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Abstract

It is known that every constraint-satisfaction problem g &duces, and
is in fact polynomially equivalent, to a digraph coloringopptem. By care-
fully analyzing the constructions, we observe that the céida is quantifier-
free. Using this, we illustrate the power of the logical apgh to CSPs by
resolving two conjectures about treewidth duality in thgrdph case. The
point is that the analogues of these conjectures for gel@3&ls were re-
solved long ago by proof techniques that break down for gigsa We also
completely characterize those CSPs that are first-ordemat#é and show
that they coincide with those that have finitary tree dualitye combina-
tion of this result with an older result by NeSetfil and diashows that there
is a computable listing of all template structures whose @S#finable in
full first-order logic. Finally, we provide new width lowehnds for some
tractable CSPs. The novelty is that our bounds are a tighttifum of the
treewidth of the underlying instance. As a corollary we geew proof that
there exist tractable CSPs without bounded treewidth tuali
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1 Introduction

Let H be a graph, or more generally, a finite relational struct@ensider the fol-
lowing computational problem calleH-coloring: “Given a finite structur€s of
the same type &H, is there a homomorphism frof@ to H?”. Recall that a homo-
morphism is a mapping from the element®bto the elements df that preserves
the relations. If such a mapping exists we say t&ds H-colorable. The problem
is so called because H is the complete graph with verticesKy, then a graph
G is H-colorable if and only if it isk-colorable in the standard sense of graph the-
ory. For a general structui, the B-coloring problem is also calledSRB), for
constraint-satisfaction problensince the relations iBB can now encode arbitrary
constraints. ThuscSRAB) problems greatly generalize graph coloring problems,
and are thus of major relevance for graph theory and some afemmputer sci-
ence.

A good question at this point is this: for whBts is CSRB) tractable? As it
turns out, for graphs this question is completely resolwethb following beautiful
Theorem:

Theorem 1 ([11]) LetH be a graph. Then,

1. if H is bipartite, thenCSRH) is in P,
2. if H is non-bipartite, thelCSRH) is NP-complete.

Thus, the complexity of the CSP is completely classified endhse of graphs.
Unfortunately, no such classification result is known fdsitary structures, not
even for directed graphs, and in fact the classification lprobappears to be a
difficult one. The so-called Dichotomy Conjecture of Feded &ardi has led
the recent research in this important area. The conjecione for a complete
classification as in the Theorem of Hell and NeSetfil above

Conjecture 1 ([9]) LetB be a finite relational structure. Then,

1. eitherCSRB) isin P,
2. orCSAB) is NP-complete.

Let us note that the special case of the conjecture for didegtaphs (digraphs)
remains open as well. As a matter of fact, Feder and Vardiqurdkat there is a
dichotomy for digraphs if and only if there is one for arbijratructures. This latter
result, among other reasons, will motivate our focussindigraphs in certain parts
of this paper.



The importance of the Dichotomy Conjecture may not be so muledt it lit-
erally says, namely that all CSPs are in P or NP-completetsatdhere is nothing
in between, but the likely event that a satisfactory prootildgrovide deep algo-
rithmic understanding of all tractable CSPs. Conversesatesfactory counterex-
ample to the conjecture (modulo# NP or a related assumption) would populate
the rather meager class of problemsrtérmediate complexity

1.1 The unification project

What makes a&€SRAB) tractable? The first attempt towards a unifying explana-
tion is perhaps due to Gutjahr, Welzl, and Woeginger [10] whowed that if a
digraph CSP enjoys the so-call¥dunderbar propertythen it is tractable via the
so-called arc-consistency algorithm. Subsequently, nkaoyvn cases in the liter-
ature were shown to enjoy the X-underbar property. It waer labticed by Hell,
NeSetfil and Zhu [14] that evei@SRB) having the X-underbar property also has
bounded treewidth dualifand that the problems of the second sort are tractable via
the bounded-width consistency algorithm. In a nutst@RB) enjoys bounded
treewidth duality if there exists a collection of structIfE of bounded treewidth
thatobstructin the following sense:

A /B« T— AforsomeT € 7.

Here we use the notatioh — B to denote the existence of a homomorphism from
A to B, andA /4 B to denote non-existence.

But the systematic study and classification of tractablexas general CSPs
started with the influential work of Feder and Vardi [9]. A kelyservation made
in [9] is that many tractable cases are explained by the defityaof CSAB)
in Datalog, and as it turns out, that expressibility in Dadglsolvability by the
bounded-width consistency algorithm, and enjoying bodridesewidth duality are
equivalent concepts. These are important consequenchs tifgical approach to
CSPs pionnered in [9] and further developped in [17]. A défd unifying frame-
work also introduced in [9] comes from group theory, and sghent work has
shown that this is better explained by universal algebrehaust [15, 4]. In brief,
the current state of affairs in the unification project is tbkklowing: every CSP
that is known to be tractable falls into one of two differeategories: either (a)
it enjoys bounded treewidth duality and is solvable by theroed-width consis-
tency algorithm, which is the same, or (b) there is a polym@itiine algorithm by
universal algebra methods that generalize Gaussian alifminfor systems of lin-
ear equations. That all CSPs fall in one of these two casessengally the thesis
raised in [9], with case (b) evolving from group theory toversal algebra.



Itis important to note that, prior to the present work, cddeapove appeared to
differ from (a) only for vocabularies having at least onetiein symbol of arity at
least three. Indeed, Feder and Vardi [9] showed that ther€&P problems that are
tractable due to (b) but not to (a) by showing that the boundlieith consistency
algorithm fails on them. For their proof technique, howevtewas essential that
the structure incorporates a ternary relation with the alted “ability to count”.
But are there tractable cases other than (a) in the absemnemafy relations?

The common theme of this article is the observation thatdheal approach
to CSPs is a rather powerful tool to obtain solutions to these other related
guestions from the literature. In fact, all our results stw the logical approach
provides a convenient language to combine many previoustyk arguments to
get new results. We use three main technical tools in ourloemrent: (1) the
concept of quantifier-free reduction, to study the reductio the digraph case,
(2) Gaifman’s locality theorem for first-order logic in comhbtion with hyper-
graphs of large girth and large chromatic number, which efulgo get preser-
vation results, and (3) inexpressibility results througiblple game arguments and
treewidth, which is useful to analyze the power of consisgealgorithms. We
introduce and illustrate each of these tools through thoeerete applications.

1.2 Application: digraphs vs. general structures

From Theorem 1, on graphs, every tractab®R B) is solvable by the bounded-
width algorithm, unless P = NP. This is because wReis a bipartite graph, the
bounded-width algorithm works f@SRB). Moreover, NeSetfil and Zhu [23] suc-
ceeded in showing, without any complexity assumption, theverse to this: iB

is not bipartite, then the bounded-width algorithm doeswmtk for CSRB). This
is quite satisfactory. For digraphs, however, the situeaiiodramatically different.
While prior to the present work no singleSRB) for a digraphB appeared to
be tractable for a reason other than bounded-width, no pbdiis was known
even assuming B NP. This annoying situation is the consequence of a missing
classification theory for digraphs, and motivated Hellsdl&l and Zhu to pose the
following question:

Question [14]: Are there tractableCSRB), for a digraphB, that do
not enjoy bounded treewidth duality?

The point of this question is that its analogue for generdP€®as resolved
long ago by proof techniques that break down for digraphseséhare the results
about the “ability to count” in [9] mentioned above. In thesfipart of this paper
we answer precisely this question, in the affirmative, withany complexity as-
sumption. The resulting digraph has exaéiy vertices andi32 edges. Our proof
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is not difficult but is interesting as it proves the power af thgical approach. It
consists in verifying that the known reductions from gehstauctures to digraphs
can be made quantifier-free. Of course, details are req(li@s do we get rid of
negations?) and will be provided in Section 4.

Following along these lines, we are also able to show thaetiseatriad T, a
special kind of oriented tree with a single node of degreeethfor whichCSHT)
provably does not have bounded treewidth duality. This &rathe first such ex-
ample for oriented trees, without assumingzRP, and resolves another question
raised by Hell, NeSetfil and Zhu. Let us point out that, @ent work, Larose
and Zadori [19] also find certain interesting digraphs hguinbounded treewidth
duality. The techniques are different, but the questiopssamilar.

1.3 Application: finite dualities

Since the Dichotomy Conjecture appears to be a difficult tipresit is perhaps a
good idea to consider special cases. Consider, for exathpléollowing question
raised by Feder and Vardi:

Question [9]: WhichCSRB) are definable in Datalog?

We mentioned already that these are exactly those enjoygingded treewidth
duality. But is it decidable whether a problem has boundeewidth duality? It
turns out that this question is open except for the specig cétrees (treewidth
one) [12]. A different but related question was considergd\bSetfil and Tardif
[22] (see also [20, Theorem 3.13]); they characterizedetb® B) having duality
with a finite obstruction seT. In turn, it is not hard to see that these are precisely
the CSRB) problems that are definable in the recursion-free fragmebiatalog,
or equivalently, in the existential-positive fragment @§fiorder logic. A natural
question arises at this point (first raised in [7]):

Question [7]: WhichCSRB) are definable in full first-order logic?

In Section 5 we answer this question. Using the methods invi@] show
that CSRB) is definable in first-order logic if and only if it is definabla the
existential-positive fragment of first-order logic. Inmutogether with the results
by NeSetfil and Tardif above, this provides a semi-dduiglalassification (note
that the obvious classification is only M,, the second level of the arithmetic
hierarchy). We refer the reader to [7] for similar results@erning first-order
definability in homomorphism problems, and to [18] for veecent results that
give a decidable characterization of problems with finigduglity. Building on our



result, this fully settles the issue of characterizing §0SRB) that are first-order
definable.

Let us point out that our result follows from a solution to tivell-known
Homomorphism-Preservation Conjecture in finite model th§26], but our proof
does not rely on it and is based entirely on locality argusént first-order logic.

1.4 Application: new width bounds based on treewidth

To complete the picture, in Section 6 we provide a new praatfttiere are tractable
CSPs, with at least one ternary relation symbol, that aredefihable in Data-
log. This also has the nice feature of making our results tathguaph CSPs self-
contained.

Our proof is a pebble-game argument for Tseitin systemsognak to those
used for proving width lower bounds for random formulas [Bfhe novelty in our
result is that we obtain width bounds as a tight function ef tteewidth of the
underlying graph while previous width lower bounds weredoasn expansion, a
more demanding parameter that can be significantly smdiéar treewidth. We
believe this is the more interesting aspect of this resuftotAer interesting point
is that, as opposed to the proof in [9], our proof does not heddwer bounds
for monotone circuits for perfect matching due to Razborlmatead, we use the
Robber-Cops game characterization of treewidth due to 8eyand Thomas [27].

2 Preliminaries

2.1 Structures, homomorphisms, graphs, and hypergraphs

A finite relational vocabulary is a finite collection of relation symbols each of
a specified positive arity. Ar-structure A is a universe A together with arin-
terpretation RA C A" for every relation symboR € o of arity r. We write
A = (A, (R®)Rgeo). All our vocabularies and structures in this paper are FENIT
Thus, we often omit saying it.

If A andB areo-structures, daiomomorphisnis a mappingh : A — B such
that if (a1,...,a,) € RA, then(h(a1),...,h(a;)) € RB. We write A — B
to denote the existence of a homomorphism franto B. We say thatA is a
substructure ofB, denoted byA C B, if A € B and the inclusion mapping is
a homomorphism. We say that is aninduced substructure oB if RB N A" =
RA for everyR € o of arity . If A C B and A # B we say thatA is a
proper substructure oB. Thedirect productof two o-structuresA andB has the
cartesian productl x B as universe, and the relatiddis interpreted as the set of
tuples((a1,b1),...,(a,, b)) such thatay,...,a,) € R® and(by,...,b,) € RB,



A hypergraphH = (V, E) is a set of verticed” together with a sef of
subsets o/ called hyperedges, or simply edges. An edge is called a fdbjs ia
singleton. A walk in a hypergraph is an alternating sequa&feertices and edges

U, €0y ULy« « -y Umy Emy Um+1

such that for every € {0, ..., m} we have that,; # u; 11 and{u;,u; 11} C e;.
The walk is a path it; # e; andu; # u; whenevel) < i < j < m, and a cycle

if, in addition, uy = wu,,,+1. This sort of cycle in a hypergraph is sometimes called
a Berge-cycle. The length of a walk, path, or cycle as above, ithe number of
traversed edges. The girth of a hypergraph is the lengthed$hiortest cycle. Note
that the girth is always at least two. If the hypergraph hasyues, we call it
acyclic and its girth is infinite.

A graph G = (V, E) is hypergraph where every edge has exactly two vertices.
We may view graphs as structures for the vocabulary of aeibglary relation
symbol £ whose interpretation is irreflexive and symmetric. In tlisewe some-
times write{u, v} € ES instead of(u,v) € EG. A digraphis just a structure for
the vocabularyy = (E), whereF is a binary relation symbol. An oriented graph
is a digraph such thaf'C is irreflexive and anti-symmetric.

2.2 First-order logic, Datalog, and infinitary logic

Let o be a relational vocabulary. Let;,xs,... be first-order variables The
atomic formulasare of the formR(yi,...,y,) ofr y1 = y2, WhereR € o is a
relation symbol of arity- and eachy; is a first-order variable. The collection of
first-order formulas denoted byFO, is obtained by closing the atomic formulas
under negation, conjunction, disjunction, and existémin universal quantifica-
tion. The existential-positive fragment &0, denoted bydFO, is obtained by
closing the atomic formulas under conjunction, disjunttiand existential quan-
tification. The conjunctive existential-positive fragmerf FO, denotedA\3FO, is
obtained by closing the atomic formulas under conjunctiod existential quan-
tification.

Although we mention Datalog in this paper, we will not realiprk with it,
so we do not define it. Instead we will need infinitary logic. eT¢ollection of
infinitary formulas denoted by, is obtained by closing the atomic formulas
under negation, infinitary disjunction, infinitary conjtion, and existential and
universal quantification. The existential-positive fragm of L...,, denoted by
JL.w, IS Obtained by closing the atomic formulas under infinitdigjunction,
infinitary conjunction, and existential quantification.

If L is a collection of formulas, we writ&* for the collection of such formulas
that use only the variables,, ..., z;. Thus3FO” is the k-variable fragment of
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JFO and3LE_ is thek-variable fragment oflL..,. We write - for the collec-
tion of formulas of the form-yp, with ¢ € L. We write L(—, #) when, in addition
to all atomic formulas, we also allow negated atomic forrauad inequalities
in the formation rules. Thus;3LY (-, #) denotes the negations of formulas in
the k-variable fragment of the closure of the atomic and negatiechia formulas
under infinitary disjunction, infinitary conjunction, angigtential quantification.

Let us note here that existential-positive formulas arsedlorelated to homo-
morphisms. Indeed, i is an existential-positive formula that holds & and
A — B, thenyp also holds inB. Moreover, for every finiter-structureC, there
exists aAdFO-sentencepc, called thecanonical query ofC, such that for every
structureA we have that

AEypc<—C— A.

The formulapc is obtained by viewing each point @ as a first-order variable,
viewing each tupldcy,...,c,) € RC as an atomic formul&(ci,...,c.). The
formula is formed by conjoining all those atomic formulagedther and then exis-
tentially quantifying all variables.

2.3 Pebble games

The existentialk-pebble game is played by two players, the Spoiler and the Du-
plicator, on a board that consists of twestructuresA and B. The goal of the
Spoiler is to prove thaA /4 B, while the goal of the Duplicator is to convince
the Spoiler thatA — B. Each player hag pebbles numbered .. ., k that, at the
begining of each round in the game, each may either be unusedtoon a point
of A or B. Initially, all pebbles are unused. At each round of the gaime Spoiler
either places an unused pebblever a pointa; of A, or removes a used pebhle
from the point it rests oA. Then the Duplicator must respond by either placing
her corresponding pebbleover a pointb; of B, or removing her corresponding
pebblei from the point it rests oM. If at the end of the round the mapping that
sendsy; to b;, for every used pebblg is not a partial homomorphism frof and
B, the Spoiler wins the game. Otherwise the game proceede toetkt round. If
the Duplicator has a strategy to play forever, we say thabilgicator wins.

The definition can be made formal through systems of partiadmorphisms.
Recall that a partial map : A — B is a partial homomorphism frorm to B if
it is a homomorphism from the substructurefdfinduced by the domaibom (/)
of h to B. We say that: is a partialk-homomorphism if the size ddom(h) is at
mostk.

Definition 1 ([16, 17]) Let A and B be twoo-structures and lett > 1 be an
integer. A winning strategy for the Duplicator in the exigtal k-pebble game on
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A and B is a non-empty collectiotF of partial k-homomorphisms fromA to B
satisfying the following properties:
1. (subfunction property) j € F and f C g, thenf € F,
2. (forth property) ifg € F with |[Dom(g)| < k anda € A — Dom(g), then
there exists: € F such thaty C h anda € Dom(h).

If there exists a winning strategy for the Duplicator we dagtthe Duplicator wins
the existentiak-pebble game oA andB and we writeA < B.

The main property of the existentialpebble game is that it characterizes de-
finability in the logic 3L as proved by Kolaitis and Vardi [16, 17]. For the
following Theorem, the fact thah andB are finite is essential to get equivalences
with (3) and (4):

Theorem 2 ([16, 17]) Let ¢ be a relational vocabulary of maximum arityand
let £ > r be an integer. LefA and B be finite o-structures. The following are
equivalent:

1. A<k B,

2. everydL”_ sentence that holds iA also holds inB,

3. everyﬂFOk sentence that holds iA also holds inB,

4. everynJFO* sentence that holds iA also holds inB.

The existentiak-pebble game can be modified to characterize the expressive
power of3L%__ (-, #). The idea is to require the positions of the game to be partial
isomorphisms instead of partial homomorphisms. The retftofame is the same.
We write A <k:iso B if the Duplicator wins the modified game o% andB. We
get the analogue of Theorem 2 when we replace all fragmietitg L(—, #) and
<k by <k,iSO
— OooWw —oow *

Theorem 3 Leto be a relational vocabulary of maximum arityand letk > r be
an integer. LetA and B be finiteo-structures. The following are equivalent:

1. A <kiso B,

2. everydLr (-, #) sentence that holds iA also holds inB,

3. everydFOF(—, #) sentence that holds iA also holds inB,

4. everyA\GFOF (-, #) sentence that holds iA also holds inB.



2.4 Treewidth

Let G = (V, E) be a graph. Areeis a connected acyclic graph. farestis an
acyclic graph. Atree-decompositionf G is a labeled tred such that (1) every
node of T is labeled by a non-empty subset6f (2) for every edgqu,v} € E
there is a node dI" whose label containéu, v}, and (3) for every, € V, the set
X of nodes ofT whose labels include is a connected subtree @ Thewidth of

a tree-decomposition is the maximum cardinality of a lahél'iminus one. The
treewidthof G is the smallesk for which G has a tree-decomposition of width
k. Thetreewidthof a o-structure is the treewidth of its Gaifman graph, where the
Gaifman graph denoted byG(A), is the graph with verticed and with an edge
between distinct andb if they appear together in some tupleAf The collection
of o-structures of treewidth at moatis denoted by7y (o) or 7 if o is understood
from context.

There is a tight and surprising connection between treéwadid k-variable
logics as made clear by the following result. Recall thgtdenotes the canonical
conjunctive query ofC and has the property that, for every structé&cewe have
A | ¢pcifandonly if C — A.

Theorem 4 ([17, 6]) Let o be a relational vocabulary of maximum arityand let
k > r be an integer. The following two implications hold:

1. for everyC € Ty (o), there exists) € AGFO**+! such that) = ¢c,
2. for everyy) € AJFO**!, there exist<C € 7,(0) such thatpc = .

Roughly speaking, the idea behind of the proof of this resuthat parse-
trees of AJFO**+!-sentences and tree-decompositions of wieiére more or less
interchangeable concepts when we view variables as pdiatstaucture, or points
of a structure as variables. For one thing, the subformulasah sentences always
have at mosk + 1 free variables because there are at nkostl variables in total.
Thus, the sets of free variables of the subformulas of theeptiee play the role
of bags in the tree-decomposition. Note that the connégtaondition of free
variables is satisfied trivially in parse-trees.

3 Duality and Quantifier-free Reductions

Let o be a relational vocabulary. L& be ac-structure and leD be a collection
of o-structures. We say tha@ is a duality forCSRB) if for every o-structureA
we have

A /4 B < C — A forsomeC € D.
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If CSAB) has a dualityD that is finite, we say thatSRB) has finitary duality.
WhenD C 7,(0), we say thaCSRB) has treewidth: duality.

3.1 Bounded width and logic

The following result is the culmination of a successful lofeesearch in CSPs by
logical methods.

Theorem 5 ([9, 17, 8]) Let o be a relational vocabulary of maximum arity let

k > r be aninteger, and IdB be as-structure. Then, the following are equivalent:
CSHB) has treewidthk duality,

CSHB) is definable in-(k + 1)-DATALOG,

CSRB) is definable in~(k 4 1)-DATALOG (-, #),

CSHB) is definable in-3LEF ],

CSHB) is definable in-3LA (-, ).

CSAB) = {A: A <1 B}

o gk w N

The equivalence between (1) and (2) was sketched in [9, €EhedB]. We do
not really need it anyway. It is obvious that (2) implies (Bdahat (4) implies
(5). The equivalences between (2), (4) and (6) are from [hidofem 4.8]. The
implication (5) to (4) follows from [8, Theorem 1], which isracent result that
we also prove below for completeness. Hence, when we prdeefikat (1) and
(6) are equivalent we are showing that (1), (2), (4), (5), é6)dare equivalent. It
would be left to prove that (3) is equivalent to any of the atheay by showing
that it implies (5). But since this is easily seen from thénteéques in [17] and we
do not need it for the rest of the paper, we will omit the proat.any rate, the
statements and proofs of the equivalences expressed inérhépare spread all
over the literature and we think it is useful to spell them exjlicitly here.

Proof of equivalence between (1) and (6) in Theorens&ppose (1) holds. That
is, CSRB) has treewidtht duality withessed by C 7;.. We show (6). Clearly, if
A — BthenA <¥*! B. Suppose now thaA /4 B. Then there exist€ € D
such thatC — A. Of courseC 4~ B as well. Apply Theorem 4 t& and get
a AJFO**!-sentence) that holds inA and not inB. It follows from Theorem 2
thatA £**! B.

Suppose (6) holds. LéP be the collection of alb-structures of treewidth at
mostk that do not map t@. We claim thatD is a duality fortCSRB). Suppose first
thatA + B. ThenA £*t1 B, so by Theorem 2 there exists\@FO**!-sentence
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1 that holds inA and not inB. Apply Theorem 4 ta) and get ar-structureC of
treewidth at mosk such thatC — A andC 4 B. This means thaC — A for
someC € D and the proof is complete. O

We still need to prove the implication (5) to (4). This is a Kagt that follows
from a recent result by Feder and Vardi [8]. Although the jpiedhe same as in
[8], we include here, for completeness, a slightly strorgjatement with its proof:

Theorem 6 ([8]) Leto be a relational vocabulary of maximum arity let & > »

be an integer, le€ be a class ofr-structures that is closed under direct products,
and let@ C C be preserved under homomorphisms(onThen the following are
equivalent:

1. Q is definable irdLY_ onC,
2. Qs definable irdLY_ (#,-) onC.

Proof: Obviously (1) implies (2). We show (2) implies (1). Suppdgds not
definable irdL%., onC. Then, by Theorem 2, there exisAssc C andB ¢ C such
thatA € Q andB ¢ Q, yetA <k  B. Otherwise thelLX, -sentence

YA

would define) onC, whereA ranges ove€) in the disjunction, ang ranges over
{o € JLE . A |= »} in the conjunction. We will show thaA <kiso A x B.
Note thatA x B belongs ta’ but hot toQ. Indeed,A x B — B and( is preserved
under homomorphisms ah soA x B € @ follows from B ¢ Q. The result will
follow from Theorem 3.

We are assuming that <  B. Let F be a winning strategy for the Dupli-
cator. For everyf € F, define a partial map’ : A — A x Basf'(a) = (a, f(a))
for everya € Dom(f). LetF' = {f": f € F}. Itis straightforward to check that
F' witnesses thaA <Fis0 A x B. O

This completes the proof of Theorem 5. In case any of the afpnivconditions
of the Theorem holds, and so all hold, we say tbafB) has width at most.

Using the key fact that negations in the atomic formulas dadd power as we
just showed, let us now note that bounded width is presereachdard through
guantifier-free reductions. First we need to define this ephc
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3.2 Quantifier-free reductions and preservation

Leto andT = (Ry,...,Rs) be two relational vocabularies. R-ary first-order
interpretation withp parameters of in o is an(s+ 1)-tupleI = (¢y, ¢1,. .., ¥s)
of first-order formulas over the vocabularywherep; = ¢ (x,y) hask +p free
variablesx = (z!,...,2%) andy = (vy1,...,yp), andy; = ¢;(x1,...,%,,y) has
kr + p free variables where is the arity of R; and eachx; = (:c}, e ,x?) and
Yy =1, p)
If A isac-structure an@ = (aq,...,a,) is a tuple of pairwise different points

of A, then thenterpretation ofA throughI with parameters, denoted byI(A, a),

is ther-structure whose universe is

{acA": A pu(a o),
and whose interpretation fdg; is

{(a1,...,a,) € (A)" : A |= pp(al,e) A--- App(a,c) Api(ar, ... a.,c)}.

If each formula inl is quantifier-free, we say thditis aquantifier-free interpreta-
tion.
Now we are ready to define the notion of quantifier-free radact

Definition 2 Let o and 7 be finite relational vocabularies, l&t be a class ob-
structures, and leD be a class of--structures that is closed under isomorphisms.
We say that a first-order interpration withparameterd of 7 in ¢ is a first-order
reduction fromC to D if for everyo-structure A with at leastp points the following
three statements are equivalent:

1. Aec,
2. I(A, c) € D for every properc,
3. I(A, c) € D for some propec,
where a propec is a tuple(cy, . . . , ¢,) of points ofA such thatc; # c¢; whenever

1 # j. If Tis quantifier-free, then we say thhis a quantifier-free reduction from
CtoD.

In case there is a reduction as in the definition, we say@haduces taD.
Here is the promised result. The proof is standard but weigivenetheless.

Lemma 1l Let o and o’ be relational vocabularies of arities at most and let
k > r be an integer. LeB be ao-structure and leB’ be ac’-structure. IfCSRB)
reduces toCSRB’) by a k-ary quantifier-free reduction withh parameters and
CSHB') has width at most’, thenCSRB) has width at most(¥" + 1) + p — 1.
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Proof: Letq = k(k’ + 1) + p. We use Theorem 5. Let be anJLX !-sentence
over the vocabulary’ defining the complement @iSRB’). We transform every
JLE +1 formulay into an3LZ (-, #)-formulaI(y) inductively as follows. First,

we makek copiesz!, ..., z" of each variabler of 1. Lety = (yy,... ,Yp) be

p hew variables that will be used as parameters. For the baes,caach atomic

formula of the formR(z1, ..., x,) is transformed to
or(zl,... 2k, o xk 2k y).

Each atomic formula of the form; = z4 is transformed to

x%:x%/\---/\xlf:xg.

For the inductive cases, each conjunctipi; is transformed tg\ I(v;). Each dis-
junction\/ 1, is transformed td/ I(+);). And each existentially quantified formula
(3x)v is transformed to

(3561) e (ka)((pU(:Cl, s >xkay) N I(T/)))

Now, by induction on the structure of the formulgz,...,x/), for everyo-
structureA, every propek, and everyay, ..., ay in the universe ol (A, c), we
have

A ): I(¢)(a1> s >ak’>c) — I(A>C) ’: ¢(ala oo aak’)‘
In particular, for the sentencg we have, for everg-structureA and every proper
c, that

AELY)(c) =LA c) F¢. ()
Finally, we define a sentengeas follows:

(Fy1) - Fyp) (/\ Yi # Yj A I(so’)) :
i#j

Note thaty is an3L4 (-, #)-sentence over the vocabulasy Fix now ao-
structureA with at leastp points. We get the following sequence of equivalences:

AE-p < AE-I)(c) forevery propec 2
< I(A,c) =~ forevery propec 3)
< I(A,c) — B’ forevery propek 4)
<— A —B. (5)

Equivalence (2) follows from the definition ¢f. Equivalence (3) follows from
(1). Equivalence (4) follows from the fact thaty’ definesCSRB’). And equiva-
lence (5) follows from the fact thatis a reduction fromCSRB) to CSRB’). We
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conclude thatp defines the complement @SR B) for structures with at leagt
points. The finitely many exceptions of size at mpstan be handled by adding
a disjunction of finitely manygFOP-sentences. Henc€SRB) is definable in
—-3L4_ (-, #), so it has width at most — 1 by Theorem 5. O

One expected property of quantifier-free reductions isttieyt compose. Thus,
if T is ak-ary quantifier-free reduction with parameters frond to D andJ is a
k’-ary quantifier-free reduction with parameters frorD to £, then there exists a
kk'-ary quantifier-free reduction withp + p’ parameters frong to £.

4 Application: Reduction to digraph CSPs

It is known that everyCSPis polynomially equivalent to a digraph coloring prob-
lem, which means that for every relational structiBethere exists a digrapH
such thaCSAB) <P, CSRH) andCSRH) <P CSRB). The goal of this section
is to justify the stronger claim that the reduction fr&@8RB) to CSRH) can be
made quantifier-free:

Theorem 7 Let o be a relational vocabulary, and |d8 be ao-structure. Then,
there exists a digrapi such that

1. there is a quantifier-free reduction frodsAB) to CSRH),
2. there is a polynomial-time reduction frodSR H) to CSRB).
Moreover,H is a directed acyclic graph of maximum degree 2 and height 3.

Note that the back reduction in (2) need not be quantifiez-fteturns out that
in the known proofs of polynomial equivalence betw&3RB) andCSRH), the
reduction fromCSRB) to CSRH) is already implicitly quantifier-free. Although
verifying this is rather tedious and uninteresting, it is@e&sary to do it at least
once, so let us do it nonetheless.

There are two known proofs of equivalence between generRs@ad CSPs
with digraph templates. Both, again, come from [9]. The firsiof is in Theorems
8 and 10 in [9] and is reconstructued with great care in [1RJcah be checked
that (a minor modification of) the reduction fro@8RB) to CSRH) of that proof
is quantifier-free. Here we work out the second known proohis Tappears in
Theorem 11 in [9] and, to the best of our knowledge, nowhese. &his reduction
has the great advantage that, when applied on a sp&ifiqgoroduces a relatively
small and explicit digrapf. For the application we have in mind, aBrwill be
the template structure of the problexRFINE-3-SATwhich has two elements in its
universe and two ternary relations. The resulting digrEptvill have exactly368
vertices andt32 edges.

15



4.1 Turning structures into digraphs

Here is the transformation @ into H. First we transfornB into an intermediate
structureB’ of vocabularyr = {R, S}, whereR is unary relation simbol, and
is a binary relation symbol. Let = (Ry,..., Rs) be the vocabulary oB. Let
r =r; +--- 4+ ry be the sum of the arities of the relationssdin The universeB’
of B’ is B". The interpretation of the unary relation symk®iin B’ is the set of
r-tuples

(D1, by ey b5, BE)

" Uryo
such that(bi,...,b. ) € RP for everyi € {1,...,s}. The interpretation of the
binary relation symbolS in B’ is the arc relation of the De Bruin graph on the
universe ofB”. In other words, the pair of-tuples

((blv--~7b7")v( /177b;"))

belongs taSB’ if and only if b; = b, foreveryi € {1,...,r — 1}. This defines
B'.

Fact 1 There exists an-ary quantifier-free reduction frol@SRB) to CSRB’).

Proof: An arbitrary o-structure A is encoded into ar-structureI(A) as fol-
lows: the universe of(A) is defined by the formulgy(x) = true, where
x = (x!,...,2"). The relationR is defined by the formulag(x1,...,xs) =
Ri(x1) A -+ A Rg(xs), wherex; = (x},...,2%). And the relationS is defined

1
by the formulapgs(z1, ...,z 2}, ..., 2.) below:

/
T

/ / /
T1 =Ty ANTog =g N ANTp_1 = T

We need to check that — B if and only ofI(A) — B’. Given a homomorphism
h : A — B, defineg : I(A) — B’ by g((ay,...,a,)) = (h(ay),...,h(a,)),
which gives a homomorphism. Given a homomorphismI(A) — B’, first use
the shift relationS to show that for every, € A there exist$(a) € B such that
h((a,...,a)) = (b(a),...,b(a)) andh((ay,...,a,)) = (b(ay),...,b(a,)). Now
note that thi$ : A — B is a homomorphism. O

Now we transformB’ into a digraphH. Before we proceed, we need some
terminology about paths in directed graphs. 1/&ig-zag path starting at and
ending atv is an arc fromu to v. A 0 zig-zag path starting at and ending ab
is an arc fronw to u. If z is a string of zeros and ones, then@hzig-zag path
starting atx and ending at is anx zig-zag path starting atand ending at some
from which there is an arc to. A z0 zig-zag path starting at and ending at is
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Figure 1: A fragment oH corresponding to two points from the origiral. These
appear irH too, here as void circles that we chjl(top) andb, (bottom). There is
a 011 zig-zag starting & and ending ab, and a 111 zig-zag ending &t. This
means thatb,, by) € SB" andb, € RP'. o

anz zig-zag path starting at and ending at some to which there is an arc from
V.

We are back to the construction Hf. The set of vertices dH is B’ together
with three new vertices for everly ¢ RB and two new vertices for every pair
(b,b') € SB. The three vertices for evetyc R® are used to form a 111 zig-zag
path starting at any of these vertices and endinlg athe two vertices for every
pair (b,b') € S® are used to form a 011 zig-zag path starting ahd ending ab’.
Figure 1 illustrates this construction.

Fact 2 There exists a ternary quantifier-free reduction with parameters from
CSAB’) to CSARH).

Proof: An arbitrary(R, S)-structureA’ is encoded into a digragi{A’) as follows.

For every pointz in A’ we add a new 11011 zig-zag path starting at a new vertex,
formed by new vertices, and endingatFor every point in R we add a new
111 path starting at a new vertex and ending.and for every pair{a, a’) in SB’

we add a new11 zig-zag path starting at and ending at’. Figure 2 illustrates
this construction.

Lety = (ag,b1,...,bs,c1,...,c3,d1,ds) be acollection of eleven parameters
(variables). In the quantifier-free reduction we (sea, ag) to encode the copy
of a, and(a,a,by),...,(a,a,bs) to endode the 11011 zig-zag path that ends at
(a,a,ap). We also uséa, a,c1),...,(a,a,cs) to encode the 111 zig-zag path that
ends ala, a, ag) for a € RA', and(a, d’, dy), (a,d’, d3) to encode the 011 zig-zag
path that starts afa, a, ag) and ends ata,d’, ag) for (a,a’) € S4'. Thus, the
universe ofl(A’,y) is given by the formulay (z, 2/, z,y) below:

(r=2"AN(z=aoVz=bVz=byVz=b3Vz=0bVz=bs))
V (=2 AR@)A(z=c1Vz=cyV2z=c3))
Vo (S(z, )N (z=d1 V z = dy)).
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Figure 2: A fragment of(A’) corresponding to two points from the originAl.
These appear i A’) too, here as void circles that we call (top) andu, (bottom).
There are two 11011 zig-zags endingiatindas, respectively. There is also a 011
Zig-zag starting ai; and ending atio, and a 111 zig-zag ending @t. This means
that (a1, a;) € SA" anday € RA'. o

»

The arc relation off(A’,y) is given by the formulapg (x1, 2}, 21, x2, 74, 22,y)
below:

(S(x1,27) Ao = x5 = 21 A 2122 = d1ap)
V (S(wl,x'l) Nxg=x1 A 56/2 = Ill N 2129 = dldz)
(z1,2)

YAz =4 = ) A 2129 = daap)

<
©n
B
E

V (wl = 56’1 =T9 = I/Q VAN (2122 = b1by V 2129 = babg V
V 2129 = byb3 V 2129 = bybs V 2129 = b5a0))

V(21 =2 =29 = 25 A R(21) A (2120 = c102 V 2129 = cac3 V
V 2129 = 03a0)).

We are left to prove thaA’ — B’ ifand only if I(A’, y) — H. Given a homomor-
phismh : A’ — B’, defineg((a, a, ap)) = h(a). Then extendy to map the 11011
zig-zag path that ends i, a, ay) to two consecutive 011 zig-zag pathsHh the
second ending in(a). Note that such paths existH by the definition of the shift
relation inB'. For everya € RA’ we haveh(a) € RB', so we map the 111 zig-zag
path that ends dt:, a, ag) to the 111 zig-zag path that endsiét) in H. For every
(a,a’) € SA" we have(h(a),h(a')) € SB', so we map the 011 zig-zag path that
starts af(a, a, ag) and ends ata’, ', ap) to the 011 zig-zag path that startshdt)
and ends ak(a’) in H. This gives a homomorphism: I(A’) — H.

Conversely, given a homomorphisin : I(A’) — H, use the 11011 zig-
zag paths to argue that for evetty € A’ there exists &(a) € B’ such that
h((a,a,ap)) = b(a). Then use the 111 zig-zag paths to argue thaf¥relation is
preserved, and use the 011 zig-zag paths to argue thattaktion is preserved.
This gives a homomorphism fro&’ to B'. O
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Composing the two facts we get part (1) in Theorem 7 which iatwie were
after. For part (2), the idea is to first reduc8R H) to CSARB’), and therCSRB')
to CSRB). The first reduction, as described in [9], is this.

Start with an arbitrary digrapls and first check thaG is acyclic and does
not contain paths of length 4 or more. Otherwise we kriew/ H. After that,
iteratively collapse in-neighbors of vertices having askone in-neighbor and at
least one out-neighbor until any such vertex has in-degreetly one. Repeat
with out-neighbors of vertices having at least one in-neg@grand at least one out-
neighbor until any such vertex also has out-degree exacidy drhen, collapse
neighbors of a point starting a path of length 3 so that evech vertex has out-
degree exactly one. For points starting at least two pathsngth 2, collapse the
out-going paths of length 2 into a single path of length 2. \lestices of out-degree
two or more, collapse out-neighbors that do not belong totla pilength 2 until
every such vertex has at most one out-neighbor that doesetmtdto a path of
length 2. Now we view vertices of out-degree 0 as points an (R, S)-structure.
Then we impose aiR-constraint on every vertex on which a 111 zig-zag path
ends, and ary-constraint on every paifa, a’) with a 011 zig-zag path starting at
a and ending at/. To argue the correctness of this reduction it is important t
remember that every vertex IR’ ends two consecutive 011 zig-zag paths by the
definition of the shift relation.

It remains to reduc€SRB’) to CSRB). But this is in fact easier. Given
an arbitrary instanc@’ of CSRB’), replace every point oA’ by r copies, then
collapse those that should be equal as dictatedyas if it were a partial shift
relation, and finally add the tuples to the relations as tidtay RA'.

Remark Let us point out that the existence of quantifier-free reidastbetween
CSPs as in Theorem 7 cannot be taken for granted. For exabgilgus [5] noted
that CNF-SAT does not reduce t8-SAT under quantifier-free reductions. However,
CNF-SAT is not quite a CSP in the form we consider in this paper as itumas
bounded arity. Another more appropriate example is theviotlg. Consider the
two problemsHORN-3-SATandAFFINE-3-SAT. More concretelyHORN-3-SATis

the CSP specified by the template n 1} for 3-clauses of the two possible Horn
types(zVyVz) or (ZVyVZ). Similarly, AFFINE-3-SATis the CSP specified by the
template onGF(2) for the equations on three variables of the two possiblestype
z+y+z=0andz+y+ 2z = 1. These two problems are solvable in polynomial-
time, and in fact, the first i¥-complete under logspace reductions. Therefore,
AFFINE-3-SAT reduces ttHORN-3-SAT under logspace reductions, yet the reduc-
tion cannot be made gquantifier-free. Indeed, it is known H@RN-3-SAT has
bounded width whileAFFINE-3-SAT does not (see [9] and Section 6). As a result,
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there cannot be a quantifier-free reduction fraRFINE-3-SATto HORN-3-SAThy
Lemma 1. This simple example shows how the strong claim ofiifiex-freeness
in Theorem 7 cannot be taken for granted without check.

4.2 Consequences of the quantifier-free reduction

Let us now spell out the consequences of Theorem 7. We meditialneady that
AFFINE-3-SATis a CSP that is known not to have bounded width, but is tréetab
since we can run Gaussian elimination in polynomial timet Hebe the digraph
given by Theorem 7 for the template AFFINE-3-SAT. ThenCSRH) polyno-
mially reduces tOAAFFINE-3-SAT, so it is tractable, bubFFINE-3-SAT reduces to
CSHH) by quantifier-free reductions, 5K H) does not have bounded width.

Corollary 1 There exists an acyclic digrapH with 368 vertices andi32 edges,
maximum degree, and height3 such thatCSRH) is tractable but does not have
bounded treewidth duality.

Let us verify that the number of vertices and edge#laf correct. The tem-
plate of AFFINE-3-SAThas two points in its universe, and two ternary relations wit
four tuples each. This givesB with 26 = 64 elements and6 tuples inR. In H,
we have one copy of each of tiié points. We also havg points and3 edges for
every tuple, which make3 additional points and edges. And finaflypoints and
3 edges for every pair d-tuples in{0, 1} that are related by the shift relation.
There are2” = 128 such pairs, so we g&€56 new points and84 new edges. In
total we have368 points andi32 edges.

The second consequence is about triads. A triad is an odigrge with a
single node of degreg. It was shown by Hell, Nesetril and Zhu [13] that there
exists a triadT such thatCSRT) is NP-complete. ConsequentlgSR'T) does
not have bounded width unless P = NP. A close look at [13] fevdet the
NP-hardness o€SR'T) is proved by exhibiting a quantifier-free reduction from
NOT-ALL-EQUAL-3-SAT, which is the CSP with the template below:

({o0,1},{(0,0,1),(0,1,0),(1,0,0),(0,1,1),(1,0,1),(1,1,0)}).

Thus, it suffices to show thatOT-ALL-EQUAL-3-SAT does not have bounded
width. This follows from the following more or less folklomesult (see [9] for
the definition of the class SNP called Strict NP and see [5idtated results).

Theorem 8 The problems-SAT and NOT-ALL-EQUAL-3-SAT are SNP-complete
under quantifier-free reductions.
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Proof sketch Every SNP-sentence can be written in the form
(3X1) -+ (AXp)(Var) -+ (Vo)

with ¢ a conjunction of formulas of the form

w(X) v \/ Xj(xﬂ'j) v \/ _\Xj(xﬂ'j)7 (6)

jel jedJ

where is a quantifier-free formula withouk';’'s. By factoring out, we may
assume that no pair of such formulas have the safyis part. By introducing
existentially quantified auxiliary second-order variabienecessary, we may as-
sume as well that each such formula has exactly three ocoa@seofX;’s. The
quantifier-free reduction t8-SATis now clear: We define a new propositional vari-
ableY; . for each atomic formula of the fornY;(x,) and everyt-tuplea. Then,
for every conjunct inp as in (6) and every-tuplea, we put a clause

V Yia., V'V Ya,,. @)
jeI jeJ
in the 3-CNF formula if and only if(a) holds.

ForNOT-ALL-EQUAL-3-SAT it suffices to show that there is a quantifier-free re-
duction from3-SAT. This follows from the seminal work of Schaeffer [26]. Indee
Schaeffer proved that every relatiét) in the template 08-SAT is definable in the
template oNOT-ALL-EQUAL-3-SAT by means of an existential-positive first-order
formula of the form

Soi(waya Z) = (Elxl) e (ka)¢z(x>y> ZyLlyew- axk)a

whereg; is a conjunction of atomic formulas. The reduction is novacléesides
the original variables of the-SAT instance, we creatk variablesz1, . .., xj for
every tuple(z,y, z) from the 3-SAT instance. Then we place the tuples in the
atomic formulas in;(z, y, z, 1, ..., z) in theNOT-ALL-EQUAL-3-SAT instance,
for every(z,y, z) € R; from the3-SAT instance. O

SinceAFFINE-3-SATis a CSP, it belongs to SNP [9], so there is a quantifier-
free reduction fromAFFINE-3-SAT to NOT-ALL-EQUAL-3-SAT, so the latter does
not have bounded width.

With all the above:

Corollary 2 There is a triadT' such thatCSR'T') does not have bounded treewidth
duality.
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The power of the logical approach stems from the fact that wexat need
to painfully analyze homomorphisms from arbitrary struetuof treewidthk to
complicated transformed instances and templates of tHagms. Definability is-
sues alone already tell us that bounded width is ruled out.ugeénsist that these
results would not have been possible without the recenttres[8] (Theorem 6
above) about the disposal of negations. This is becauseuthtifier-free reduc-
tions require negations. But strangely enough, only inlitipgare needed in the
guantifier-free reductions and only to state that the pararsare pairwise distinct.
In any case, we do not see a way around this, and we think itdimeilpainful, if
possible at all, to prove these results without Theorem 6.

5 Application: Finite dualities and first-order logic

Recall from Section 3 the definition of finitary duality. Itéasy to see th&SRB)
has finitary duality if and only ifCSRB) is definable in-3FO. But when is
CSHB) definable in full first-order logid”O? This is the question addressed in
this section.

A priori FO is much more expressive thal'O since, in particular, the proper-
ties expressible in the latter are always closed under haramsms. But what if
we restrict ourselves to properties that are closed undaphwrphisms? Is every
property that is closed under homomorphisms and definati®imlso definable
in 9FO? This question is known as the “Homomorphism Preservatmmecture”
which was a central open problem in finite model theory forrgesnd is now a
Theorem thanks to Rossman [25]. Here we are able to verifgdhgcture for the
particular case o€SRB) problems, whose complements are always closed under
homomorphisms, as it is easy to see. Our proof, which apgéaithe conference
version of this paper in preliminary form, is based entiretylocality arguments
for first-order logic and is thus independent of [25].

Theorem 9 Leto be a relational vocabulary and |8 be ao-structure. Then, the
following are equivalent:

1. CSRB) is definable inFO,
2. CSHAB) is definable in-3FO.

The proof of this result relies on a density result for minimmedels of first-
order sentences that are closed under homomorphisms. &Bifinst established
by Ajtai and Gurevich [1] as an interesting application off@an’s Local Lemma.
Before we state the density result we need to recall someitilmfi;n Recall thatA
is aminimal model ofp if A is a model ofp and every proper substructure Afis
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not a model ofp. Similarly, recall that th&aifman graph ofA, denoted by (A),

is the graph whose set of verticesdsand whose edges relate every pair of distinct
elements that appear together in some tupldofif G = (V, E) is a graph and

S C Vis a subset of its vertices, we say tisais d-scattered inG if dg (u,v) > d

for every pair of distinct elements, v in S, wheredg (u, v) denotes the length of
the shortest path betweerandv in G.

It will also be useful to introduce the concept of the Gaifnigpergraph of a
o-structure, which we denote [#¢(A). This is the hypergraph whose vertices are
the points in4, and whose hyperedges are the sets of points that form timples
Since we can define distances in the hypergraph in a natuyahamely, as lengths
of shortest paths, é-scattered set in a hypergraph is defined then analogously to
the graph case. Note that distances in the Gaifman ggaah and in the Gaifman
hypergrapt(A) of ao-structureA coincide, so al-scattered set ig(A) is also
ad-scattered set ittt (A ) and vice-versa. This allows us to state the result by Ajtai
and Gurevich in terms of the Gaifman hypergraph, which idaohe we need later
on.

Theorem 10 ([1]) Let ¢ be a first-order sentence such that the class of its finite
models is closed under homomorphisms. Then, for every, there exist integers

d > 0 andm > 0 such that ifA is a finite minimal model ap, then there is no

B C A of size at most such thatH (A — B) has ad-scattered set of size.

Here we use the notatioh — B to denote the substructure Afinduced by the
setA — B, whereA is the universe oA. For a hypergrapl = (V, E) and a set of
verticesB we use a similar notatiol — B to denote the hypergraph with vertices
V —Bandedgege : e € E,e CV — B}. Note that in some text¥] — B is used
to denote the hypergraph with verticés— B and edgege — B : e € E}. We do
not mean that. Note that with our notation we haveA — B) = H(A) — B.

We will use Theorem 10 in connection with the easy fact provelbw. In
the conference version of this paper, we proved it only fapgs even though we
needed it for hypergraphs. Here we extend the proof to hygenhg, which is only
a bit more delicate. Recall the definition of girth of a hypaph from Section 2.

Lemma 2 For everyd, m andr, there exists g and ann such that ifH = (V| F)
is a hypergraph with at least points, edges of size at mostand girth at leasy,
then there exists a vertex € V' such thatH — {u} contains ad-scattered set of
sizem.

Proof: Fix d, m andr. Letg = (m + 2)(d + 1) + 1 andn = (ms)m+2(d+D),
Suppose thaH = (V, E) is a hypergraph with at least points, edges of size at
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mostr, and girth at leasy. We may assume th&l is connected; otherwise add
one edge between every pair of components until the hygargsaconnected, and
work with the new hypergraph. Clearly, this does not createadtered set where
none existed before. Since the girthHdfis at least three, no pair of edges share
more than one point. This will be useful in the following. Neve consider two
cases: eitheH contains a vertex: with at leastn non-loop edges touching it, or
not. In the first case, le$ be a set ofin different neighbors of:, each from a
different non-loop edge touching Note that such neighbors exist because no pair
of edges share more than one point. Since the girl ¢ at leasty > d + 2, the
setS is d-scattered irH — {u}. Its size is at least:. Consider now the second
case; namely, that every vertex is touched by at most 1 non-loop edges, of
course each with at mostelements. Then, sincH is connected, its girth is at
leastg > (m + 2)(d + 1), and its size is at leagt = (mr)(™+2(@+D) there exists

a simple path of lengtim + 2)(d + 1). For everyi € {1,...,m}, letv; be the
i(d + 1)-th vertex in the path. Since the girth ®f is at leasty > 2d, the set

S ={v; : 1 <1i < m}isd-scattered irH. Its size ism, so the lemma is proved.
a

With Theorem 10 and Lemma 2 in hand, it will suffice to show thagry
structureA /4 B can be replaced by another structé — A whose Gaifman
hypergraph has large girth and stl' /4 B. The existence of such ak’ can be
derived from a probabilistic construction due to Feder aaciM9, Theorem 5}:

Theorem 11 (Theorem 5in [9]) Let A and B be finites-structures and lety be
an integer. Then, there exists a structuxé satisfying the following properties:

1. A/ - A,
2. A — BifandonlyifA’ — B,
3. the girth of H(A') is at leasty.

Here we provide an easier, less ad-hoc proof of a weakertre3ul proof is
weaker in two respects: the first is that we only work it outdaraphs, and the
second is that instead of guaranteeing girth at leaste can only guarantee odd-
girth at leasty (the odd-girth is the length of the shortest odd-cycle). &tbaless,
we believe the proof we provide can be useful to facilitatetéd understanding of

The proof in [9, Theorem 5] provides ak’ that is polynomially bounded itA. However, for
our purposes, the polynomial bound is irrelevant. Itis alsath pointing out that, in [9, Theorem 5],
clause (3) is stated as “the girth Af is at leasfy”. In their terminology, this means that agy— 1
different tuplesa, ..., a;—1 in A’ of aritiesr1,...,r,—1 involve at leastl + ) . (r; — 1) points.
But this is equivalent to saying that the length of the ststrtgcle (if any) is at leasf.
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some of the key results in [9]. We learned recently that éxduis proof is already
in [12] and goes back to [21], and the statement goes undamaime of “sparse
incomparability lemma”. In the course of the proof we willeakthe fact that there
exist graphs of arbitrarily large odd girth and arbitrafdyge chromatic number
(see Section 2.5 in [12]). Let us state the weak form of Theaté as a corollary
and prove it.

Corollary 3 Let A andB be digraphs and leg be an integer. Then, there exists a
digraph A’ satisfying the following properties:

1. A/ — A,
2. A — Bifand only ifA’ — B/,
3. the odd-girth ofH{(A’) is at leasty.

Proof: Assumeos contains a single binary relation symh®! Letm be the cardi-
nality of B, and letn be the cardinality ofA. Let G = (V, E) be a graph whose
girth is at leasty and whose chromatic number is at least + 1. Let C be the
o-structure defined as follows. The univeSeof C is V. The interpretation o
in Cis:

RC = {(u,v) € V" : {u,v} € E}.
Note that the Gaifman hypergraph and the Gaifman graghadincide, and;(C)
is preciselyG.

Now we defineA’ = C x A. In other words, the universe &’ is C x A,
and the tupl€((c1, ay), (2, a2)) belongs toRA" if and only if (¢1, ;) € RC and
(a1,a2) € RA. We claim thatA’ satisfies the three properties of the Theorem
when girth is replaced by odd-girth.

Property (1) is clear since the projection mapping shows@a A — A.
Property (3) is also clear since any odd-cycle in the Gaiflgeaph ofC x A
projects into an odd-cycfein the Gaifman graph o€, and the odd-girth of the
latter is at leasy. Let us now prove property (2). Obviously, & — B, then also
Cx A — Bby(1). Conversely, suppose that C x A — B is a homomorphism.
Foreveryc € C anda € A, leth.(a) = h(c,a). Observe that eadh. is a mapping
from A to B, but not necessarily a homomorphism. However, there ar@stmi*
mappings fromA to B, and since the chromatic number@fis at leastn™ + 1,
there must exist an edge, ¢’} € E such thath, = h.; otherwiseG would be
m'-colorable. We claim that’ = h. = h. is a homomorphism fromA to B. To
see this, note that ifa;, ay) € R*, then((c,ay), (¢, a2)) € R, so

(h((c,a1)), h((c,az))) € RP.

2Critically, only odd-cycles are guaranteed to map to cyslase an even cycle could alternate
between the two end-points of an edgeGof
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But sinceh, = h., this is preciselyh’(a1), h'(az)). This completes the proof of
the weak form of Theorem 11. O

Finally, we are ready for the proof of Theorem 9.

Proof of Theorem 9Suppose thaCSRAB) is definable by a first-order sentence
w. It suffices to show thatp has finitely many minimal models. Suppose the
opposite and we will contradict Theorem 10. Fix integéedm, and letr be the
maximum arity ofo. Let g andn be as in Lemma 2. LeA be a minimal model of
- of size at least:. Let A’ be as in Theorem 11. Sinck is a model of-p, we
haveA /4 B, soA’ /4 B, soA’isamodel of-¢ as well. LetA” be a substructure
of A’ that is a minimal model of.p. We haveA” — A’ — A. The homomorphic
image of A” into A is a substructure oA. But since—y is preserved under
homomorphisms and is a minimal model of~¢, the homomorphism must be
surjective. This shows thatl”| > n. Note that the girth of{(A”) is still at least

g sinceH(A”) is a subhypergraph dfi(A’). Now, by Lemma 2, there exists a
vertexu € A” such that{(A"”) — {u} contains al-scattered sef of sizem. Note
that H(A") — {u} = H(A” — {u}). This shows that for every andm there
exist some minimal model ofp for which removing a single element produces a
d-scattered set of size. This contradicts Theorem 10. 0

Theorem 9, together with the obvious fact that finitary dyaind definability
in —3FO are the same, shows that tha3®8RB) that are first-order definable are
precisely those having finitary duality. On the other hand$&tfil and Tardif [22]
(see also [20, Theorem 3.13]) characterized exactly t8&&€B) problems having
finitary duality through an explicit identification of thengjleton dualities. In the
following, ao-strictreeis ao-structure whosshadowis a tree, where thehadow
of a o-structure A is the multigraph with set of verticegd and having an edge
betweer: andb if there exists a tuple = (a1, ...,a,) in A such thatw = a; and
b= a4 forsomei € {1,...,r —1}. Note that if the shadow is a tree then it does
not have loops or parallel edges.

It was shown in [22] that for every-strictreeT, there exists ar-structure
D(T) that is the dual ofT; in other words, A — D(T) if and only if T /4 A.
Moreover,D(T) is explicitly defined froniL'. Now we get our corollary:

Corollary 4 (to Theorem 9 and to [22]) Let B be a finiteo-structure. Then, the
following are equivalent:

1. CSRB) is definable inFO,
2. CSHB) is definable in~3FO,
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3. CSAB) has finitary duality,

4. there is a finite collection of-strictrees{Ty, ..., T;} that is a duality for
CSRB) and such thaB is homomorphically equivalent fd‘_; D(T;).

Let us point out that the strong clause (4) in Corollary 4 iegpthat there is a
semi-decision procedure to tell, giv@) whetherCSRB) is first-order definable.
Indeed, the construction dD(T) is computable giverl, so it suffices to find
the finite set ofo-strictrees{T,...,T;} and check thaB is homomorphically
equivalent to[[:_; D(T;). Note, however, that there is no a priori bound on this
set, so this is only a semi-decision procedure.

The point is that this is already a non-trivial result singe dbvious phrasings
of the statementCSRB) is first-order definable” are il,, the second level of the
arithmetic hierarchy. Indeed, the most obvious phrasiag@$RB) is first-order
definable is that there exists a first-order formylauch that for every instance
A we have thatA = ¢ iff A — B. A second less obvious phrasing can be
stated in terms of quantifier ranks and Ehrenfeucht-Feaiissnes, but the com-
plexity does not change and remaks Corollary 4, instead, gives¥; statement
which, to our knowledge, was not known before the conferesmcsion of this pa-
per appeared. All this notwithstanding, it is interestiongcomment here that the
recent work by Larose, Loten and Tardif [18] has finally shawat it is decid-
able, givenB, whetherCSRB) has finitary duality. Hence, it is also decidable
whetherCSRB) is first-order definable by Corollary 4. Indeed, the problem i
NP-complete, which completely settles the issue.

Let us also point out that for vocabularies of maximum asity tas in digraphs,
o-strictrees have treewidth one. Therefore, by Theorem 4ite fbbstruction set
for CSARB) that consists ob-strictrees implies definability in the two-variable
fragment-3FO? of -3FO. Thus, first-order logic collapses taIFO? for digraph
CSPs.

6 Application: Width Bounds

How does one prove that a certa$RB) does not have bounded width? This
guestion was addressed already in the original paper byr Bedevardi [9] where
two different approaches were suggested. The first approacsists in reducing
the question of proving width lower bounds to that of provioger bounds for the
size of monotone Boolean circuits. Indeedc8RB) has bounded width, then its
complement is definable in Datalog, which easily implieg ttsacomplement can
be decided by polynomial-size monotone Boolean circuitsieff and Vardi made
use of this observation to show th@sRB)’s with the so-calledability to count
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do not have bounded width. Razborov’s celebrated resujtd&aving monotone
circuit lower bounds for deciding if a bipartite graph hasesfect matching came
in handy. The second suggested approach consists in regdti@nquestion of
proving width lower bounds to that of designing winning &aes in certain two-
player pebble game. As we understand it today, this game isxistential pebble
game of Section 2 as shown in Theorem 5. This is the approathkedere.

We will show in this section thadFFINE-3-SAT does not have bounded width
and that, in fact, the required width is a tight function oé tiheewidth of the in-
stance. The lower bound is, to our knowledge, new.

6.1 Discussion

A first idea to get width lower bounds via pebbles games wod@dduse the
methods developed for studying the complexity of proposél resolution and
the so-called Tseitin formulas. The techniques employdatiaharea would show
that if a graphG is a sufficiently goodexpandey then the system of equations
corresponding to the Tseitin formula &f requires large width to refute as satis-
fiable. The results that follow will provide a tighter vemsiof this since we show
that large treewidth, as opposed to large expansion, iadjrenough to guarantee
large refutation width of the Tseitin systems.

For completeness, let us remind the reader that the confeptpansion of
a graphG = (V, E) that is used in the context of resolution is measured by the
so-callededge-expansionf G: as

e(G) =min{E(A,V — A): ACV,1/3|V| < |A| <2/3|V|},

where E(A, B) is the number of edges with an endpointAnand the other in
B. Using the fact that graphs of small treewidth have smaktedd separators,

it can be shown that if a sufficiently large graph has tredwattmostk, then its
edge-expansion is at most. Thus, bounded treewidth implies bounded edge-
expansion, but the converse need not be true. Take for eraimpldisjoint union

of two n x n-grids; the edge-expansion(idut the treewidth is. If we do not like
disconnected graphs, we can also take two disjoirtn-grids joined by an edge;

in that case the edge-expansior iand the treewidth is again unbounded.

6.2 Tseitin systems

Let us define now the Tseitin system of a given graph Fix & > 0. Let
G = (V, E) be a 3-regular connected graph withvertices. Letuy € V be a
distinguished vertex. The Tseitin system(€&f, ug), denoted byA = A(G, ug),
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contains one variable for every edgec F, soA = {z. : e € E}, and one

equation
Z ze = m(u)
uce
for every vertexu € V, wherem(u) = 1 if u = up andm(u) = 0 otherwise.

From now on, lefB be the template structure AFFINE-3-SAT, that is,B has
{0,1} as universe and two ternary relatioRg and R;, where R, is interpreted
as{(a,b,c) : a + b+ ¢ = d} where addition is modulo two. The first claim is
straightforward: Tseitin systems are always unsatisfiable

Clam1 A 4 B.

Proof: If we add all equations together we obtain

2 er = Z m(u) = m(ug) = 1.
eck ueV
Note that the left-hand side is even but the right-hand sideld. This shows that
A is unsatisfiable. O

Next we claim that if the treewidth dofx is &, then the Duplicator wins the
existential(| /2] — 1)-pebble game oA andB. In fact, we will also prove that
this is tight up to constant factors. Let us start with theerdpound and leave the
main result of this section dmale

6.3 The upper bound

Again, A = A(G,uy) is the Tseitin system of a 3-regular connected gréph

What is the Gaifman grapfi(A) of A and how does it relate #&? As it happens,

G(A) is exactly the line graph do&. Recall that the line graph d& is the graph

whose vertex set i€/, and whose edges are the pairs of edge&ahat share

exactly one vertex. Moreover, the treewidth of the line grapn be bounded by
the treewidth ofG times the maximum degree:

Lemma 3 Let G be a graph of maximum degrde If the treewidth ofG is k, then
the treewidth of the line graph @& is at mostd(k + 1) — 1.

Proof: Let (7T, L) be a tree-decomposition &f of width k. Let L’ be the following
alternative labelling off: for everyt € T, let L'(t) = {e : L(t)Ne # (0}. In

other words ' (t) is the set of edges that are incident to some vertdXin. Note
that the size of each’(t) is bounded byi(k + 1). We claim tha{T’, ') is a tree-
decomposition of the line graghof G. Since the two endpoints of any edge®f
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appear in some bag 61", L), it is clear that every edge &f also appears in some
bag of(T, L"). For the connectivity condition, suppose that the edge{u, v} of
G, which is a vertex oL, appears in botti.’(¢t) and L' (¢'). If one of the endpoints
of e appears also in both(¢) and L(¢'), then this same endpoint appears in every
bag of (7', L) in the path fromt to ¢’. In that casee appears also in every bag of
(T, L) in this path. Suppose now thatappears only ir.(¢) andv only in L(¢).
Sincee is an edge ofG, there must exist at least one ba¢f”) containing both
endpoints of. But then, by the connectivity condition ¢7, L), one of these”
must appear in the path betweeandt'. It follows that every bag ofT’, L) in this
path contains eithex or v, so every bag of7’, L’) in this path containg. This
concludes the proof. O

With this lemma in hand, it suffices to use the fact first noteflLi’] that if an
instance of a CSP has treewidththen the existentiglk + 1)-pebble game decides
homomorphism. We have all necessary material to give a ghoof. Recall that
in this sectionA = A (G, uy) is the Tseitin system of a 3-regular connected graph.

Lemma 4 If k is the treewidth of=, then the Spoiler wins the existentidlk + 1)-
pebble game oA andB.

Proof: If the treewidth ofG is &, then the treewidth of the line graph 6f is at
most3(k + 1) — 1 by Lemma 3. But the line graph &% is precisely the Gaifman
graph of A, so the treewidth ofA is at most3(k + 1) — 1. Of course we have
A — A andA 4 B. So apply Theorem 4 and gera@FO?**+1)-sentence) that
holds inA and not inB. It follows from Theorem 2 thaf #**! B. 0

6.4 The lower bound

We will need the fact that the treewidth of a graph is charaetd by thek-Cops-
and-Robber game [27]. In tHeCops-and-Robber game there &r€ops and one
Robber. The Robber stands at a vertex of the graph and car gnead speed to
any other vertex along a path of the graph, but may not rurutiiror to a vertex
containing a Cop. Each of tHeCops is either on a vertex or in a helicopter. The
objective of the Robber is to escape from the Cops by movirgdifferent vertex
each time he sees that a Cop is approaching and wants to ldslvertex. If he
has a strategy to escape forever, we say that the Robber Aviosmal definition

of the game can be found in [27].

Theorem 12 ([27]) Let G be a graph and lek be an integer. Then, the following
are equivalent:
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1. the treewidth of5 is at leastk,
2. the Robber wins the-Cops-and-Robber game @h.

Now we are ready to state and prove the main claim of this@ectCompare
with Lemma 4.

Lemma5 If k£ is the treewidth ofz, then the Duplicator wins the existential
(|k/2] — 1)-pebble game oA andB.

Proof: In a nutshell, the strategy of the Duplicator is to maintaiwalk in G
starting atug and ending at somey for which none of the three edges that are
incident tovy are pebbled. With such a path in hand, the Duplicator will &fe s

if she sets — 1 for edges that appear an odd number of times in the walk, and
e — 0 for edges that appear an even number of times in the walk. raltuthe

last vertex of the walk and the walk itself will change dinasadly during the play

of the game using a strategy in the Cops-and-Robber gante thiat is played on

the side. Details follow.

Let P be a walk inG starting atuy and ending aty # uo. We define a map
hp from the edges otz to {0, 1} by settinghp(e) = 1 for everye that appears an
odd number of times i®, andhp(e) = 0 for everye that appears an even number
of times inP. We note that, for every set of edg€ghat are not incident toy, the
maph p restricted taC' is a partial homomorphism frol to B. Indeed, in a walk,
every internal vertex belongs to an even number of edgeseoivtik, while the
extreme vertices, andvg, by the fact they are different, belong to an odd number
of edges of the walk.

We are ready to define the strategy for the Duplicator. Pelbe the walk
starting atug currently held by the Duplicator. Initially, we Ig® be simply any
edge incident tas,g. Let vy be the last vertex of the walR. Let C be the set of
pebbled edges at the begining of thi round of the game and I& be the set of
vertices that are incident to these edges. The Duplicatbmaintain the invariant
that the set of vertices having a Cop in the side gamé&as preciselyD U {ug}.
Note that|D| < 2|C| + 1.

Suppose now thdC| < k/2 — 2 and that the Spoiler places an unused pebble
on edgee. If e € C, let the Duplicator repeat its previous move ©and proceed
to the next round of the game with the saieLet us assume now thatZ C. If
e is not incident tovy, the last vertex of?, we let the Duplicator reply according
to hp. Since the restriction dip to C U {e} is still a partial homomorphism, the
game can proceed to the next round. Suppose nowetlsaincident tovy. Now,
in the Robber-Cops game played on the side, place two Copslweerticesu
andv forming the edge. Recall thatD| < 2|C| + 1 and|C| < k/2 — 2, so there
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are enough Cops to proceed. Before the Cop landg,ithe Robber can escape
through a path) avoiding D U {ug} U {u, v}, to a new vertexy. Let P’ be the
walk that goes fromy to vy as in P and then fromy, to v{, as in@. Finally, let
the Duplicator reply according top/. Notice thathp andhps agree orC' since@
avoids all pebbled edges. The new walk kept by the Duplidaiothe next round
is P'.

It remains to see how to proceed when the Spoiler removestagzbm some
e € C. In this case the Duplicator removes the correspondinglpdhbim T and
updates the configuration of the Robber-Cops game by remaveCops from the
vertices that form the edge except forug which always keeps a guarding Cop.
The invariant is maintained, and this completes the proof. O

Take now a collection of 3-regular graphs of unbounded tigtewAn interest-
ing example is the class of (toroidal) brick graphs. ThisrshthatAFFINE-3-SAT
requires unbounded width even on the Tseitin systems of/énig particular class
of graphs.

Corollary 5 ([9]) AFFINE-3-SATdoes not have bounded width.

This follows from Lemma 5 and clause (6) in Theorem 5. The sargement
would work to show thatFFINE-4-SATrequires large width on the Tseitin systems
corresponding to the class of (toroidal) grid graphs. Nbsg such grids are 4-
regular, and of course, have unbounded treewidth.
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