t1) + ρ |t2| + 1

|t | + 1
upm(t2) + (1− ρ)upm(t1)+pm(t2)

)
,(1)

if t is nonempty, andupm( ) = 1.
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We may now symbolically write, forC(z,u),

C(z,u) =
∑

t

λ(t)z|t |upm(t),

where the sum extends to all binary treest , andλ(t) is the probability that a random
permutation produces the binary search treet [14], [20],

λ(t) =


1 if t is empty,
λ(t1) · λ(t2)
|t | if t = ◦(t1, t2).

Using the recursions forλ(t) andupm(t) we get, by routine algebraic manipulations, the
statement of the proposition.

Proposition 1 is the basis for our study, as successive differentiation ofC(z,u) with
respect tou and settingu = 1 will yield the corresponding differential equations satisfied
by the different generating functions for factorial moments, including the generating
function of expectations (the factorial moment of order 1).

3. The Average Cost. To compute the expectation ofCn we first introduce the gener-
ating function

C1(z) =
∑
n≥0

E [Cn] zn.(2)

PROPOSITION2. The generating function C1(z) of the first moments of Cn satisfies the
following second-order linear differential equation:

zC′′1(z)− 2
(2z− 1)

1− z
C′1(z)− 2

2− ρ − z

(1− z)2
C1(z)− 2

1

(1− z)3
= 0

with the initial conditions C1(0) = 0 and C′1(0) = 1.

PROOF. The statement of the proposition easily follows by differentiating with respect
to u and evaluating atu = 1 both sides of Proposition 1, asC1(z) = Cu(z,1). The initial
conditions can be found from simple reasoning about the combinatorics of the problem:
C0 = 0 andC1 = 1.

PROPOSITION3. The generating function C1(z) is

C1(z) = 1

1− ρ

 2F1

(
a,b
2

∣∣∣∣ z)
(1− z)α

− 1

1− z

 ,
where

2F1

(
a,b
c

∣∣∣∣ z) = 2F1(a,b; c; z) =
∑
k≥0

akbk

ck

zk

k!
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denotes the classical hypergeometric function[10], [21], and in this particular instance,
a = 2− α, b = 1− α, andα = 1

2 + 1
2

√
9− 8ρ. Here xk = x(x + 1) · · · (x + k − 1),

following Knuth’s convention for rising factorials[13] (see also[10]).

PROOF. Using MAPLE5 it takes a matter of seconds to produce the following general
solution to the differential equation of Proposition 2:

C1(z) = − 1

(1− ρ)(1− z)
+ B1(1− z)−α2F1

(
a,b
2

∣∣∣∣ z)
+ B2(1− z)−α2F1

(
a,b
2

∣∣∣∣ z)∫ z

z0

(1− t)2α−2

t2
2F1

(
a,b
2

∣∣∣∣ t

) dt,

whereα = 1
2+ 1

2

√
9− 8ρ, a = 2−α, b = 1−α, andB1 andB2 are constants depending

on the initial conditions, and the integration path from the starting pointz0 to z must not
encounter the logarithmic singularity atz= 0.

Three points are worth noting here. First, if the initial conditions are supplied to
MAPLE’s dsolve, then it is not able to produce a solution. Second, different versions of
MAPLE may give the solutions in rather different forms (or may not solve the equation at
all). For instance, MAPLE V under Windows ’95 gives the solution in terms of Legendre
functions of the first kind. Third, the solution provided by MAPLE is expressed using
powers of(−1+ z) which is clearly inconvenient for our needs. In this case we can
change these to powers of(1− z) by absorbing the appropriate factor into the arbitrary
constantsB1 andB2 of the general solution.

Once MAPLE has done the tough work, we only need to find the values of the con-
stantsB1 and B2. The last term has a logarithmic singularity atz = 0, and hence the
combinatorial nature of the problem excludes its contribution toC1(z), i.e., the constant
B2 must be 0 in this case. Now, usingC1(0) = 0 we find thatB1 = 1/(1− ρ) and the
statement of the proposition follows.

Although MAPLE saves us a lot of work here, we briefly explain how the solution
could be found by hand. A similar development appears in the analysis of quadtrees by
Flajolet et al. [5].

To begin with, it is not difficult to guess and check that(1 − ρ)−1(1 − z)−1 is a
particular solution of the differential equation given in Proposition 2. From this starting
point, we proceed by considering the general solution for the homogeneous equation.
A natural step is to consider the substitutiong(z) = y(z)/(1− z)α. This leads us to
the conclusion thatα has to be the solution of−α + α2 − 2(1− ρ) = 0, and that the
differential equation fory(z) is hypergeometric. Writingy(z) = B1y1(z)+ B2y2(z) for
the general solution, the integral representation ofy2(z) follows by applying thevariation
of constants method[21].

Undoing the substitution and adjusting the initial conditions, we finally arrive at the
same closed form forC1(z) given in the proposition.

5 All references to the symbolic computation system MAPLE refer to version V, release 5, running under Solaris
5.5.1, unless otherwise indicated.
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THEOREM1. Let Cn denote the cost of a partial match query with s specified attributes
out of K in a random relaxed Kd-tree of size n. Then

E[Cn] = − 1

1− ρ +
1

1− ρ
n∑

k=0

(
n− k+ α − 1

n− k

)(
α − 1

k

)(
α − 2

k

)
,

whereα = 1
2 + 1

2

√
9− 8ρ.

PROOF. The formula for the coefficientsE[Cn] is just the convolution that follows from
Proposition 3 and the binomial and hypergeometric expansions.

THEOREM2. Let Cn denote the cost of a partial match query with s specified attributes
out of K in a random relaxed Kd-tree of size n. Then

E[Cn] = βnα−1+O(1),(3)

whereα is as in Theorem1, a = 1− α, b = 2− α, and

β =
2F1

(
a,b
2

∣∣∣∣1)
(1− ρ)0(α) =

0(2α − 1)

(1− ρ)α03(α)
.(4)

PROOF. To get the asymptotic behavior ofE[Cn] it suffices to study the asymptotic
behavior ofC1(z) whenz→ 1. The second term makes a contribution which can be
neglected, and the hypergeometric function is analytic atz= 1. Thus,

C1(z) ∼ β ′(1− z)−α +O((1− z)−1),

with β ′ = (1− ρ)−1 · 2F1(a,b;2;1) and from standard singularity analysis [6]

[zn]C1(z) = β ′

0(α)
nα−1+O(1).

The hypergeometric function is analytic atz= 1 and its value at this point can be found
[10] because<(c) = 2 > <(a) + <(b) = 3− 2α. Indeed, for anyρ, 0 < ρ < 1, we
have 1< α < 2, and then 2> 3− 2α. To evaluate2F1(a,b;2;1) we apply the well
known identity

2F1

(
a,b
c

∣∣∣∣1) = 0(c− a− b)0(c)

0(c− a)0(c− b)
.

It is interesting to point out that although Theorem 2 is valid only if 0< ρ < 1, it
provides meaningful information for the limiting cases to some extent. Ifρ = 0, that is,
no attribute is specified, thenE[Cn] = n. Indeed,α − 1→ 1 andβ → 1 asρ → 0.
On the other hand, in an exact match all attributes are specified andρ = 1. In this case,
we know thatE[Cn] = O(logn), and we have thatα − 1→ 0 andβ →∞ if ρ → 1,
which is an approximate way to express by a formula of the typeβ · nα−1 thatE[Cn]
grows withn, but slower than any function of the typenε, for positiveε.
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Fig. 3.The value of the exponent in the average cost of partial match in standard and relaxedKd-trees.

In Figure 3 we plot 1− ρ + ϑ(ρ) againstα(ρ)− 1, the exponents in the main order
term of the average cost of partial match in standard and relaxedKd-trees, respectively.
The plot shows that standardKd-trees perform slightly better than relaxedKd-trees for
all values ofρ.

An intuitive explanation for this difference is that in standardKd-trees a partial
match will follow, for everyK steps, one branchs times and both branchesK − s
times, whereas these figures hold only on the average in relaxedKd-trees. Since there
is a nonnull probability that the event “both subtrees are explored” occurs more than
K −s times inK steps, the expected cost of a partial match in relaxedKd-trees is larger.
RelaxedKd-trees exhibit other advantages, though: their average performance does not
depend on the actual pattern of the query, and they are less sensitive to deviations from
the hypothesis of “anisotropy,” i.e., no coordinate axis is privileged over the others.

4. The Variance. The steps we follow to findV [Cn] are basically the same as in the
previous section. Alas, it will be considerably more difficult to find a closed form for
C2(z), the generating function for the second factorial moments ofCn:

C2(z) =
∑
n≥0

E
[
C

2
n

]
zn.

In the formula above, we use Knuth’s convention for falling factorials:x2 = x(x − 1),
and in general,xk = x · (x − 1) · · · (x − k+ 1).

For the rest of this section, we defineα = (1+1)/2,1 = √9− 8ρ, a = 2−α, and
b = 1− α, thus bearing the same meanings as in the previous section.

PROPOSITION4. The generating function C2(z) of the second factorial moments of Cn

satisfies the second-order linear differential equation

C′′2(z)−
2(2z− 1)

z(1− z)
C′2(z)−

2(2− ρ − z)

z(1− z)2
C2(z) = s(z),
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where the inhomogeneous part is

s(z) =
2(2− z+ z1) · 2F1

(
a,b
2

∣∣∣∣ z

)
(1− ρ)z(1− z)2α+1

−
4ρ · 2F1

(
a,b
2

∣∣∣∣ z

)
(1− ρ)z(1− z)α+2

−
2(1+ 2ρ − 3) · 2F1

(
a,b
2

∣∣∣∣ z

)
· 2F1

(
a+ 1,b+ 1

3

∣∣∣∣ z

)
(1− ρ)(1− z)2α

− 4

z(1− z)3

and the initial conditions are C2(0) = 0 and C′2(0) = 0.

PROOF. Differentiating the equation given in Proposition 1 twice with respect tou and
evaluating atu = 1 leads to the given equation forC2(z) = Cuu(z,1). Also, we use the
result of Proposition 3 in the derivation of this equation.

PROPOSITION5. The generating function C2(z) is

C2(z) = 1

(1− z)α
· 2F1

(
a,b
2

∣∣∣∣ z)∫ z

0

∫ x

0

t2
2F1

(
a,b
2

∣∣∣∣ t

)
s(t)dt

(1− t)α−2

 (1− x)2α−2 dx

x2
2F2

1

(
a,b
2

∣∣∣∣ x

) .
PROOF. Notice that the homogeneous equation corresponding to the differential equa-
tion in Proposition 5 is the same as the homogeneous differential equation corresponding
to that given in Proposition 3, but we do not have a particular solution for the inhomo-
geneous differential equation nor we can disregard the logarithmic term in the general
solution of the homogeneous equation.

In principle, we can find a solution to the differential equation satisfied byC2(z)
using MAPLE. However, we prefer to illustrate here how to get the solution by hand.
An additional reason to discard MAPLE’s solution is that we are looking for an integral
representation ofC2(z) which will be more useful than that provided by MAPLE: it
computes an integral representation forC2(z) if the independent terms(z) is not specified,
i.e., we make a call todsolve(homogeneous equation= s(z), C(z)), wheres(z) is some
unspecified function. However, the form of the solution given by MAPLEis less convenient
for later manipulations.

So we start from the general solution of the homogeneous differential equation

g(z) = B1

(1− z)α
2F1

(
a,b
2

∣∣∣∣ z)+ B2

(1− z)α
2F1

(
a,b
2

∣∣∣∣ z)∫ z

z0

(1− t)2α−2 dt

t2
2F2

1

(
a,b
2

∣∣∣∣ t

)(5)

and apply the variation of constants method to get a closed form forC2(z).
That means we write one particular solution for the equation given in the proposition as

gp(z) = Bp,1(z)g1(z)+ Bp,2(z)g2(z).(6)

This leads to the following system of linear equations for the derivativesB′p,1(z) and
B′p,2(z):

B′p,1(z)g1(z)+ B′p,2(z)g2(z) = 0 and B′p,1(z)g
′
1(z)+ B′p,2(z)g

′
2(z) = s(z).
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With the solutions

B′p,2(z) =
s(z)

g1(z)ĝ(z)
and B′p,1(z) = −B′p,2(z)

∫ z

z0

ĝ(t)dt

we get one particular solution of the differential equation by integration and resubstitu-
tion, namely,

gp(z) = g1(z)
∫ z

z0

(∫ x

x0

s(t)

g1(t)ĝ(t)
dt

)
ĝ(x)dx

= 1

(1−z)α
2F1

(
a,b
2

∣∣∣∣ z)∫ z

z0

∫ x

x0

t2
2F1

(
a,b
2

∣∣∣∣ t

)
s(t)dt

(1− t)α−2

 (1−x)2α−2 dx

x2
2F2

1

(
a,b
2

∣∣∣∣ x

) .(7)

Adapting the initial conditions can be done now by choosing the starting points of the
integration pathsx0 andz0, thus getting the claimed integral representation ofC2(z).

THEOREM3. Let Cn denote the cost of a partial match query with s specified attributes
out of K in a random relaxed Kd-tree of size n. Then

V [Cn] ∼
(

80(2α)

α2(α − 1)2(2α − 1)(3α − 2)04(α)
− 402(2α)

α4(α − 1)2(2α − 1)206(α)

)
n2α−2.

PROOF. The coefficientsE[C
2
n] = [zn]C2(z)can now be found asymptotically by means

of singularity analysis, from its integral representation (Proposition 5).
First we get a local expansion fors(z) aroundz= 1, namely,

s(z) =
4α 2F2

1

(
a,b
2

∣∣∣∣1

)
(1− ρ)(1− z)2α+1

+O
(

1

(1− z)α+2

)
= 4α02(2α − 1)

(1− ρ)02(α)02(α + 1)(1− z)2α+1
+O

(
1

(1− z)α+2

)
.

Notice thatα+ 2< 2α+ 1, so the asymptotic expansion is valid. Furthermore, this last
inequality implies that the initial conditions and the arising integration constants do not
match, so we get

C2(z) = 1

(1− z)α

∫ z

0

(∫ x

0

B3 dt

(1− t)3α−1

)
(1− x)2α−2 dx

+O
(

max

{
1

(1− z)α
,

1

(1− z)2α−2

})
= B3

(3α − 2)(α − 1)

1

(1− z)2α−1
+O

(
max

{
1

(1− z)α
,

1

(1− z)2α−2

})
,

whereB3 is the constant factor of the first term in the asymptotic expansion ofs(z).
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Fig. 4.The value of the constantβ ′ in the variance of partial match in relaxedKd-trees.

This leads to the following asymptotic estimate for the coefficients:

E[C
2
n] = [zn]C2(z) = B3

(3α − 2)(α − 1)

n2α−2

0(2α − 1)
+O(max{nα−1,n2α−3})

= 80(2α)n2α−2

α2(α − 1)2(2α − 1)(3α − 2)04(α)
+O (nα−1

)
.

The asymptotic equivalent for the variance given in the statement of the theorem is easily
computed from the known asymptotic estimates forE[Cn] (Theorem 2), from the ones
we just have obtained forE[C

2
n], and

V [Cn] = E
[
C

2
n

]
+ E[Cn] − (E[Cn])2 .

The order of magnitude of the variance for relaxedKd-trees is the square of that of
its corresponding expected value; this phenomenon also occurs in standardKd-trees,
where the variance is2(n2(1−ρ+ϑ(ρ))) [3].

5. A Note on Two-Dimensional Quadtrees. We cannot refrain from making a few
comments about quadtrees, as the analysis of partial match in quadtrees so closely
resembles the analysis performed in the two previous subsections. In [5] the expected
cost of partial match in quadtrees of arbitrary dimension was explicitly computed by
means of the techniques we have sketched in previous sections. However, the variance
of partial match in quadtrees, even for the particular caseK = 2, was unknown. We
consider here this particular case and compute this varianceV [Qn] using the arguments
of the previous subsection almost verbatim. Notice that a partial match in dimension
K = 2 means that exactly one coordinate is specified while the other is left unspecified,
that is,ρ = 1

2.
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THEOREM4. Let Qn be the cost of a partial match in a random2-quadtree of size n.
Then

V [Qn] ∼ βnε =
(
(2α − 1)0(2α)

3α(α − 1)04(α)
− 0

2(2α)

406(α)

)
n2α−2,

where

α =
√

17− 1

2
≈ 1.561552813. . . ,

β ≈ 0.3493015. . . , and

ε = 2α − 2≈ 1.12310526. . . .

PROOF. We do not show a full proof of the theorem here, but rather sketch it. LetQ2(z)
be the generating function for the second factorial moment ofQn. The recurrence for
these costs translates to

Q′′2(z)+
2

z
Q′2(z)−

4

z(1− z)2
Q2(z) = s(z),(8)

where the initial conditions areQ2(0) = 0 andQ′2(0) = 0. From there, and in a manner
similar to that shown in the proof of Theorem 3, we find

Q2(z) = 1

(1− z)α
2F1

(
1− α,−α

2

∣∣∣∣ z)∫ z

0

∫ x

0

t2
2F1

(
1− α,−α

2

∣∣∣∣ t

)
s(t)dt

(1− t)α

(9)

× (1− x)2α dx

x2
2F2

1

(
1− α,−α

2

∣∣∣∣ x

) ,
where nowα is the solution of the indicial equation, given byα = (√17− 1)/2 and

s(z) = 4

z(1− z)2α+1 2F2
1

(
1− α,−α

2

∣∣∣∣ z)− 4

z(1− z)3
.

The third and final step is to work out asymptotic expansions forE[Q
2
n] as in Section 4

and then forV[Qn].

6. Partial Match in Relaxed Kd-Tries. As we did for relaxedKd-trees in the pre-
vious sections, it is convenient to start defining a bivariate generating functionC(z,u)
associated to the costsCn of a partial match in a random relaxedKd-trie of sizen,
wheres out of theK attributes have been specified. Again,ρ = s/K and 0< ρ < 1.
However, the analysis ofKd-tries makes it advisable to defineC(z,u) as the exponential
generating function of the probability generating functionsCn(u) = n! [zn]C(u, z) =∑

k≥0P [Cn = k] uk rather than the ordinary generating function of theCn(u)’s.
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PROPOSITION6. Let C(z,u) be the bivariate generating function

C(z,u) =
∑
n≥0

∑
k≥0

P[Cn = k]uk zn

n!
.

It satisfies

C(z,u) = ρuez/2C
( z

2
,u
)
+ (1− ρ)uC2

( z

2
,u
)
+ (1− u)(1+ z).

PROOF. It is more or less immediate from the recursion of pm(·) and the Bernoulli
model: the bits of the multidimensional keys are independently generated and with
symmetric probability, i.e.,

P
[
the i th bit of x( j ) = 0

] = P [the i th bit of x( j ) = 1
] = 1

2,

for any i , any keyx, and any of its attributesj , 0≤ j < K . Indeed, let

C(z,u) =
∑

t

λ(t)upm(t) z|t |

|t |! ,

where the sum extends to all binary treest andλ(t) now denotes the probability that|t |
random bitstrings produce a trie whose shape ist . For the Bernoulli model we have

λ(t) =
1 if |t | ≤ 1,

2−|t |
( |t |
|t1|
)
· λ(t1) · λ(t2) if t = ◦(t1, t2).

The rest of the proof is routine algebraic manipulation.

The analysis of the expected value ofCn and its variance follow from differentiation
of C(z,u) with respect tou and settingu = 1; but because of the difference-differential
equation satisfied byC(z,u), we would rather work with its Poisson transform̂C(z,u)
of C(z,u).

PROPOSITION7. The Poisson transform̂C(z,u) = e−zC(z,u) satisfies

Ĉ(z,u) = ρuĈ
( z

2
,u
)
+ (1− ρ)uĈ2

( z

2
,u
)
+ (1− u)(1+ z)e−z.

7. The Average Cost. LetC1(z)be the exponential generating function of the expected
values ofCn and letĈ1(z) = e−zC1(z) be its Poisson transform.

Hence, ifĈn = n! [zn]Ĉ1(z), then

E [Cn] = n! [zn]C1(z) =
∑
k≥0

(
n
k

)
Ĉk.(10)

Our plan to getE [Cn] is therefore more or less standard: (1) from the functional equation
satisfied byĈ1(z) it is almost straightforward to obtain its coefficientsĈn; (2) an asymp-
totic estimate for the expected valuesE[Cn] sought then follows from the application of
Rice’s method [8] to (10).
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PROPOSITION8. The generating function̂C1(z) satisfies

Ĉ1(z) = 1− (1+ z)e−z+ (2− ρ)Ĉ1

( z

2

)
.

Furthermore, its coefficients are, for n ≥ 1,

Ĉn = (−1)n(n− 1)

1− (2− ρ)2−n

andĈ0 = 0.

PROOF. The functional equation satisfied bŷC1(z) = e−zC1(z) trivially follows by
differentiating the functional equation given in Proposition 7 with respect tou and
settingu = 1, since

Ĉ1(z) = e−zC1(z) = e−zCu(z,1) = Ĉu(z,1).

From the equation for̂C1(z), we get its coefficientŝCn almost effortlessly:

Ĉn = (−1)n(n− 1)+ (2− ρ)2−nĈn.

The proposition above completes the first part of the analysis, so we can now produce
an exact solution for the expected value ofCn, as announced:

E[Cn] =
n∑

k=1

(
n
k

)
(−1)k(k− 1)

1− (2− ρ)2−k
.(11)

However, the solution above gives us little information about these expected values.
Alternating sums such as the one above are also difficult to evaluate numerically because
of the cancellations. Hence, the next step is to produce an asymptotic expansion forE[Cn],
a task which is becoming almost mechanical thanks to increasingly better understood
“technologies” such as Rice’s method and others akin to the Mellin transform [8]. Briefly
stated, we can convert the alternating sum into an integral in the complex plane by a
judicious choice of the integration path and then apply the residue theorem:

n∑
k=n0

(
n
k

)
(−1)k fk = − 1

2π i

∫
C

f (z)
0(n+ 1)0(−z)

0(n+ 1− z)
dz

=
∑
σ

Res

[
f (z)

0(n+ 1)0(−z)

0(n+ 1− z)
; z= σ

]
,

where the last sum extends to all polesσ not in [n0,+∞).

THEOREM5. Let Cn be the cost of a partial matching query with s out of K specified
attributes in a random Kd-trie of size n. Then

E [Cn] ∼ nL

log 2
((L − 1)0(−L)+ δL(log2 n)),
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where L= log2(2− ρ) and

δL(x) =
∑
k 6=0

(
L − 1+ 2π i

log 2
k

)
0

(
−L + 2π i

log 2
k

)
e2π ikx

is a periodic function of period1, mean0, and small amplitude(¿ 10−6, for all ρ). Its
absolute value is bounded by a small constant depending onρ, slightly larger for larger
values ofρ; for instance, if ρ = 0.999 the absolute value is bounded by5 · 10−7, for
smaller values ofρ the bound is even smaller.

PROOF. Set fk = (k− 1)/(1− (2− ρ)2−k), so (11) reads

E [Cn] =
n∑

k=1

(
n
k

)
(−1)k fk.

A suitable analytic continuation forfk is obviously

f (z) = z− 1

1− (2− ρ)2−z
,

whose singularities are located at

z= χk = log2(2− ρ)+
2π i

log 2
k, k = 0,±1,±2, . . . .

Each one of these is a simple pole, and, hence,
n∑

k=1

(
n
k

)
(−1)k fk =

∑
k

n! Res

[
f (z)

0(−z)

0(n+ 1− z)
; z= χk

]
.

Let L = log2(2− ρ). The residue atz= χk is given by

n! Res

[
f (z)

0(−z)

0(n+ 1− z)
; z= χk

]
= L − 1

log 2

(
1+ 2π i

(log 2)(L − 1)
k

)
· nL · e2π ik log2 n · 0

(
−L − 2π i

log 2
k

)
.

The statement of the theorem follows after a few simple manipulations and simplifica-
tions.

The behavior ofδL(x) (its small amplitude and the bounds on absolute values) follows
because the modulus of the gamma function decreases extremely fast along any vertical
line in the complex plane.

In Figure 5 we plot the difference between 1− ρ and the exponent ofn in the cost
of partial matches for standardKd-trees (ϑ(ρ)), for relaxedKd-tries, and for relaxed
Kd-trees. The horizontal axis would correspond to standardKd-tries as the exponent
in their expected cost is 1− ρ. The exponent in relaxed (standard)Kd-trees is bigger
than the exponent in relaxed (standard)Kd-tries as expected: tries tend to be more well
balanced than search trees. It is a bit more surprising that standardKd-trees perform
slightly better than relaxedKd-tries (the difference never exceeds 0.025, but is not 0).
The variance due to the relaxation of discriminators is the cause.
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Fig. 5.Excess (with respect to 1− ρ) of the exponent in the average cost of partial match.

8. The Variance. Let C2(z) be the exponential generating function of the second
factorial moments of the number of comparisons and letĈ2(z) be its Poisson transform.

PROPOSITION9. The generating function̂C2(z) satisfies

Ĉ2(z) = 2(2− ρ)Ĉ1

( z

2

)
+ (2− ρ)Ĉ2

( z

2

)
+ 2(1− ρ)

(
Ĉ1

( z

2

))2
.

Furthermore, its coefficients are, for n ≥ 2,

Ĉ(2)
n = (−1)n(n− 1)(2− ρ)21−n

(1− (2− ρ)2−n)2
+ (−1)n(n− 1)(2+ 2n−2(n− 4))(1− ρ)21−n

(1− (2− ρ)22−n)(1− (2− ρ)2−n)

+ (−1)n(1− ρ)(2− ρ)22−n

(1− (2− ρ)22−n)(1− (2− ρ)2−n)

×
n−1∑
`=1

(
n
`

)
(n− `− 1)2−`

`− 1

1− (2− ρ)2−` ,

andĈ(2)
0 = Ĉ(2)

1 = 0.

PROOF. From Proposition 7 we get, upon differentiating twice with respect tou and
settingu = 1, the functional equation for̂C2(z).

Reading off the coefficients we find

Ĉ(2)
n =

n! [zn]
[
2(2− ρ)Ĉ1(z/2)+ 2(1− ρ)(Ĉ1(z/2))2

]
1− (2− ρ)2−n

= (2− ρ)21−n(−1)n(n− 1)+ (1− ρ)21−nn! [zn]Ĉ2
1(z)

1− (2− ρ)2−n
.
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We thus have to find the coefficientŝAn = n! [zn]Ĉ2
1(z). From Proposition 8, squaring

the closed form forĈ1(z) we get

Ĉ2
1(z) = (1− (1+ z)e−z)2+ 2(2− ρ)(1− (1+ z)e−z)Ĉ1

( z

2

)
+ (2− ρ)2Ĉ2

1

( z

2

)
.

Therefore, we have

Ân =
n! [zn]

[
(1− (1+ z)e−z)2+ 2(2− ρ)(1− (1+ z)e−z)Ĉ1(z/2)

]
1− (2− ρ)22−n

.

Finally, we obtain the formula sought for thêAn from

n! [zn](1− (1+ z)e−z)2 = (−1)n(n− 1)
[
2+ 2n−2(n− 4)

]
(n ≥ 1)

and

n! [zn](1− (1+ z)e−z)Ĉ1(z/2) = (−1)n
n−1∑
k=1

(
n
k

)
(n− k− 1)2−k k− 1

1− (2− ρ)2−k

for n ≥ 2. Putting everything together yields the form given in the proposition.

THEOREM6. Let Cn denote the cost of a partial match query with s specified attributes
out of K in a random relaxed Kd-trie of size n. Then

V [Cn] ∼ n2L

log 2

(
r0(L) · 0(−2L)− (L − 1)202(−L)

log 2
+ δ(2)L (log2 n)

)
,

where L= log2(2− ρ), and

r0(L) = 4(2L − 1)

1− ρ + (2L − 1)(L − 2)(2− ρ)

+ 4
∑
`≥1

(
2L
`

)
(2L − 1− `)2−` `− 1

1− (2− ρ)2−` .

If ρ = 2−√2, i.e., 2L = 1, then r0(L)0(−2L)must be interpreted as the corresponding
limit whenρ → 2−√2.

Furthermore, the fluctuating termδ(2)L (x) has period1 and small amplitude. The
absolute value|δ(2)L (x)| is bounded by a constant depending onρ (actually, on L =
log2(2− ρ); the constant is larger for largerρ). For instance, if ρ = 0.999,|δ(2)L (x)| <
0.012.For moderate values and small values ofρ, the bound is of the order of10−4 or
less. The amplitude itself is much smaller, is¿ 10−6 for all ρ (see Figure6).

The explicit form ofδ(2)L (x) is

δ
(2)
L (x) =

∑
k 6=0

rk(L) · 0
(
−2L + 2π i

log 2
k

)
e2π ikx − δ2

L(x),
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Fig. 6. The fluctuationδ(2)L (x) in the variance of the cost of partial match in relaxedKd-tries (ρ = 0.5,

L = log2(
3
2) ≈ 0.585).

rk(L) = 4(2L − 1+ (2π i/log 2)k)

1− ρ
+
(

2L − 1+ 2π i

log 2
k

)(
L − 2+ π i

log 2
k

)
(2− ρ)

+ 4
∑
`≥1

(
2L + (2π i/log 2)k

`

)(
2L − 1+ 2π i

log 2
k− `

)
× 2−`

`− 1

1− (2− ρ)2−` , k = ±1,±2, . . . ,

andδL(x) is as in Theorem5.

PROOF. From the closed formula for the second factorial momentsE[C
2
n] in Proposi-

tion 9, it is relatively easy to obtain the suitable continuation (i.e.,f (k) = E[C
2
k ] for any

positive integerk):

f (z) = (2− ρ)21−z(z− 1)

(1− (2− ρ)2−z)2
+ (z− 1)(2+ 2z−2(z− 4))(1− ρ)21−z

(1− (2− ρ)22−z)(1− (2− ρ)2−z)

+ (1− ρ)22−z(2− ρ)
(1−(2−ρ)22−z)(1− (2− ρ)2−z)

∑
`≥1

(
z
`

)
(z− `− 1)2−`

`− 1

1− (2− ρ)2−`

+ (1− ρ)(2− ρ)41−z(z− 1)

(1− (2− ρ)22−z)(1− (2− ρ)2−z)2
.

In order to apply Rice’s method, we must compute the residues of

0(n+ 1)0(−z)

0(n+ 1− z)
f (z)
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with real part< 2. First observe that there is no pole atz = 1, since f (1) = 0, unless
ρ = 2− √2 (equivalently, 2L = 1). In any case, careful examination shows that the
dominant singularities are located atz= χk = 2L+ (2π i/ log 2)k, k = 0,±1,±2, . . . ,
and are always simple poles, even if 2L = 1.

The residue off (z) atχk is

r ′k(L) =
4(2L − 1+ (2π i/log 2)k)

(1− ρ) log 2

+ (2L − 1+ (2π i/log 2)k)(L − 2+ (π i/log 2)k)(2− ρ)
log 2

+ 4

log 2

∑
`≥1

(
2L + (2π i/log 2)k

`

)(
2L + 2π i

log 2
k− `− 1

)
× 2−`

`− 1

1− (2− ρ)2−` .

In particular, fork = 0,

r ′0(L) =
4(2L − 1)

(1− ρ) log 2
+ (2L − 1)(L − 2)(2− ρ)

log 2

+ 4

log 2

∑
`≥1

(
2L
`

)
(2L − `− 1)2−`

`− 1

1− (2− ρ)2−` .

Furthermore,

0(n+ 1)0(−χk)

0(n+ 1− χk)
∼ 0(−χk)n

2Le2π ik log2 n.

Factoring out 1/ log 2 from ther ′k’s and collecting together the contributions of the poles
with imaginary part as the first term in the fluctuationδ(2)L (x), we get an asymptotic

estimate ofE
[
C

2
n

]
which, after subtracting the square ofE [Cn] (and addingE [Cn],

but this contribution is asymptotically negligible), yields the asymptotic behavior of
V [Cn].

Thus the standard deviation of the cost of partial match in relaxedKd-tries is of
the same order of magnitude as its expected value. This time such a behavior is rather
surprising as the order of magnitude of the standard deviation of the cost of partial match
in all variants of standard multidimensional digital trees is strictly smaller than that of
the expected value [12], [18].

9. Other Digital Multidimensional Trees. In [11] the cost of partial match for stan-
dard multidimensional digital search trees (DSTs) and Patricia trees (see [14] and [19]
for a description of these alternative digital data structures) was analyzed showing that
in all cases its expected value is2(n1−ρ). Also, Kirschenhofer and Prodinger show that,
with regard to the constant factor in the main order term of the expected cost,Kd-Patricia
perform better thanKd-DSTs and, in turn, these perform better thanKd-tries.
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Fig. 7.The value of the constantβ ′ in the variance of partial match in relaxedKd-tries.

Relaxed variants ofKd-DSTs andKd-Patricia trees are also easy to define. We do not
give the tedious details here, as the techniques that we have to use to analyze partial match
in these digital data structures are basically the same that we have used forKd-tries. For
relaxedKd-Patricia trees we have that

E
[
C[Pat]

n

] ∼ nL

log 2

(
0(−L)

(ρ
2

L − ρ
)
+ δ[Pat]

L (log2 n)
)
,

whereL is as in Theorem 5 andδ[Pat]
L (x) has similar characteristics toδ[Trie]

L (x) ≡ δL(x).
For relaxedKd-DSTs we have

E
[
C[DST]

n

] ∼ nL

log 2

((
−Q(2− ρ)

Q∞

)
0(−L)+ δ[DST]

L (log2 n)

)
,

where

Q(t) =
∏
n≥1

(
1− t

2n

)
, Q∞ ≡ Q(1),

L is as in Theorem 5, andδ[DST]
L (x) is yet another fluctuating function that behaves much

like δL(x).

THEOREM7. Let C[Pat]
n , C[DST]

n , and C[Trie]
n denote the cost of a partial match in a

relaxed Kd-Patricia tree, a relaxed Kd-DST, and a Kd-trie, respectively. Then, for any
sufficiently large value of n,

E
[
C[Pat]

n

]
. E

[
C[DST]

n

]
. E

[
C[Trie]

n

]
.

PROOF. Comparing Theorem 5 and the expressions given above for the expected costs
of partial match in relaxed Patricia and relaxed DSTs, and disregarding the contributions
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of the fluctuating factors, the inequalities follow from (observe that0(−L) is negative
for all 0< ρ < 1)

ρ − ρ
2

log2(2− ρ) >
Q(2− ρ)

Q∞
> 1− log2(2− ρ),(12)

which holds for anyρ, 0< ρ < 1. This can be proved in a direct manner; however, and
surprisingly, it is sufficient to sety = 1− log2(2− ρ); then (12) reads

(1− 2−y)(1+ y) >
Q(21−y)

Q∞
> y,

and those are exactly the inequalities from [11].

10. Final Remarks. The analysis of partial match in relaxed multidimensional trees
(eitherKd-trees orKd-tries) can be done using the same type of techniques that were
used to analyze various relevant parameters in other multidimensional data structures,
namely, standardKd-trees, standardKd-tries, andK -dimensional quadtrees. However,
the analysis of relaxed multidimensional trees is usually simpler due to the nice recursive
probability models that apply for relaxed trees. The analysis shown in this paper also
illustrates that a commonly encountered mistake leads to wrong conclusions: in general
it is not valid to assume that the expected value off (X) is about the same as applying
f to the expected value ofX. In the terms of this paper, even though each possible
coordinate is foundt/K times—on the average—while following any search path of
lengtht in a relaxedKd-tree, the average performance of partial match inKd-trees is
not proportional to that in standardKd-trees (this also holds for relaxedKd-tries versus
standardKd-tries).

Nevertheless, the results of this paper also show that there are contexts where using
relaxed variants of the multidimensional trees might be useful, as the differences in
performance with other multidimensional data structures are not extremely huge (for
practical values ofn) and the relaxed trees offer several advantages for the designer of
algorithms.

Last but not least, we would like to mention that relaxedKd-trees and relaxedKd-tries
can be readily analyzed, at least in a first approximation, with the so-calledcontinuous
master theorem[16]. This theorem provides almost effortlessly the right order of mag-
nitude (α(ρ) − 1, log2(2− ρ)) of the expected cost of partial matches in both relaxed
Kd-trees and relaxedKd-tries. Unfortunately, it cannot provide information about the
constants (constant+ fluctuation, in the case ofKd-tries) nor about the order of magni-
tude of the lower-order terms. Another interesting point is that, using precise asymptotic
estimates for the expected values obtained by some other means, the continuous master
theorem can be applied to get good estimates of the variances, that is, it produces an-
swers of the formβnε +2(nε′) for the variance of relaxedKd-trees, two-dimensional
quadtrees, and relaxedKd-tries, with closed forms forβ, ε, andε′ in each case, which
coincide with those given in Theorems 3, 4, and 6.
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