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Abstract

Evolutionary tree reconstruction is a challenging problem with im-
portant applications in Biology and Linguistics. In Biology, one of the
most promising approaches to tree reconstruction is to find the “max-
imum parsimony” tree, while in Linguistics, the use of the “maximum
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compatibility” method has been very useful. However, these prob-
lems are NP-hard, and current approaches to solving these problems
amount to heuristic searches through the space of possible tree topolo-
gies (a search which can, on large trees, take months to complete). In
this paper, we present a new technique, Optimal Tree Refinement, for
reconstructing very large trees. Our technique is motivated by re-
cent experimental studies which have shown that certain polynomial
time methods often return contractions of the true tree. We study the
use of this technique in solving maximum parsimony and maximum
compatibility, and present both hardness results and polynomial time
algorithms.

1 Introduction

The task of the systematic biologist is to recover the order of speciation
events that gave rise to the observed species under investigation. This order
of speciation events is represented in the topology of the evolutionary tree for
the species. For scientific as well as information-theoretic reasons, locating
the root of the evolutionary tree is quite difficult (and even impossible under
certain models of evolution), so that the primary objective of a phylogenetic
method is the recovery of the unrooted version of the tree that gave rise to
the taxa.

Many of the popular methods in phylogenetic tree reconstruction attempt
to solve NP-hard optimization problems, and are usually implemented as
heuristic searches through the space of different trees, Mazimum parsimony,
mazimum compatibility, and mazimum likelithood are three such optimiza-
tion problems which have been used in biology, but polynomial time meth-
ods, such as neighbor-joining [35], also exist. By assuming a model of how
biomolecular sequences evolve, it is possible to explore the performance of
these methods. A recent result by Tuffley and Steel [39] showed that under a
certain model of biomolecular sequence evolution (which is less constrained
than what is usually assumed), maximum likelihood and maximum parsi-
mony are equivalent. On the other hand, there are conditions under this
general model in which these two methods (and indeed, any method at all



[38, 11]) are inconsistent (a method is said to be inconsistent under a model
of evolution if there are some model trees in that model for which the prob-
ability that the method will recover the correct tree topology given infinite
length sequences is not 1; see [17]). There are conditions under which it is
possible to guarantee that the topology of the tree can be recovered (with
arbitrarily high probability, given long enough sequences), but these condi-
tions are unreasonable with respect to biomolecular sequences, since they
assume that the sites within the sequences evolve identically and indepen-
dently (the iid assumption). Under the iid assumption, however, it is known
that all “reasonable” distance-based methods are consistent, that is, each will
recover the correct topology given long enough sequences ([15, 37]). For this
reason, some statisticians and biologists prefer distance-based reconstruction
methods over parsimony-based methods.

However, heuristic methods for solving parsimony continue to be a major
technique used by systematic biologists, even for large trees (see, for exam-
ple, of a 500 taxon data set), despite its computational difficulties and its
inconsistency under some models of evolution [30, 17]. Furthermore, both
experimental [34, 27] and analytical studies [15, 5, 3, 16] suggest that the
actual sequence length that suffices for the various promising distance based
methods to obtain (with high probability) an accurate topology estimation
may be exceedingly large if the true tree contains significant divergence, even
under the #id assumption. Consequently, although distance-based methods
tend to be fast and are provably consistent under some models of biomolec-
ular sequence evolution, they may not obtain even approzrimately correct
reconstructions of the topology of the evolutionary tree, if that evolutionary
tree is very large and contains significant divergence. On the other hand,
heuristic approaches for the maximum parsimony problem have performed
very well in experimental studies, and often perform significantly better than
the best polynomial time distance-based methods, such as neighbor-joining
[35] in reconstructing very large trees [25, 34, 27]. For this reason, many im-
portant data sets are analyzed in biology using heuristic parsimony searches.
Unfortunately these searches can last for months or longer (see [33]) with-
out necessarily finding the most parsimonious tree(s). This is partly due to
the fact that parsimony is NP-hard to solve exactly [20, 14], and also per-
haps due to the techniques (primarily branch-swapping) that have been used
to search the tree space. Obtaining faster and more accurate methods for



solving parsimony is an important objective in phylogenetics.

Evolutionary studies in Historical Linguistics similarly have the primary
objective of recovering the topology of the evolutionary tree, and here too the
most effective optimization problem (the Mazimum Compatibility problem)
is NP-hard to solve [9, 13, 36]. However, computationally expensive but
exact algorithms exist for the Maximum Compatibility problem [1, 2, 29, 28|
(see [44] for a survey of results related to maximum compatibility). The
application of these maximum compatibility algorithms to linguistic data
for the Indo-European family of languages has potentially resolved conflicts
that have troubled the historical linguistics community for centuries [42, 45].
Further studies by the researchers in this project have indicated that these
current algorithms are not fast enough to handle the more complex data sets
they are encountering in analyzing other language families, such as Dravidian,
and that faster algorithms for the Maximum Compatibility problem (and the
related problems that apply to polymorphic data [10]) need to be developed
(Tandy Warnow, personal communication).

In this paper, we describe new methods for solving parsimony and com-
patibility, and at the same time we present a new general technique for tree
reconstruction. Our methods and general technique are motivated by recent
experimental studies [27, 8, 26|, which demonstrated that some fast tree con-
struction methods return with high frequency a contraction of the true tree
(that is, the reconstructed tree can be obtained from the true tree by con-
tracting some set of edges). Consequently, the true tree is a refinement of the
reconstructed tree. We pose and study the Optimal Tree Refinement Prob-
lem, and consider this problem specifically for the maximum parsimony and
maximum compatibility optimization criteria. Although some of our results
are negative, showing that generally the optimal tree refinement problem is
NP-hard to solve, we also obtain algorithms which will be efficient for many
of the cases that we may expect to find in practice. We conclude with open
problems.



2 Definitions

Definition 1 We let [r]* denote the set of k-tuples over {1,2,...,1}.

Definition 2 Let S be a set of n taxa. Then T s leaf-labelled by S if the
leaves of T are bijectively labelled by S.

Definition 3 An n-star is a tree with n leaves and exactly one internal
node.

Definition 4 Let T\ and T, be two trees each leaf-labelled by S. Suppose Ty
can be obtained from T, by contracting some of the edges in Ty. Then, T} is
a refinement of Ty, and T5 is a contraction of T;.

Definition 5 Let G = (V, E) be a graph. For any v € V, the degree of v
is degree(v) = [{w € V : (v,w) € E}|, i.e. the number of edges incident to
v. Given a path between two nodes, the length of this path is the number of
edges that it contains.

Definition 6 The height of a rooted tree T is the maximum length of all
root-to-leaf paths in T'.

Definition 7 Let S be a set of taza (i.e. species, languages, etc.). A char-
acter is a function c: S — {1,2,...,7}. Each c(s) is called the character
state of ¢ on species s.

Let C be a set of k characters. Each species in S is identified with a vector
of length k over the integers, so that S C [r]*. Thus, for the i** character
in C', the character state of this character on a species s € S is equal to the
i'" component of the vector for s. When dealing with a set of aligned bio-
molecular sequences, each column (or site) in the alignment corresponds to a
character. For example, assuming no insertions or deletions in the alignment,
for DNA sequences, each character has four character states - A, C, T, and

G.



Definition 8 Let T be a tree leaf-labelled by S and let L be a labelling that
assigns a vector from [r]* to each internal node in T. Then the cost of T
under this labelling L (denoted by cost(T, L)) is the total number of times
each character changes state in the tree. This may also be calculated as

cost(T, L) = > Hamming(e),
e€cE(T)

where Hamming(e) is the Hamming distance between the endpoints of e,
i.e. Hamming(e) = |{i: x; # y;}|, where e = (z,y).

The parsimony score of 7' is then the minimum of cost(T, L), taken
over all possible internal labellings L of the nodes of 7. The problem of
finding the tree with the lowest cost for a given set of sequences which will
label the leaves of the tree is the maximum parsimony problem.

We now define the maximum compatibility problem. As before, let
T be a tree leaf-labelled by S, and let L be an internal labelling of the nodes
of T, where all labels and elements in S are drawn from [r]*. Now consider
a particular character ¢, and let r. be the number of distinct values at the
leaves for this character. It should be clear that no matter how the internal
nodes of the tree are labelled in L, that the tree T must contain at least
r. — 1 edges on which this character changes state between the endpoints.

Definition 9 Any character ¢ which has the property that on (T,L) it
changes exactly r. — 1 times is said to be compatible or convex on (T, L).
A character which is not compatible on T is said to be incompatible.
The number of such characters that are compatible on (T, L) is denoted by
compat(T, L).

The compatibility score of T is then the maximum of compat(T, L),
as L ranges over all possible ways of labelling the internal nodes of 7". The
problem of finding the tree with the highest compatibility score for a given
set S is the maximum compatibility problem.



Both mazimum parsimony and mazimum compatibility are NP-hard op-
timization problems, even when set C' consists of binary characters (that is,
each character ¢ € C maps S to {0,1}) However, the related problems of
determining the optimal labelling (with respect to either the parsimony or
compatibility criteria) of a fixed leaf-labelled tree is solvable in polynomial
time, using the Fitch-Hartigan algorithm

There is a relationship between maximum compatibility and maximum
parsimony, which we now describe. When it is possible to obtain a tree 1T’
for a given set S of taxa defined by characters C', on which all characters are
compatible, then 7T also has the minimum possible parsimony score. Con-
sequently, such a tree optimizes both the maximum compatibility and the
maximum parsimony problem. When such a tree exists, it is called a perfect
phylogeny, and the set C of characters is said to be compatible. Conse-
quently, the perfect phylogeny problem is also known in the literature as the
character compatibility problem. (See [44, 43, 18] for a review of this and
related problems.)

As noted earlier in this paper, some experimental performance studies
suggest that some methods frequently return contractions of the true tree.
This motivates the following problems.

Optimal Tree Refinement with respect to Parsimony: (OTR-
parsimony)

Input: A tree T which is leaf labelled by S (described by a set C' of charac-
ters).

Output: A refinement 7" of T, such that the cost of T" is the least among
all refinements of 7.

Optimal Tree Refinement with respect to Compatibility: (OTR-
compatibility)

Input : A tree 7" which is leaf labelled by species from S (described by a
set C of characters).

Output : A refinement 7" of T, such that the compatibility score of T" is
the largest among all refinements of 7T'.

Throughout this paper, we will use the following notation for the param-
eters to the problem. We will let



S denote the set of taxa (whether languages, biological species, or
genes) with n = |S]|.

C denote the set of characters with k = |C|.

r to denote the maximum number of states per character.

d to denote the maximum degree of any node in 7.

Some of these parameters may in general be expected to be small on some
of the data sets we examine. For example, in Biology, biomolecular data
(such as DNA or RNA sequences) are typically used to reconstruct trees,
and for such data r is typically 4. When the tree to be refined is significantly
resolved, then d may be quite small, and in general we may expect d to be
not particularly large. On the other hand, k£ is the sequence length, and
when using biomolecular sequences k£ can be on the order of hundreds or
thousands, and n may take any number in a range between, say, 10 — 1, 000.

As discussed earlier, the maximum compatibility and maximum parsi-
mony problems are NP-hard even for » = 2; consequently, OTR-parsimony
and OTR-compatibility will be NP-hard in general. The related perfect phy-
logeny problem is NP-hard in general, but solvable in polynomial time for
the various fixed-parameter versions of the problem (i.e. when r, k, or n is
fixed). (See [28, 1, 2,9, 36, 31].)

3 OTR-parsimony

3.1 Preliminary results on OTR-parsimony
Theorem 1 OTR-parsimony is

(i) Solvable in polynomial time when n is bounded.
(ii) NP-hard for r =2, if k,d, and n are unbounded.
(iii) NP-hard for k =1, if r,n, and d are unbounded.
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Proof.

(i) If n is bounded, then OTR-parsimony is tractable, since an exhaustive
search through all the refinements of the tree 7" combined with the compu-
tation of the optimal labellings of the tree (using [19, 24]) is a polynomial
time algorithm.

(ii) The reduction is from the maximum parsimony problem on binary
characters (shown to be NP-hard [14]). Given an instance of the maximum
parsimony problem with n binary sequences each of length &, we create an
instance of the OTR-parsimony problem by letting 7" be an n-star and la-
belling each leaf in T distinctly with one of the n sequences. It is then easily
seen that a solution for the maximum parsimony problem is a solution for
the OTR-parsimony problem and vice-versa.

(iii) We now prove that OTR-parsimony is NP-hard for & = 1, when the
degree of the tree, the number of states per character, and the number of
leaves, are all unbounded. The proof is by a reduction from Vertex Cover
which has been shown to be NP-complete [21].

Vertex Cover Problem

Input: A graph G = (V, E) and an integer B.

Question: Does GG have a vertex cover of size B, that is, is there a subset
Vi C V of size B such that for all edges (a,b) € E, at least one of a or b is
in V17

Let (G = (V, E), B) be an input to Vertex Cover. The input to OTR-
parsimony is defined as follows. We make degree(v) copies of each vertex v
in V', and these constitute the species set S. We label these species by the
pair (v,e), so that e = (v, w) for some w. Thus, |S| = 2|E|. There is one
character ¢ defined on S by ¢(v,e) = v. Thus ¢ has |V| states. The topology
of the tree T is as follows. T" has an internal node r with | E| neighbors, each
labelled by an edge from G. The node in T labelled by e is adjacent to (v, e)
and (w, e), where e = (v, w). Thus the tree T has 3|E| + 1 nodes: an inner
node r, a middle ring for the edges from G (called the “edge” vertices), and
the outer ring of leaves, two to each node in the middle ring. We can then
show that G' has a Vertex Cover of size B if and only if we can refine 7" so
that the resultant tree 7" has a parsimony score of at most B — 1 + |E]|.



Suppose G has a Vertex Cover V; of size L, and let Vo = {v1,ve,...,v1}.
For each edge e € F, pick an endpoint within V4, and call it e*. We now
define the topology of 7".

For each v € V;, let E, = {e € E : ¢* = v}. This defines a partition of
E into L' < L sets. We will introduce into 7" L' new nodes, one for each
distinct selected e*. Make every “edge” vertex e in 7" a child of the new node
e*, and let e* be adjacent as well to the internal node r. This is a refinement
of T. We set the c states as follows: c¢(e) = c(e*) = e*, but ¢(r) is selected
arbitrarily from ;. To compute parsimony cost of this tree, note that the
only edges on which any change occurs are from r to the new nodes with
different labels, and exactly one edge incident to a leaf from each “edge”
node. Thus the parsimony cost of 7"is L' — 1+ |E| < L — 1+ |E|.

For the converse, suppose that a refinement 7" of T' has parsimony cost at
most L—1+|E|. The only refinements of this tree are refinements around the
node r, and no matter how one sets the states of the nodes, there is always
at least one leaf-incident edge from each “edge” vertex e that contributes to
the cost. Hence the parsimony cost is at least |E|. To obtain a refinement
that has parsimony cost at most L — 1+ |E| means that we can refine around
r so that the introduced nodes each contribute at most L — 1. Without
loss of generality, we can assume that all the introduced nodes have distinct
c states, and hence there are at most L introduced nodes. Let these be
ai,ag, . ..,a, for p < L, and without loss of generality assume c¢(r) = c¢(ay).
If ¢(a;) # c(e) for some edge node e adjacent to a;, then we can make e
adjacent to r directly. Thus, without loss of generality, c(a;) = c¢(e) for all e
incident to a;. Furthermore, if c(e) & {a,b} for e = (a,b), then by changing
c(e) to be one of a,b, we can modify the c states, and then the topology of
the tree, without worsening the parsimony score. Thus, we can assume that
c(e) = c¢(a;) € {a,b} for e = (a,b) and e incident to a;.

We now show that the set A = {c(a;),i = 1,2,...,p} defines a vertex
cover (we already know that the number of new nodes is at most L). Suppose
not, so that there is some e = (a,b) € E such that {a,b} N A = (. Since
c(e) = c(a;) € {a,b}, this is a vertex cover. |

The proof of Theorem 1(i) is given by a simple exhaustive search algo-
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rithm through all tree topologies. Since we will use that algorithm in a later
section, we give it here:

Algorithm 1: Given 7T, we root it at some node. Then, we simply examine
each refinement and compute its optimal labelling using Fitch-Hartigan [19,
24]. This uses O((2d — 3)!1)%"/(@Dpkr) time, for a tree of height h, degree d,
and having n < d" leaves, where (2d — 3)!! = (2d — 3)(2d — 5)(2d — 7) ... 3.

3.2 Dynamic programming algorithms for OTR-
parsimony

In this section we present three other algorithms for OTR-parsimony. Al-
gorithm 2 is an exact algorithm, Algorithm 3 is a 2-approximation, and
Algorithm 4 is a Polynomial Time Approximation Scheme (PTAS). All these
algorithms share a common structure and are based upon a dynamic pro-
gramming formulation of the OTR-parsimony problem.

Recall that parsimony is the Steiner Tree problem for Hamming distances
in which the input is a set S of sequences of length £ over the alphabet
1,2,...,r, and any sequence of the same length can label the internal nodes
of the evolutionary tree. However, if we restrict the set of labels that may be
used at the internal nodes (the Steiner points), then we can approzimate the
optimal parsimony tree; for example, if we restrict these labels to be drawn
from the input set S, then we obtain a 2-approximation, and it is achievable
in polynomial time using standard minimum spanning tree algorithms (this
is a well-known and classical result in phylogenetics, but see [43] for a proof).
Thus, although accuracy is compromised, the decrease in running time can
be significant.

As we will show, we may also obtain approximate solutions for OTR-
parsimony and bound the loss of accuracy through restricting the set of
Steiner points.

The OTR-parsimony problem allows the internal nodes of the refinement,
to be assigned any sequence in [r]*, and the variations we will consider will
permit the internal nodes to be drawn from proper subsets of [r]*.

11



Definition 10 Let £ and A denote subsets of [r]*. Let pars;(A) denote the
parsimony score of the most parsimonious tree for leaf set A, given that all
internal nodes are labelled by L. Let OT Ry-Parsimony be the problem:

e Input: Tree T leaf-labelled by S C [r]*

e Output: TreeT" refining T with all internal nodes labelled by sequences
drawn from L, of minimum parsimony score.

Thus, if £ = [r]*, then we have the original OTR-parsimony problem,
but if we restrict £ we may obtain faster algorithms at the cost of accuracy
with respect to the original OTR-parsimony problem. We will show that
by restricting £ to be S, we can obtain a 2-approximation algorithm, and
that by a variant in which some nodes in the refinement are labelled by S
and others have labels drawn from [r]¥ we can obtain a polynomial time ap-
proximation scheme (PTAS). Both these approximation algorithms and the
exact algorithm for OTR-parsimony have a dynamic programming structure,
which we now describe.

Definition 11 Let T" be an arbitrary refinement of T. We associate each
node in T to a unique node in T', as follows. Forv € V(T), we denote by T,
the subtree of T rooted atv. For each nodev € V(T), let S, be the set of leaves
in T,; we then associate to v the node v' € V(T") defined by v' = lcag(S,)-
We will call this mapping from V(T) to V(T') the canonical mapping,
and denote by v' the image of v in T' under the canonical mapping. Note
that this natural mapping is injective. Given a node v € V(T') with children
V1,V ...,V (P < d), let Fr/(v) denote the minimal subtree of T' containing
the node set {v', (v1), (ve)',...,(vp)'}. Let s € L, and let v € V(T). Then
costr (v, s) will denote the cost of the most parsimonious refinment of T, given
that v is labelled by s and all internal nodes of the refinement are drawn
from L. (In other words, costc(v,s) is the parsimony score of the solution
to OTR; — Parsimony applied to the set L, U {s}, where L, denotes the
sequences labelling the leaves in T,.)

Thus, we can solve OT R —parsimony by finding the minimum cost(root, s),
as s ranges over L. Furthermore, if we compute all cost(v, s) from the bot-
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tom up, then solving cost(w, s) depends only upon the previously computed
cost(v, s') for v € Children(w) and s’ € L, as we now show.

Let w have children wy, ws, ..., w,, and let 7" be a solution to OT R, —
Parsimony for L, U{s}. Let w},wy, ..., w, be the nodes in T" associated to
Wy, Wy, - . -, Wy, and let A C L be the set of sequences labelling wy, wy, . .., w,

in 7" given the optimal £-labelling. Note that |A| < p < d, since A may have
fewer than p sequences in it, if some sequence labels more than one node in
the tree 1".

Now, the parsimony score of 7" is the sum of the weights of all edges, and
the edges in T" can be partitioned into p + 1 sets, as follows. Let B; be the
edges in T" below w;, for i = 1,2,...,p, and let By be the remaining edges,
so that By are edges which fall between w’ and w) for some . Then, it is
easy to see that

P
cost(w, s) = > Y Hamming(e).
1=0 e€B;

Now,
Z Hamming(e) = parsg (AU {s}),

e€By

and
> Hamming(e) = cost(w;, a),
e€B;

for some a € A. Therefore,

P
cost(w, s) = minacc{pars.(AU{s}) + > best(w;, A)},

where the minimum is taken over all subsets A C L of cardinality at most p,
and where
best(w;, A) = min{cost(w;,a) : a € A}.

These observations allow us to formulate a dynamic programming algo-
rithm for OT R-Parsimony as follows:

Dynamic Programming Algorithm for OT R, -Parsimony:

13



1. Preprocessing: Compute pars.(A’) for all sets A" C L of at most
d + 1 elements.

2. Compute cost(w,s) for all w € V(T) and s € L: Starting at the
leaves and moving upwards towards the root, compute

cost(w, s) = mina{parsg(AU{s}) Z best(w;, A

where the minimum is taken over all subsets A C L of at most d
elements.

3. Return mingec{cost(root, s)}.

Running time of the dynamic programming algorithm. We now
discuss the running time of this dynamic programming algorithm for OT R -
Parsimony.

We have two approaches for preprocessing, in which we compute
parsc(A") for all sets A’ C L of cardinality at most d + 1. The first ap-
proach actually computes this value, but the second approach potentially
obtains a better value than can be obtained by using only labels from L;
this does not cause us any problem for our applications, since we are using
OT R-Parsimony in order to approximate QT R-parsimony.

The first of our two approaches simply examines all sets B C L of car-
dinality at most 2d — 1, and computes the minimum spanning tree on B.
This technique amounts to determining not only the labels for the nodes w’
and wy, wy, . . ., w,, but also for all the nodes that will be introduced into 7"
between w' and w! for some 7. This technique uses O(d?k|L|?*?) time.

The other approach computes parspx(A’) for all sets A" C L of cardi-
nality at most d + 1. This may obtam better scores than can be obtained
by solving parsc(A’), since the set of Steiner points is larger, but allows
us to use standard techniques (exhaustive search and branch-and-bound)
in conjunction with the O(drk) Fitch-Hartigan [24] algorithm. There are
f(d) = (2d—3)(2d—5) ... 3 possible trees on d+1 leaves which have to be ex-
amined, so that this approach uses O(rkd|L£|**! f(d)) time. Since f(d) < |£|¢,
this second technique is faster than the first.

14



The third step, computing mingec{cost(root, s)}, takes only O(|L£]) time.
Consequently, we summarize this as follows:

Theorem 2 We can “solve” OT R;-Parsimony in O(nrkdf (d)|L£]?1) time.

(Note: We have put quotes around “solve” in order to emphasize that
using the algorithm described here, we may in fact obtain solutions that are
better than are achievable by only permitting labels to be drawn from L.
Since our restrictions upon £ are made only to improve upon the running
time and at the same time obtain bounds upon the approximation ratio, this
is acceptable to us.)

Finally, it is worth noting that although the dynamic programming for-
mulation is stated with respect to computing the parsimony score of the
optimal refinement under the restriction upon Steiner points, it is simple to
modify the algorithm so as to obtain the optimal refinement as well.

3.3 Algorithm 2: Exact algorithm for OTR-parsimony

We can obtain an exact solution to the OTR-parsimony problem if we set
L = [r]*. Applying the algorithm for OT R -Parsimony in this case, we
obtain:

Theorem 3 The optimal refinement of a tree with n leaves labelled by el-
ements of [r]* and degree bound d can be computed in O(nkr*@D+14f(d))
time.

3.4 Algorithm 3: 2-Approximating OTR-Parsimony

We now show that solving OT Rg-Parsimony yields a 2-approximation al-
gorithm for OTR-Parsimony, where S is the set of sequences labelling the
leaves of the tree T'. In fact, we can show that a 2-approximate solution can

15



be obtained in O(n?t'd3(logd+k)) time through a slight modification to the
OT Rs-Parsimony algorithm. These results are based upon

Assume T is rooted and leaf-labelled by elements of S C [r]f. We now
use some techniques and ideas, with appropriate extensions to this problem,
from [40]. We define a lifted labelling of a tree T to be an assignment of labels
to the internal nodes of 7" such that for each node v in 7', the label for v is
drawn (i.e. lifted) from the set of labels of its children. (Our terminology
differs from that in [40], in which a lifted labelling is called a lifted tree.)
Since in the OTR problem, we simultaneously seek a refinement as well as a
labelling, we now extend the definition of a lifted labelling as follows. We say
that T" is a lifted labelled-refinement of T if 7" refines T, and for each
internal node v in 7", the label for v is drawn from the labels of its children.
We now return to the results in [40]:

Theorem 4 [From [40]]: For any tree T and any scoring function on pair-
wise alignments which satisfies the triangle inequality, there is a lifted la-
belling of cost no more than twice the cost of an optimal tree alignment.

Theorem 5 Let T be an arbitrary tree leaf-labelled by elements of [r]*. Then
there exists a lifted labelled refinement of T of cost at most twice the cost of
the optimal refinement.

Proof.  Note that the Hamming distance between two sequences is a scor-
ing function on pairs of sequences, in which deletions or insertions have a
very large cost, and any substitution has the same cost as any other. Con-
sequently, we can apply Theorem 4. Let 7" be the optimal refinement for
T; hence, each node in T" is labelled by elements of [r]®, and T" refines T.
If we consider T" as a leaf-labelled tree, then by Theorem 4, there exists a
lifted labelling of 7" yielding a 2-approximation for the optimal tree align-
ment problem on 7”. T' with this lifted labelling of 7" is a lifted labelled
refinement of 7" with parsimony score at most twice that of the optimal. |

Thus, to 2-approximate the optimal refinement of 7', we find an optimal
lifted labelled refinement of 7". This is done using the dynamic programming
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framework discussed in Section 3.2. If we set £ = S, then at each stage
computing cost.(A(y, s)) is reduced to computing the Minimum Spanning
Tree (MST) with the set A’ C S and A’ < d. Note that the MST computation
combined with the bottom-up approach of the dynamic programming also
ensures that the labelling is lifted. Since |S| = n, there are O(dn?) sets A’,
and each MST computation can be done in O(d?*(logd + k)). Thus the total
running time is O(n?'d®(logd + k)).

Theorem 6 We can obtain a 2-approximation to the OTR-parsimony prob-
lem in O(n1d?(logd + k))time.

3.5 A PTAS:

It is also possible to modify the approximation scheme given in [40] (and
reanalyzed in [41]) to obtain an approximation scheme for OTR-parsimony.
We begin by discussing the material in [40] and [41], which is stated in terms
of solving the optimal tree alignment problem which, as we showed earlier,
relates directly to the OTR-Parsimony problem.

Definition 12 Let T be a rooted leaf-labelled tree and let X be a subset of
V(T) containing the leaves and the root of T. For v € X, a X-child of v is
a node w € X in the subtree of T, such that the internal nodes on the path
fromv tow inT are not also in X. A X-lifted labelling of 7" is a labelling
of the internal nodes of T' such that the label for each node in X 1is drawn
from its X -children. A b-family for a tree T is a set V = {Vy, Vs, ..., Vo_1}
of subsets of V(T') such that V; N'V; = {root(T)} U L(T) Vi, j, i # j, where
L(T) indicates the leaves of T.

Theorem 7 LetV = {V,, Vi,...,Vs_1} be a b-family for a tree T, and let T;
be an optimal V;-lifted labelling of T. Then ¥, cost(1;) < (b+2 - %) cost(T*)
where T™ is T equipped with an optimal internal labelling.

In [41], this theorem is proved for a particular b-family, but the proof goes
through for arbitrary b-familes as well. We continue.
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Definition 13 7" is a X -lifted labelled refinement of T if T refines T
and if the labelling of the internal nodes of T' is a X'-lifted labelling, where
X' is the image of X under the canonical mapping.

Using techniques similar to those used in earlier proofs, we can prove the
following:

Theorem 8 LetV = {Vy, Vo, ..., V, 1} be a b-family for T, and let T; be the
optimal V;-lifted refinement of T. Then

Zcost(Ti) <(b+2- %) cost(T™)

where T™ is an optimal labelled refinement of T. Hence for some 1,
2

cost(T;) < (1+ —

2 *
; @) cost(T™).

We now define the PTAS, that is, a family of algorithms, {A4,,b =
1,2,...}, where A has a guaranteed approximation ratio of (14 % - b%)

Algorithm Aj:

e Step 1: Compute a b-family V = {V;, Vi,..., Vo1 }.

e Step 2: Compute an optimal (S, V;)-lifted labelled refinement T; of T’
foreach:=0,1,...,0— 1.

e Step 3: Let 7" be the T; of minimum parsimony score.

We now present the details of how we accomplish each of these steps.

Step 1: The b-family is computed as follows. Partition the nodes of T by
levels so that each node v is in level i, where i = dist(v, root). Hence, the
root is at level 0, the children of the root are at level 1, etc. V; consists of

the root, internal nodes at levels which are congruent to ¢« modulo b, and all
the leaves. Clearly, V, = {Vy, Va, ...,V 1} is a b-family for 7.

Step 2: We show how to compute an optimal (S, V;)-lifted labelled refine-
ment of T for each : =0,1,2,...,b— 1.
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e Stage 1: For each node v € V; let X (v) denote the V;-children of v, and
let T'(v) denote the minimal subtree of T containing at v and X (v);
thus T'(v) is rooted at v and has leaf set X (v). Note that 7T'(v) has
depth at most b and degree at most d, and hence at most d® leaves. For
each S-labelling L of the nodes in {v} U X (v), let ¢(v, L) denote the
cost of the optimal labelled refinement of 7'(v). The cost of computing
é(v, L) is O(f(d®)rkd®) at worst, where f(d®) denotes the number of
trees on d” leaves. Hence, we can complete stage 1 in O(f(d®)n® rk)
time.

e Stage 2: We define ®(y, s) to be the cost of the optimal (S, V;)-lifted
labelling refinement of 7}, such that s is the label assigned to y. We now
describe the dynamic programming technique for computing ®(y, s).
Suppose we have computed ®(v, s) for each v € V; below y and each
s € S, and we now wish to compute ®(y, s). Let vy, v, ..., v, be the
Vi-children of y. For each S-labelling L of {v} U X (v) such that v is
labelled s, we have already computed ®(v;, L(v;)), and we have already
computed ¢(y, L). Hence we can set ®(y, s) to be the minimum over
all such L of ¢(y, L) + >°; ®(v;, L(v;)). There are O(n®) such L for

each y, s, and hence this costs us O(ndb”) time.

e Stage 3: To find the minimum cost S-labelled refinement, find
minges{P(root, s)}.

The runtime analysis we have given shows that for fixed 7,b with 0 < i <
b—1 and fixed tree T, we can compute an optimal (.S, V;)-labelled refinement
of T in O(f(d*)rkn®*2) time.

Step 3: Having found the optimal (S, V;)-labelled refinement T; of T for

each : =0,1,2,...,b— 1, we then select the best of all such refinements.

We obtain then:

Theorem 9 We can find tree T' such that cost(T") < (14 % - %) cost(T*)

where T" is a refinement of T amd T* is an optimal refinement of T, in
O(f(d)rkn®+2) time.
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4 OTR-compatibility

4.1 Preliminary results on OTR-compatibility

Theorem 10 OTR-compatibility is

(i) Solvable in polynomial time when n is bounded.
(ii) NP-hard for r =2, if k,d, and n are unbounded.
(iii) NP-hard when both r > 4 and d > 5 are fized.

Proof.

Parts (i) and (ii) are similar to Theorem 1. (The reduction in part (ii)

is from the maximum compatibility problem on binary characters shown to
be NP-hard in [13]).

(iii) We now prove that the version of OTR-compatibility for = 4 and
d = 5 is NP-hard. The reduction is from the NP-Complete problem, Exact
Cover by 3-Sets [21].

Exact Cover by 3-Sets problem

Input: A set X = {z,29,...,23,} and a set S = {¥},Y5,..,Y,,} where each
Y, € S is a three-element subset of X.

Question: Is there a subset S’ C S with |S’| = ¢ such that Uy,csY; = X7

We will consider the version of this problem in which each element x; € X
appears in at most three elements of S. This version is also known to be NP-
complete [21].

Let I be an instance of the Exact Cover by 3-Sets problem. We will
construct an instance I' of the OTR-compatibility problem as follows: The
tree T will have the topology as shown in Figure 1.

The idea is to have each element of X correspond to an internal node of 7.
Thus T has | X|, or 3¢, internal nodes. Each internal node v; (corresponding

20



<

AN S

Figure 1: Topology of tree T’

q

to element x; € X) has 3 leaves incident on it. Thus the total number of
species in I' is 3| X|, or 9g. We will use s}, s2, s? to denote the three species
adjacent to the internal node v; in T. Also, each element of S will have
a character that corresponds to it. Thus we will have m characters in the
character set of I'. We will use C = {¢|Y] is an element of S} to denote the
set of characters.

Each ¢; € C will be a 4-state character with states 0,1, 2,3, and is such
that for each 1, either ¢;(s}) = ¢(s?) = ¢;(s?) = 3, or two of the species in the
set {s},s? s} will have state 3 and the other species will have state 0,1 or
2. We will now describe how the states are assigned to the species. Let ¥;, =
{Zi,, Tip, Tiy }. Now, for all i & {i1,10,13}, set ¢, (s}) = ¢, (8?) = ¢, (s3) = 3.
Let z;, also appear in Y}, and Y;,. We will describe how to set the character
states for the characters ¢, ¢;, and ¢, on the species s , 2, s? . Each of the
three characters will have the state 3 on two of the species and one of either
0,1, or 2, whichever has been unused before, on the third species. Without
loss of generality, assume that for ¢;,, we have not used any of the states 0, 1
or 2 earlier. Similarly, for ¢;,, suppose we have already used state 0 earlier
and for ¢;,, we have already used states 0 and 1 earlier for some species. For

the species s;,, 57, s;, we will use states 0,1, and 2 respectively for ¢, ¢,
2

117
and c;,. The setting will be as follows : ¢, (s}) = ¢,(s7) = 0,¢,(s}) =

i1
3, ClQ(Szll) =Cy (5?1) =1,q, (5?1) =3, 613(8?1) = C (8?1) =2, ¢4 (8211) =3.

Claim: The tree T has a refinement 7" in which ¢ characters are compatible
if and only if the instance I has an exact cover, i.e. there exist a subset
S" C S such that Uy,csY; = X and |S'| = gq.
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Proof: Suppose T has a refinement 7" in which ¢ characters are compatible.
Let C' = {¢, ¢y, ..., 1, } denote this set of compatible characters. Then we
claim that v;,,Y},,..., Y, is an exact cover. To see why, suppose that ¥;, and
Y, share an element z;, in common. Then, looking at species s; , s, and s ,
we see that on no refinement of 7" can both ¢;, and ¢;, be made compatible at
the same time. Thus the set C’ is pairwise disjoint and since it has cardinality

g, we infer that Y;,,Y),,..., ¥, is an exact cover.

Suppose that instance I has an exact cover, denoted by Y;,,Y},,..., Y] .
Then it can easily be seen that the set of characters given by C' =
{c, ¢ty -y, } can be made compatible on a refinement of 7. It is clear
how to obtain this refinement and thus we omit this part. |

We have shown that OTR-compatibility is NP-hard for unbounded degree
trees with binary characters and also for bounded degree trees with r» > 4.
In the following sections we will show:

1. OTR-compatibility is hard to approximate, even when d is bounded.

2. OTR-compatibility on binary characters can be solved in polynomial
time for every fixed degree bound d.

3. The imperfection of a set of binary characters can be 2-approximated
in O(k?n) time, and can be solved exactly in O(k?n + kt + (4/3)'2)
time.

4. Maximum compatibility of r-state characters can be solved in
0(221" kt—|—2n)

4.2 Preliminary material about binary character com-
patibility

In the earlier discussion of compatibility, we stated that a characterc: S — 7
is “compatible” (or “convex”) on a tree T leaf labelled by S if the internal
nodes of the tree can each be labelled by states for ¢ so that ¢ changes state
exactly 7. — 1 times (where r. is the number of states ¢ attains on S), and a
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set C' of characters is compatible if there exists some tree T on which all the
characters in C' are compatible.

There are particular statements we can make when the characters are
binary, because then the space of trees on which the characters are compatible
has a unique minimal element with respect to refinement.

First, we define the character encoding of the tree T as follows.

Definition 14 Fach edge e in the tree T defines a bipartition on the leaves
of T and hence can be described by a binary character c.. The collection
{c. : e € E(T)} is the character encoding (or set of splits) of T, and is
denoted by C(T).

The following lemma is part of the standard literature (see [22]):

Lemma 1 Let C be a collection of binary characters defined on a set S.
Then there is a tree T' on which every character in C is compatible if and
only if every pair of characters in C is compatible. Furthermore, given a

set C' of compatible binary characters, there is a unique tree T satisfying
c(T)=cC.

Now, consider the OTR~compatibility problem, in which we are given a
tree 1" and a set C' of binary characters defined on the leaves of 1", and we
wish to find a refinement of 7" on which the maximum number of characters
in C' are compatible. We will show we can solve OTR-compatibility on a tree
T by solving Max Compatibility on a derived set of characters.

Note the following:

Observation 1 Suppose that T' is some refinement of T, and that ¢ € C
is compatible on T' (for some labelling L). Then c is compatible with every
character in C(T).

Consequently, we can preprocess the set C' by deleting from C' any character
which is incompatible with some character in C(T"). (Note that this is not the
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same as deleting characters which are incompatible on T.) This preprocessing
can be done in O(nk) time using an algorithm in [22] for “tree-compatibility”.
We will call the reduced set of characters C*.

We will now prove the following:

Theorem 11 Let T be a tree with a set C' of binary characters defined on
the leaves of T. Let T' be the optimal refinement of T with respect to compat-
ibility, and let C" be the characters in C which are compatible on T'. Then C'
is @ mazimum compatible subset of C*, where C* = {c € C : ¢ is compatible
with every character in C(T)}. Conversely, if C' is a mazimum compatible
subset of C*, then the tree T' defined by C(T") = C(T) U C" is an optimal
refinement of T with respect to compatibility.

Proof. We first prove that the size of a maximum compatible subset of
C* is a lower bound for the number of characters in C' compatible on an
optimal refinement of 7. If C' C C* is a maximum cardinality subset of
compatible characters, then the set C"UC(T) is a set of pairwise compatible
characters, and hence it is setwise compatible by Lemma 1. Furthermore,
there is a tree T" defined by C(T") = C(T)U C". T' is a refinement of T" and
every character in C(T)UC" is compatible on 7". Consequently, the size of a
maximum compatible set of characters in C* is a lower bound on the number
of characters compatible on an optimal refinement of 7.

Now, suppose 7" is an optimal refinement of 7', and that C' C C is the set
of characters compatible on 7’. By Observation 1, it follows that C' C C*,
and that C” is a set of compatible characters. Hence, the number of characters
from C compatible on an optimal refinement of T is a lower bound on the
size of a maximum compatible subset of C*. Since both quantities are lower
bounds of each other, they are identical. |

To summarize, when the set C' only consists of binary characters, then in

O(kn) preprocessing, we can reduce the OTR-compatibility problem to the
Max Compatibility problem on a derived set of binary characters.
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4.3 Maximum compatibility and OTR-compatibility
for binary characters

The result in Theorem 16 indicates that the OTR-compatibility problem is
hard, even to approximate, for bounded degree trees when the set of char-
acters is allowed to have an unbounded number of character states. The
exact algorithm for OTR-compatibility for » > 3 state characters was not
potentially fast enough to be of general use except under unusual circum-
stances. However, when r = 2, then many problems related to maximum
compatibility become tractable. In this section we describe several of these
results.

We now describe how to approximate the imperfection of an optimal
solution to the Max Compatibility problem for binary characters.

4.3.1 Approximating the imperfection of binary characters

Let C be a set of characters defined on a set S of taxa. We begin with some
definitions.

Given C and S, we will define the incompatibility graph, G¢, as fol-
lows. The nodes of G¢ are the elements of C, and the edge (7, 7) is in E(G¢)
if and only if the characters ¢ and j are incompatible. An independent set
in a graph G = (V, E) is a subset Vj C V such that for all nodes v, w in V,
(v,w) & E. A vertex cover in G is a subset V; C V such that for all edges
(a,b) € E, at least one of a or b is in V;. Consequently, the complement of
an independent set is a vertex cover, and vice-versa. Since pairwise compati-
bility of binary characters suffices for setwise compatibility by Lemma 1, the
maximum independent set of G¢ corresponds to the maximum compatible
subset of C. Consequently, if we can find a maximum independent set in G¢
we will have solved the Max Compatibility problem.

The maximum independent set problem is however very hard to solve [7],
but in the cases that we are interested in, the imperfection is generally quite
low (see the discussion in the introduction). Consequently, the size of the
maximum independent set will in general be quite large, and consequently
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the size of the minimum vertex cover (the complement to the maximum
independent set) will be quite small. There is also a very simple and fast
2-approximation algorithm for finding the minimum vertex cover (see [12])
which we will use to obtain a 2-approximation algorithm for the imperfection
t. We now briefly describe the 2-approximation algorithm.

A greedy 2-approximation algorithm for the minimum vertex cover
A matching in a graph G = (V, F) is a subset Ey C F such that no two edges
in Fy share an endpoint. It follows that if V; is a vertex cover Ej is a
matching, then V) contains at least one endpoint from each of the edges in
Ey. Consequently, the size of a minimum vertex cover is bounded from below
by the size of any matching. On the other hand, if Ej is a maximal matching
(meaning there does not exist any matching F; which properly contains Ej),
then the set V* which contains both endpoints of every edge is a vertex
cover (since its complement is an independent set), and its cardinality is
bounded from above by twice the size of a minimum vertex cover. Obtaining
a maximal matching in a graph is a trivially easy problem — simply remove
an edge and both its endpoints from the graph, until there are no remaining
edges. The edges that have been removed constitute a maximal matching.
This is an O(|V| + | E|) algorithm, and it produces a 2-approximate solution
to the minimum vertex cover.

Consequently, the following holds:

Theorem 12 The imperfection of a set of binary characters can be 2-
approzimated in O(k?n) time.

Proof. ~ We begin by constructing the incompatibility graph G; this takes
O(k?n) time since pairwise compatibility of two characters takes O(n) time.
Then we use the 2-approximation algorithm for the minimum vertex cover
[12], which takes O(k?) time. The complement of the vertex cover is then
an independent set in G¢ and hence denotes a set C’ of pairwise (and hence
setwise) compatible characters, with |C'| > k—2t. 1

26



4.3.2 Solving Max Compatibility of binary characters

We now describe a simple algorithm to solve the maximum compatibility
problem for binary characters.

We begin by constructing G, the incompatibility graph. We then com-
pute a 2-approximation to the imperfection using the above algorithm. This
explicitly gives us a vertex cover V; of size at most 2¢, and furthermore Vj
consists of both endpoints of p < ¢ edges (this follows from the greedy algo-
rithm used to approximate the vertex cover). The complement of V4 is an
independent set, V;. Now, consider a maximum independent set I in G.
Let A; = I NV, Note that although many different I define the same Aj,
for each set A C V4 there is a unique maximum such independent set (A)
such that I(A) NV = A. This I(A) is defined by I(A) = AU (V1 —T'(4)),
where ['(A) denotes the neighbors of A. Consequently, to find a maximum
independent set, we examine all possible sets A C V; and then in O(k?) time
per set A, we compute I(A). At the end, we return a largest such set I(A).
All we need to do is to compute how many different sets A there are, and
show we can list them efficiently. There are only 3P sets A, since each A con-
tains at most one of the endpoints of each of the p edges used to construct
Vh. We do not have to keep track of more than one set A at a time, so that
this does not incur a cost in terms of space.

This technique, which is similar to the one in [32], provides an O(k*n +
3'k?) solution to the maximum compatibility problem. However, a faster
algorithm is given in [6] which computes a vertex cover of size ¢ in O(kt +

(4/3)142).

Consequently, we have the following:

Theorem 13 The mazimum compatibility problem can be solved in O(k*n+
kt + (4/3)%?) time, where there are k binary characters defined on n taza,
and having tmperfection t.

We now address the final result regarding character compatibility for
binary characters, which is useful when ¢ (the imperfection) is not small
enough to make the exact algorithm feasible, but d (the maximum degree)
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is small enough to use another technique. Once again, we note that no
character which is incompatible with 7" will be compatible on any refinement
of T', and hence we preprocess the data by deleting all such characters.

Let V be the set of internal nodes in T. Consider the set E’ of edges
of T" where each e; = (u,v) € E' is such that neither u nor v is a leaf.
Subdivide each edge e; = (u,v) € E', by adding a new node w; on e; (i.e.
add edges (u, w;), (w;, v) and remove (u,v)). Let T' be the resulting labelled
tree. Recall that each leaf in 7' (and hence in T") is a species from S and
hence each leaf is assigned a state for each character. We now show how to
extend the characters to take values on the added nodes, w;. The deletion
of the node w; from T" creates two subtrees. For each character ¢, if there
are leaves in the two subtrees having the same state for ¢, then we assign
c(w;) to that shared state. If there are two different states which are shared
between the two subtrees, then ¢ is not compatible on any refinement of 7,
and we would have deleted ¢ from the set. The final possibility is that no
state is shared between the two subtrees, in which case we assign a new state
to that node. In this way, we have set states for each of the characters on
each of the newly introduced nodes, w;. We now show how this permits us
to solve O(n) independent Max Compatibility instances.

Let v be one of the internal nodes in 7" and let S, be {v}UI'(v) where I'(v)
is the neighbors of v in the new tree, 7". It is then easy to see that for each
character ¢ € C, there is at most one set S, on which c¢ is not constant (this
is due to the fact that the characters are all binary, and all characters that
are not compatible on any refinement of 7 have already been eliminated).
For this reason, the imperfection of the set C (i.e. the number of characters
which are incompatible on some fixed optimal refinement of T') is precisely
the sum, over all internal nodes v € V(T), of the imperfection of C on S,.
This quantity can be estimated (either exactly or approximately) by using
the appropriate Max Compatibility algorithm for binary characters.

We summarize our results on binary characters as follows:

Theorem 14 The imperfection of the optimal refinement can be 2-
approzimated in O(nk?) time. The OTR-compatibility problem can be solved
ezactly in O((4/3)ng® 4+ k*n? + kqn) time, where q is the mazimum imperfec-
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tion on any subproblem S, and in O(f(d)nk) time, where f(d) is the number
of rooted binary trees on d nodes.

4.4 Max Compatibility and OTR-compatibility for r» >
3

We can show that approximating OTR-compatibility for a bounded degree
tree is as hard as approximating MAX Independent set on graphs [4]. We
begin with a result from [4] on maximum independent set.

Theorem 15 [}] There is an € > 0 such that approzimating MAX Indepen-
dent set within a factor n¢ is NP-hard, where n is the number of vertices in
the input graph.

Theorem 16 Let T be a bounded degree tree with leaf set S (described by
a set C of k characters). Then there is an € > 0 such that approximating
OTR-compatibility within a factor k¢ is NP-hard.

Proof.  We will give a simple reduction from the Independent Set problem.

Let G = (V, E) be the graph, with n nodes and m edges, in the instance
I of the Independent Set problem. We will construct the instance I’ to the
OTR-~compatibility problem as follows. The tree T is given in Figure 2. Note
that it has degree bounded by 5.

AR A

Figure 2: Topology of tree T’

U

m

T has m internal nodes, uy, us, ..., U, where node u; corresponds to edge

e; € E. We will use s},s?, s to denote the three species adjacent to the
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internal node wu; in T. Let A denote the set of species. We will define n
characters, ci, ¢, ...., ¢, where, the idea is that, character ¢; corresponds to
node v; € V. We now describe how the character states are set for the species
in A.

Let e; = (v;,vx) be an edge in E. Then, for all [ ¢ {j, k}, set ¢(s}) =
a(s?) = ¢(s?) = 1. Also, set
¢j(s;) = ¢i(s7) =k, ¢i(s7) = J,
cr(s;) = cu(s7) = J, er(s?) = k.

We make the following easily proven claim.

Claim: The graph G has an independent set {v;,, vs,, ....,v;, } if and only if
the character set {c;,, ci,, -..., ¢i, } can be made compatible on some refinement
of T'.

Because of the nature of the reduction (i.e. an independent set of
size p corresponds to a refinement of 7" with p compatible characters and
vice-versa), it can be seen that approximating MAX OTR-compatibility for
bounded degree trees is at least as hard as approximating MAX Independent
set. |1

We describe an algorithm to solve the OTR-compatibility problem that
runs in time exponential in the incompatibility score ¢ and r. We make use
of the O(2?"nk?) time algorithm of [28] for finding perfect phylogenies.

Examine all subsets of characters, from largest to smallest, and find the
first such subset Cj such that Cj is compatible with 7" (that is, every character
in Cy is compatible on some refinement of 7'). This is equivalent to testing
whether C(T) U Cy has a perfect phylogeny, where C(7') is the character
encoding of 7. By the above, this can be tested in O(2* k?*n) time for each
set Cy, for a total of O(2?"k'™n) time. Thus, we have:

Theorem 17 OTR-compatibility can be solved in O(2%"k2n) time.
Algorithm :

Begin

For each Cy C C, where |Cy| =k —t, do
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e For each internal v € T which has degree greater than 3, do:

1. Let I'(v) = T'1(v) U T'9(v) where T';(v) consists of all the neigh-
bours of v which are leaves and I'y(v) consists of all the non-leaf
neighbours of v. For each u; € I'y(v) add a new node w; on the
edge (v,u;). Compute the labelling of w; so as to make every
character in Cy convex (each character must contain every state
that appears on both sides of w,).

2. If some new node has a character that requires more than one char-
acter state for that character to be convex, then RETURN(No).
Let S, = I'i(v) U {w;|w; is a new node and w; is a neighbor of
v}. Use the algorithm of [28] to determine if a perfect phylogeny
exists for (S,, Cp). If any (S,, Cy) fails to have a perfect phylogeny
then RETURN(No), else RETURN(yes).

Return (Yes) if and only if some Cj returns (Yes).
End

The run time of the above algorithm is O (2% k**?n) since there are O(k)
subsets of size k —t, and for each subset Cj of this size, we apply the perfect
phylogeny algorithm to each (S, Cy).

5 Discussion and conclusion

In this paper we have discussed the computational complexity of solving the
Optimal Tree Refinement problem with respect to two optimization criteria,
parsimony and compatibility. This approach to tree reconstruction is moti-
vated by the empirical observation (see [27, 26]) that certain methods are
likely to produce trees that are either contractions or close to being con-
tractions of the true tree. This suggests that that a two-phase process of
evolutionary tree reconstruction (first obtain a contraction of the tree, and
then refine the tree optimally) may produce more accurate topologies than
existing methods. This approach is especially appropriate when the opti-
mization problem is hard to solve, and the two optimization criteria we have
examined (maximum parsimony and maximum compatibility) are both hard
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to solve. Although we show that the OTR-parsimony and OTR-compatibility
problems are also generally hard to solve, the exact algorithms we presented
may be sufficiently fast to be useful in cases where the tree obtained during
the first phase has sufficiently low vertex degree.

It is worth noting that the approximation algorithms we provided for
the OTR-parsimony and OTR~compatibility problems can be used to obtain
bounds on the scores achieved by the optimal solutions to these problems,
as Gusfield and Wang noted in [23]. Thus, these fast algorithms can be
used to obtain better evaluations of trees obtained heuristically, for which no
guaranteed performance ratio can be inferred.

Finally, we have not addressed the problem of optimally refining a tree
with respect to maximum likelihood estimation, which is potentially a very
powerful tool, and we have also not addressed the use of heuristics for solving
OTR problems in general. We leave these problems to later work.

References

[1] R. AGARWALA AND D. FERNANDEZ-BACA, A Polynomial-time Algo-
rithm for the Perfect Phylogeny Problem when the Number of Character
States is Fized, STAM J. on Computing, Vol. 23, No. 6, pp. 1216-1224,
1996.

[2] R. AGARWALA AND D. FERNANDEz-BAcA, Fust and Simple Algo-

rithms for Perfect Phylogeny and Triangulating Colored Graphs, DI-
MACS Tech Report 94-51, 1994.

[3] A. AmBAINIS, R. DESPER, M. FARACH, AND S. KANNAN, Nearly
tight bounds on the learnability of evolution, IEEE Symposium on Foun-
dations of Computer Science, 1997.

[4] S. ArOrA, C. LunDp, R. MoTwWANI, M. SUDAN, AND M. SZEGEDY,
Proof wverification and intractability of approximation problems, Proc.
33rd IEEE Symp. on Foundations of Computer Science, pp. 13-22, 1992.

32



[6] K. ATTESON, The performance of neighbor-joining algorithms of phy-
logeny reconstruction, Computing and Combinatorics, Third Annual In-
ternational Conference, COCOON ’97, Shanghai, China, August 1997
Proceedings. Lecture Notes in Computer Science, 1276, Tao Jiang and
D.T. Lee, (Eds.). Springer-Verlag, Berlin, 1997, 101-110.

[6] R. BALASUBRAMANIAN, M.R. FELLOWS, AND V. RAMAN, An im-
proved fixed parameter algorithm for vertexr cover, Inf. Proc. Lett. 1998
(in press).

[7] M. BELLARE AND M. SUDAN, Improved non-approzimability results,
Proceedings of the Twenty-Sixth Annual ACM Symposium on Theory
of Computing, (Montreal), ACM, pp. 184-193.

[8] V. BERRY, M¢éthodes et algorithmes pour reconstruire les arbres de
I’Evolution, Ph.D. thesis, Université Montpellier I1I, 1997.

[9] H. BODLAENDER, M. FELLOWS, AND T. WARNOW, Two strikes
against perfect phylogeny, In Proceedings of the 19th International Col-
loquium on Automata, Languages, and Programming, Springer Verlag,
Lecture Notes in Computer Science (1992), pp. 273-283.

[10] M. BoNET, C.A. PHILLIPS, T. WARNOW, AND S. YOOSEPH. Con-
structing evolutionary trees in the presence of polymorphic characters,
ACM Symposium on the Theory of Computing, 1996. To appear in
SIAM J. Computing.

[11] J. T. CHANG, Inconsistency of evolutionary tree topology reconstruction
methods when substitution rates vary across characters, Math. Biosci.
134 (1996), 189-215.

[12] T. CORMEN, C. LEISERSON, AND R. RIVEST, Introduction to Algo-
rithms, MIT Press, 1990.

[13] W. H. E. DAY AND D. SANKOFF, Computational complezity of in-
ferring phylogenies by compatibility, Syst. Zool., Vol. 35, No. 2 (1986),
pp- 224-229.

H.K. DAY : Computationally difficult parsimony problems in
14] W.H.E. DAy 1983: C sonally difficul ' bl '
phylogenetic systematics, Journal of Theoretical Biology, 103: 429-438.

33



[15] P.L. ERDOS, M. STEEL, L. SZEKELEY, AND T. WARNOW. Inferring
big trees from short sequences. Proceedings of International Congress on
Automata, Languages, and Programming 1997.

[16] M. FARACH AND S. KANNAN (1996). Efficient algorithms for inverting

evolution, Proceedings of the ACM Symposium on the Foundations of
Computer Science, 230-236.

[17] J. FELSENSTEIN Cases in which parsimony or compatibility methods will
be positively misleading, Syst. Zoology, 27:401-410, 1978.

[18] J. FELSENSTEIN, Numerical methods for inferring evolutionary trees,
The Quarterly Review of Biology, Vol. 57, No. 4, Dec. 1982.

[19] W. FrrcH, Toward defining the course of evolution: minimum change
for a specified tree topology, Syst. Zool., 20:406-416, 1971.

[20] L. R. FouLDs AND R.L. GRAHAM. 1982. The Steiner Problem in Phy-
logeny is NP-Complete, Adv. Appl. Math. 3, 43-49.

[21] M.R. GAREY AND D.S. JOHNSON, Computers and Intractability : A

gutde to the theory of NP-Completeness, W.H. Freeman and Company,
1979.

[22] D. GUSFIELD, Efficient algorithms for inferring evolutionary trees, Net-
works, 21 (1991), pp. 19-28.

[23] D. GUSFIELD AND L. WANG, New uses for lifted alignments, DIMACS
Series in Discrete Mathematics and Theoretical Computer Science, 1998.

[24] J. A. HARTIGAN, Minimum mutation fits to a given tree, Biometrics
29, 1973, pp. 53-65.

[25] D. HiLLis (1997). Inferring complex phylogenies, Nature, Vol. 383, pp.
130-131.

[26] D. HusoN, S. NETTLES, L. PARIDA, T. WARNOW, AND S. YOOSEPH,
The Disk-Covering Method for Tree Reconstruction, proceedings of the
Workshop on Algorithms and Ezperiments (ALEX), Trento, Italy, 1998.

34



[27] D. Huson, S. NETTLES, K. RICE, T. WARNOW, AND S. YOOSEPH,
Hybrid Tree Reconstruction Methods, 2nd Workshop on Algorithm En-
gineering (WAE’98), Saarbrucken, Germany, 1998.

[28] S. KANNAN AND T. WARNOW, Finding and enumerating all perfect
phylogenies when the number of states is fized, SIAM J. on Computing
(to appear). A preliminary version appeared in SODA ’95.

[29] S. KANNAN AND T. WARNOW. 1994. Inferring Evolutionary History
from DNA Sequences, SIAM J. on Computing, Vol. 23, No. 4, pp. 713-
737. (A preliminary version of this paper appeared at FOCS 1990.)

[30] J. KM, General inconsistency conditions for mazimum parsimony: ef-
fects of branch lengths and increasing numbers of taza. Syst. Biol. 45(3):
363-374, 1996.

[31] F. R. McMoORRIs, T. WARNOW, AND T. WIMER, Triangulating ver-

tex colored graphs, SIAM journal of discrete mathematics, Vol. 7, No. 2,
pp- 296-306, 1993.

[32] C. H. PAPADIMITRIOU AND M. YANNAKAKIS, On Limited Nondeter-
minism and the Complexity of the V-C Dimension, Proceedings of the
8th Annual Conference on Structure in Complexity Theory (SCTC ’93),
pp- 12-18, IEEE Computer Society Press, May 1993.

[33] K. RicE, M. DONOGHUE, AND R. OLMSTEAD, Analyzing large data
sets: rbcL 500 revisited, Systematic Biology, pp. 554-563, Vol. 46, No.
3, September 1997.

[34] K. RicE AND T. WARNOW, Parsimony is Hard to Beat!, Computing
and Combinatorics, Third Annual International Conference, COCOON
'97, Shanghai, China, August 1997 Proceedings. Lecture Notes in Com-
puter Science, 1276, Tao Jiang and D.T. Lee, (Eds.). Springer-Verlag,
Berlin, 1997, 124-133.

[35] N. SArTOU, AND M. NEI, The neighbor-joining method: A new method
for reconstructing phylogenetic trees. Mol. Biol. Evol. 4:406-425, 1987.

[36] M. A. STEEL, The complexity of reconstructing trees from qualitative
characters and subtrees, Journal of Classification, 9 (1992), pp. 91-116.

35



[37]

[38]

39]

[40]

[41]

[42]

[43]

[44]

[45]

M.A. STEEL, Recovering a tree from the leaf colourations it generates
under a Markov model, Appl. Math. Lett., 7 (1994), 19-24.

M. A. STEEL, L. A. SZEKELY, AND M. D. HENDY, Reconstructing
trees when sequence sites evolve at variable rates, J. Computational Bi-

ology 1(1994)(2), 153-163.

C. TUFFLEY AND M. A. STEEL, Links between mazimum likelihood and

mazimum parsimony under a simple model of site substitution. Bulletin
of Mathematical Biology 59(3):581-607, 1997.

L. WANG, T. JIANG, AND E. LAWLER, Approzimation algorithms for
tree alignment with a given phylogeny, Algorithmica 16, 1996, pp. 302-
315.

L. WANG AND D. GUSFIELD, Improved approrimation algorithms for
tree alignment, Journal of Algorithms, 25(2), pp. 255-273, November
1997.

T. WARNOW Mathematical approaches to comparative linguistics. Pro-
ceedings of the National Academy of Sciences, 1997, Vol. 94, pp 6585-
6590.

T. WARNOW. Some combinatorial problems in phylogenetics, Invited to
appear in the proceedings of the International Colloquium on Combina-
torics and Graph Theory, Balatonlelle, Hungary, July 15-20, 1996, eds.
A. Gyarfas, L. Lovasz, L.A. Székely, in a forthcoming volume of Bolyai
Society Mathematical Studies.

T. WARNOW, Constructing phylogenetic trees efficiently using compat-
wbility criteria, New Zealand Journal of Botany, 1993, Vol. 31: 239-248.

T. WARNOW, D. RINGE, AND A. TAYLOR, Reconstructing the evolu-
tionary history of natural languages, Association for Computing Machin-
ery and the Society of Industrial and Applied Mathematics, Proceedings
of ACM-SIAM Symposium on Discrete Algorithms (SODA), 1996, pp.
314-322.

36



