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Computational aspects of first-order logic
on finite structures
Albert Atserias

Abstract

Descriptive complexity aims to classify properties of finite structures according to the
logical resources that are needed to express them. The Immerman-Vardi Theorem states
that a property of finite ordered structures is computable in polynomial-time if and only if
it can be expressed in least fixed-point logic. Here, least fixed-point logic is the extension
of first-order logic with the ability to build-in inductive definitions. It is known that first-
order logic is a fairly weak expressive language in the context of descriptive complexity.
For example, least fixed-point logic is strictly more expressive than first-order logic on the
class of all finite ordered structures.

The ordered conjecture, formulated by Kolaitis and Vardi in 1992, asks whether this is
also the case for any infinite class of finite ordered structures. Although some significant
progress has been made since its formulation, the ordered conjecture remains open. In
fact, it has been shown that any way of resolving it would have important consequences
in computational complexity theory. For if it fails, then P is not equal to PSPACE, and if
it holds, then LINH is not equal to E; here LINH is the linear-time hierarchy introduced
by Wrathall, and E is the class of problems solvable in linear exponential-time.

The goal of this thesis is two-fold. First, we overview the progress made towards

the ordered conjecture in recent years, and second, we contribute to the understanding of



problem with some new results. Before we get into the ordered conjecture itself, we survey
some classical results in descriptive complexity. We state and prove Fagin’s Theorem, the
Immerman-Vardi Theorem, and a result due to Barrington, Immerman and Straubing
asserting that first-order logic captures the logarithmic-time hierarchy on any class of
finite arithmetical structures. Here, finite arithmetical structures are finite structures
equipped with the standard arithmetic operations of addition and multiplication.

After this, we concentrate on the ordered conjecture. We begin with a survey of the
literature. First, we show the well-known fact that least fixed-point logic is strictly more
expressive than first-order logic on the class of finite linear orders. We also give a new
proof of the result of Dawar, Lindell, and Weinstein that the ordered conjecture holds
when restricted to unary vocabularies, and a simplified proof of the result of Dawar and
Hella that partial fixed-point logic is strictly more expressive than first-order logic on any
infinite class of finite ordered structures.

After this survey, we study the ordered conjecture when restricted to finite arithmeti-
cal structures. We show that the conjecture holds when the vocabulary is non-empty.
Moreover, we show that when the vocabulary is empty, the problem is literally equivalent
to the separation of LINH from E, and to an open problem in uniform circuit complexity
pointed out by Gurevich, Immerman, and Shelah. We also observe that the conjecture on
finite arithmetical structures is literally equivalent to the conjecture on finite structures
equipped with the BIT(n,m) predicate which is true if and only if the n-th bit of the

binary representation of m is one. We demonstrate that the ordered conjecture on finite



arithmetical structures is equivalent to a question of definability on the standard model
of arithmetic. Finally, we show that the conjecture holds on finite arithmetical structures,

unless the polynomial-time hierarchy collapses.
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Chapter 1

Introduction

1.1 Background

Computability theory and mathematical logic have been interacting disciplines since their
initial development in the early years of the 20th century. Seminal works of Godel [G31],
Church [Chu36], Turing [Tur36], and Kleene [Kle36] have contributed to formalize the
intuitive notion of computation into a precise mathematical framework.

With the advance of computers later in the century, computability theory led to the
field of complexity theory in which not only effective computations are considered, but their
efficiency is also taken into account. Needless to say, mathematical logic has also been here
a recurrent source of examples and motivation. Probably the most well-known instance of
this fact is the seminal work of Cook [Coo71], showing that the satisfiability problem for
propositional logic is NP-complete, and therefore, it plays a decisive role in the, by now,

most important problem in complexity theory: the P versus NP question. On the other



hand, a surprising different connection between logic and complexity is found in the field of
descriptive complexity. In his well-known paper, Fagin characterized the complexity class
NP in terms of definability in existential second-order logic on finite models [Fag74]. This
result linked finite model theory to complexity, and started a succession of results that
turned the discipline into a promising approach to address the numerous open problems
of this field.

This thesis is about descriptive complexity. The general framework of the field is as
follows. Our objects of study are finite structures (also called models) for an arbitrary
relational vocabulary; canonical examples are finite directed graphs G = (V, E), which
consist of a universe V, the set of nodes, and a binary relation on the universe E C V2,
the set of edges. Finite structures may be encoded under some standard representation,
so that computation can be performed on them. The general objective of the field of
descriptive complexity is to classify properties of finite structures according to the difficulty
to express them in some logical language. As mentioned above, Fagin’s paper started the
field with the result that the properties that are expressible in existential second-order
logic coincide exactly with the properties that are computable in polynomial-time by non-
deterministic Turing machines. Here, existential second-order logic, denoted %1, is the
logical language that enhances first-order logic with the ability to existentially quantify
over subsets of the universe, or in general, over relations on the universe. Thus, properties
that are computable in NP, such as “G is a Hamiltonian graph”, admit definitions in

this formalism; in this particular example, the existential second-order formula would say



that “there exists a simple path (existential second-order) that contains every node (first-
order)”. This result is particularly remarkable because it provides a syntactical, machine
independent characterization of NP. We say that %! captures NP on classes of finite
structures.

In the early 1980’s, Immerman [Imm86], and independently, Vardi [Var82], obtained a
logical characterization of the complexity class P too. However, their result is only about
classes of finite structures that are equipped with a linear order on their universe, or, as
we say, finite ordered structures. The result says that on all those classes, the properties
that are expressible in least fixed-point logic are exactly those that are computable in
polynomial-time by a deterministic Turing machine. Here, least fixed-point logic, denoted
LFP, is the language that extends first-order logic with the ability to build-in inductive
definitions. Thus, properties that are computable in P, such as “there is a path from
a to b in graph G”, admit definitions in this formalism; in this particular example, the
inductive definition would say that “either a and b are connected by an edge (base case),
or there exists an intermediate node that is connected by an edge to a, and from which
there is a path to b in G (inductive case)”. We say that LFP captures P on classes of
ordered finite structures. The need to restrict one-self to finite ordered structures is not
apparent in the example above, but can be proved to be necessary for least fixed-point
logic to express all properties computable in P; for example, very simple properties such
as “the cardinality of graph G is even” are not expressible in least fixed-point logic on the

class of all (non-ordered) finite graphs (see Chandra and Harel [CH82]). In fact, one of the



main open problems in descriptive complexity is to determine if there exists a logic (for
an appropriate definition of this term) that captures P on the class of all finite structures
(see Gurevich [Gur88]). Note that by Fagin’s theorem above, if no such logic exists, then
P # NP.

Of course, before getting into fixed-point or second-order logics, one would like to know
as much as possible about first-order logic, denoted FO. It was a well-known fact that
every property of finite structures that is expressible in first-order logic is computable in
logarithmic space, and thus, it is a fairly weak language. Moreover, simple properties
such as “the cardinality of graph G is even” above, are not expressible in first-order logic
on the class of all finite graphs either. One may ask if this property is expressible when
graphs are equipped with a linear order, as it is the case of least fixed-point logic. It
turns out that even on finite ordered structures, first-order logic is not able to count. But
one can keep equipping structures with more and more powerful predicates, or as we say,
built-in’s. In this sense, if we consider classes of finite ordered structures equipped with
the usual arithmetic operations + and X, then the properties that are expressible in first-
order logic are exactly those that are computable in the Logarithmic-time Hierarchy LH,
introduced by Sipser (see [Bus87, BIS90] for more information). Here, the Logarithmic-
time Hierarchy is the class of languages accepted by alternating Turing machines running
in logarithmic-time and a constant number of alternations. This result is essentially due to
Barrington, Immerman, and Straubing [BIS90]. We say that FO captures LH on classes

of finite arithmetical structures.



In the discussion above, we have focussed on properties of finite structures as Boolean
queries; that is, a property that may or may not hold on a particular finite structure.
But one may want to consider the more general concept of query of arbitrary arity, or
uniform relation. For example, let C be a class of finite graphs, and let () be the mapping
that assigns to each graph G € C, the set of pairs of nodes (a,b) of G that are connected
by a path. We say that @) is a binary query on the class of graphs C. In general, an
r-ary query on a class of finite structures C is essentially a mapping that assigns an r-ary
relation to each finite structure in C. We may still consider expressibility of queries in
particular logical languages, as well as their computability. It turns out that the three
results mentioned above carry over to queries; that is, queries expressible in %1 are exactly
those computable in NP on arbitrary finite structures, queries expressible in LFP are
exactly those computable in P on finite ordered structures, and queries expressible in
first-order logic are exactly those computable in LH on arithmetical finite structures.
From now on, the term “capture” refers to queries and not only to properties (Boolean
queries).

We have seen that increasingly powerful built-in predicates allow logics to capture
natural complexity classes. One may ask the following question: given a logic £ and a
complexity C, on which classes of finite structures does £ capture C? Fagin’s theorem
answers the question when £ is 31 and C is NP; namely, it says that 31 captures NP
on any class of finite structures. For LFP and P, or FO and LH, the answers are not

clear yet, and a satisfactory answer would be of theoretical and practical interest. We will



return to this question later. A seemingly more tractable question at this point is whether
there exists any (non-trivial) class of finite structures on which first-order logic captures
P. In view of the Immerman-Vardi Theorem, the answer to this question is negative only

if the so-called Ordered Conjecture, formulated by Kolaitis and Vardi in 1992, holds:

Conjecture 1 [KV92] Let C be an infinite class of finite ordered structures over an arbi-
trary relational vocabulary. There exists a query on C that is definable in least fixed-point

logic, but is not definable in first-order logic.

It has turned out that any way of resolving the question would have important conse-
quences in complexity theory. Dawar and Hella [DH95] have shown that if the conjecture
fails, then P # PSPACE. In addition, Dawar, Lindell and Weinstein [DLW96] pointed
out that if the conjecture holds, then LINH # E. Here, LINH is the Linear-time Hi-
erarchy introduced by Wrathall [Wra78], and E is the class of languages accepted by
deterministic Turing machines running in linear exponential-time, that is, time bounded
by 2" where c is a constant, and n is the length of the input. The separation of LINH
from E is the linear analogue of the separation of PH from EXP. Here PH is the
Polynomial-time Hierarchy introduced by Stockmeyer [Sto77], and EXP is the class of
languages accepted by deterministic Turing machines running in polynomial exponential-
time, that is, time bounded by 2”° where ¢ is a constant, and n is the length of the input.
On the other hand, one can see that PH and EXP are the closures under polynomial-time
many-one reductions of LINH and E respectively. Although both these separations are

widely believed to hold, neither has been established so far.



1.2 Outline of this thesis and summary of results

This thesis is on the Ordered Conjecture. The goal is two-fold. First, we survey the
progress made on the Ordered Conjecture since its formulation in 1992; and second, we
contribute to the problem with some new results.

After a necessary chapter on technical preliminaries, we address the question of the
descriptive complexity of the classes NP, P, and LH in Chapter 3. As mentioned in the
previous section, built-in predicates allow logics to capture natural complexity classes. We
re-prove the three results mentioned above. Namely, we prove Fagin’s Theorem that Y1
captures NP on any class of finite structures; we prove the Immerman-Vardi Theorem
that LFP captures P on any class of finite ordered structures; and we also prove that FO
captures LH on any class of finite arithmetical structures. Our proof of the latter result
essentially follows the one by Barrington, Immerman, and Straubing [BIS90]. However,
two important differences need to be pointed out. First, our result is slightly more gen-
eral in the sense that there are hardly any restrictions in our model of alternating Turing
machine. Barrington, Immerman, and Straubing assume that their alternating Turing
machines only query the input once in each path. Although they prove that alternating
Turing machines that query the input at each step can be simulated by alternating ma-
chines that only query the input once in each path by only doubling the running time,
they do not show that the number of alternations can be kept constant. In fact, their
transformation introduces an alternation for each query that the simulated machine may

ask. Therefore, their assumption on alternating Turing machines is essential for their



proof. However, using techniques introduced by Buss [Bus87], one can prove that such
a simulation can be made to keep time and alternation bounds within a constant loss in
efficiency. A careful proof of this fact is provided in Appendix A. The second difference
comes from the fact that in their result, the predicate BIT(z,y) that is true if the z-th
bit of y is one, is available. In order to replace BIT(z,y) by + and x, we need to make
use of a difficult old result of Bennet [Ben62] saying that the graph of exponentiation is
constructive arithmetic, together with the observation of Lindell [Lin92] that +, x, and
exponentiation are enough to define BIT. Again, since the main objective of this thesis
is the Ordered Conjecture, the technical details that deviate from the original proof of
Barrington, Immerman, and Straubing are delegated to Appendix B.

In Chapter 4 we formulate the statement of the Ordered Conjecture. Before that, we
address the question we left open in the previous section: on which classes of structures
does least fixed-point logic capture P? Our small contribution to this open question is
that any such class has to be of asymptotic uniform probability zero. Our proof uses a
result of Babai, Erdos, and Selkow [BES80] on random graphs, together with a result of
Hella, Kolaitis, and Luosto [HKL94] that characterizes the classes of finite rigid structures
on which a linear order is definable in least fixed-point logic. Then we turn to the question:
on which classes of structures does first-order logic capture P? We observe that there is
no such (non-trivial) class only if the Ordered Conjecture is true. This leads us to the
study of the conjecture itself. It is known that several restrictions and relaxations of the

Ordered Conjecture are true. Namely, it is known that on the class of all linear orders,



fixed-point logic is more powerful than first-order logic. We give a complete proof of
this result, and its easy extension to the class of all ordered structures for any particular
vocabulary. Then we focus on a different restriction: unary vocabularies. Dawar, Lindell,
and Weinstein [DLW96] showed that the Ordered Conjecture holds when restricted to
unary vocabularies, that is, vocabularies that only contain unary relation symbols. More
precisely, for every infinite class of finite ordered structures for a unary vocabulary, least
fixed-point logic is more expressive than first-order logic. Their proof uses a result of
Poizat [Poi82], and independently Immerman and Kozen [IK89], together with powerful
techniques from bounded-variable logics. We give an alternative proof here that relies on
Poizat’s result, together with the fact that the combined complexity of first-order logic
with a bounded number of variables is in P (see Vardi [Var96]). Then we consider a
relaxation of the Ordered Conjecture. We give the proof of a result of Dawar and Hella
that partial fixed-point logic is more expressive than first-order logic on any infinite class
of finite ordered structures. Here, partial fixed-point logic, PFP for short, is the extension
of least fixed-point logic to make inductive definitions that are not necessarily positive.
The proof is a simple diagonalization using the fact that PFP captures PSPACE on
classes of finite ordered structures (see Abiteboul and Vianu [AV95]). As a consequence,
Dawar and Hella point out that if the Ordered Conjecture fails, then P # PSPACE.
The last result of Chapter 4 suggests that a counter-example to the Ordered Conjec-
ture, if any, would be difficult to find. In Chapter 5 we seek complexity-theoretic con-

sequences of the Ordered Conjecture holding true. Since arithmetical built-in predicates
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provided a computational characterization of first-order logic, it is natural to compare
LFP with FO on those structures. We first show that the Ordered Conjecture holds
on the class of all finite arithmetical structures for a vocabulary that contains at least
one relation symbol. The proof is an easy consequence of the result of Furst, Saxe, and
Sipser [FSS84], and independently, Ajtai [Ajt83], that the parity function does not have
bounded-depth, unbounded fan-in, polynomial-size circuits. Surprisingly as it seems, the
cumbersome hypothesis that the vocabulary contains at least one relation symbol is not
easy to remove. Namely, we show that if the Ordered Conjecture holds on the class of
finite pure arithmetical structures, that is, finite arithmetical structures for the empty vo-
cabulary, then LINH # E. This was already observed by Dawar, Lindell, and Weinstein
[DLW96]. In fact, we show that the two questions are literally equivalent, and in turn,
they are equivalent to an important question on circuit uniformity that we discuss next.
Gurevich, Immerman, and Shelah [GIS94] pointed out without proof that LFP is more
expressive than FO on the class of finite ordered structures with only the BIT predicate if
and only if DLOGTIME-uniform AC® = P-uniform ACP. Here C-uniform AC° is the
class of languages that are accepted by constant depth, unbounded fan-in, polynomial-size
circuits that are C-uniform in the sense that the description of each circuit is computable
in the complexity class C. In Chapter 2 we give precise definitions of these classes. Here
we prove the claim of Gurevich, Immerman, and Shelah, and prove its equivalence to the
Ordered Conjecture on finite pure arithmetical structures.

In the next section of Chapter 5 we turn to a different question. We observe a connec-



11

tion between the Ordered Conjecture on finite pure arithmetical structures and definability
on the standard model of arithmetic N = (w,+, %X, <) where w = {0,1,...} is the set of
natural numbers. Consider first-order formulas of arithmetic where all the quantifiers are
of the form (Vz < y) or (3z < y). Let us call quantifiers of this type bounded, and
let us call the class of formulas of this type Ay. Our result is that the Ordered Conjec-
ture holds on finite pure arithmetical structures if and only if every least fixed-point of a
positive Ag-formula is equivalent to a Ag-formula on the standard model of arithmetic.
This is not too surprising after all, because Ap-formulas define exactly the constructive
arithmetic predicates, which in turn, are exactly the rudimentary predicates as shown by
Bennet [Ben62], which in turn, are exactly the predicates computable in LINH, as shown
by Wrathall [Wra78]. Our proof follows a completely different approach. We characterize
the queries on finite pure arithmetical structures that are expressible by Ag-formulas, and
least fixed-points of positive Ag-formulas, as those queries that are absolute for a precise
definition of this term. This characterization provides a reflection result to the standard
model of arithmetic using standard absoluteness arguments.

We conclude Chapter 5 with a result that gives evidence that the Ordered Conjecture
is true on finite pure arithmetical structures. We show that its failure would yield the
collapse of the Polynomial-time Hierarchy. The proof uses the well-known fact that PH

does not have complete problems unless it collapses (see [BDG96]).



Chapter 2

Preliminaries

2.1 Basic definitions

In this section we define the basic concepts and notation that will be used throughout the
text. An alphabet is a finite set of symbols. In the following, let 3 denote a non-empty
alphabet. A word over % is a finite sequence of symbols from Y. The empty word is
denoted )\, and corresponds to the empty sequence. The length of a word w is denoted
|w|, and is the length of the sequence. The set of all words over X of length n is denoted
X". The set of all words is £* = (J,,5 Z". The set of non-empty words is 2 =Upso 2™

A language is a subset of X*.

Example 1 Let 3 be the finite alphabet that consists of the two symbols 0 and 1. A word
over ¥ is called a binary word. We should denote words as tuples like in (0,1,0,0,0,1,0).

We will rather use the notation 0100010 to denote the same word. For a symbol a, the

12
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notation a™ will be a shortcut for the word aa---a of length n. For a word w, the i-th
symbol of w is denoted w;. An example of a language over ¥ is the set L = {0"1" : n > 0}
of binary words consisting of a row of 0’s followed by a row of 1’s of the same length. Note

that \ € L.

For us, natural numbers are finite ordinals, and w is the set of all natural numbers.
This means that w = {0,1,...} where n = {0,1,...,n — 1}; in particular, 0 = (. The
standard linear order of an ordinal « is the binary relation {(v, ) € a? : v € §}; thus, the
standard linear order of a natural number n is just {(p,q) € {0,...,n—1} : p < ¢}. For a
set A, the notation P(A) stands for the set of its subsets. It is common in the theory of
computation to use the notation logn for the length of the shortest binary representation
for the natural number n. If we wish to use the true logarithm to the base two, we use the
notation logy(n). Thus, logn = |logy(n)| + 1. For natural numbers m < n, we let b,(m)
be the unique word from {0, 1}1°6” that represents m in binary.

A relational vocabulary (or signature, similarity type, logical language) is a finite se-
quence of relation symbols (we will not consider functions, constants, or infinite vocab-
ularies in this text). To each relation symbol R of a vocabulary will be associated a
positive natural number ar(R) called its arity (we may not consider 0-ary, or proposi-
tional, relations). In the following, let 0 = (Ry,...,Rs) denote a relational vocabulary
where the R;’s are distinct relation symbols. A structure (or model) for o is a sequence
A = (A,R%,...,R?‘) where A is a non-empty set called the universe, and R?‘ is the

interpretation of the symbol R;; here, R?‘ is an ar(R;)-ary relation on A. It will be
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convenient to assume that universes are always ordinals, and so we do. Two structures
A= (A R¥ ...,R*) and B = (B,R¥,...,R?) for o are isomorphic, denoted A = B, if
and only if there exists a bijective function g : A — B such that for every relation symbol
R; of arity r = ar(R;) and every (ay,...,a,) € A" it holds that (ai,...,a,) € R¥* if and
only if (g(a1),...,g(ar)) € RP. The class of all structures for o is denoted Mod(c). A
class of structures for o is just a subset of Mod(c). Letters 20 and B will denote structures,

and letters A and B will denote their universes.

Example 2 Consider the vocabulary o = (E) consisting of a single relation symbol E of
arity two. This vocabulary can be used to represent graphs. In effect, a structure for o,
say 2 = (A, E®), represents the graph whose set of vertices is A and whose edge relation
is E*. In fact, for 2 to represent a valid graph we need E% to be an irreflexive and
symmetric relation. An example of a set of structures for ¢ is the set of all structures for

o that represent a connected graph.

2.2 Logics

In this section we introduce three logical formalisms that allow us to talk about properties

of structures for a given vocabulary.

2.2.1 First-order logic

Let E9 = {A,, Y, (,),,,=,V,0,1} be an alphabet. The set of first-order variables, denoted

Vo, is defined as the set of all words from =* that start with v and are followed by a non-
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empty word of zeros and ones; formally, V) = {vw € E* : w € {0,1}*}. For example,
v01100 and v101 are first-order variables. Let 0 = (Ry,..., Rs) be a relational vocabulary,
and let 7; be the arity of R;. We say that a word ¢ from (EU{Ry,..., Rs})* is a first-order

formula for o, denoted ¢ € FO(o), if and only if one of the following holds:

(i) ¢ is & =y for some z,y € Vy,

(ii) ¢ is Ri(z1,...,z,;) for some z1,...,2,, € W,
(iii) ¢ is =) for some 9 € FO(o),
(iv) ¢ is (¥ A 9) for some 1,6 € FO(o0),

(v) ¢ is (Vx)(¢p) for some 9 € FO(o) and z € V),

Given a first-order formula ¢, we say that © € V, is a free variable in ¢ if it does not
appear within the scope of a quantifier V. Formally, the set of first-order free variables of p,
denoted Fy(y), is defined inductively on the construction of ¢. Thus, Fy(z = y) = {z,y},
Fo(Ri(m1,-- .5 2)) = {21, 2}, Fo(—) = Fo(y), Fo((y A0)) = Fo(4h) U Fo(6), and
Fo((Vz) () = Fo(y) — {z}. A sentence is a formula without free variables. We may use
three more symbols as abbreviations. Namely, (¢ V #) may be used as an abbreviation for
(1) A —0); similarly, (¢ — 0) may be used as an abbreviation for =(¢) A =), and (3z)()
may be used as an abbreviation for —(Vz)(—1). We may also drop some unnecessary
parenthesis by interpreting A and V as associative operators on formulas, and giving them

less priority than —, and more priority than —. An example may help.

Example 3 Let 0 = (E) be the vocabulary of directed graphs and let z,y € V; be two first-

order variables. The word (Jy)(Vz)(—y = z — E(z,y) A —E(y,x)) is an abbreviation for
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the following first-order formula for o: =(Vy)(—(Vz)(=(—y = z A ~(E(z,y) A ~E(y,z))))).

Observe that — has taken maximum priority, followed by A, and finally —.

We have defined the syntax of first-order logic, and we are ready to turn to its seman-
tics. As expected, first-order sentences will be assigned a truth value in each structure for
its vocabulary. Given a structure 2 for o, a valuation function for 2 is a mapping from
the set of first-order variables to the universe of A. Given a valuation function f : Vy — A,
a variable z € Vy, and an element a € A, the notation f|% denotes the valuation function
such that f|2(y) = f(y) if y # =, and f|Z(y) = a if y = z. We say that A and f satisfy the

first-order formula ¢ for o, denoted A = ¢[f], if and only if one of the following holds:

(i) ¢is z =y and f(z) = f(y),

(ii) ¢ is Ri(z1,-..,2r;) and (f(z1),..., f(zr,)) € R¥,
(iii) ¢ is ~¢ and not 2 = y[f],
(iv) ¢ is (¥ A 9) with 2 = ¢[f] and A = 6[f],

(v) ¢ is (Vz)(¢) and for every a € A we have A = 9[f|%].

If ¢ is a formula with free variables among z1, . . . , £ appearing syntactically in this order,
the notation A = ¢[ay, ... ,ax] for arbitrary elements a1, ...,ar € A, means that 2 = ¢[f]
for every valuation function such that f(z;) =a;, 1 =1,...,k.

The notion of satisfaction associates a truth value in a structure to each sentence.
Thus, we say that a sentence ¢ is true in 2 if and only if A |= ¢[ ]. Similarly, satisfaction

associates a relation of the universe of a structure to each formula with free variables.
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Thus, if ¢ is formula with free variables x1,...,x; appearing syntactically in this order,

the k-ary relation defined by ¢ in 2, denoted ¢, is the set
{(ar,...,ax) € A* A = lan, .., k)
We say that ¢ defines a relation R C A* in 2 if and only if ¢* = R.

Example 4 Let ¢ be the first-order sentence of Example 2.2.1. Then, ¢ is true in
every directed graph that contains a sink; that is, a node that receives an edge from
every other node except, maybe, itself, and that does not send an edge to any other
node. If we drop the first existential quantifier in ¢, we obtain the first-order formula
(Vy)(—~y =z = E(y,z) A —~E(z,y)) with one free variable z. Call 1 to this formula. For

a directed graph 2, the set ¥* is the set of sink nodes of .

2.2.2 Second-order logic

We wish to enhance first-order logic with the ability to quantify over sets and relations
of individuals. Let =; be the alphabet = U {V}; that is, Z; is the extension of = with a
new symbol V. The set of second-order variables, denoted Vi, is defined as the set of all
words from =7 that start with V and are followed by a non-empty word of zeros and ones;
formally, V; = {Vw € 2} : w € {0,1}}. For example, V01100 and V101 are second-order
variables. To each second-order variable X € V;, we associate an arity, denoted ar(X),
with the property that there are infinitely many second-order variables of each arity. Let

o = (Ry,...,Rs) be a relational vocabulary, and let r; be the arity of R;. We say that a
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word @ from (E; U{Ry,...,Rs})* is a second-order formula for o, denoted ® € SO(o), if

and only if one of the following holds:

(i) @ is in FO((o, X1,..., X)) for some s’ € w and Xi,..., Xy € V4,
(ii) @ is =¥ for some ¥ € SO(o),
(iii) @ is (T A ©) for some ¥, 0 € SO(0),
(iv) @ is (Vz)(P) for some ¥ € SO(cs) and z € V),

(v) @ is (VX)(P) for some ¥ € SO(o) and X € Vy,

We may also use symbols V, —, and 3 as abbreviations like in the case of first-order
formulas. Analogously, we may drop some unnecessary parenthesis. As with first-order
formulas, we define the set of free second-order variables in the usual way. We say that
a second-order formula @ for o is second-order quantifier-free, denoted ® € A}(c), if and
only if ® satisfies clause (i) above. We say that it is ezistential second-order, denoted
® € (o), if and only if it is (3X1)--- (IX4)(P) for some s’ € w, X1,..., Xy € Vi, and
U € A}(o). Finally, it is universal second-order, denoted ® € II}(o), if and only if it is

(VX1) - (VX¢)(T) for some s’ € w, Xi,..., Xy € V1, and ¥ € A}(0).

Example 5 Let 0 = (E) be the vocabulary of directed graphs, and let z,y € Vy and
X; € V1 with ar(X;) = 1. Then, (3X;)(3X2) (3X3)((Vz) (Vi Xi(z))A(Vz)(Vy) (E(z,y) —
/\?:1(—'Xi () V=X;(y)))) is an abbreviation for a second-order sentence. In fact, a $1(o)

sentence.
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The semantics are defined as for first-order logic, except that second-order variables
need to be interpreted too. Given a structure 2 for o, a second-order valuation function
is a mapping from the set of second-order variables, to the set of relations on the universe
of 2. We require that r-ary second-order variables be mapped to r-ary relations. Given
a valuation function F : V; — Urzo A", an r-ary second order variable X € Vi, and a
relation B C A", the notation F|X denotes the valuation function such that F|%(Y) =
F(Y)isY # X, and F|Z(Y) = Bif Y = X. Let f and F be first-order and second-order
valuation functions respectively. We say that 2, f and F satisfy the second-order formula

® for o, denoted A = @[f, F|, if and only if one of the following holds:

(i) ® is in FO((0, X1, ..., X;)) and (%, F(X1),..., F(X,)) = ®[f],
(i) ® is ~¥ and not A = U[f, F,
(iii) ® is (U A ©) and A = U[f, F] and 2 = O[f, F,
(iv) @ is (Vz)(¥) and for every a € A we have 2 = U[f|2, F],

(v) @ is (VX)(¥) and for every B C A*X) we have U = U[f, F|¥].

If the free first-order and second-order variables of ® are xi,...,zE, and Xi,..., Xy
respectively, syntactically in this order, then the notation 2 = ®[ay,...,ax, B1,..., By]
means that A | ®[f, F] for every f and F such that f(z;) = a; and F(X;) = B;.

Just as first-order formulas with free variables define relations on a structure, second-
order formulas with free first-order and second-order variables define operators on relations

on a structure. Thus, if ® is a second-order formula with free variables zi,...,z; and
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X1,..., X, the operator defined by ® in 2, denoted &2, is the mapping
(Bl,...,Bkl) = {(al,...,ak) e Ak . IZ @[al,... aakaBla---,Bk’]

where B; C A*(X:), We may write ®¥[By,...,By] to denote ®*(By,...,By). If ®

contains no free second-order variable, then ®? is just a relation on 2l (a constant operator).

Example 6 Let ¢ be the second-order sentence of Example 2.2.2. Then @ is true in every
directed graph that is 3-colorable. If we drop the first existential quantifier in ®, we obtain
a second-order formula with one free variable X;. This formula defines the operator on
directed graphs that maps every subset B of its set of nodes to {()} or 0, according to
whether it can be extended to a 3-coloring or not respectively. We say that the formula

defines a Boolean operator.

2.2.3 Fixed-point logics

We wish to extend first-order logic with the ability to build-in inductive definition. Recall
the definition of second-order variables in the previous section. Let Zgp be the alphabet
E1 U {FP}; that is, Epp is the extension of Z; with a new symbol FP.

Let 0 = (Ry,...,Rs) be a relational vocabulary, and let r; be the arity of R;. We
say that a word ¢ from (Epp U {R1,...,Rs})* is a fized-point formula for o, denoted

¢ € FP(0), if and only if one of the following holds:

(i) ¢ is FO(o),

(ii) ¢ is =) for some 1 € FP(0),
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(iii) ¢ is (¢ A 0) for some 9,6 € FP(0),
(iv) ¢ is (Vz)(¢p) for some z € V and ¢ € FP(0),
(v) ¢ is (FPg,, . 4, x%) for some z = z1,...,2, € Vo, X € Vi with ar(X) = £k, and

% € FP((0, X)).

We may use abbreviations as usual. The free variables of fixed-point formulas are defined
as usual with the additional fact that in (FP,, _;, x¢), variable X is not free. Let ¢
be a FP(o) formula for the vocabulary (o, X) where X € V; does not belong to 0. We
say that X occurs positively in ¢ if and only if X occurs free in ¢ within the scope of an
even number of negations. We say that a word ¢ from (Epp U {R1,...,Rs})* is a least

fized-point formula for o, denoted LFP(0), if and only if one of the following holds:

(i) ¢ is FO(o),
(i) ¢ is ~4 for some 9 € LFP(0),
(iii) ¢ is (4 A §) for some 1,8 € LFP(c),
(iv) ¢ is (Vz)(¢p) for some z € V) and 9 € LFP(0),
(v) ¢ is (FPgy, . 5, x9) for some z = z1,...,z, € Vo, X € Vi with ar(X) = k, and

1 € LFP((0, X)) in which X occurs positively or does not occur.

Notice that LFP(0) C FP(c). We may sometimes write (LFPz x¢) or (PFPz x¢) to
emphasize the fact that (FPz x¢) is a least fixed-point, or general (partial) fixed-point

formula respectively.

Example 7 Let 0 = (E) be the vocabulary of directed graphs, and let z,y € V), and
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X € Vi with ar(X) = 2. The word (LFP;y xz = y V (32)(X(z,2) A E(z,y))) is an

abbreviation for a least fixed-point formula for o. Observe that = and y occur free.

We turn to the semantics. Let G : P(A) — P(A) be an operator. We say that G is
monotone if and only if for every B,C C A with B C C we have that G(B) C G(C). Let
a > 0 be a successor ordinal. We define the a-stage of G, denoted 12, as G(Ig_l). If
is a limit ordinal, then Ig = Uz, Ig. If there exists an « such that I = I&*!, we let
I = Ig; otherwise, we let I = (. One can see that if G' is monotone, then I = Igﬂ'l
for some a. Moreover, in this case, I is the least fixed-point of the operator G. Let 2 be
a structure for o, let f be a valuation function, and let ¢ be a fixed-point formula for o.

We say that 2 and f satisfy ¢ if and only if one of the following holds:

(i) ¢ is in FO(0) and 2 = ¢[f],
(i) ¢ is ~% and not A |= Y[f],
(iii) ¢ is (¥ A0) and A |= ¢[f] and A |= O[f],
(iv) ¢ is (Va)(1p) and for all a € A we have that 2 = ¥[f[2],
(v) ¢ is (FPyy,. 2 x%) and (f(z1),-..,f(zx)) € Ig where G : P(A*) — P(AF) is the

operator defined as G(B) = {(ay,...,ax) € AF : A = [f|at) ek, B]}-

One can see that if ¢ is a fixed-point formula positive in X, then the operator defined
as G(B) in the definition is monotone. It follows that for least fixed-point formulas,
fixed-points always exist. As with first-order logic, fixed-point formulas define relations

on structures. We denote by ¢% the first-order relation defined by ¢ on L.
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Example 8 Consider the least fixed-point formula ¢ in Example 2.2.3. Then, ¢ defines
on graphs the set of pairs of nodes that are connected by a path. On the other hand, the

sentence (Vz)(Vy)(¢) is true on a graph if and only if it is connected.

2.2.4 Definability of relations and queries

We have already seen that first-order formulas define relations on structures. Similarly,
second-order formulas without free second-order variables define relations too, and so do
fixed-point formulas. We will need a more general concept of definability. Consider the

following definition:

Definition 1 Let o be a relational vocabulary, let C be a class of structures for o, and
for every A € C let Q(A) be a subset of A" for some r € w. We say that Q = {(U, Q(A)) :
A € C} is an r-ary query on C if and only if for every A,B € C such that A = B we

have that (A, Q(A)) = (B, Q(B)). If r =0, we say that Q is a Boolean query.

Boolean queries are identified with subsets of C' in the obvious way; namely, if @ is a
Boolean query on C, we write 2 € @ or 2 ¢ @ to mean that Q(A) = {()} or Q(A) = 0
respectively. Sometimes we say that a query is a uniform relation. Essentially, an r-ary
query is a map from structures to r-ary relations on those structures, that is closed under
isomorphisms. This closure property is required for queries to be definable by logics in

the following sense:

Definition 2 Let o be a relational vocabulary, let C be a class of structures for o, and

let Q be an r-ary query on C. We say that Q is first-order definable on C if and only if
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there exists a first-order formula for o, say ¢, such that for every A € C we have that

QL) = %

We may extend the definition of definability of queries to second-order logic, and fixed-
point logics in the obvious way. For a class of structures C, we define the notations FO[C],
SO[C], %1[C], LFP[C], and PFP[C], to denote the classes of queries that are definable on
C in first-order logic, second-order logic, existential second-order logic, least fixed-point
logic, and partial fixed-point logic respectively. If a query is definable, we may say that it

is uniformly definable to emphasize the fact that queries are collections of relations.

Example 9 Let 0 = (E) be the vocabulary of graphs, and let C' be the class of all
directed graphs. The least fixed-point sentence ¢ of Example 2.2.3, defines on C the binary
query that maps each directed graph to the set of pairs of nodes that are connected by
a path. Similarly, the existential second-order formula ® of Example 2.2.2, defines on C
the Boolean query (zero-ary query) that consists of the class of all 3-colorable directed
graphs. We say that the class of 3-colorable directed graphs is definable on the class of all

directed graphs by an existential second-order sentence.

2.3 Models of computation

2.3.1 Turing machines

Our model of computation is the multi-tape Turing machine. We will adopt the more gen-

eral model of alternating Turing machine as defined by Chandra, Kozen and Stockmeyer
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[CKS81] with the additional feature of random access to the input as discussed by Buss
[Bus87], Ruzzo [Ruz88], or Barrington, Immerman and Straubing [BIS90]. The model is
allowed to have direct access to the input by means of an additional address tape. This
will allow us to restrict our Turing machines to run within sub-linear time which would
not make sense for standard Turing machines because they would not even have time to

scan the whole input.

Definition 3 A k-tape alternating Turing machine with random access input is a seven-
tuple M = (Q,%,T, 4, q0,9,h) where (Q,%,T',6,q0,9) is a standard (k+1)-tape alternating
Turing machine, and h C Q s called the set of query states. The extra tape is called the

address tape. On this tape, only symbols from {0,1} and the blank symbol are allowed.

We will choose to call standard alternating Turing machines as alternating Turing ma-
chines with sequential input. Define a configuration as Chandra, Kozen, and Stockmeyer
[CKS81]; a configuration is called a query configuration if the internal state is a query
state. The operation of random access alternating Turing machines is very similar to
the ones with sequential input except for two details: (i) the successor relation between
configurations, a - B, where « is not a query configuration, is independent of the cell
scanned by the input tape; and (ii) the successor relation between configurations, « - 3,
where « is a query configuration, assumes that the head of the input tape is placed at the
cell pointed by the number written in binary in the address tape. In other words, query
states are allowed to look at the input through their address tape as opposed to non-query

states whose transitions are independent of the input. Buss [Bus87] defines the model
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so that each state is a query state; the two variants are clearly equivalent. Alternating
Turing machines without universal states are just non-deterministic Turing machines. If

the transition relation is a function, the machine is a deterministic Turing machine.

Example 10 This example is not only useful to illustrate the operation of random access
machines, but it will also be very operative in the rest of the text. This result is attributed

to Dowd by Buss [Bus87].

Lemma 1 There exists a deterministic Turing machine with random access input, that
on input w of length n, halts in exactly 4logn steps with the binary representation of n

written on the address tape.

Proof : First the general idea. The machine determines the last position occupied by w. To
do that, it queries the symbols at positions 20,21, ..., 2¢ until the blank symbol is found.
Then it performs a binary search between positions 2! and 2¢ — 1. The technicalities
next. Observe that addresses 20,21, ..., 2¢ can be written on the address tape by adding
0’s to an initial 1. Observe too that the binary search between 2°~! and 2° — 1 consists in
filling the zeros in 10°~2 with zeros or ones, from left to right, and according to a simple
rule: zero if the symbol at the current address with a one is blank, and one otherwise.
Thus, the running time is logn steps for the first phase, logn steps to let the head return
to the first zero in 10°2, and 2logn steps to complete the binary search; overall, 4logn

steps. O
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In the literature, random access machines are used when the time bounds are sub-
linear, such as logn or log?n. Observe that if the time bounds are under logn, random
access machines are not useful just as sequential input machines are not useful for sub-
linear time bounds. In contrast, sequential input machines are used when the time bounds
are at least linear. In fact, it will not make any difference to use random access machines in
this case too, provided the bounds are well-behaved enough. In Appendix A, we show that
the two models of alternating Turing machines can simulate each other while preserving
time bounds and number of alternations up to multiplicative constants. Similar techniques
are introduced by Buss [Bus87] and Barrington, Immerman, and Straubing [BIS90]. Nev-
ertheless, previous results are either restricted to particular time and alternation bounds,

or show equivalence with respect to time but not alternations.

2.3.2 Complexity classes

Our complexity classes are defined as follows. Let t(n), s(n) and a(n) be functions
from w to w. We say that a Turing machine runs in time #(n) if on inputs of length
n it halts within #(n) steps of computation. A similar definition is made for space
and alternating bounds. We denote by DTIME(#(n)) to the class of languages over
finite alphabets accepted by deterministic Turing machines running in time #(n); we
denote by NTIME(t(n)) to the class of languages over finite alphabets accepted by
non-deterministic Turing machines running in time ¢(n); we denote by DSPACE(s(n))
to the class of languages over finite alphabets accepted by deterministic Turing ma-

chines running in space s(n); we denote by ATIME(¢(n),a(n)) to the class of lan-
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guages over finite alphabets accepted by alternating Turing machines running in time
t(n) and a(n) alternations. We define DLOGTIME = (J.,DTIME(clogn), P =

U.oo DPTIME(n¢), E = |J,., DTIME(2™"), EXP = |J,., DTIME(2"°), PSPACE =

c>0

U, DSPACE(n¢), NP = |J,., NTIME(n¢), LH = |J,. , ATIME(clog n, ¢), LINH =

c>0

Ueso ATIME(cn, ¢), PH = |, ATIME(n®, c).

2.3.3 Uniform circuits

Formally, an unbounded fan-in Boolean circuit is a 6-tuple C = (V, E,I, N, A,O) where
(V, E) is a finite directed acyclic graph and the 4-tuple (I, N, A, O) is a partition of V; that
is, I, N, A, and O are disjoint subsets of V such that V = TUNUAUO. The elements of
V are called gates. The elements of I are called input gates, the elements of N are called
negation gates, the elements of A are called AND gates, and the elements of O are called
OR gates. All gates in I have in-degree zero, all gates in N gave in-degree one, exactly
one gate, the output, has out-degree zero, and any other degree is unrestricted. The depth
of a circuit is the length of the longest path of the graph (V, E). The size of a circuit is
the number of gates. The dimension of a circuit is the number of input gates. A Boolean
circuit C of dimension n defines a Boolean function f¢ : {0,1}" — {0,1} in the obvious
way. Let F = (Cy,Ca,...) be a family of circuits of dimensions 1,2,.... We say that F
accepts the language L C {0,1}* if and only if LN {0,1}" = {w € {0,1}" : f¢,(w) = 1}
for every n > 1.

We define the complexity class AC as follows: a language L C {0,1}* is in AC? if

and only if there exist a constant ¢ and a family of circuits F = (Cy,Cs,...) that accepts
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L, and such that the depth of C, is bounded by ¢, and the size of C,, is bounded by n°
for every n > 1. It is easy to show that ACP contains non-recursive languages. In order
to compare AC? with standard complexity classes, we impose a notion of uniformity on
the circuit families.

Let C = (V,E,I,N, A,O) be a Boolean circuit of size m and dimension n. As with
finite structures, we may assume that V' = {0,...,m — 1} (in fact, a Boolean circuit
is a finite structure for the vocabulary o = (E,I, N, A,O) where E is a binary relation
symbol, and I, N, A, O are unary relation symbols). The following definitions are borrowed
from Barrington, Immerman, and Straubing [BIS90]. Recall the definition of by, (n) from
Section 2.1. The direct connection language of C is a language over the 7-symbol alphabet
{0,1,I,N,A,0,#}, denoted DCL(C), and defined as follows: DCL(C) is the set of words of
the form G#by,(a)#b,,(b)#0™ where (a,b) € E, G € {I,N,A,0}, and a € G; here, a € A is
to be interpreted as a € A and similarly for I, N, O. In other words, the direct connection
language of C' is its piecewise description. Given a family of circuits F' = (Cq, Cs,...), the
direct connection language of F', denoted DCL(F'), is just {J,,»; DCL(C}).

Let C be a complexity class. We define the complexity class C-uniform ACP as the
class of languages L C {0,1}* that belong to ACY via a family of circuits F' whose direct
connection language is in C; that is, DCL(F') € C. This determines the complexity classes

that will be of our interest: DLOGTIME-uniform AC°® and P-uniform ACP.
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Descriptive Complexity

3.1 Encodings and computability of queries

Finite structures for a finite relational vocabulary o = (Ry,..., R;) are encoded as words
over the alphabet {0, 1, #} according to the following convention. Let 2 = (4, R¥,..., R%)
be a finite structure for o. Recall that we are assuming that universes are ordinals; so let
A =n € w. To each relation R} of arity r = ar(R;), we associate a word x(R}) € {0,1}"
that is called its characteristic sequence, and that is defined as follows. We set x(R?) =
apaji . ..anr—1 where a,, € {0,1}, and a,, = 1 if and only if (m,_1,...,mp) € R?[ where

(my_1,...,myp) is the n-ary representation of m; that is, the unique sequence of r natural

r—1

numbers smaller than n such that m =) =0 M - n’. Then, the encoding of 2 is just

() = 1"#x(RM)#x(R3)# . .. #x(RY)

30
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We extend the encoding of structures to include individuals as follows. Let (a1,...,ax) €

A* be a sequence of individuals. We define the encoding of (2, a1,...,a;) as

(A, a1,...,a5) = (A)#by(a1)#bp(az2)# - . . #by(ag)

where b, (m) € {0,1}*, with n > m, is the unique word of length logn that encodes m in
binary with leading zeros if necessary; see section 2.1. This encoding of finite structures,
essentially abstract entities, into words of a finite alphabet, links logic to computability

in a precise way. The definition of computability of a query will complete this link.

Definition 4 Let C be a class of finite structures, let Q@ be an r-ary query on C, and let
t:w — w be a function. We say that Q is computable on C in deterministic time t(n) if
and only if there exists a deterministic Turing machine M such that, for every A € C and
every (a1,...,a,) € A", whenever M is presented with input (U, a1,...,a,), it halts within

t([(A,a1,-..,a,)|) steps of computation and accepts if and only if (ai1,...,a,) € Q(A).

For Boolean queries, the machine is presented with the input 2, only. Obviously, the

same definition can be made for non-deterministic and alternating computation.

3.2 The complexity of logical definitions

We have agreed to link definability and computability through appropriate encodings of
abstract structures. The question remains whether this link is natural enough to match
familiar concepts from computability. The purpose of this section and the next is to show

that, indeed, this is the case.
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3.2.1 First-order logic in LH

It is known that first-order logic is particularly weak for uniform definability on classes
of finite structures. In fact, every FO-definable query is computable in logarithmic space.
The next theorem shows that they are even easier to compute; they are computable in

the Logarithmic-Time Hierarchy introduced by Buss [Bus87].

Theorem 1 Let o be a relational vocabulary, let C be a class of finite structures for o,
and let Q be a query on C. If Q is FO-definable on C, then Q is computable on C in

alternating logarithmic-time with a constant number of alternations.

Proof: Assume that o = (Ry,..., Rs). Suppose that @ is defined by the first-order formula
o(Tg—1,---,%0).- We show, by induction on the construction of ¢, that @ is computable on

C in time clogn and c alternations for some constant ¢. Suppose that ¢ is atomic of the

form R;(x;;, ,,...,xi,) for some ¢ € {1,...,s}. The alternating Turing machine on input
(A, ak—1,---,a0) acts as follows. Essentially, the machine computes b = Z?;& ai; -n?, and

determines if the b-th symbol of x(R?) from the left is one. The machine first determines
the length of its input according to Lemma 1, say n. Then it determines the cardinality
of %A, say m, by existentially guessing the position of the first occurrence of #, and then
universally branching over all smaller positions to check that they do not hold a #. After
that, it starts a loop in which a counter j is initially set to 0 and is incremented by one
after each iteration, until k is reached. A variable b is initially set to 0. In each iteration of
the loop, a new loop is started on which a new variable 5, initially set to 0, is incremented

by one after each iteration, until k is reached too. For this second loop, a variable ¢ is
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initially set to n; variable ¢ is intended to hold the position of the j’-th occurrence # from
the right at the end of each iteration. In each iteration of the second loop, the machine
existentially guesses the position of the (j' + 1)-th occurrence of # from the right of the
input, say p, and universally branches over all positions between p and ¢ to check that
they do not contain a #. After the position is guessed and verified, it checks if j' = i;. If
so, it updates b to b-m+aj. Variable ¢ is updated to p unconditionally. At the end of the
two loops, b contains Z?;& ai; - nd. It remains to see if (a;,_,,.--,a;,) € R¥. To do that,
the machine finds the position of the i-th occurrence of # from the left, say p, computes
p + b, and accepts if and only if the (p + b)-th symbol of the input is 1. For the running
time reason as follows. To compute n and m, the machine spends 4 logn steps and 2logn
steps respectively. The number of alternations is 2 by now. The body of the inner loop
takes at most dlogn time and d alternations for some constant d, according to Section
B.1 (a comparison, a multiplication, and an addition of logarithmic-size numbers); since
this is repeated k? times, the time spent in them is at most dk?logn and the number of
alternations is at most dk?. The last phase of the computation takes about (2k + d) logn
time and 2k + d alternations.

Suppose next that the claim holds for ¢ and that ¢ = —1. The alternating Turing
machine for ¢ is obtained from that of ¥ by exchanging universal and existential states,
as well as accepting and rejecting states. For ¢ = 1 A 8, the machine is obtained from the
machines for ¥ and @ by running them in parallel after a universal branch. More precisely,

the machine for ¢ universally starts two branches; on the left branch, the machine for
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1 is simulated, and on the right branch, the machine for 6 is simulated. Suppose next
that ¢ = (Fz)(zk—1,...,%0,2). Let Q" be the (k + 1)-ary query on C defined by 1
and assume that the claim holds for it. The machine for ¢ on input (A, ax_1,...,aq) first
determines the length of the input, say n, then determines the cardinality of 2, say m, and
then existentially guesses logm bits, say v € {0,1}°6™. The machine is ready to start
the machine for v and whenever a position beyond n is queried, the machine answers
pretending that the input is (2, ag 1,...,a0)#v. It should be clear that the machine
defines (). According to the results in Appendix A, we may assume that the machine for
1) only queries the input once in each path; it then follows that the simulation can be
done in clogn time and c alternations for some constant ¢, using the trick in Lemma 10
to access v sequentially when needed. This completes the induction and the proof of the

theorem. O

3.2.2 Least fixed-point logic in P

As LFP-definable queries on classes of finite structures concerns, the next theorem shows

that they are computable in deterministic polynomial-time.

Theorem 2 Let o be a relational vocabulary, let C be a class of finite structures for o,
and let QQ be a query on C. If Q is LFP-definable on C, then Q is computable on C in

deterministic polynomial-time.

Proof: Suppose that ¢ = (Ry,...,Rs) and let ¢(zg_1,...,29) be a LFP-formula that

defines @@ on C. The proof is by induction on the construction of . If ¢ is a first-
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order formula, the claim follows immediately from the previous theorem; this is because
an alternating Turing machine running in logarithmic-time and a constant number of
alternations can be simulated in deterministic polynomial-time. So let us assume that ¢ =
(LFPz x%(Z,%, X))(zk_1,-- -, o) where ¢ is a LFP-formula of the vocabulary ¢’ = (o, X)
that is positive in X; here z = (2x_1,...,20), T = (Z_1,---,%0), and X is a k-ary relation
variable. Let us assume by induction hypothesis that the claim holds for % on the class of
finite structures for o’ of the form 2’ = (A, X%) where 2 € € and X% C AF. The Turing
machine for ¢ acts as follows. On input (2, a;_1,...,ap), the machine first determines the
length of its input, say n, then it determines the cardinality of 2, say m, and then it writes
the word 0™ on a separate tape. Observe that 0™" is the characteristic sequence for the
empty relation (J; the tape will always contain the characteristic sequence of a relation
X C AF that will be updated to compute the least fixed-point of 1) on 2. The machine
starts k nested loops to cycle through all tuples (bg—1,...,bo) where b; € {0,...,m — 1}.
For each such tuple, the machine starts a simulation of the polynomial-time machine for
1) on input

<Q[7Xabkfla"'abOaa'kfla"'aa'0>

If the machine accepts, it updates the tape that contains the characteristic sequence of
X, by switching to one its bit at position Z?;& bj - nJ. Whenever all k nested loops have
been completed, the machine accepts or rejects according to whether the bit at position
Z?;& aj - nd of the characteristic sequence of X is one or zero respectively. It should be

clear that the machine computes . For the running time, observe that each loop spends
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time (n +m* 4+ 1 + klogm + k)¢ for some constant ¢ by induction hypothesis, and this is
repeated m* times; overall, the running time is polynomial. When ¢ = =), ¢ =1 A 8 or

¢ = (3z)(v)), use the induction hypothesis and techniques as in Theorem 1. O

3.2.3 Existential second-order logic in NP

We close this section showing that queries defined by existential second-order logic on

classes of finite structures are computable in non-deterministic polynomial-time.

Theorem 3 Let o be a relational vocabulary, let C be a class of finite structures for o,
and let Q be a query on C. If Q is Bi-definable on C, then Q is computable on C in

non-deterministic polynomial-time.

Proof: Suppose that ¢ = (R1,...,Rs) and let ¢(zk_1,...,70) be a Ti-formula that
defines @ on C. Assume that ¢ = (3X;)--- (3FX)Y(X4,..., X¢, Tg—1,---,%0) Where
is a first-order formula of the vocabulary (Ry,...,Rs, X1,...,X¢). Let r; be the arity
of X;. Let Q' be the query defined by v on the class of structures of the form A’ =
@&, XY, .., X)) with 2 € C and X C A". Clearly, by Theorem 2, query Q' is
polynomial-time computable on this class. The non-deterministic Turing machine on input
(A, ar_1,---,a0), first determines the cardinality of 2, say m, and then guesses a word w; €
{0,1}™" for each i € {1,...,t}. Each word w; is the characteristic sequence of a relation
X; C A". The machine then starts a deterministic simulation of the machine witnessing
that @' is polynomial-time computable on input (2, X1,..., X¢,ax_1,...,a0). It should

be clear that the machine computes () and that it satisfies the required computational
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limitations. For the running time, observe that |(A, X1,..., Xt,ag—1,--.,a0)| is bounded

by a polynomial in [(2, ag_1,...,a0)|- O

3.3 Logic captures computational complexity

In this section we are interested in the following question: to what extent do the logics

considered in the previous section match the complexity class they are included in?

3.3.1 Existential second-order logic captures NP

The following result is known as Fagin’s Theorem. Among other things, it says that
logic exactly captures natural complexity classes. It also provides with a neat characteri-
zation of an important open problem in Complexity Theory: whether NP is closed under

complementation.

Theorem 4 Let o be a relational vocabulary, let C be a class of finite structures for o,
and let Q be a query on C. If Q is computable on C in non-deterministic polynomial-time,

then Q is Xi-definable on C.

Proof: Suppose that ¢ = (Ry,...,Rs) and assume that @ is computable on C by a
non-deterministic Turing machine, say M, running in polynomial-time.

Assume that M satisfies the following properties: (i) on input (A, a,_1,...,aq), the
machine halts after exactly |A|¢ steps for some constant ¢, and (ii) each non-halting con-
figuration has exactly two successors. It should be clear that M can be standardized

to satisfy these properties with only a polynomial blow-up in the running time. Let
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[' = {s1,...,8r} be the tape alphabet of M, and let S = {qi,...,q5} be the set of

internal states of M. The ¥i-sentence will take the form
(BN)EE)(E <)EFH)Ex)P(S, +, %, B, N)

where < is a binary relation symbol, 4+ and x are ternary relation symbols, E is a (3c+3)-
ary relation symbol, and N is a c-ary relation symbol. Symbols <, 4+, and x will be forced
to be a linear order on the universe and the corresponding arithmetical predicates; this is
done by including their axioms in the first-order part ¥. See Lemma 16. The linear order
on the universe induces a linear order on the set of c-tuples of the universe. For clarity of
exposition, we identify a c-tuple ¢ = (¢1,...,t.) with its position in this linear order. The
relation E(t,p,7,1,7,h) will be interpreted as: “at time #, the j-th tape contains symbol
s; at position p, its head pointing to position p’, and the internal state of the machine
being ¢q.” For this predicate to be well-defined, we will assume that our structures have at
least max{|S|,|I'|,k} elements; according to Section B.2, this is no loss of generality. We
will also have a c-ary predicate N (¢) meaning “at time ¢, the left non-deterministic branch
is taken”. It should be clear how to force the interpretations of £ and N to represent a
valid computation of M on input (A, a,—_1,...,ap). For the sake of example, the following
clause would force steps to write proper symbols under the heads of the working tapes:
suppose that on state g, and with the head of tape j pointing to symbol s;;, the right

non-deterministic choice of M leads to state gy, writes symbol sy under the j-th head,
J
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and moves it in direction d;; the clause is as follows:

k k
(VE)(vﬁl) U (v]_)k)(/\ E(Zaﬁjaﬁjaijaja h) A _'N(i) - /\ E(i+ 1apjaﬁj + djai97j7 h’l))
j=1 j=1

Here, the term £ + 1 is a short-hand for an existentially quantified variable forced to hold
the successor of ¢ in the linear order over c-tuples induced by <. Terms p + d; are to
be read in a similar way. The arithmetical predicates + and x will be used to decode
the input (A, a,_1,...,a0). In particular, individual bits of a; are decoded with the help
of the predicate BIT(z,y) saying that “the z-th bit of y is one”; this predicate is first-
order definable from 4+ and x according to Lemma 17. Finally, the first-order formula ¢
includes a clause saying that the computation path encoded this way eventually reaches

an accepting configuration. O

3.3.2 Least fixed-point logic captures P

The obvious question at this point is whether least fixed-point logic captures all polyn-
omial-time computable queries. Although we can answer the question in the negative for
arbitrary classes of finite structures (see [CH82]), it turns out that the answer is positive

for classes of finite ordered structures. In the following, let < be a binary relation symbol.

Definition 5 Let o be a relational vocabulary that does not contain <, and let C be a
class of structures for (0,<). We say that C is a class of ordered structures for (o,<) if

and only if for every A € C we have that <% is the standard linear order on the universe

of A (an ordinal).
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The following result is known as the Immerman-Vardi Theorem. It also provides a link

between logic and the question on whether P equals NP.

Theorem 5 Let o be a relational vocabulary, let C be a class of finite ordered structures
for (0,<), and let Q be a query on C. If Q is computable on C in deterministic polynomial-

time, then @ is LFP-definable on C.

Proof: Suppose that ) is computed by a k-tape deterministic Turing machine, say M,
running in polynomial-time. As in the proof of Fagin’s Theorem, assume that on input
(™A,ar_1,...,a0), the machine halts after exactly |A|® steps for some constant c. Let
[' = {s1,...,8r} be the tape alphabet of M, and let S = {qi,...,q5} be the set of
internal states of M. A least fixed-point formula LFPz x¢(Z, X) will define a (3¢ + 3)-
ary predicate E(t,p,7,14, j, h) whose interpretation will be that “at time ¢, the j-th tape
contains symbol s; at position p whereas its head is at position 7' and the internal state
is gp”. Observe that E is exactly the same predicate as in Fagin’s theorem. In this case,
predicate N will not be needed because the machine is deterministic. For predicate E to
be well-defined, we will need to assume that all structures have at least max{|S|, |T'|, k}
elements; this is again no loss of generality according to Section B.2. Our least fixed-point
formula will define F inductively on its first argument £; since the machine is deterministic,
each configuration has a unique predecessor so that such a definition is possible. As an
example, suppose that on state g, and with the head of the j-th tape pointing to symbol
si;, the machine moves to state gy, writes symbol s; under the head of tape j', and moves

it in direction d. Then, the inductive definition of E(t,p,7',#,j’,h') would consist of a
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disjunction of cases of the form
k
oV (31) - (GP) By =PAP =D+dA J\ EE—1,5,,5;,,5,h) V -+
j=1

Here, constants and terms would be existentially quantified and forced to their appropriate
values with the help of <. As in the proof of Fagin’s theorem, the input (A, a,_1,...,aq)
would be decoded with the help of arithmetical predicates + and x which are LFP-
definable in the presence of the order, as shown in Lemma 15. Finally, the LFP-sentence
will say that the computation path defined this way, eventually reaches a configuration

with an accepting state. O

3.3.3 First-order logic captures LH

We turn next to first-order logic. Just as least fixed-point logic cannot capture all
polynomial-time queries on arbitrary classes of finite structures, first-order logic is weak
to capture all queries computable in alternating logarithmic-time and a constant num-
ber of alternations. More strongly, even on classes of finite ordered structures, first-order
logic is not expressive enough to capture all those queries. For let O be the class of all
finite standard linear orders; that is, O is the class of all finite structures of the form
A = (A, <%) where < is the standard linear order on A, and it is its unique relation. It
is a well-known result that the Boolean query ( on O such that & € @ if and only if the
cardinality of the universe of 2 is even, is not FO-definable on O (a precise proof of this
fact is provided in the next chapter). In contrast, this query is computable in alternating

logarithmic-time since a machine can easily determine the length of its input using Lemma
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1, and check if the last bit of its binary representation is one (observe that 2 € @ if and
only if |(2A)| = |A| + 1 + |A|? is odd).

One can ask whether built-in predicates more powerful than the standard linear or-
der can serve first-order logic to capture all queries that are computable in alternating
logarithmic-time and a constant number of alternations. From the proofs of the previous
two theorems, one may guess that arithmetical predicates could do this job. It turns out

that this intuition is correct.

Definition 6 Let o be a relational vocabulary that does not contain <, +, and X, and
let C be a class of structures for (o,<,+,x). We say that C is a class of arithmetical
structures for (o,<,+, x) if and only if for every A € C we have that <*, +*, and x*

are the standard arithmetical predicates on the universe of A (an ordinal).

The following result is due to Barrington, Immerman, and Straubing [BIS90]. See the

introduction for a discussion of the differences.

Theorem 6 Let o be a relational vocabulary, let C be a class of finite arithmetical struc-
tures for (o, <,+, X), and let Q be a query on C. If Q is computable on C in alternating

logarithmic-time and a constant number of alternations, then Q is FO-definable on C.

Proof : Suppose that () is computed by a k-tape alternating Turing machine with random
access, say M, running it time clogn and d alternations for some constants ¢ and d. We
can assume, without loss of generality, that the machine satisfies the following properties:

(i) each computation path of M halts after exactly clogn steps of computation, (ii) each
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non-halting configuration has exactly two successors, (iii) each tape head moves at each
step, and (iv) alternations are grouped into blocks of b(n) = (clogn)/d steps starting
with an existential block; the constants ¢ and d will be chosen so that d exactly divides
c. The machine on input of length n executes b(n) existential steps, followed by b(n)
universal steps, followed by b(n) existential steps, and so on. For the first assumption, let
the machine determine the length of its input n in 4logn steps according to Lemma 1,
and then clock the machine to let it shut off its computation after exactly ¢ — 4 scans of
n had been performed.

As in the proof of Fagin’s theorem, we will use predicates to define a computation of
the machine. However, the encoding of these predicates will need to fit in elogn bits for
some constant e, so that they can be quantified in a first-order way. Let T' = {s1,..., sp|}
be the tape alphabet of M, and let S = {qi,...,q5} be the set of internal states of M.
We will have a 5-ary predicate E(t,1, j,d, h) meaning that “at time ¢, symbol s; has been
written on tape 7, its head has moved following direction d, and the machine has entered
state gp.” Here, j is restricted to belong to {2,...,k + 1} so that the contents of the
input tape is not specified; it is accessed through the address tape numbered k + 1. On
the other hand, d = 0 is interpreted as moving the head to the left, and d = 1 as moving
it to the right. For this predicate to be well-defined, we will assume that our structures
have at least max{|S|, |T'|,k + 1} elements, and that clogn < n; by Section B.2, this is
no loss of generality. We will also have a unary predicate N(t) meaning “at time ¢, the

left (existential or universal) branch is taken”. Observe that since M is time-bounded
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by clogn, the argument ¢ need not go beyond this number. On the other hand, the
arguments 1, j,d, h are all bounded by the constant m = max{|T|,k + 1,|S|}. It follows
that the relation F can be encoded with (c¢+ 1) log n bits which fit in a first-order variables
for some constant a > ¢+1. We choose a to be a multiple of d. Similarly, N can be encoded

with a first-order variables. Our first-order formula will take the form:

(Fn1,1) -+ (Inia/a) (Yn2,) - - (Vngasa) - (Qna,1) - - - (@ngaja) (3ea—1) -~ - (Jeo)y

Here @ is 3 or V depending on whether ¢ is odd or even respectively. The sequence of
variables n; ; encodes predicate N, while the sequence of variables e; encodes predicate
E. The first-order formula v will be similar to the first-order formula in the proof of
Fagin’s theorem. However, a few difficulties need to be fixed. First, each occurrence of

E(t,i,7,d,h) is replaced by the sub-formula
BIT,(h + dm + jm? + im® + tm?, e, _1,..., €)

Here, BITy(z, yx—1,---,%0) is the predicate expressing that the z-th bit of Z?;& y;nd is
one, and it is first-order definable from 4+ and x as shown in Lemma 17. As usual, terms
are intended to be existentially quantified variables defined to their appropriate values. A
second difficulty comes from the fact that the contents of the work tapes are not available
directly. Instead, we need a first-order formula 6(¢,p, 4, j) saying “at time ¢, the j-th tape
contains symbol s; in position p”. This formula can be constructed from E(t,i,7,d,h):
namely, 0(t,p,i,7) if and only if s; is the symbol that was written last time the head

scanned position p of tape j. It suffices then to define a first-order formula x(¢,p,7)



45

” To do that, one needs to

saying “at time ¢, the head of the j-th tape is at position p.
check if p = Zi,:0(2dt/ —1) where E(t,iy, j,dy, hy) for some iy, dy, hy, and every t' < t.
This can be done by extracting the dy’s from the e;’s, putting them into a existentially
quantified variables z,_1,..., 29, and checking the aforementioned relation between p and
the bits of the z;’s; Lemma 17 assures that all this can be done in first-order logic from
+ and Xx. It remains to see how to access the input. Whenever a query state is reached,
the contents of the address tape is existentially quantified, checked using 6(¢,p, i,k + 1),

and used to access the relations in (2, a,_1,...,ap). Again, BIT, definable from + and X,

serves us to decode the input. O



Chapter 4

Background on the Ordered

Conjecture

4.1 Restricted classes of finite structures

We have seen in Chapter 3 that logics capture natural complexity classes in a precise way.
However, for complexity classes below NP, there is the technical need to restrict oneself to
particular classes of finite structures such as the ordered or arithmetical structures. This
raises the following question: given a logic £ and a complexity class C, on which classes
of finite structures does logic £ capture complexity class C?

Fagin’s theorem answers the question when L is existential second-order logic and C
is NP; namely, it says that X} captures NP on every class of finite structures. On the

other hand, when L is least fixed-point logic and C is P, the answer to the above question

46
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is not clear yet. In particular, a precise characterization of the classes of finite structures
on which least fixed-point logic captures P would be of theoretical and practical interest.
Our small contribution to this question is that any such class has to be of asymptotic
uniform probability zero. The proof of this result uses some concepts and methods that
are not fully defined in this text. The reader is referred to the paper by Hella, Kolaitis,

and Luosto [HKL94] for an account of all relevant material.

Theorem 7 Let o be a relational vocabulary and let C be a class of finite structures for
o. If every polynomial-time computable query on C is LFP-definable, then C has zero

asymptotic uniform probability.

Proof: Let p(-) denote the asymptotic uniform probability on the class of all finite struc-
tures for 0. We will make intensive use of the fact that if u(A) # 0 and p(B) = 1, then
u(AN B) # 0. Here, p(S) # 0 means that either (S) does not exist, or it exists but it
is greater than 0. Suppose that u(C) # 0. Then, the subclass of rigid structures of C
has non-zero probability because u(RIG) = 1 (see [EF95, Proposition 3.3.11]); here RIG
stands for the class of all finite rigid structures for 0. Let D = C NRIG, so that u(D) # 0.
Consider the following query @ defined on C: for every 2 € C, we let Q(2) be the set of all
pairs (a,b) € A? such that a < b according to the partial order produced by the algorithm
of Babai, Erdds, and Selkow [BES80, HKL94| to canonically label structures; the query is
well defined because the result of the algorithm only depends on the isomorphism type of
the input structure. Let F' be the class of all finite structures 2 for o such that Q(2) is

a linear order on A. The principal property of that algorithm is that u(F) = 1. We show
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that @ is not LFP-definable on C.

For suppose it were and let £ C D be the class of all structures 2 € D such that Q(2)
is a linear order on A; that is, E = DNF. It follows from the above that u(E) # 0 because
(D) # 0 and pu(F') = 1. Since a linear order is LFP-definable on E, and all structures in
E are rigid, it follows that F is a class of bounded rigidity (see [HKL94, Theorem 3.5]),

and so p(E) =0 (see [HKLY4, just after Definition 3.4]); a contradiction. O

It is clear that the converse of the previous theorem does not hold. Namely, there is
a vocabulary ¢ and a class of finite structures C' for o, such that C has probability zero
on the class of all finite structures for o, but yet least fixed-point logic does not capture
P on it. For example, take o = (E) to be the vocabulary of a single binary relation, and
let C' be the class of all finite complete graphs; obviously, C' has probability zero on the
class of all finite structures for . On the other hand, least fixed-point logic inherits the
0-1 law on C from the 0-1 law on the class of all finite pure sets (structures for the empty

vocabulary) (see [KV90]), and therefore, LFP cannot capture P on C.

4.2 Statement of the ordered conjecture

In the previous section we asked about which classes of finite structures make least fixed-
point logic capture P. We could also pose the same question for first-order logic; namely, is
there an infinite class of finite structures on which first-order logic captures P? According
to the Immerman-Vardi Theorem, the answer to this question is negative only if the

following conjecture stated by Kolaitis and Vardi in 1992 [KV92] holds.
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Conjecture 2 Let o be a relational vocabulary. If C is an infinite class of finite ordered

structures for (o,<), then FO[C] < LFP[C].

The Ordered Conjecture has received particular attention in recent years. As re-
searchers have shown, any way of resolving the problem would have important conse-
quences in complexity theory. Moreover, some special cases of it have been established
true, while some others have been shown to be literally equivalent to long-standing open
problems in complexity theory. The next sections of this chapter are devoted to overview
those variations that hold true. We will consider the other cases mentioned above in the

next chapter.

4.3 Restrictions and relaxations that hold true

4.3.1 Linear orders

Let us consider first the simplest case of the Ordered Conjecture: linear orders. Let
o = () be the empty vocabulary, and let O be the class of all finite ordered structures
for (0,<) = (<). Observe that any 2% € O is of the form 2% = (A4, <*), where 4 is a
finite ordinal, and <* is its standard linear order. We wish to show that the Ordered
Conjecture holds on O; in other words, that there exists a query on O that is least fixed-
point definable, but not first-order definable. We will need some technical machinery.
Let 0 = (Ry,...,Rs) be a relational vocabulary, and let 2, be two structures for o.
Let p be a partial function from A to B; that is, p is a function from S to B for some

S C A. We let dom(p) and ran(p) be the domain and the range of p; that is, dom(p) = S,
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and ran(p) = {p(a) : a € S}. A partial isomorphism between 2 and B is a partial function
from A to B that is injective in its domain, and such that for every (ai,...,a;) € dom(p)*
we have that (ay,...,a;) € R¥ if and only if (p(a1),...,p(ax)) € R®. In the following,

we identify a partial function p with its graph {(a,p(a)) : @ € dom(p)}.

Definition 7 Let o be a relational vocabulary, and let A and B be two structures for o.
Let ay,...,a; € A, let by,...,by € B, and let m > 0. We say that (A, a1,...,a;) and
(B, b1,...,b,) are m-partially isomorphic, denoted (A, a1,...,ax) Zm (B,b1,...,bg), if
and only if there exists a sequence of m + 1 sets of partial isomorphisms I = (Iy,...,1I;,)
between A and B such that {(a;,b;) 131 =1,...,k} € Iy, and for every i € {0,...,m — 1}

and p € I; it holds that

(i) for every a € A, there exists some q € I;11 and b € B such that dom(p) C dom(g),
a € dom(q), and q(a) = b (back property),
(ii) for every b € B, there exists some q € I;11 and a € A such that dom(p) C dom(q),

a € dom(q), and q(a) = b (forth property),

Let ¢ be a first-order formula for 0. The gquantifier rank of ¢, denoted qr(yp), is
defined inductively as follows: if ¢ is z = y, then qr(y) = 0; if ¢ is Ri(z1,...,x,), then
ar(p) = 0; if ¢ is =1, then qr(p) = qr(s); if ¢ is 1 A 0, then qr(p) = max{qr(¢),qr(0)};
if ¢ is (Vz)(¢), then qr(¢) = 1+ qr(¢)). The fundamental property about m-partial

isomorphisms is Fraissé’s Theorem.

Theorem 8 Let o be a relational vocabulary, let m > 0, let A,B be two structures for o,

letay,...,ar € A, and let by, ... b, € B. It holds that (A, aq,...,ax) Zm (B, b1,...,bg) if
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and only if for every first-order formula ¢ for o of quantifier rank at most m and with free

variables among x1, . .., Ty, we have that A = play, ..., ax] if and only if B = @[b,. .., bk

Proof (half): We just show the direction of the theorem that is relevant to us; for the
other direction, the reader is referred to Ebbinghaus and Flum [EF95]. Suppose that
(A, a1,...,05) Zm (B, b1,...,bg); we show that ay,...,a; and by, ..., by satisfy the same
formulas of quantifier rank at most m in 2 and 5 respectively. The proof is by induction
on m. For m = 0, the claim is clear from the definitions. Suppose that m > 0, and
that the claim holds for every m' < m. Let I = (Iy,...,I;) be the sequence of sets of
partial isomorphisms witnessing that (A, a1,...,ax) =mn (B,b1,...,b), and let ¢ be any
formula of quantifier rank at most m and free variables among z1,...,z;. Suppose that
A = play,...,ax]. We show that B |= ¢[b1,...,b] by induction on the construction of
¢. Suppose first that ¢ is atomic of the form z; = x;. Then a; = a; and so b; = b,
because {(ai,b;) 134 =1,...,k} € Iy is a well-defined partial isomorphism by assumption.
If ¢ is of the form R;(zi,,...,;,, ) reason similarly. Suppose next that ¢ is —t). Then
A W~ lay,...,ax], and by induction hypothesis on 1 we have B [ [by,...,bg], and
so B = @[bi,...,bk). If v is 9 A 6, reason similarly using the induction hypothesis
on 1 and 6. Suppose finally that ¢ is (Vzg41)(¢)) and assume for contradiction that
B [~ lb1,...,bg]. Then, there exists some b € B such that B = —[by,..., bk, b]. Let
q € I and a € A be the partial isomorphism, and the element, guaranteed to exist by
the forth property such that dom({(a;,b;) : i = 1,...,k}) C dom(g), a € dom(q), and

g(a) = b. Then, (A,a1,...,ax,0) Zp_1 (B,b1,...,bg,b) as witnessed by the sequence
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(I1,...,Iy). Thus, by induction hypothesis on m — 1 we have that A = —[aq, ..., ak,al,
so that 2 |~ ¢[ai,. .., ax] contradicting our assumption. To show that if B = @[by, ..., bgl,
then 2 = ¢[ay,...,ax], use the same argument applying the back property and the fact

that partial isomorphisms are injective. O

We are ready to prove the Ordered Conjecture on the class O of linear orders, or in
general, on the class of all finite ordered structures for any relational vocabulary o. The

following well-known technical lemma will be crucial.

Lemma 2 Let r > 0, and let A,B € O be finite linear orders of cardinalities n and m

respectively. If n > 2" and m > 2", then (A,0,n —1) =, (%8,0,m — 1).

Proof: We define a sequence of sets of partial isomorphisms as follows: Iy = {{(0,0), (n —

1,m —1)}}, and for i € {1,...,7}, we define

L =1, 1U{pU{(a,bla,p))} :p€li_1,a € A} U{pU{(a(b,p),b)}:pe€;_1,b€ B}

where b(a,p) and a(b, p) are defined according to the following rules: if there exists some
a' € dom(p) such that |a — a'| < 2"7%, then b(a,p) = p(a') + a — a; otherwise, b(a,p) =
[(p(c) + p(d))/2] where ¢ = min{a’ € dom(p) : @’ > a} and d = max{a’ € dom(p) : a’ <
a}. The definition of a(b, p) is analogous using ran(p), p !, and b instead of dom(p), p, and
a. We only need to show that each element of I; is a partial isomorphism; the back and
forth properties are obvious by construction. We proceed by induction on i € {0,...,r}.
We also show that for every ¢ € I;, and a,a’ € dom(q) it holds that a — a' = ¢(a) — ¢(a’)

if [a — a'| < 2771 or |g(a) — q(a’)| < 2771, Clearly, I satisfies the requirements.
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Suppose next that ¢ > 0 and that the claim holds for every i’ < i. We need to show that
given p € I;_; and a € A, the mapping ¢ = p U {(a,b(a,p))} is a partial isomorphism
with the property above; the case b € A and ¢ = p U {(a(b,p),b)} is handled in a similar
way. By induction hypothesis, p is a partial isomorphism on its domain with the required
property; thus, is suffices to consider the pair (a,b(a,p)) € q. Consider two cases: (i) for
some a’ € dom(p) we have that |a —a’| < 2"%, and (ii) for every o’ € dom(p) we have that
la—a'| > 27", For case (i), by construction of b(a, p) we have that a —a' = b(a,p) —p(d’),
and a < o if and only if b(a,p) < p(a’). We also need to check that b(a,p) < m — 1.
Suppose for contradiction that b(a,p) > m—1; then (m—1)—p(a’) < a—a’ < 2"* and so,
by induction hypothesis on p € I; 1, we have (n—1)—a' = (m—1) —p(a’) < a—a’ because
(n —1) € dom(p). It follows that a > n — 1, which is ridiculous. Suppose on the other
hand, that we are in case (ii). Let ¢,d € dom(p) be defined as in the construction of b(a, p).
It is clear this time that b(a,p) < m—1. Moreover, we have that [c—d| > 2-27~% = 27 —#+1,
It follows that |p(c) — p(d)| > 2"~ for otherwise, by induction hypothesis on p € I;_1, we
would have |c — d| = |p(c) — p(d)| < 2"~¢ < 2"*+1. Hence, from the choice of b(a,p) we
have |b(a,p) — p(c)| > 2" "1 and |b(a,p) — p(d)| > 2" "1, from which it follows that the
required property is satisfied, and a < o' if and only if b(a, p) < ¢(a’) for every a’ € dom(p).
Only one detail is left: that q is well-defined and injective. But this properties follows
immediately from the above because a = o' if and only if a < @' and @’ < a. This completes

the induction step, and the proof. O

Theorem 9 Let o be a relational vocabulary. If C is the class of all finite ordered struc-
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tures for (0,<), then FO[C] < LFP[C].

Proof: Consider the following simple Boolean query @ on C. For every & € C, we
set A € Q if and only if the universe of 2 has even cardinality. It is obvious that @
is computable in polynomial-time, and therefore, by the Immerman-Vardi theorem, it is
least fixed-point definable on C. We claim that () is not first-order definable on C. For
suppose ¢ is a first-order sentence for (o, <) that defines it. Let 1(x,y) be the first-order
formula for the vocabulary (<) that is obtained from ¢ as follows: first, let ¢’ be the
result of syntactically replacing each occurrence of R;(x1,...,2x) in ¢ by x # x; then
P(z,y) = V2)(x < 2V z <y)Ag'. Let r be the quantifier rank of v, and let A,B € C
be two structures of the form (4, 0,...,0,<*) and (B,0,...,0, <®) of cardinalities 2" + 1
and 2" + 2 respectively. Such structures exist because C' is the class of all finite ordered
structures for (o, <). Observe that 2 [~ ¢ and B |= ¢ by the assumption that ¢ defines
Q on C. Moreover, it is not difficult to show that (A4,<*) }£ 9[0,2"] and (B,<?)
$[0,2" + 1]. Since the quantifier rank of v is r, it follows from the contrapositive of
Theorem 8, that (A4,<%,0,2") %, (B,<%,0,2" + 1). Since this contradicts Lemma 2, the

proof is complete. O

4.3.2 Unary vocabularies

A unary vocabulary is a relational vocabulary in which every relation symbol has arity
one. Poizat [Poi82], and independently, Immerman and Kozen [IK89], have shown the

following result:
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Theorem 10 Let o be a unary vocabulary, let C' be a class of finite ordered structures
for (0,<), and let ¢ be a first-order formula for (o,<) with at most three free variables.
There exists a first-order formula 1 with at most three variables (free or not) such that @

and 1 define the same query on C.

The proof of this theorem uses k-pebble games, a game-theoretic characterization of
first-order logic with k variables (see [KV90]). Using techniques from finite model theory,
Dawar, Lindell and Weinstein [DLW96] have shown that Poizat’s result implies that the
Ordered Conjecture holds when restricted to unary vocabularies. In the terminology used
in that paper, they show that every class of ordered structures for a unary vocabulary
is not 3-compact, and that on each such class, there exists a LFP-definable query that is
not definable in first-order logic with three variables. Here we give a more direct proof of
their result using a simple diagonalization argument that exploits the fact that first-order
formulas with at most k variables can be evaluated in polynomial-time (for a polynomial

that depends on k).

Theorem 11 Let o be a unary relational vocabulary. If C is an infinite class of finite

ordered structures for (o,<), then FO[C] < LFP|[C].

Proof: Let 0 = (R1,...,Rs) where each R; is a unary relation symbol. The proof is a
simple diagonalization. Let ¢1, (2, ... be a complete enumeration of all first-order formulas
for (0,<) with a single free variable and at most three variables overall (free or not).
We may assume that the encoding of ¢,, denoted [¢,], is a word over the alphabet

EU{Ry,...,Rs,<} that is computable from input 1" by a deterministic Turing machine
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running within time p(n) for some fixed polynomial p. Observe that the length of [, ]
is necessarily bounded by p(n). Next define the following unary query @ on C. Let
A € C; recall the universe of 2 is an ordinal, say A = {0,...,n — 1}. Then, Q%) =
{a € A: A = —pyla]}. We first claim that @ is computable in polynomial-time on C.
The machine on input (2, a), writes down the word 1%, and runs the polynomial-time
machine that generates [¢,]|. The machine then determines if A = —¢,[a]. Since ¢, has
only three variables (free or not), this computation can be made in polynomial-time in
the length of (2, a)#[w,|. We refer the reader to Vardi [Var96, Proposition 3.1] for this;
the problem is called there combined complezity of FO®. Tt follows that @) is computable
on C in polynomial-time, and by the Immerman-Vardi Theorem, it is LEP-definable on
C. The next claim is that () is not first-order definable on C. For suppose it were; then,
by Theorem 10 it would also be definable by a first-order formula ¢ with at most three
variables (free or not). Let n € w be such that ¢ = ¢,, and let A € C be a structure of
cardinality at least n+ 1. Such a structure exists because C' is infinite. From the definition
of @ we have that n € Q(2) if and only if A = —p,[n], if and only if 2 = —¢[n| because
© = @p, if and only if n ¢ Q(2) because ¢ defines ). This absurdity proves the claim,

and the theorem. O

4.3.3 Partial fixed-point logic

Recall the definition of partial fixed-point logic in Section 2.2. Although we have char-
acterized the computational power of least fixed-point logic on classes of finite ordered

structures, we have not focussed yet on partial fixed-point logic. In fact, a result anal-
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ogous to the Immerman-Vardi Theorem can be proved, namely, that partial fixed-point
logic captures PSPACE on classes of finite ordered structures. More precisely, if o is a
relational vocabulary, C is a class of finite ordered structures for (o, <), and @ is a query
on C, then @) is PFP-definable on C if and only if @) is computable on C' in polynomial-
space. We refer the reader to the book of Ebbinghaus and Flum [EF95, Chapter 6] for a
proof of this fact; the proof is similar to the one for Theorem 5. The following result was

proved by Dawar and Hella [DH95].

Theorem 12 Let o be a relational vocabulary. If C is an infinite class of finite ordered

structures for (o,<), then FO[C] < PFP[C].

Proof: Let o0 = (Ri,...,Rs). The proof is almost identical to the proof of Theorem
11. Let ¢1,p2,... be a complete enumeration of all first-order formulas for (o, <) with
a single free variable. We may assume that the encoding of ¢,,, denoted [p, ]|, is a word
over the alphabet EU{Ry,..., Ry, <} that is computable from input 1™ by a deterministic
Turing machine running within time p(n) for some fixed polynomial p. Observe that the
length of [, ] is necessarily bounded by p(n). Next define the following unary query
Q@ on C. Let A € C; recall the universe of 2 is an ordinal, say A = {0,...,n — 1}.
Then, Q) = {m € A : A = —pn[m]}. Since to decide A = —pp[m] can be done
in polynomial-space given (2, m)#[—p]| (see [Var96, Table 1] under the name combined
complezity of FO), the above query is computable in polynomial-space. It follows that Q
is PFP-definable on C by the remarks preceding the theorem. We show that @ is not FO-

definable on C. For suppose that it is definable via the first-order formula ¢. Let n € w
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be such that ¢ = ¢,,, and let 2 € C be a structure of cardinality at least n + 1; since C is
an infinite class of finite structures, such a structure exists. Observe that n € Q(2) if and
only if 2 = -, [n] from the definition of @, if and only if A = —¢[n]| because ¢ = @y, if

and only if n & Q(21) because ¢ defines Q. Since this is absurd, the proof is complete. O

As consequence to Theorem 12 Dawar and Hella obtain the following result linking

the Ordered Conjecture to complexity theory.

Corollary 1 If the Ordered Conjecture fails, then P # PSPACE.

Proof: Suppose that the conjecture fails. Then, there exists a relational vocabulary o,
and an infinite class of finite ordered structures C for (o, <) such that FO[C] = LFP[C].
According to Theorem 12 we have that FO[C] < PFP[C]. Let @ be a query witnessing
this fact, and let r be the arity of ). Since ) is PFP-definable on C, by the remarks
preceding Theorem 12, there exists a deterministic Turing machine M and a polynomial
p such that, for every 2 € C and every (ai,...,a,) € A", whenever M is presented with
input (A, a1,...,a,), it runs within p(|(A, a1, ..., a,)|) space, eventually halts, and accepts
if and only if (a1,...,a,) € Q(2A). Set M to shut off its computation if more that p(n)
space is used on any input of length n; use the space constructibility of polynomials for
this (see [BDGY6]). Let L be the language over the alphabet {0,1,#} decided by M.
Clearly, L € PSPACE. We claim that L ¢ P. For suppose the contrary, and let N be a
deterministic Turing machine running in polynomial-time that decides L. By definition, N

computes Q on C, and by the Immerman-Vardi Theorem, ) is LFP-definable on C. But
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LFP[C] = FOI[C], and therefore, @ is also FO-definable on C; this contradiction proves

the corollary. O

Corollary 1 suggests that a refutation to the Ordered Conjecture, if any, would be
difficult to prove. In Chapter 5 we will show that, in fact, a proof of the Ordered Conjecture

would also have important consequences in complexity theory.



Chapter 5

The conjecture on finite

arithmetical structures

5.1 Motivation

We have seen in Chapter 4 that some restrictions and relaxations of the Ordered Conjecture
are true. Moreover, Corollary 1 shows that a negative solution to the Ordered Conjecture
would imply a long-standing open problem in complexity theory. In this chapter, we
are interested in the complementary question; namely, we seek for complexity theoretic
consequences of a positive solution to the Ordered Conjecture. Ultimately, one would like
to find a complete characterization of the problem.

The Ordered Conjecture is about all classes of finite ordered structures, and in par-

ticular, about classes of finite structures including any particular built-in’s. Recall from

60
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Chapter 3 that built-in’s of increasing power, like the linear order and the arithmetical
predicates, led to computational characterizations of least fixed-point logic and first-order
logic respectively. Thus, in our quest for complexity theoretic consequences of the Ordered
Conjecture, one may consider such classes. As a matter of fact, if the linear order is the
only built-in, the conjecture is true as shown in Theorem 9. Thus, we focus our attention

to finite structures with arithmetical built-in predicates.

5.2 Arithmetical versus pure arithmetical structures

Recall the definition of arithmetical structures in Section 3.3.2. We are interested in
proving a result analogous to Theorem 9 for the class of all finite arithmetical structures
for a relational vocabulary ¢. Surprisingly as it seems at first sight, we can prove the
result only if o is a non-empty vocabulary. We elaborate on an easy consequence of
the result of Furst, Saxe, and Sipser [FSS84|, and independently, Ajtai [Ajt83], that the
parity function requires super-polynomial size circuits of constant depth and unbounded
fan-in. Namely, we use the fact that the language defined as PARITY = {w € {0,1}* :

the number of ones in w is even} is not in LH; see Boppana and Sipser [BS90, page 777].

Theorem 13 Let o be a non-empty relational vocabulary. If C is the class of all finite

arithmetical structures for (o,<,+, %), then FO[C] < LFP[C].

Proof: Suppose that ¢ = (Ry,...,Rs), and let r; = ar(R;); since o is non-empty, these
numbers are well-defined positive numbers (recall that we are not considering propositional

relations). Let @ be the following Boolean query on C: for every 2 € C, we set A € @
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if and only if the cardinality of the set {a € A : (0,...,0,a) € R¥} is even. It is not
difficult to see that A € Q(2) if and only if the word (A, RY,..., R* <¥ 4+ x¥) over
the alphabet {0,1,#}*, contains an even number of ones between the positions n + 2
and 2n + 1 included. Clearly, ) is computable on C' in polynomial-time, and therefore,
by the Immerman-Vardi Theorem, it is LFP-definable on C. We claim that @ is not
FO-definable on C this will prove the theorem. Suppose for contradiction that it is. By
Theorem 6 we have that ) is computable by an alternating Turing machine running in
logarithmic-time and a constant number of alternations. Let M be such a machine. We
build an alternating machine N that decides PARITY in logarithmic-time and a constant
number of alternations. This contradiction will prove the claim.

Let us assume that M only queries its input once in each path; according to Theorem
13, this is no loss of generality. We specify the behavior of N on input w, of length n. The
machine first determines the length of its input in 4 logn steps following the procedure of
Lemma 1. Then it starts a simulation of M until a query is performed. Then, the machine

resolves the query pretending that the input is

17 4w0™ PO A - - O™ F (K™ X (™) #EX(X™). (5.1)

In order to do so, suppose that p is the position queried by M. Then, if p < n, the
machine pretends that the answer is 1; if p = (n + 1), the machine pretends that the
answer is #; if n 4+ 2 < p < 2n — 1, the machine looks up the symbol at position p —n — 1
of the actual input w, and answers accordingly; if 2n < p < n 4+ 1 4+ n"!, the machine

pretends that the answer is a 0; if p = n + 2 + n", the machine pretends that the answer
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is #; and so on for the rest of positions. All the necessary arithmetic operations can be
done in logarithmic-time and a constant number of alternations according to Section B.1.
Once the unique query of the path being simulated is resolved, the machine proceeds to
complete the simulation of M. Observe that the machine runs in logarithmic-time in the
length of the word 5.1, which is also logarithmic in n. The number of alternations remains
constant too (recall that the machine makes a unique query in each path). It remains to
see that N decides PARITY. For suppose that w € {0,1}*. Then, by the construction of
@ we have that w € PARITY if and only if 2l € () where 2 is the unique structure in C
such that () is the word 5.1 above. Therefore, w € PARITY if and only if M on input
() accepts, and by construction, if and only if N on input w accepts. This completes the

proof of the claim, and the theorem. O

The proof of Theorem 13 reveals that the hypothesis of ¢ being non-empty is crucial.
In the following, we investigate the difficulty to remove this hypothesis. Finite arithmetical
structures for the empty vocabulary are called finite pure arithmetical structures; the class
of all them is denoted \A. The next theorem is about A but it is formulated as it is to

emphasize its complementarity with Theorem 13.

Theorem 14 Let o = () be the empty vocabulary, and let C be the class of all finite

arithmetical structures for (o,<,+, x). The following are equivalent:
(i) FO[C] = LFP[C]
(ii) LINH = E

(iii) DLOGTIME-uniform AC® = P-uniform AC®
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Proof: We show that the statements close a cycle of implications.

((1) = (4)) Assume that every LFP-definable query on C is already FO-definable.
Clearly LINH C E. Fix any language L € E over the alphabet {0, 1}; the case of larger
alphabets can be reduced to this using standard techniques (see [BDG96]). We show that
L € LINH. It suffices to show that the language 1L = {lw : w € L} € LINH because to
recognize L we can build an alternating Turing machine that prepends a 1 to the input
and simulates the machine witnessing that 1L € LINH. The leading one assures that
different words in 1L encode different natural numbers in binary. Define a Boolean query
Q@ on C as follows: let A, € C be the pure arithmetical structure of universe {0, ...,n —1};
then 2, € @ if and only if b, (n) € 1L; recall that b, (m) with n > m is the unique binary
representation of m of length logn with leading zeros if necessary. Observe that if 2, is

a structure as above, then
()] = 1" (<™ #x () #X(X™)| = 2% + 1?4 n 4+ 3 < 2610800 < gelbn (),

for some constant c¢. Thus, since 1L € E, it is easy to see that ) is computable on C in
polynomial-time; the machine on input (2,,) first computes b, (n), and then simulates the
exponential-time machine for 1L; its running time is 24P < |(2(,)|¢ for some constants
d and e. Therefore, since finite arithmetical structures are ordered, by the Immerman-
Vardi Theorem, () is LFP-definable on C. Now, by hypothesis, @ is also FO-definable,
and therefore, by Theorem 1, it is computable on C' in alternating logarithmic-time with
a constant number of alternations. Using again the fact that [(2)| < 2¢/P»(™)| we obtain

that 1L can be decided in alternating linear-time and a constant number of alternations;
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that is, 1L € LINH.

((i1) = (i44)) Assume that LINH = E and fix a language L € P-uniform AC’. Let
D € P be the direct connection language of a circuit family witnessing this fact. Define
the language F' = {w : w#0" € D}. Since D € P and for every word w#0™ € D we have
that |w| = clogn for some constant ¢ (recall the definition of direct connection language
in Section 2.3.3), we have that F € E. Now, by hypothesis, F € LINH. Using again
the fact every word w#0" € D satisfies |w| = clogn we obtain that D € LH. Therefore,
L € LH-uniform AC°. Now, from the results of Barrington, Immerman and Straubing
[BIS90] we know that LH-uniform AC’ = DLOGTIME-uniform AC? and the claim
follows.

((#31) = (i)) We show the contrapositive. Assume that @ is a LFP-definable query on
C witnessing that FO[C] < LFP[C]. Let k be the arity of Q; we can assume that k£ > 0
by adding dummy variables. Fix a number n > 0 and define L, as the set of words of
length n* of the form Om_llonk_m, where the n-ary encoding of m, say (mg_1,...,mp),
is a tuple that belongs to Q(2). For the rest of this proof we identify numbers and their
n-ary encodings when n is clear from the context. Define L = Un21 Ly. Tt is fairly easy
to show that I has a P-uniform AC? family of circuits. Namely, the circuit for inputs of
length n* is described by the following formula

V (xm/\ /\ —wj).

mEQ(n) §=0,7m

Here xg,...,z,x_; are the Boolean inputs of the circuit listed from left to right. For

lengths that are not of the form n*, the circuit is the trivial constantly false circuit.
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The P-uniformity is also clear because ) is LFP-definable and therefore computable in
polynomial-time.

We show that L is not in DLOGTIME-uniform AC®. Assume for contradiction that
it is. Then, by Barrington, Immerman and Straubing [BIS90], it is computable in alter-
nating logarithmic-time and a constant number of alternations. Let L' = {1"#w#x (<"
VX (M) #x(X™) : w € Ly, n > 1}. Since each word in L, has length n¥, it is clear
that L' is a set of words of the form (2) where 2 is a finite arithmetical structure for
the vocabulary (R, <,+, x) where R is a k-ary relation symbol. Let C be the class of all
finite arithmetical structures for (R, <, +, x). Let @' be the Boolean query on C defined
as follows: for every 2 € C, we set 2 € Q' if and only if (A) € L'. Since L' is computable
in alternating logarithmic-time with a constant number of alternations, by Theorem 6
we have that Q' is FO-definable on C. Let ¢ be a first-order sentence for (R, <,+, X)
that defines it. We let ¥ (z1,...,x;) be the formula obtained from ¢ by replacing each
occurrence of R(y1,...,yx) by /\f:1 z; = y;. By construction, % is a first-order formula
for the vocabulary (<,+, x) that defines @ on C. Since this is a contradiction, the proof

is complete. O

Separating LINH from E is an open problem analogous to separating PH from EXP.
In its equivalent setting in terms of circuit uniformity, the problem is particularly inter-
esting. There are a number of problems that are known to have P-uniform circuits but
not DLOGTIME-uniform circuits. For example, it is an open question whether integer

division can be done by a DLOGTIME-uniform family of NC! circuits, while it is known
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that a P-uniform such family exists (see [BCH86]). This connection with uniform circuits
was pointed out without proof by Gurevich, Immerman, and Shelah [GIS94]. They iso-
lated the class of finite structures of the form %B,, = ({0,...,n — 1}, <®» ,BIT®"}) where
<Bn is the standard linear order, and BIT®" is the binary relation that contains all pairs
(a,b) € {0,...,n — 1}? such that the a-th bit of the binary representation of b is one. Let

B ={%B, :n € w}. We can prove the following:

Theorem 15 FO[A] < LFP[A] if and only if FO[B] < LFP[B].

Proof: The result follows immediately from the facts that + and x are definable from
BIT and <, and that BIT is definable f