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Abstract

Themostnaturalandperhapsnostfrequentlyusedmethodfor testingmembershipf anindividual
tuplein a conjunctive queryis basedon searchingreesof partial solutions,or search-treesWe inves-
tigatethe questionof evaluatingconjunctive querieswith a time-boundguarantedhatis measureds
a function of the size of the optimal search-treeWe provide an algorithmthat, givena database), a
conjunctive query ), anda tuple a, testswhether(z) holdsin D in time boundedby a polynomial
in (sn)lo8%(sn)lesloen andn”, wheren is the sizeof the domainof the databasek is the numberof
boundvariablesof theconjunctive query s is the sizeof the optimalsearch-treeandr is the maximum
arity of therelations.In mary casef interest this boundis significantlysmallerthanthen®*) bound
provided by the naive search-treenethod. Moreover, our algorithmhasthe advantageof guaranteeing
theboundfor ary givenconjunctivequery In particular it guaranteetheboundfor querieghatadmitan
equialentform thatis mucheasietto evaluate evenwhenfinding suchaform is anNP-hardtask.Con-
creteexamplesincludethe conjunctive querieshatcanbe non-trivially foldedinto a conjunctive query
of boundedsize or boundedreawidth. All our resultstranslateto the contet of constraint-satisfaction
problemsvia thewell-publicizedcorrespondendeetweerbothframevorks.
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1 Intr oduction and Summary of Results

The foundationalwork of Chandraand Merlin [CM77] identified the classof conjunctive queriesin re-
lational databasesystemsas an importantandfundamentaktlassof queriesthat are repeatedly‘askedin
practice”. Thesearethe queriesof first-orderlogic thatare built from atomicformulasby meansof con-
junctionsandexistentialquantificatioronly. Thus,the genericconjunctive querytakestheform

whereR;, ..., R, areatomicformulasbuilt from therelationsof thedatabasevith thevariablesz,, . . ., zy.
Conjunctive queriesmay alsohave free variables but for the sakeof simplicity we will focuson Boolean
conjunctive queriesin this introduction. Alternatively, it is known that the classof conjunctive queries
coincideswith the classof queriesof therelationalalgebrahatuseselection projection,andjoin only.

Evaluatingconjunctive queriess sucha commontaskthatit is no surprisethata hugeamountof work
hasfocusedon its algorithmic and compleity-theoreticaspects.The mostohvious algorithmis perhaps
theonethatexhaustiely checksfor the existenceof anassignmenof valuesto thevariablesn suchaway
the relationsin the body of the query (the quantifierfree part) are satisfied. Obviously, if the domainof
the databaséascardinalityr, this algorithmtakestime roughly »*, whichis exponentialin the numberof
variablesof thequery But, canwe do better?

Unfortunately unlessP = NP, we cannotexpectan algorithmthatis polynomialin both» and% since
the problemis NP-complete.This wasalreadynoticedby Chandraand Merlin [CM77]. To makethings
worse,morerecentwork on the parameterizedomplity of querylanguagedy Papadimitriouand Yan-
nakakis[PY99] indicatesthatthe situationmight be even moredramatic. Namely we cannoteven expect
an algorithmthat, while arbitrarily complec in &, remainspolynomialin ». Thus,we cannotexpectan
algorithmof compleity 22" 2, say unlesscertainwidely believed assumptiongn compleity theoryare
violated. Thesetheoreticalresultsindicatethatthe algorithmicproblemis just too hardto be addresseih
its wider generality

Luckily, the situationin real databasapplicationsis not ascatastrophic.Conjunctive queriesthatare
askedn practiceusuallyhave somestructurghatmakegshemmoretractable Theparadigmaticaéxampleis
theclassof acyclicconjunctive queriesdentifiedby YannakakigYan81]. Thesearethe conjunctive queries
whoseunderlyinghypegraphis agyclic, thatis, the hypegraphthat hasthe variablesof the queryasver
tices,andthetuplesof thevariablesappearingn theatomicformulasashyperedgess agy/clic. Yannakakis
shavedthatsuchqueriescouldbeevaluatedn polynomialtime by anefficientdynamicprogrammingech-
nique. The exactcompleity of agyclic conjunctive querieswaslater studiedin [GLS9g, andgeneralized
in several otherdirections[CR97, KV0OQ]. The mostinterestinggeneralizations perhapshe onebasedon
treawidth, to whichwe will getbacklater.

1.1 Search-treesand backtracking algorithms

Let usreturnnow to the mostolvious algorithmthat checksfor all possibleassignmentsf valuesto the
variables. Clearly this algorithm can be modestlyimproved by a backtrackingalgorithm that considers
the variablesone-at-a-timeand backtracksvheneer the currentpartial assignmentorcesthe body of the
gueryto be eitherfalse becausesomeatomicformulais falsified, or true becauseall atomicformulasare
satisfied Suchasearch-basealgorithmcanberemarkablyfastin certaincasesespeciallyif agoodheuristic
is usedfor choosingthe next splitting variable. As a matterof fact, backtrackingis probablythe most
frequentlyusedmethodfor solvingconstraint-satisfactioproblemswhichis essentialljthe sameproblem
asconjunctive queryevaluationasnoticedby Kolaitis andVardi [KV0O0], andis well-known by now.
Thisleadsimmediatelyto the concepbof search-tregvhichis akey concepin our paper A search-tree
is an n-ary treethatis producedby sucha backtrackingprocedureor an arbitrary choiceof variablesat
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eachbranch.Here,n is the cardinalityof the domainof the databaseNotice that search-treeprovide an
enumeratiorof all possiblesolutionsfor the boundvariablesof the query sincewe backtrackeven when
the body of the queryis satisfied. This permitsus capturingthe notion of optimal search-spactrough
the conceptof minimal seach-tree Intuitively, the size of the minimal search-tredor a given instance
providesanideal benchmarlkagainstwhich all search-basedlgorithmsshouldbe comparedFor example,
a backtrackingalgorithm that spendstime O(»*) on an instanceadmittinga search-treef size O (kn)
shouldbeconsiderednefficient: it spendgnuchmoretime thanwhatis, in principle,necessaryClearly, we
would preferanalgorithmwhoserunningtime is boundedoy a modestfunction of the sizeof the minimal
search-treeTheideal casewould be analgorithmthatis polynomialin thatquantity

Theideaof comparingheefficiengy of analgorithmwith the sizeof theminimal search-treeriginates
in thefield of propositionaproofcompleity, and,asfar aswe know, wasnot consideredeforein thefields
of databaseheory and constraint-satisfaatn problems. In proof compleity, the efficiengy of a proof-
searchalgorithmon a given propositionaltautologyis comparedwith respectto the size of its minimal
proofin the proofsystem A proof systemadmittinga proof-searclalgorithmthatrunspolynomiallyin the
minimal proof is called automatizald [BPROO]. The connectionshavs up whenthe proof systemunder
consideratioris treeresolutionandthe instances an unsatisfiablgropositionaformula F' in conjunctive
normalform. In thatcase,a minimal proof becomesa minimal search-tredor the constraint-satisfactio
instancegivenby F, by simply turningit upsidedown (seealso[BKPS02]).

1.2 Resultsof this paper

Themaincontribution of this paperis theobsenationthatthe conceptandtechniqueshatweredeveloped
for automatizabilityof treeresolutioncarry over, to someextent, to the more generalcaseof conjunctve
guery evaluationand constraint-satisfaain problems. By adaptingan algorithmthat was developedfor

treeresolutionwe exhibit analgorithmfor conjunctive queryevaluationwhosecompleity is boundedy a

non-trivial functionof the sizeof the minimal search-tree.

More concretely we provide an algorithmthat, given a databaseA of cardinalityn, a tuplea of A,
anda conjunctive query@ with £ boundvariablesandrelationsof arity », determinesvhetherthe Boolean
conjunctivequery@(a) holdsin A in timethatis polynomialin (sn)'°&¥(sn)lglee andn”, wheres is the
sizeof theminimal search-tredor testingwhether@(a) holdsin A. While we do notachiee the desired
polynomialboundon s, we notethattherunningtime of our algorithmis remarkablygood,comparedo the
obvious»* bound,whenthe minimal search-treés small. Thealgorithmis discussedh Section3.

Thenwe go onto analyzeour algorithmin Section4. We first considerthe classof conjunctive queries
whoseunderlyinggraphis atree,or is similar to a treein the senseof having small treawvidth. We note
thatif ()(a) hastreevidth w anddoesnot hold on A, thenthe sizeof the minimal searchtreeis bounded
by n{wtlegk  Surprisingly perhapsthe hypothesighat Q(a) doesnot hold on A seemsessentiafor
our proof. Nonethelessthis doesnot preventus from shawing that our algorithmworks correctlyfor any
queryof boundedreawidth in time nC((legk)*)yloglogn |ndeed,if the algorithmdoesnot stopwithin the
prescribedime bound thenwe know that@ (a) holdsin A, althoughthealgorithmgivesno cluewhy.

It follows from this discussiorthatfor queriesof known treewidth w, our algorithmcan be usedfor
decidingwhetherQ (a) holdsin A within atime-boundthatis far betterthanthe worstcasen”, whenk is
large. Obviously, our boundis alsofar worsethanthe O (|Q|»") boundof the known ad-hocalgorithmsfor
evaluatingqueriesof treevidth w [GLS98 KVO00]. It is quiteinteresting,nonethelesshatour algorithm
achiezesa non-trivial boundin that casedespiteit is not specializedor that purpose.As a matterof fact,
our algorithmdoesnoteven computea tree-decompositionf thequery!

Anotherremarkableconsequencis the following. In their seminalpaper{CM77], ChandraandMerlin
shavedthatfor every conjunctive querythereis a minimalequialentquery uniqueup to isomorphismthat



canbe obtainedfrom the original one by identifying variablesanddeletingatomicformulas(seeTheorem
12 andthe discussiorprecedingit in [CM77]). In turn, Chandraand Merlin shaved that finding sucha
minimal equivalentqueryis NP-hard.More recently Dalmau,Kolaitis,andVardi[DKV02] noticedthatthe
problemremainsd\NP-hardevenwhenthe minimal equivalentqueryis of constansize(andin particularhas
boundedreeawidth). Thus,ontheonehand,queriesvhoseminimalequivalentqueryhasboundedsizeadmit
searchreesof sizen®(!) ondatabasesnwhich they fail. Thereasorfor thisis thattheminimal equivalent
gueryis asubquerysoa search-treéor theminimal queryis alsoasearch-treéor thequeryitself, whenthe
gueryevaluatedo false. On the otherhand,thereis no efficient way of finding sucha minimal equivalent
guerysincethe problemis NP-hard.Hence,it is perhapsurprisingthat,on thoseinstancespur algorithm
achieres compleity n®(ogk) ploglogn without ever worrying aboutminimal equivalentqueriesat all. We
elaboratdurtheronthistopicin Section5.

Finally, in Section6 we provide somelower boundson the size of the minimal search-treefor certain
conjunctive queriesof interest. First, it is relatively easyto show that the minimal search-tree$or the
conjunctive query expressingthe existenceof a k-clique on graphsof size n may requiren*=3 nodes.
Second,it requiresa slightly more complicatedargumentshaving that the minimal search-tree$or the
conjunctive query expressinghe existenceof a pathof lengthk on graphsof sizen mayrequiren!°s*=3
nodes.This resultshavs thatthe n(w+1)1og %k ypperboundfor queriesof treavidth w is essentiallyoptimal.
Thisis becaus¢hepath-of-lengthk queryhastreewidth 1. Quiteremarkablyouralgorithmbehaesin time
polynomialin n(los¥)* ploglosn on suchquerieswhichis nearlyoptimalwith respecto search-tresize (for
k'slargerthanlog n).

2 Preliminariesand Definitions

Databasesstructures,and conjunctive queries We view databaseasfinite structuresover finite rela-
tional vocahularieswith constants.A relational vocahulary with constantss is a setof relation symbols
eachof a specifiedpositive arity, anda setof constantsymbols A o-structure, or databaseconsistsof a
domainA, arelation R* C A" for eachrelationsymbol R in & of arity , andanindividual ¢* € A for
eachconstansymbole in o. Structuresredenotedoy

A A A A
A:(fl,Rl,...,Rt y C1 ""’Cd)?

whereRy, ..., R; aretherelationsymbolsof o, andey, . . ., ¢4 arethe constansymbolsof o.
Atomicformulasareformulasof the form R(z4, ..., z,) whereR is arelationsymbolof arity », and
z1, ..., z, arefirst-ordervariablesor constantsA conjunctivequeryis aformulaof theform

EED

wherez, ..., z; arefirst-ordervariables,andz) is a conjunctionof atomicformulas. The quantifierfree
parte is calledthebody. Thevariablesz, . . ., z; arecalledboundvariables Therestof variablesof ¢ are
calledfreevariables Thetotal sizeof a conjunctive queryis thenumberof atomicformulasin ). Let ) be
anatomicformulawith freevariableszy, .. ., 2;. If A isao-structureanda = (a4, ..., q;) isatupleof A,
wewrite A = Q(a) if A satisfies)(a) in the standardsenseof first-orderlogic.

Treewidth Let G = (V, E) beafinite graph. A tree-decompositioof G isapair ({X; : i € I},T =
(I, F)) with {X, : ¢ € I'} afamily of subset®f V', onefor eachnodeof T, andT is atreesuchthat:

1L U, Xi=V
2. for all edgeq(v, w) € E, thereexistsan: € I with {v,w} C X;
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3. forall4,j,k € I:if jisonthepathfromito %k in T, thenX; N X; C X;.

The width of a tree-decompositiois max;e; | X;| — 1. Thetreewidth of G is the minimumwidth over all
possibleree-decompositionsf G.

Thetreawidth of a o-structure A is thetreewidth of its Gaifmangraph, thatis, the graphwhosesetof
verticesis A, andwhoseedgegelateeachpair of verticesthatappeatogetheiin sometuple of therelations
of A. The Gaifmangraph of a conjunctivequery( is the graphwhosesetof verticesis the setof bound
variablef @), andwhoseedgegelateevery pair of variableghatappeatogethetin anatomicformula(note
thatconstantandfree variablesareignoredhere). The treevidth of a conjunctivequeryis the treavidth of
its Gaifmangraph.

Seach-trees Let A beafinite o-structurewith universeA = {a;,...,a,}. Let f : V — A beapartial
mappingof thefirst-ordervariablesto the universeA of A. Extendf to the constansymbolsof ¢ in the
naturalway. Let R(z1,...,zx) beanatomicformula. If z; € Dom(f) for everyi € {1,...,k}, wesay
that f decidesR. If f decidesR and(f(z1),..., f(zx)) € R®, we saythat f satisfiesR. If f decides
Rand(f(z1),..., f(zx)) € R®, we saythat f falsifiesR. Let v (zy, ..., z;) beaconjunctionof atomic
formulas. We saythat f satisfiesy if it satisfiesavery atomicformulain . We saythat f falsifies if it
falsifiessomeatomicformulain . In thosecaseswve saythat f decides). Otherwisewe saythat f does
notdecidey.

A seach-treefor ¢ (z1,...,zx) in A is alabeledrootedtree(T, L) whosenodesarelabeledby partial
assignmentg : V — A, andfor which thefollowing conditionsaresatisfied:

1. If vistherootof T, thenL(v) is theemptypartialassignmen{.
2. If visaninternalnodeof T, thenL(v) doesnotdecider.

3. If visaleafof T', thenL(v) decides).
4

. If visaninternalnodeof T andL(v) = f, thenthereexistsanz ¢ Dom( f) suchthatv hasexactly
n SUCCESSOr8y, . . ., v, suchthatL(v;) = fU{(z,a;)} foreveryj € {1,...,n}.

Thevariablez thatis guaranteetb existin clause4 will bedenotedy z(v). We saythatz (v) is thesplitting
variableatnodev. Noticethattheremaybeseveralsearch-treefor a givenconjunctionof atomicformulas
anda givenfinite structure.A search-tredor ) in A is minimalif every othersearch-tre¢or > in A is at
leastaslargein size.For afinite o-structureA, atuplea of A, andaconjunctivequery@, aseach-treefor
testingwhetherA |= @ (a) is asearch-treéor thebodyof Q(a).

Examplel Letusillustratetheconcepof search-treeThis examplewill alsoshov how asinglequerycan
have multiple search-treesf very differentsizeson a singledatabasel et us considerthe vocahulary o of
onebinaryrelation E andoneunaryrelationP. Finite o-structuresn which E is symmetricandirreflexive
arecalledblack-whitecoloredgraphs Thetuplesin E arecallededgesandthepointsin P arecalledwhite
verticesitherestarecalledblackvertices.Consideithequery@ saying:“thereexistsa pathof length% with
awhite end-point”. Formally,

(Fz1) + - (Fow) (E(z1, 22) A E(ze,23) A+ A E(zp—1, 2x) A P(zr)).

Letusconsidemow theblack-whitecoloredgraphH,, ;. of Figurel. It consist®of ablackn-cliquefollowed
by apathof length% attachedo oneof theverticesof the cliquewith all verticesblack exceptthelastthat
is white.

As afirst exampleof a search-tredor testingwhetherH,, ;. = @, let us considerthe onein which
variablesarequeriedin theorderthey appeaiin thequery:zq, z,, . . ., 2. Therootis labeledby theempty
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‘_ " s ow _‘—()
1 2 3 n-2 n-1 n n+l n+k—-1 n+k

Figurel: H, 1,

partialassignmentandhasexactly n 4+ k& successorabeledby {(z1,1)},...,{(z1,n + k)}, respectiely.
Eachsuchsuccessof(xz1, i)}, in turn, hasexactly n + k successorghej-this labeledby {(z1, 7), (22, 7) }.
At thispoint, thevertex labeledby {(z1, n+k), (22, n+ k) } is declaredaleafbecausés partialassignment
falisfiesthe body of the query (thereis no edgebetweenr + & anditself). A few othersuchnodesare
declaredeavesfor thesamereason.Therestof nodeshave againn + k successorgndthetreegoesonin
this fashionuntil all variablesarequeried.Simpleinspectiorrevealsthatthe sizeof this treeis atleastn*.
Let usconsidemow thetreethatis built by queryingthevariablesn reverseorder zy, zx_1, - . ., x1. After
zy, is queried,the only valuefor z, thatdoesnot falisfy thebodyis n + & (thisis the only white vertex).
Hence all otherverticesof the treearedeclaredeaves. Now, giventhevaluern + k for zy, thereis again
only onevaluefor z;_; thatdoesnot falsify thebodyandthisis n + & — 1 (theonly vertex connectedo
n + k). Following in this fashionwe seethatthe sizeof this treeis boundeddy & - (n + k) + 1, whichis
qualitatively smallerthanr»*. This shows thatthe choiceof splitting variablescanhave a dramaticimpact
in thesizeof search-trees

In the particularcaseH,, , = @ we gave in Examplel, it shouldbe clearthatthe beststratey for a
search-treés to choosethe variablesin reverseorder In generalhowever, knowing which variableneeds
to be queriedat eachnodeto achieve optimaltree-sizemay be a difficult question.Let us point outthatin
the two exampleswe gave, the variablesareall queriedin the sameorderin eachpathof the search-tree.
However, our definition of search-treeloesnot requirethat; indeedvariablescould be queriedin arbitary
waysin differentpaths.

3 Booleanizationand Algorithm

The purposeof this sectionis to developthe algorithmthatachiezesthepromisedperformancelet usstart
by announcingheresult:

Theorem1 Leto bea relational vocalulary of maximumarity » and cardinality ¢. Thee existsa deter
ministic algorithmthat, givena finite o-structure A of cardinality », a conjunctivequery@ with & bound
variablesandtotal sizeq, andatuplea from A, determinesvhetherA = @ (a) in timepolynomialin ¢, ¢,
n", k, and(sn)°8k(sn)leeloen ‘whee s is the sizeof a smallesseach-treefor testingwhetherA = Q(a).

The proof of this theoremrequiressomepreparation.The first thing we do is a Booleanizatiorof the
problemthat will simplify the designand the analysisof the algorithm. Let A = {a4,...,a,} bethe
universeof A. Eachelemenif theuniverseq; € A canbeencodedy astringof log n bits thatwe denote
by [a;]. In turn, by usingthis encoding,eachrelationon A of arity » canbeidentifiedwith a relationon
the Booleandomain{0, 1} of arity r log n asdiscusseahext. For afinite o-structureA , we denoteby A
the Booleanizatio of A; thatis, thestructurewhoseuniverseis {0, 1}, andthathasoner log n-ary relation
RA™ for eachr-aryrelationsymbolR in o. TherelationRA"™ is definedasfollows:

RA(n) = {[a’il] . -[air] : ((Z,jl ey (Z,jr) € RA}
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For anr-tuplea, let al® bethe rlog n-tuple encodinga over {0, 1}. Note thatthe Booleanizatioris not
uniquely determinedbecausedhe codingwe chosedependson the particularorderingay, . . ., a, of the
elementf the universe. Note alsothat not every structureover {0, 1} is a Booleanizatiorbecausesome
tuplesmaynotcodeelementof A.

TheBooleanizatiorcanalsobe carriedout over a conjunctive query If @) is aconjunctvequerywith &
boundvariablesjts BooleanizatiorQ (") is the conjunctive querywith k log n boundvariablesthatresults
from usinglog n new variablesfor eachoriginal variablein @), andreplacingthe atomicformulasby their
Booleanization.

Example 2 Considerthe vocalulary of Examplel consistingof a singlebinary relation £ anda single
unaryrelationP. LetG = ({a,b,¢,d,e},{(a,b), (b, a), (c,d),(e,b)},{c,e}) beao-structure. We need
3 bits to encode5 elementswe codea throughe in the orderthey appearas000, 001,010,011, 100. The
Booleanizatiorof G is thus:

G = ({0, 1}, {000001,001000,010011, 100001}, {010, 100}).
Let @ bethequery(3z1)(Jz2) (E (21, z2) A P(z2)). It's5-th Booleanizations
Q™) = (321) (32}) (32) (3x}) (3e}) (B23) (B (a1, 27, 23, 2}, 23, 23) A P(a, 23, 23)).

Notethat,while the Booleanizatiorof a structuredepend®ntheparticularorderwe chosefor theelements
of theuniverse the Booleanizatiorof a queryis uniquelydeterminedip to renamingof variables.C

Thefollowing Lemmais obvious.

Lemmal Let A bea finite o-structure of cardinality =, let a bea tupleof A, andlet () be a conjunctive
query ThenA = Q(a) if andonlyif A(® = Q™ (a(?)). Moreoverif there existsa seach treefor testing
whetherA |= Q(a) of sizes, thenthere existsa seach treefor testingwhetherA () = Q") (a(?)) of size
2sn.

Proof: Takethe searchtreefor A = @Q(a) andreplaceeachinternalnodeby a completebinary tree of
heightlog n. Thisblows upthetreeby afactorof atmost2n. O

The Booleanizatiorallows us focuson the Booleancase which is nothingelsebut a generalizedsat-
isfiability problem. Now we canapply the techniqueshatweredevelopedfor propositionalogic andtree
resolution[BP96,BKPS02].

Let A beaBooleans-structurethatis, ao-structurewith BooleandomainA = {0, 1}. Leta beatuple
of A, andlet ) beaconjunctive query Thealgorithmtakesa partialassignmenyf : V' — A asparameter
andperformsasfollows: First, the algorithmcheckswhetherf decideghe body of @ (a), in which caseit
returnsthe leaf-treethat consistof a singlenodelabeledby f. Otherwisefor every variablez ¢ Dom( f)
andevery valuea € {0, 1}, the algorithmcalls recursvely itself oninput f U {(z, a)}. Theserecursve
callsarerunin parallel,eitherby executingonestepfrom eachin parallelroundsor by applyingadoubling
techniquethat executes2’ stepsof eachcall, sequentiallyfor increasingvaluesof i. As soonasone of
the recursve calls terminatessay the onewith input f U {(z, «)}, therestof callsareabortedexceptfor
fU{(z,1 - a)} whichis runto completion.Let T, andT; _, bethe search-treeseturnedby the only two
recursve callsthatarerun to completion. The outputis the search-tre€ f, Ty, 71 ); thatis, the search-tree
whoserootis labeledby f, whoseleft subtreds T, andwhoseright subtreds T;.



Lemma?2 Leto bea relationalvocahulary of maximumarity » and cardinality z. Let A be a Booleano-
structure,let a beatupleof A, andlet () bea conjunctivequerywith & boundvariablesandtotal sizeq. The
algorithm,whenrun with parameterf = (), returnsa seach-treetestingwhetherA = Q(a). Moreoverif
there existssud a seach-treeof sizes, thenthealgorithmrunsin time polynomialin ¢, ¢, 27, k and s'°g*.

Proof: Thecorrectnessf thealgorithmis easilyprovedby inductionon . For therunningtime we proceed
asfollows. Let ) bethebodyof ). Let T'(, s) be the minimumupperboundto the runningtime of the
algorithmfor every f suchthat|Dom(f)| > & — ¢ andthe smallestsearch-treéor [a, f] hassizeat most
s. Wheni = 0, therunningtime of thealgorithmis boundedy somevaluec thatdepend®n ¢ and@ only.

More preciselywe cantakec to belinearin ¢t2": for every atomin @, we mayneedto testmembershipn

arelationthathasupto 2" tuples.Considemow the casei > 0. Considera smallestsearch-treef sizeat
mosts. If s < 1, therunningtimeis againboundedy ¢, sincenecessarily} decides)|a, f]. If s > 2, one
of its two subtreesiassizeat mosts/2. It followsthatatleastoneof the 2: recursve callsterminatesafter
atmostT'(: — 1, s/2) steps.Eachparallelroundtakesd: stepsto executefor someconstanti. The other
recursve call thatis left will takeat mostT (: — 1, s) stepsto complete.All in all, therunningtime of the
algorithmis boundedy

T(i,s)<c+diT(i—1,s/2)4+T(i—1,s),

if # > 1ands > 2,andT (i, s) < cif eitheri = 0 or s < 1. For solvingthis recurrenceve expandthe last
termrepeatedlyuntil we reachZ’(0, s) < ¢, andobtain

T(i,s) < c(i+ 1) +d3 JTG - 1,5/2).

=1

Now we usethefactthatT'(j, s/2) < T'(j + 1, s/2) which follows directly from the definitionof 7', and
obtain
T(i,s) < e(i+ 1)+ di*T(i,s/2).

Solvingthis recurrencef asinglevariables is now aroutinetask. If we replace< by = in therecurrence,
thesolutionis
(di2)logs+1 -1

d-2 log s
-1t

cl(i+1)
Thisis certainlyanupperbound.Noting that (di?)'og s = s2legitlogd gandrecallingthatec is linearin ¢t2",
we seethattherunningtime T'(k, s) is boundeddy apolynomialin ¢, ¢, 27, k ands'*&*. O

With this Lemmain handwe arereadyto prove Theoreml.

Proof of Theoem1: It suficesto Booleanizer, A, @ anda, andrun the algorithmthatwe just described
for theBooleancase.By Lemmal, if A = Q(a) hasasearch-treef sizes, thenA(™® = Q) (a(?)) has
asearch-treef size2sn. On the otherhand,the numberof boundvariablesof Q") becomes: log n, and
themaximumarity of the Booleanizatiorof o becomes log n. Theresultfollows by pluggingthesevalues
into theboundsof Lemma2. O

Let usnotethat,theway we describedt, the algorithmdoesnot producea search-treéor A = Q(a).
Thisis becausét is not necessarilpossibleto corverta search-tregor A(® = Q") (a(™), whichis what
the algorithmgives,into a search-treéor A = ()(a), while preservinghebounds.Let us note,however,
thata search-tredor A (") = Q") (a(") givesall the essentialnformation. We do not know whetherit
is possibleto have an algorithmwith similar performancehat avoids the Booleanizatiorand producesa
search-treéor A = Q(a).



4 Search-Treesfor Queriesof Bounded Treewidth

The aim of this sectionis to investigatethe size of search-treefor conjunctive querieswhoseunderlying
graphis atreeor is similar to a treein the sensef having smalltreevidth. Thekey to theagumentis that
graphsof treewidth w have separatorsf sizew + 1.

A p-separatoof agraphG = (V, E) isasetU C V suchthateachconnecteccomponenof G — U
containsat most p vertices. The following fact is known aboutthe relationshipbetweentreevidth and
separatosize(see[Bod98 Theoreml9]).

Lemma3 Let G beagraphof cardinality n. If thetreawidth of G is at mostw, thenG hasa 3 (n — w)-
sepaator of sizeat mostw + 1.

We usethis factin the proof of the following Theorem.The proof of this resultmakesuseof anidea
thatMosheVardisharedwith the author

Theorem 2 Leto bea relational vocalulary of maximumarity » and cardinality . Let A be a finite o-
structure of cardinality n, let a bea tupleof A, andlet ) bea conjunctivequerywith & boundvariables.|f
Q(a) hastreavidthat mostw and A = @(a), thenthere existsa search-treefor testingwhetherA = Q(a)
of sizen(wt1)logk,

Proof: We proceedoy inductionon k. If & = 0 thentheclaimis obviousbecaus¢hesearch-tredassizel
(we corvey herethatlog 0 = 0). Considerthecaset > 0. Assumethat@(a) hastreevidth atmostw and
A £ Q(a). Let G bethe Gaifmangraphof Q(a). SinceG hastreavidth at mostw, it hasa  (k — w)-

separatoS = {z,..., z} of sizeatmostw + 1. LetQ’(z, ..., z1) bethe conjunctive querythatresults
from @ (a) whenthe variablesin S areleft free. SinceS is a }(k — w)-separatoof G, we may assume
that@Q’(z1, . . ., z1) istheconjunctiorof severalconjunctvequerieQ’ (z1, . . ., z1), . . ., @4 (z1, . . ., z1) with

atmost; (k — w) boundvariableseach.SinceA [~ Q(a), wehave A = Q'(f(z1),. .., f(z)) for every
partial assignmentf for which Dom(f) = S. In turn, necessarilyA [~ Q.(f(z1),..., f(z1)) for some
i €{1,...,d}. Leti(f) € {1,...,d} besuchthatA Qg(f)(f(zl),...,f(zl)). Notice thatthe number

of boundvariableson;.(f) is lessthan % < k. We applytheinductionhypothesisandobtaina search-tree

for testingwhetherA. |= Q; , (f(z1),- .-, f(z1)) of sizen(*T1) 1°8(k/2), Thesearch-treéor A = Q(a) can
now bebuilt by first queryingthe! < w + 1 variablesin the separatolS, in sequenceandthen,for each
partialassignmeny attheleavesof this partial search-treepluggingin the search-tredor testingwhether
A E Q;.(f)(f(zl), ..., f(z)) thatis given by the inductionhypothesis.The size of the resultingtreeis

boundedoy
pwtl n(w+1)log(k/2) < n(w+1)logk

aswasto beshown. O

In Section6 we will shav thatthe boundprovidedby Theorem2 is essentiallyoptimal evenwhenthe
underlyinggraphof thequeryis avery simpletree. It is importantto noticetheextrahypothesisA (= Q(a)
in Theoren®2. As amatterof fact,we do notknow if this hypothesigs necessaryin otherwords,we do not
know if conjunctive queriesof boundedreawidth alwayshave search-treesf sizen(logk),

5 Discussion:Bypassingthe Core or Avoiding the Folding

Dueto the extra hypothesighatthe querydoesnot hold in the databasethe resultin Theorem2 doesnot
give a completealgorithmfor decidingif a conjunctive query of treewidth w holdson a given arbitrary
databaseHowever, if thetreewidth is known beforehandsuchan algorithmcanbe obtainednonetheless.
Let usdiscusghisfirst.



5.1 Completing the algorithm thr ough self-reducibility

Fix a relationalvocalulary o of maximumarity » and cardinalityt. Supposewe run the algorithm of
Section3 on a o-structureA of cardinalityn anda query@(a) with k¥ boundvariables total size¢, and
treavidth atmostw. Lets = n(wt1)logk By Theoreml andTheoren2, we know thatif A [~ Q(a), then
thealgorithmfinishesin anumberof stepghatis afixed polynomialof ¢, ¢, n”, k, and(sn)1°&¥ (sn)loglosn,
andreportsso. Consequentlyif thealgorithmdoesnot succeedn finishingwithin thatnumberof stepswe
canconcludethatA = Q(a), althoughwe getno cluewhy.

If we wantto go aroundthis difficulty, we canalwaysusethe self-reducibilityof the problemto obtain
asolution.Oncewe know that((a) holdson A, we cancycle throughall possiblevaluesfor thefirst exis-
tentially quantifiedvariableandrun the algorithmagain. Oneof thesecalls mustdetectthatthe remaining
gueryis satisfiable.We fix thatvaluefor the first variableandthenwe go on to the next boundvariable.
Repeatinghisfor every boundvariablewe endupwith anassignmenthatsatisfiegthebodyof Q). Notethat
therunningtime of the procedurehasincreasednly by a multiplicative factorof » - k. Note aswell that
theapproactworksbecausehe classof queriesof treewidth at mostw is closedundersubqueriesin other
words,if @' is aquerythatis obtainedrom ) by remaving anexistentialquantifierin @, thenthetreevidth
of Q' is atmostthatof Q.

It follows from this discussiorthatfor queriesof known treewidth, our algorithmcanbe usedfor de-
ciding whetherA = @(a) within atime-boundthatis far betterthanthe worst casen®, whenk is large.
Obviously, our boundis alsofar worsethanthe O (¢n*) boundof the known ad-hocalgorithms]] for eval-
uatingqueriesof treewidth w. But therearetwo pointswe wantto make.First, our algorithmis not special
purposefor boundedreevidth queriesandin fact doesnot evenneeda tree-decompositioof the query It
is not clear however, if the saving in time by not computingthe tree-decompositiosompensatefor the
largertime bound.Thesecondointis thattherunningtime of the algorithmdoesnot changeavenwhenthe
queryitself doesnot have treawidth w, but its core hastreewidth w. This pointrequiressomeexplanation.
In fact, theunderlyingideais vastlymoregeneral solet usdevote a subsectiono it.

5.2 Bypassingthe core

Let usfirst introducethe key conceptof canonicaldatabaseandfoldings of queries.Both theseconcepts
arefundamentato conjunctive queriesandgo backto the original paperby ChandraandMerlin. For the
restof this sectionwe restrictthe discussiorno conjunctive querieswithout freevariables.

Suppose) = (3z;) -+ (Iz)7 is a Booleanconjunctive query over o, where is a conjunctionof

atomsof theform R(z;,, ..., zi,). Thecanonicaldatabaseof ), denotedby A ¢, is the o-structurewhose
universeis thesetof variables{ z, . . ., z; }, andwhoseinterpretatiorfor therelationsymbol R containsall
tuples(z;,, ..., z,) suchthatR(z, , ..., z,) isanatomin ¢. If Ag andA, areisomorphic,we saythat

the queries@) and@’ arealsoisomorphic. In simpleterms,two queriesareisomorphicif oneis obtained
from the otherby renamingvariables. Originally, the conceptof the canonicaldatabasef a conjunctive
guerywasintroducedunderthe nameof natural modelby ChandraandMerlin.

Letusnow remindtheconcepbf homomorphismRecallthatahomomorphisrbetweens-structuresA
andB is amappingh : A — B suchthat,for every (ay,...,a,) € R#, it holdsthat (A (ay),...,k(a,)) €
RB. If B C A andh isahomomorphisnirom A to B thatfixes B pointwise,we saythat? is aretraction
from A to B. Usingthe concepif retraction,ChandraandMerlin introducedthe conceptof folding of a
conjunctive query We saythata conjunctive query@’ is afolding of anotherconjunctive query( if the set
of variablesof Q' is a subsebf the setof variablesof @, andthereexistsaretractions : Ag — A such
that Ag: = h(Ag). Notethatin thatcaseQ’ is a subqueryof ). Thefirst fundamentapropertyabout
foldingsis thatthesemantic®f the querydoesnot change:

10



Lemma4 ([CM77]) Let@ bea Booleanconjunctivequery andlet Q' bea folding of Q. Then@ and @’
are equivalent.

By “equivalent”we meanof coursethatfor every o-structureA we have that@ holdsin A if andonly
if @ holdsin A. Wewrite @ = Q' when@ andQ’ areequivalent. Thesecondandmoreimportantproperty
aboutfoldingsis thefactthatevery conjunctive queryhasa uniqueminimal folding up to isomorphism:

Theorem 3 ([CM77]) Let@ beaBooleanconjunctivequery Then thereexistsa folding Qg of @ sudthat
every conjunctivequery@’ equivalento @ hasa folding Q{, isomorphicto Q.

It follows from the statemenbof this theoremthatthefolding @) is minimalin the sensahatno other
folding can have lessvariables. Indeed,if Q' is anarbitraryfolding of @, then@’ = @ by the Lemma,
so Q' is isomorphicto Qg by the Theorem,so )’ doesnot have lessvariablesthan@,. As it turnsout,
the canonicaldatabase\ ¢, of the minimal folding @, of @ is exactly the core of A, thatis, the unique
minimal retractof A. The conceptof the coreof a relationalstructureoriginatedin graphtheory(seefor
example[HN92]) andhasplayedanimportantrole in databas¢heoryin recentyears[FKP05].

We arenow in a positionto discussthe role of minimal foldingsin the complity of evaluatingcon-
junctive queries. Originally, minimal foldings wereintroducedfor query optimization: sincethe minimal
folding of () doesnot dependon the databaseit may be agoodideato computethe minimal folding once
andfor all anduseit asan optimal optimizationof (). Unfortunately finding the minimal folding is, in
generaNP-complete:

Theorem4 ([CM77]) Thek existsa fixedconjunctivequery P with threevariablesthatis its ownminimal
folding and sud that the following problemis NP-complete:*Given a Booleanconjunctive@, is P the
minimalfolding of Q@ ?”

For theinterestedeadertheproofconsistof asimplereductionfrom the problemof 3-coloringagraph.
This complity resultskills theideaof designinganefficientalgorithmfor conjunctive queryevaluationby
first computingthe minimal folding of the query andthenevaluatingit on the givendatabaselt is for this
reasorthatthefollowing consequenc® Theoreml maycomeaslittle surprise:

Proposition1 Leto bea relationalvocahulary of maximumarity » and cardinality ¢. Thee existsa deter
ministicalgorithmthat, givena finite o-structure A of cardinality » anda conjunctivequery( with k& bound
variablesandtotal sizegq, if A [~ @, thealgorithmreturnsa seach-treeprovingthisin timepolynomialin
q, t, n", k, andnk" logkpk*loglogn '\whep k* is thenumberof boundvariablesof the minimalfolding of Q.

Beforewe prove this proposition,let us note that the statementdoesnot give ary time guaranteevhen
A E Q. Asit turnsout, in this casewe cannotusethe self-reducibilitytrick we describedn Section5.1
becaus¢he minimalfolding is not preseredby variable-substitutins

Proof of Propositionl: Let T'(q,t,r, k, s, n) betherunningtime of the algorithmin Theoreml, wheres

is the size of the minimal search-tredor testingwhetherA = Q. We describethe algorithmin two steps:
(a) first we assumehat £ is known, and(b) thenwe describehow to getrid of this assumptionStep(a):

Supposeve knew k*. Considetthefollowing algorithm:

Runthealgorithmin Theoreml for T'(q, t, r, k, n*’, n) stepsjf thealgorithmterminatesvithin
thatnumberof stepsandreturnsa search-treevitnessingthat A [~ @, we returnthatsearch-
tree.Otherwisewe return“don’t know”.
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Let usnow amguethatthis algorithmdoeswhatwe want,assuming:* is correct. Supposehat A [~ Q. In
thatcase,A (= Qo, whereQ) is the minimal folding of Q). SinceQ is asubqueryof @ andA = Qo, it
follows thatthe minimal search-tredor testingwhetherA (= @, is alsoa search-tredor testingwhether
A = Q. Its sizeis atmostn*”. Hence the algorithmof Theoreml terminatesn T'(q, t, 7, n*", s, n) steps
andreturnssucha search-treeThis shavs thatthe algorithmis correct. Step(b): Let usnow seehow to
handlethe generalcasein which &* is not known. Theideais to try all possiblevaluesof k*, startingat
k* = 1, until asearch-tresvitnessingthat A }= @ is found,if ary. If A (£ @, by theanalysisabove, the

runningtime of this new algorithmis
k*

ZT(% 28 ka niv ’I'L)

=1
SinceT'(q,t,r, k, s,n) is apolynomialin ¢, ¢, n”, and(sn)'°8* (sn)legloen 't followsimmediatelythatthe
runningtime of thealgorithmis asclaimedin the statemenof theorem.O

For the sakeof comparisonlet usremarkthatif anoracletold usthe minimalfolding of @, it wouldbe
possibleto find a search-treavitnessingthat A (= @ in time polynomialin »¥*. Whatis surprisingabout
Propositionl is thatthe boundr*™ appearsn the pictureeventhoughthe algorithmdoesnot worry about
minimalfoldings.

6 Boundson Search-TreeSize

In this sectionwe prove lower boundsfor the minimal search-treefor particularqueriesof interest. The
first lower boundis relatively easy but we include the proof asa warm-upfor the secondwhich is more
difficult. Thesecondowerboundshavsthatthe (1) 1egk houndfor queriesof treewidth w in Theoren?
is essentiallyoptimal.

6.1 Lower bound for the generalcase

Considethevocahulary of graphss = { E'}, whereFE is abinaryrelationsymbol.For k > 2, let CLIQUE,
betheconjunctivequeryexpressingheexistenceof ak-cliqgue. More specifically CLIQUE,, is thefollowing
conjunctive query:

(Fz1) - (3zg) (/\ E(z;, T])) .
i#3
We aimfor afamily of graphsH,, for which thesizeof theminimal search-treefor testingwhetherH,, =
CLIQUE, is nearlyaslargeasit canbe.
ThegraphH,, thatwe needis thecomplete(k — 1)-partitegraphwith all color-classe®f cardinalityr.
More preciselythe setof verticesof H,, is

Vo={(,u):1<i<k-1,1<u<n},
andthesetof edgesof H,, is
En:{((ivu))(jvv)):lgi)jék_lvlguvvé nvl?é.]}

Eachsetof verticesof theform {(i, «) : 1 < u < n} is calledacolor-class.Clearly H,, doesnot contain
ary k-cliqgue,sothequeryCLIQUE, doesnotholdonH,,. NotethatH,, has(k — 1)n verticesin total,and
CLIQUE; hask boundvariables Hence theobviousupperboundfor ary search-treés (kn)*. We seenext
thatwhenn is muchbiggerthank, thenthis is essentiallythe bestonecando. The proofis quite simplebut
we giveit asit will seneasawarm-upfor a moredifficult proofin thenext section.
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Theorem5 Everyseach-treefor testingwhetherH,, |= CLIQUE, hasat leastn*~3 nodes.

Proof: Theideaof theproofis to describeanadwersaryaigumentthat,givena purportedsearch-treef size
lessthann*—3, findsaleafthatis labeledby a partialassignmenthatdoesnotdecidethebodyof CLIQUE,..
Sincethis contradictghe definitionof search-treejo suchsearch-treeanexist.

Supposeéhat (T, L) is a search-treg¢estingwhetherH,, = CLIQUE,. We constructapathqo, ¢1, . . .
throughT’, startingattheroot, with thefollowing properties:

1. L(q;) doesnotdecidethebodyof CLIQUE;.
2. Thesubtregootedat ¢; hassizelessthann®=3-7.

Theideabehindthe constructioris to setz (¢;) to anodeof a differentcolor-class;for example we hopeto

setz(¢;) to anodein color-classj + 1. Let gy betherootof 7. Supposenext thatgy, . . ., ¢; have already
beendefined,andthatg; is notaleaf. We claim thatamongthen verticesin color-class;j + 1, theremust
exist atleastone,say(j + 1, u), for whichthesubtreerootedof ¢; labeledby L(q¢;) U {(z(g;), (j+ 1, u))}

hassizelessthann®*=3=7~!. Indeedthisis thecasesinceotherwisethesizeof thesubtreeootedat ¢; would

beatleastn - n*~3-7-1 = pk=3-7 which contradictghe inductive construction.Let ¢, beary of these
successors.

Noticethataftera certainnumberof stepsm nolargerthank — 3, we will reachaleaf¢,, becaus¢he
sizeof the subtreewill becomdessthan?. It remainsto be seenthatour constructiorguaranteethatthe
label L (g, ) of this leaf doesnot decidethebodyof CLIQUE,. However, thisis clearfrom theconstruction
becaus¢hepartialassignmenthatis built assignsachvariableto adifferentcolor-class.Therefore L (¢y,)
doesnotfalsify ary atomicformula,andit cannotatisfyall eitherbecausés domainis notall {z1, . .., 2 }.
Hence,L(g,,) doesnotdecidethebodyof CLIQUE, aswasto beshavn. O

6.2 Lower bound for the boundedtr eewidth case

Considemow directedgraphs. Again, we view themas structuresover the vocalulary o = {E} of one
binaryrelationsymbol E. For k > 2, let PATH, (z, y) bethe conjunctive queryexpressinghe existenceof
apathof lengthk from z to y. More specifically PATH; (z, y) is thefollowing conjunctive query:

(Fzy) - (Fog—1) (E(z,21) ANE(z1,22) A ... A E(2—2,25-1) AN E(zp-1,9)).

It is trivially seenthat the treawidth of PATH.(z, y) is one becausehe underlyingGaifmangraphis a
path,andhenceatree. We aim for a family of directedgraphsGy, ,,, with two distinguishednodess and
t, for which the size of the minimal search-treefor testingwhetherGy, ,, = PATH (s, t) nearlymatches
the upperboundprovided by Theorem 2. Moreover, we will chooseour graphsso that the hypothesis
Gy £ PATHL(s,t) in thattheoremis satisfied.

Theconstructiorof thedirectedgraphsGy ,, is illustratedin Figure2. Thesetof verticesof Gy, ,, is

Vin ={(lu):1<i<k—-1,1<u<n}U{s,t}.

Theverticesof thetype (¢, ) needto bethoughtasarrangednto k¥ — 1 columnsof » verticeseach.We calll
themmiddlevertices.The sourcevertex s is atcolumn(0 andthetargetvertex ¢ is at columnk. Eachmiddle
vertex (i, u) atcolumni is connectegreciselyto the verticesat columni + 1 whosesecondcomponents
have the sameparity asu«. The sources is connectedpreciselyto the verticesat column1 whosesecond
componenis even, andthe targett is connectedreciselyto the verticesat columnk — 1 whosesecond
components odd. More formally, thearcsof Gy, ,, are

Ern = {((hu),(i+1,0v):1<i<k-2,1<uv<n, u=v(mod2)}U
{(s,(Lu)):1<u<mn, u=0(mod2)}U
{((k—-1,u),t):1 <u<n, u=1(mod2)}.
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Figure2: G~ 4

It is readily seenfrom the definition, thatthereis no pathof lengthx from s to ¢ in Gy ,,. In otherwords,
G £ PATHi(s,t). Thisis becausehe only middle verticesreachabldrom s arethosewhosesecond
components even,andtheonly middleverticesthatreacht arethosewhoseseconccomponents odd.

Theorem6 For n > k/2 > 2, every seach-treefor testingwhetherGy,,, |= PATH (s, ) hasat least
nlogk=3 nodes.

Proof: Asin Theorem5, the ideaof the proofis againto describean adwersaryargument. For simplicity
we assumehatn is anevennumberithegenerakases similar. Supposéhat (T, L) is asearch-tregesting
whetherGy,, = PATH(s,t). Beforewe startthe agumentwe needsometerminology Every internal
nodeg of T hasanassociatedolumni(q) in {1,. ..,k — 1} definedasfollows. Let z(¢) = z;; thatis, z; is
the splitting variableat nodeq. Thenwe definel(q) = .

We constructapathq, ¢4, - . . throughT, startingat theroot, with thefollowing properties:

1. L(g;) doesnotdecidethebodyof PATH (s, ?).
2. Thesubtregootedat ¢; hassizelessthan2/n'°s*=3=7.

Eachinternalg; will alsohave anassociategarity p; € {0, 1} thatwill bedefinedonthefly. Let ¢, bethe
rootof T'. The parity p, is defined0 if 2/(¢y) < k and1 otherwise.Intuitively, p, is 0 if columni(qg) is
closerto level 0 thanto columnk. Supposeext thatgy, .. ., ¢; andpy, . . ., p; have alreadybeendefined,
andthatg; is notaleaf. Firstwe definethe parity p,,, asfollows. Intuitively, p; 1 will bedefinedin such
away thatthe minimum distancejn termsof numberof columns,betweenary two elementsof different
parity in thesequencés at mosthalved. More formally, considetthecolumni(g;) = ¢ of ¢; andthe column
i"in {I(q0),.-.,1(g;=1), 0, k} thatminimizes|i’ — 7| (breaktiesarbitrarily). If ' = 0, letp;1; = 0. If
i’ =k, letp;11 = 1. OtherwiseJet j' besuchthati’ = I(g;:), andletp;; = pj.. Next we defineg;,.
We claim thatamongthe /2 middle verticesat level i whosesecondcomponents congruento p;,; mod
2, theremustexist at leastone, say (7, «), for which the subtreerootedat the successoof ¢, labeledby
L(g;) U {(z(q;), (i,u))} hassizelessthan2/+1 plos k=3-i-1 |ndeedthisis the casebecausetherwisethe
sizeof thesubtreerootedat ¢; would beatleast

n 9j+1logk—3—j-1 _ 9j, logk—3—j
2
which contradictgheinductive constructionLet ¢;41 beary of thesesuccessors.

Noticethataftera certainnumberof stepsm no largerthanlog & — 2, we will reachaleaf ¢, because
the size of the subtreewill becomdessthan?2. It remainsto be seenthatour constructiorguaranteethat
thelabel L (q¢,,) of thisleaf doesnot decidethebodyof PATHy (s, t). Considetthesequencey, . . ., ¢m. TO
everyinternalg; in thepaththerecorrespondavertex of Gy, ,,, namely theimageof thevariablez (¢;) under
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L(gj+1). Letwy, ..., v,y bethecorrespondingequencef verticesin Gy, ,,. Notethat, by construction,
eachw; is a middle vertex of the form (I(¢;), ») andthe parity p; coincideswith the parity of its second
component:.. Letusdefinev,, = s, vy41 = t, pm = 0, andp,,+1 = 1. We claim thatary two verticesin

{vo, ..., vm+1} thatbelongto consecuire levelsareconnectedy anarc. In orderto seethis, it sufficesto

notethattheshortestistancebetweerary pair of elementf differentparityin thesequencés atleastt /2

whenj = 0, andis at mosthalvedwhengoingfrom j to 5 + 1. Thereforeby 7 = log k& — 2, the shortest
distancebetweenrary pair of elementof differentparity is atleast2. Hence,ary two consecuiie vertices
have the sameparity, so areconnectedy anarc. Hence,L(q,,) doesnot falsify ary atomicformula,and
it cannotsatisfyall eitherbecausets domainis notall {z1, ..., zx—;}. Hence,L(g,,) doesnot decidethe

bodyof PATH (s, t) aswasto beshavn. O

7 Conclusions

We have proposednew way of measuringhecompleity of algorithmsfor conjunctivequeryevaluation,or
eqguivalently, for constraint-satisfaatin problems.The conceptof minimal search-tregvantsto capturethe
notionof optimalsearch-spader search-basealgorithms.As discussedh theintroduction measuringhe
compleity of thealgorithmasafunctionof theminimalsearch-trees anideathatoriginatesn propositional
proof complity. By adaptingan automatizatioralgorithmfor treeresolutionthat wasdevelopedin that
contet, we wereableto provide an algorithmthat achieres a remarkabletheoreticalperformance What
remaingo beseens whethertheideacanleadto practicalalgorithmswith reasonablé&ehaior.

Our work also suggestseveral technicalopenproblems. First, our algorithm providesa search-tree
for the Booleanizationput aswe discussedit is not clearthat sucha search-treeanbe corvertedto a
search-treéor the original conjunctive query It would be nice to investigatethis further. Secondproving
the boundson search-tresizefor boundedreevidth queriesseemedo requirethe hypothesisA = Q(a).
We do notknow whetherit is really neededLet usstatethisasan

OpenProblemFindboundsonthemaximumsearch-tresizeof conjunctivequeriesof bounded
treavidth on structureson which they hold. More concretely:Do conjunctive querieswith %
variablesandboundedreenidth have search-treesf sizen?(1°¢k) on structuref cardinality
n onwhichthey hold?If not, repeaffor boundedoathwidth.

Anotherinterestingdirectionto follow, thatlooksrelatedo thiswork; is to establistthe preciserelation-
ship betweenthe CSPrefutationsdevelopedin [AKV04] andthe refutationsprovided by the search-trees
whenA £ Q(a). It seemghatthe techniqueshatweredevelopedfor proof compleity shouldbe useful
here.ldeally, it would be niceto move backandforth andapplytechniquegrom oneareato the other
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