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Abstract

Relational joins are at the core of relational algebra, Wiridurn is the core of the standard database
query language SQL. As their evaluation is expensive ang often dominated by the output size, it
is an important task for database query optimisers to coengstimates on the size of joins and to find
good execution plans for sequences of joins. We study thed#ems from a theoretical perspective,
both in the worst-case model, and in an average-case modgkwhe database is chosen according
to a known probability distribution. In the former case, éiust key observation is that the worst-case
size of a query is characterised by the fractional edge couerber of its underlying hypergraph, a
combinatorial parameter previously known to provide anargpound. We complete the picture by
proving a matching lower bound, and by showing that therstepieries for which the join-project plan
suggested by the fractional edge cover approach may beasiibdlyy better than any join plan that does
not use intermediate projections. On the other hand, we shawin the average-case model, every
join-project plan can be turned into a plan containing ngemtions in such a way that the expected
time to evaluate the plan increases only by a constant faadependent of the size of the database. Not
surprisingly, the key combinatorial parameter in this eaihts the maximum density of the underlying
hypergraph. We show how to make effective use of this pammneeliminate the projections.

1 Introduction

The join operation is one of the core operations of relatialgebra, which in turn is the core of the standard
database query language SQL. The two key components oflzedataystem executing SQL-queries are the
guery optimiser and the execution engine. The optimisestates the query into several possible execution
plans, which are basically terms of the relational algealso(called operator trees) arranging the operations
that have to be carried out in a tree-like order. Using stasisinformation about the data, the optimiser
estimates the execution cost of the different plans andepdbhg best one on to the execution engine, which
then executes the plan and computes the result of the quewsy.[3$ for a survey of query optimisation
techniques.

Among the relational algebra operations, joins are usul#ymost costly, simply because a join of two
relations, just like a Cartesian product of two sets, may behmarger than the relations. Therefore, query

*A preliminary version of this paper appeared under the sétfaért the Proceedings of 49th IEEE Symposium on Foundation
of Computer Science (FOCS), pp. 739-748, 2008.
TFirst author partially supported by CYCIT TIN2010-209604205 (TASSAT).



optimisers pay particular attention to the execution afigpiespecially to the execution order of sequences
of joins, and to estimating the size of joins. In this papez,address the very fundamental questions of how
to estimate the size of a sequence of joins and how to exdwoeitsejuence best from a theoretical point of
view. While these questions have been intensely studiedaictipe, and numerous heuristics and efficiently
solvable special cases are known (see, e.g., [3, 9, 7]).eéhebasic theoretical results we present here and
their consequences apparently have not been noticed $ouakey starting observation is that the size of a
sequence of joins is tightly linked to two combinatorial graeters of the underlying database schema, the
fractional edge cover numbeand themaximum density
To make this precise, we need to get a bit more technicgirAquery Qis an expression of the form

Ri(a11,...,81r,) > - > Rm(8m1, .- -, 8mry)s (1.1)

where theR; arerelation nameswith attributes &, ...,a;,. Let A be the set of all attributes occurring
andn = |A|. A database instance [br Q consists of relation& (D) of arity r;. It is common to think of
the relationR;(D) as a table whose columns are labelled by the attribaies. ., ar; and whose rows are
the tuples in the relation. Thenswer or set of solutionsof the queryQ in D is then-ary relationQ(D)
with attributesA consisting of all tuples whose projection on the attributes Bf belongs to the relation
Ri(D), for all i. Hence we are considerimgtural joinshere (all of our results can easily be transferred to
equi-joins but not to generab-joins). Now the most basic question is how larg¢D) can get in terms
of the size of the databasb|, or more generally, in terms of the sizes of the relatiBnsWe address this
guestion both in the worst case and the average case, ansbajgat to various constraints imposed»n

Example At this point a simple example would probably help to untierd what we are after. L&(a, b),
S(b,c) andT (c,a) be three relations on the attributesh andc. Consider the join query

Q(a,b,c) :=R(a,b) X Sb,c) X T(c,a).

The answer of) is precisely the set of triple&,v,w) such thatu,v) € R, (v,w) € Sand(w,u) € T. How
large can the answer size @fget as a function ofR|, |§ and|T|? First note that a trivial upper bound
is |R|-|S]-|T|. However one quickly notices that an improved bound can bieatefrom the fact that the
relations inQ have overlapping sets of attributes. Indeed, since anytignlfior any pair of relations in
Q determines the solution for the third, the answer siz® & bounded by mi|R| - |S],|S - |T|,|T|- |R|}.
Now, is this the best general upper bound we can get as adanctiR|, |S and|T|? As it turns out, it is
not. Although not obvious, it will follow from the results this paper that the optimal upper bound in this
case is\/|R| |- |T|: the answer size d is always bounded by this quantity, and for certain choides o
the relationsR, S, T, this upper bound is achieved.

Besides estimating the answer size of join queries, we aisty how to exploit this information to
actually compute the query. Agxecution plarfor a join query describes how to carry out the evaluation of
the query by simple operations of the relational algebrd sug&cjoins of two relations or projections. The
obvious execution plans for a join query break up the sequehjpins into pairwise joins and arrange these
in a tree-like fashion. We call such execution plgmig plans As described in [3], most practical query
engines simply arrange the joins in some linear (and not evieee-like) order and then evaluate them in
this order. However, it is also possible to use other opamafiin particular projections, in an execution plan
for a join query. We call execution plans that use joins arajgationsjoin-project plans It is one of our
main results that, even though projections are not negessawaluate join queries, their use may speed up
the evaluation of a query super-polynomially.



Fractional covers, wor st-case size, and join-project plans

Recall that aredge covernof a hypergrapt is a setC of edges oH such that each vertex is contained in
at least one edge 1@, and theedge cover numbegw(H) of H is the minimum size among all edge cover of
H. A fractional edge coveof H is a feasible solution for the linear programming relaxatd the natural
integer linear program describing edge covers, andréwional edge cover numbgr*(H) of H is the cost
of an optimal solution. With a join quer® of the form (1.1) we can associate a hypergréfl®Q) whose
vertex set is the set of all attributes Qfand whose edges are the attribute sets of the relaRn3 he
(fractional) edge cover numbef Q is defined byp(Q) = p(H(Q)) andp*(Q) = p*(H(Q)). Note that in
the example of the previous paragraph, the hypergki(®) is a triangle. Therefore in that cap¢Q) = 2
while it can be seen that*(Q) = 3/2.

An often observed fact about edge covers is that for evesngilatabasp, the size ofQ(D) is bounded
by |D|P(Q), where|D| is the total number of tuples . Much less obvious is the fact that the sizeQiD)
can actually be bounded Bp|P"(Q), as proved by the second and third author [10] in the contexd ¢he
language) of constraint satisfaction problems. This isr@sequence to Shearer's Lemma [4], which is a
combinatorial consequence of the submodularity of theopgtfunction, and is closely related to a result
due to Friedgut and Kahn [6] on the number of copies of a hypptgin another. Our first and most basic
observation is that the fractional edge cover numiigR) also provides a lower bound to the worst-case
answer size: we show that for eve®y there exist arbitrarily large databadador which the size of(D)
is at least(|D|/|Q|)? (?). The proof is a simple application of linear programmingldyaAnother result
from [10] implies that for every join query there is a joineggct plan, which can easily be obtained from
the query and certainly be computed in polynomial time, twahputesQ(D) in time O(|Q|?- |D|P"(Q+1),
Our lower bound shows that this is optimal up to a polynomaatdr (of| Q> (Q) . |D|, to be precise). In
particular, we get the following equivalences giving anaxambinatorial characterisation of all classes of
join queries that have polynomial size answers and can beated in polynomial time.

Theorem 1. Let 2 be a class of join queries. Then the following statementequévalent:

(1) Queries inNZ have answers of polynomial size.

(2) Queries inZ can be evaluated in polynomial time.

(3) Queries inZ can be evaluated in polynomial time by an explicit join-pajplan.
(4) 2 has bounded fractional edge cover number.

Note that it is not even obvious that the first two statemergseguivalent, that is, that for every class
of queries with polynomial size answers there is a polynbtitize evaluation algorithm (the converse, of
course, is trivial).

Hence with regards to worst-case complexity, join-projgans are optimal (up to a polynomial factor)
for the evaluation of join queries. Our next result is that jplans are not: We prove that there are arbitrarily
large join querie® and database instancBssuch that our generic join-project plan compu@®) in at
most cubic time, whereas any join plan requires tipg2(°9/Q) to computeQ(D). We also observe that
this bound is tight, i.e., the ratio of the exponents betwerbest join plan and the best join-project plan is
at most logarithmic inQ|. Hence incorporating projections into a query plan may teasuperpolynomial
speed-up even if the projections are completely irrelef@mnihe query answer.

Maximum density, aver age-case size, and join plans

Consider the mode? (N, (pr)) of random databases where the tuples in each relRt&ye chosen randomly
and independently with probabilitpr = pr(N) from a domain of sizeN. This is the analogue of the
Erd6s-Rényi model of random graphs adapted to our canteis easy to see that fdd from (N, (pr)),
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the expected size of the query answ@(D) is N" - [Tr pr, Wheren is the number of attributes and the
product ranges over all relation nanfe@ Q. The question is whethe®(D)| will be concentrated around
the expected value. This is governed by thaximum density(Q, (pr)) of the query, a combinatorial
parameter depending on the hypergraph of the query and ebalpitities pr. An application of the second
moment method shows that & = logN — w(1), then|Q(D)| is concentrated around its expected value,
and if & = logN + w(1), then|Q(D)| = 0 almost surely. We observe that the maximum denSitan be
computed in polynomial time using max-flow min-cut techr@gu

In view of the results about worst-case, it is a natural qaesivhether join-project plans are more
powerful than join plans in the average case setting as Wdlirns out that this is not the case: We show
that every join-project plag for Q can be turned into a join plagf’ for which the expected execution time
increases only by a constant factor independent of the @s¢all his may be viewed as our main technical
result. The transformation @f’ into ¢ depends on a careful balance between delaying certainijoorsier
to reduce the number of attributes considered in each sepgeeurring in the plan and keeping as many
joins as possible in order to increase the density of theisedyq The choice of which subqueries to delay
and which to keep is governed by a certain submodular fumecttated to the density of the subqueries.

Size and integrity constraints

So far, we considered worst-case bounds which make no atisaspn the database, and average-case
bounds which assume a known distribution on the databaseievw, practical query optimisers usually
make use of known information about the databases when dorggheir size estimates. We consider the
simplest such setting where the sizes of the relations anetkifcalled histograms in the database literature),
and we want to get a (worst case) estimate on the sig¥Df subject to the constraint that the relations in
D have the given sizes.

By suitably modifying the objective function of the linearogram for edge covers, we obtain results
analogous to those obtained for the unconstrained setfimgptable difference between the two results is
that here the gap between upper and lower bound beconfew/Beren is the number of attributes, instead
of |Q|=P". We give an example showing that the gap between upper aret lnwund is essentially tight.
However, this is not an inadequacy of our approach througgttitmal edge covers, but due to the inherent
complexity of the problem: by a reduction from the maximumependent-set problem on graphs, we show
that, unless NP- ZPP, there is no polynomial time algorithm that approxiradtes worst case answer size
|Q(D)| for givenQ and relation sizeBlg by a better-than-exponential factor.

Besides the actual sizes of the relations, one could cansibler pieces of information that are relevant
for estimating the answer size of a query, such as functidepéndencies or other integrity constraints that
the databases may be specified to satisfy. For example, tfribute or a set of attributes plays the role of a
key in a relation, then the size of that relation is boundedhieysize of its projection on the key-attributes,
and therefore it suffices to analyse the contribution of ¢hatsributes to the maximum answer size of the
guery. In the preliminary version of this paper we annoursaaie partial results in this direction for the
case of simple functional dependencies. Since then, tHagmoof analysing the answer size subject to
general functional dependencies has been addressed writsght in the more recent works [8] and [14].

2 Preéliminaries

For integersm < n, by [m,n] we denote the sefmm-+1,...,n} and by[n] we denote[1,n|. All our
logarithms are base 2.

Our terminology is similar to that used in [1]: Aattribute is a symbola with an associatedomain
dom(a). If not specified otherwise, we assume danto be an arbitrary countably infinite set, say,



Sometimes, we will impose restrictions on the size of theaos Arelation names a symbolR with an
associated finite set of attributés For a seA = {ay, ..., a,} of attributes, we writdR(A) or R(ay,...,an) to
denote thaA is the set of attributes d&®. Thearity of R(A) is |A|. A schemas a finite set of relation names.
If 0 ={R(A1),...,R(Am)}, we write As for ;A

For a sefA of attributes, ar\-tupleis a mappingd that associates an eleme(d) from dom(a) with each
a € A. Occasionally, we denot-tuples in the fornt = (t : a € A), with the obvious meaning thais the
A-tuple witht(a) = t;. The set of allA-tuples is denoted by typ). An A-relationis a set ofA-tuples. The
active domairof anA-relationR is the set{t(a) : t € R,a € A}. Theprojectionof anA-tuplet to a subset
B C Ais the restrictiong(t) of t to B, and theprojectionof anA-relationRis the sets(R) = {i(t) : t € R}.

A database instance Bf schemao, or ag-instance consists of a-relationR(D) for every relation
nameR in o with set of attributesA. The active domainof D is the union of active domains of all its
relations. Thesizeof a o-instanceD is |D| := Sreq |R(D)].

A join queryis an expression

Q =Ry (A1) >+ > Rin(Am),

whereR; is a relation name with attribute. The schemaof Q is the set{Ry,...,Ry}, and theset of
attributesof Q is |J; Ai. We often denote the set of attributes of a join qu@rPy Ag, and we write tupQ)
instead of tupAg). Thesizeof Qis |Q| := ¥;|Ai|. We write H(Q) for the (multi-)hypergraph that has
vertex-setAq and edge-(multi-)sefAq,...,An}. If D is an{Ry,...,Rn}-instance, thenswerof Q onD is
the Aq-relation

Q(D) = {t e tup(Ag) : T (t) € R(D) for everyi € [m]}.

A join plan is a term built from relation names and binary join operatoFor example,(R; < Ry)

(Rs 1 Ry) and ((Ry 1 Ry) <1 Rg) <1 (Ry 1 Rq) are two join plans corresponding to the same join query
R1 <1 Ry xt R3 >t Rq. A join-project planis a term built from relation names, binary join operatonsg a
unary project operators. For examplen(R;) < Rz) i (Ry) is a join-project plan. Join-project plans
have a natural representation as labelled binary treegevihe leaves are labelled by relation names, the
unary nodes are labelled by projectiong and the binary nodes by joins. Evaluating a join plan or-join
project plang in a database instan&means substituting the relation names by the actual ramfromD

and carrying out the operations in the expression. We deheteesulting relation by (D). A join(-project)
plan ¢ is a planfor a queryQ if ¢(D) = Q(D) for every databasB. Thesubplansof a join(-project) plan
are defined in the obvious way. For example, the subplaiiRiak Ry) <t Tia(Rz <t Ry) areRy, Ry, Rs, R,

R1 >Ry, R3 < Ry, Ta(R3 1 Ry), (Ry > Rp) <t i (R3 <1 Ry). If ¢ is & join project plan, then we often udg

to denote the set of attributes of the query computed this only includes “free” attributes and not those
projected away by some projectiongr), and we write tupg ) instead of tupAy ).

3  Worst-case model

In this section we study the worst-case model in which we nmakassumptions at all on the database. First
we discuss the estimates on the answer-size of join quaneshen we address the question of query plans
for such queries.

3.1 Sizebounds

LetQ be a join query with schema. For evernyR € g, let Ar be the set of attributes &, so thatA; = g Ar.
The fractional edge covers are precisely the feasibleisokitxg : R € g) for the following linear program



Lo, and the fractional edge cover numlige(Q) is the cost of an optimal solution.

Lo:  minimise YgrXR
subjectto Yr.acaXr>1 forallac Ag, (3.1)
Xgr >0 forallRe o.

By standard arguments, there always is an optimal fradtiedge cover whose values are rational and of
bit-length polynomial inQ|. As observed in [10], fractional edge covers can be usedsoagi upper bound
on the size of a query.

Lemma2 ([10]). Let Q be a join query with schenzaand let D be ao-instance. Then for every fractional
edge covelxr : Re o) of Q we have

IQ(D)| < J_| IR(D)[*® = 22reoXr10g|Ro|
co

Note that the fractional edge cover in the statement of thera is not necessarily one of minimum
cost. For the reader’s convenience, we give a proof of thisria, which is actually a simplification of the
proof in [10].

The proof of Lemma 2 is based on a combinatorial lemma knowStesarer's lemma. The lemma
appeared first in [4], where it is attributed to Shearer. @hieopyof a random variabl with rangeU is

ZJ PrX = x]logPi{X = X|

Shearer’'s lemma gives an upper bound on the entropy of abdistm on a product space in terms of the
entropies of its marginal distributions.

Lemma 3 (Shearer’s Lemma). Let X= (X | i € |) be a random variable, and let;Afor j € J, be (not
necessarily distinct) subsets of the index set | such thett ea | appears in at least k of the setg.AFor
every BC I, let Xg = (Xi | i € B). Then

m
Z XAJ>kh]

A simple proof of the lemma can be found in [13].
Now we are ready to prove Lemma 2:

Proof of Lemma 2 Let Ar be the set of attributes &t € o so thatA; = |JgAr. Without loss of generality

we may assume that the fractional edge coyeonly takes rational values, because the rationals are dense
in the reals. Leipr andqg be nonnegative integers such that= pr/q. Letm= Srpr, and letAy,..., Ay

be a sequence of subsetsAyf that contains preciselpg copies of the sefg, for all R g. Then every
attributea € Ag is contained in at leagf of the sets;, because

{iem:acAlf= Y mr=a 3 x=>qa

RacAr R:acAr

Let X = (Xa| a€ Ag) be uniformly distributed o®(D), which we assume to be non-empty as otherwise the
claim is obvious. That is, for every tuples Q(D) we have PiX =t] = 1/|Q(D)|, and for all otheA-tuples

we have PIX =t] = 0. Thenh[X] =log|Q(D)|. We apply Shearer’s Lemma to the random variablend

the setHg, for Re 0. (Thus we havé = A; andJ = ¢.) Note that for everR € o the marginal distribution



of X onAgis 0 on all tuples not ifR(D). Hence the entropy ofa, is bounded by the entropy of the uniform
distribution onR(D), that is,h[Xa.] < l0g|R(D)|. Thus by Shearer's Lemma, we have

S PrelogRID)| > 5 priXed = _ih[xm] > q-h{X] = g-log|Q(D)|.

It follows that
|Q(D)| <22Rea(pR/q log|R(D J_l RD

The next lemma shows that the upper bound of the previous &imtight:

Lemma4. Let Q be a join query with schenm, and let(xg : R € o) be an optimal fractional edge cover
of Q. Then for every fe N there is ag-instance D such thgD| > Np and

QD) = J_| R(D)*.

Furthermore, we can choose D in such a way #R{D)| = |[R(D)| for all R,R € o with xg,Xxg > 0.

Proof. Let Ag be the set of attributes & < o so thatA,; = | JgAr. Recall(Xxg: R€ 0) is an optimal solution
for the linear program (3.1). By LP-duality, there is a swint(y, : a € Ay) for the dual linear program

maximise Y ,Ya
subjectto y,caYa<1 forallRe o, (3.2)
Ya>0 forallac Ay

such thaty ,ya = SrXr. There even exists such a solution with rational values.
We take an optimal solutiofy, : a € Ag) with y, = pa/d, whereq > 1 andp, > 0 are integers. Let
No € N, and letN = N;. We define a-instanceD by letting
R(D) := {t € tup(AR) : t(a) € [N/ for all a € A}
for all R € o. Here we assume that d¢a) = N for all attributesa. As there is at least oreewith y, > 0
and hence, > 1, we haveD| > N¥/d = Ny. Observe that

IR(D)| = NPa/0 — NZaearYa < N

acAR

for all R € a. FurthermoreQ(D) is the set of all tuples € tup(Ay) with t(a) € [NP/9] for everya € A.

Hence
1Q(D)| = |‘LNPa/q = NZaensYa — NIReoXR — ,ﬂ N"R > J‘| IR(D) %,
ac co co

as required. To see th&#R(D)| is the same for every relatioR with xg > 0, we argue as follows. By
complementary slackness of linear programming we have

ya=1 forallRe o with xg > 0.
ac

Thus|R(D)| = N for all R € o with xg > 0 and

QD) = QGNXR = JJGIR(D)\XR-

Combining Lemmas 2 and 4 we obtain that, for every join qu@revery instancdD gives|Q(D)| <
ID|P"(Q, and that there exist arbitrarily large instan@such thatQ(D)| > (|D|/|Q|)? Q). This yields the
equivalence between statements (1) and (4) of Theorem 1.

O
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3.2 Execution plans

It was proved in [10] that there is an algorithm for evalugtajoin queryQ in a databas® that runs in
time O(|Q|2- |D|P"(Q+1). An analysis of the proof shows that the algorithms can dgtbe cast as the
evaluation of an explicit (and simple) join-project plararfhe reader’'s convenience, we give a proof of this
fact here. Combined with the bounds obtained in the preseasion, this yields Theorem 1.

We define thesize of a k-ary relationR to be the numbef|R|| := |R| - k. The bounds stated in the
following fact depend on the machine model; the statemengwe is based on standard random access
machines with a uniform cost measure. Other models maynegdditional logarithmic factors.

Fact 5. The following hold:

(1) The join R S of two relations R and S can be computed in tinggRY + ||S|| + | R S|).
(2) The projectioni(R) of an A-relation R to a subset 8 A can be computed in time(QR|]).

For details and a proof of the fact, we refer the reader toT&E following theorem gives the promised
join-project plan:

Theorem 6. For every join query Q, there is a join-project plan for Q tlwn be evaluated in time (qu|2-
\D]P*(Q)”) on every given instance D. Moreover, there is a polynonimagtalgorithm that, given Q,
computes the join-project plan.

Proof. Let Q= Ry(A1) > - - >1Rn(Am) be a join query an® an instance fof. Suppose that the attributes
of Qare{ay,...,an}. Fori € [n], letB; ;= {ay,...,a}. Furthermore, let
¢1 = ( : (TrBl(Rl) > TrBl(RZ)) DI D TrBl(Rm))>
¢i+1 = < ((¢I > TIBi+1(R1)) > rlBi+1(R2)) DI --- ni3i+1(Rm)> foralli>1.
It is easy to see that for evenge [n] it holds thatg;(D) = 15, (Q(D)) and hencepn(D) = Q(D). Hence to

computeQ(D), we can evaluate the join-project plap.
To estimate the cost of the evaluating the plan, we need abléest the following claim:

For every ic [n] we have/¢;(D)| < |D|P"(Q,

To see this, we consider the join query
Q=R bRy,

whereR;' is a relation name with attribut& N A;. The crucial observation is that (Q) < p*(Q), because
if (Xxg: Re o) is fractional edge cover d, then lettingxg = Xr for everyR € o we get a fractional edge
cover ofQ; of the same cost. If we Idd; be the database instance withi(D;) := 15, (R;) for all j € [m,
then we get

$i(D) = Qi(Di) < |Di|”" (¥ < |D[P"(Q.

This proves the claim.
We further observe that all intermediate results in the aamaton of¢; 1 (D) from ¢;(D) are contained
in
¢i(D) X U,
whereU is the active domain dD. Hence their size is bounded bg (D)| - |D| < |D|P (Q+1, and by Fact 5
they can be computed in tin@(|D|°"(@+1). Overall, we have to compute m projections, each requiring
time O(D), andn- mjoins, each requiring tim®(|D|° (V+1). This yields the desired running time. [
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We shall prove next that join plans perform significantly sethan join-project plans. Note that to
evaluate a join plan one has to evaluate all its subplanscéifem every subpla of ¢ and every instance
D, the sizg/(D)| is a lower bound for the time required to evalugten D.

Theorem 7. For every mN € N there are a join query Q and an instance D wj@ > m and|D| > N, and:

(1) p*(Q) <2and henceQ(D)| < |DI? (actually, |Q(D)| < |D).
(2) Every join plang for Q has a subplany such thaty(D)| > D59/l

Proof. Let n = (*"). For everys C [2m] with |s| = m, let a be an attribute with domaifil. For every
i € [2m], let R be a relation name having as attributesaabuch thai € s. Let A; be the set of attributes of

R andA = Uicjzm Ai- The arity ofR is

Al = 2m—1\ _m /2m\ n

S \m-1/ 2m \m/) 2

LetQ:= Ry --- 1 Rom. Then|Q| =2m-n/2 = m-n. Furthermorep*(Q) < 2. To see this, lexg =1/m
for everyi € [2m]. This forms a fractional edge cover @ because for everg C [2m] with | = m, the
attributeag appears in thenatomsR; withi € s.

Next, we define an instand® by letting R (D) be the set of alA-tuples that have an arbitrary value
from [N] in one coordinate and 1 in all other coordinates. Formally,

R(D):=J () {tetup(A):t(a) € [N],t(b) =1}.

acAibeA\a
Observe thatR;(D)| = (N—1)n/2+ 1 for alli € [2m] and thus
ID| = (N—1)mn+2m> N.

FurthermoreQ(D) is the set of alA-tuples that have an arbitrary value frdN in one attribute and 1 in all
other coordinates (it is not possible that two attributegehaalue different from 1, as every two attributes
appear together in some relation). Hef@eD)| = (N — 1)n+ 1 < |D|. This completes the proof of (1).

To prove (2), we shall use the following simple (and well-4um) combinatorial lemma:

Lemma8. Let T be a binary tree whose leaves are coloured &ithcolours, for some mx 1. Then there
exists a node t of T such that at le@st+ 2)/2 and at most - 1 of the colours appear at leaves that are
descendants of t.

Proof. For every node of T, letc(t) be the number of colours that appear at descendarits Bhe height
of a nodet is the length of the longest path franto a leaf.

Lett be a node of minimum height such tleét) > m+ 2, and letu;, up be the children of. (Note that
cannot be a leaf becausg) > 2.) Thenc(u;) < m+1 fori = 1,2. Furthermoreg(u;) +c(uz) > c(t), hence
c(u) > (m+2)/2 for at least oné. O

Continuing the proof of the theorem, we Igtbe a join plan forQ. We view the termp as a binary tree
T whose leaves are labelled by atoRs We view the atoms as colours. Applying the lemma, we find a
nodet of T such that at leagim+ 2) /2 and at mosin+ 1 of the colours appear at leaves that are descendants
of t. Every inner node of the tree corresponds to a subplan &f/e lety be the subplan corresponding to
t. Then at leastm+ 2)/2 and at mosi+ 1 atomsR; appear iny. By symmetry, we may assume without
loss of generality that the atoms gfareRy,...,R, for somel € [[(m+2)/2],m+1]. Hencey is a plan
for the join query

Ry Rg.



Let B:= [J/_, A be the set of all attributes occurring i Fori € [m+ 1], lets = {i}U[m+ 2 2m]. Then
foralli, j € [¢] we haveas € A; if and only ifi = j. Hence all tuples$ € tup(B) with t(as ) € [N] for alli € [¢]
andt(b) = 1 for allb € B\ {as,,...,as } are contained iny(D). As there aréN’ such tuples, it follows that

W(Q) =N > Nm2/2
Statement (2) of the lemma follows, because
log|Q| = logm+logn < logm+log2*™ = logm+2m< 5. (m+2) /2,
providedmis large enough, which we may assume without loss of geherali O

Statement (2) of the theorem implies that any evaluatioardhgn for the queryQ based on evaluating
join plans, which may even depend on the database instaas@, tunning time at leafd|?(°9/Q) . This is
to be put in contrast with the running tin@®(|Q|? - |D|®) from Theorem 6. It is a natural question to ask if
the difference can be even worse, i.e., more than logaritimthe exponent.

Using the well-known fact that the integrality gap of theelim program for edge covers is logarithmic in
the number of vertices of the hypergraph (that is, attriofethe join query), we prove below that for every
queryQ there is a join plarp that can be evaluated in tin@(|Q| - |D|%"(Q1091Q)) 'hence the lower bound
is tight up to a small constant factor.

Proposition 9. For every join query Q, there is a join plan for Q that can be leated in time Q|Q] -
|D|?"(Q)10glQI)Y on every given instance D.

Proof. Let Q be a join query with schema. For everyR € o let Ag be the set of attributes & so that
As = Ureo AR AN edge coveof Q is a subsel C o such thatA; C Uge,Ar. Theedge cover number
p(Q) of Q is minimum size of an edge cover fQ. Observe that edge covers correspondQdl }-valued
fractional edge covers and that the edge cover number issphgthe cost of the optimal integral fractional
edge cover. It is well known that the integrality gap for theér program defining fractional edge covers
is Hn, wheren = |A;| andHp is thenth harmonic number (see, for example, [15], Chapter 13§ khiown
thatHp < 2logn. Now the join plan consists in first joining the relationsttfam an edge cover of size
2p*(Q)-log|Q| in arbitrary order, and then joining the result with the @fstelations in arbitrary order. [J

Furthermore, the proof of Proposition 9 shows that, for gyein queryQ, there is a join plan that can
be evaluated in tim®(|Q| - |D|P(Q)), wherep(Q) denotes the edge cover numberQ@fHowever, note that
not only |D|P(Q) is potentially superpolynomial oveéb|?"(Q), but finding this plan is in general NP-hard.
Compare this with the fact that the join-project plan givgr10] can be found efficiently (see Theorem 6).

4 Size constraints

To estimate the size of joins, practical query optimisers statistical information about the database in-
stance such as the sizes of the relations, the sizes of sotiheioprojections, or histograms. In this section
we consider the simplest such setting where the size of thtams is known, and we prove a (worst-case)
estimate on the size @)(D) subject to the constraint that the relationdimave the given sizes.

4.1 Sizeboundsunder size constraints

LetQ be a join query with schema. For evenR € g, let Ag be the set of attributes & so thatA; = g Ar.
For everyR € o, letNg be a natural number, and ley(Ng : R € o) be the following linear program:
minimise Y rXr-l0gNgr
subjectto Sraca Xk >1 forallac Ag, (4.2)
Xg >0 forallRe o.
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Note that the only difference withg as defined in (3.1) is the objective function. This impliesttavery
feasible solution of.o(Nr: R€ 0) is also a fractional edge cover Qf

Theorem 10. Let Q be a join query with schen@mand let \z € N for all R € 0. Let n be the number of
attributes of Q, and lefxg : R € o) be an optimal solution of the linear prograny(Nr: Re€ o).

(1) For everyo-instance D witHR(D)| = Ng for all R it holds that|Q(D)| < [TrNg
(2) There is ag-instance D such thgR(D)| = Nr for all R € g and|Q(D)| > 2 "[TrN&.

Proof. Statement (1) is an immediate consequence of Lemma 2. Te j2)vwe exploit LP duality again.
The LP-dual ofLg(Nr: R€ 0) is the following linear progranDo(Ngr : R€ 0):

maximise S ,Ya
subjectto Y ,ca.Ya <logNr forallRe o,
Ya>0 forallac Ag.

Let (ya:ac Ay) be an optimal solution for the dual. ThgRca, Ya = S reo XR- [0GNR.
Forallae Ag, lety, =log|2=] <y,. We set

R = {t € tup(Ag) : t(a) € [2%=] forallac AR}.

Then
IR| = Wa — || < 2ZachgYa < 2l0gNe _ N
aIEJR aIEJR

We arbitrarily add tuples t& to obtain a relatiorR(D) of size exactlyNg. In the resulting instancB, we
have y
|Q(D)| > |—| a > I—I 2_ — 27N .2YacAsYa — 27N . 2FReoXRIOGNR zfn.J_l NéR.
acAg acAq 2 €0

O

Even though usually the query is much smaller than the da¢abstance and hence we may argue
that a constant factor that only depends on the size of theydsenegligible, the exponential factor in
the lower bound of Theorem 10(2) is unpleasant. In the falgwwe shall prove that the lower bound
cannot be improved substantially. In the next example wevahat we cannot replace the lower bound
of Theorem 10(2) by 218" g N for any € > 0. This seems to indicate that maybe the approach to
estimating the size of joins through fractional edge coiermo longer appropriate in the setting where the
size of the relations is fixed. However, we shall then see thaome sense, there is no better approach. In
Theorem 11, we shall prove that there is no polynomial tinge@hm that, given a quer@) and relation
sizesNg, for R € g, approximates the worst case size of the query answer tda taetter than B

Example We give an example wherfgre, N& is roughly 2 but |Q(D)| is at most 2", wheren is the
number of attributes of. Thus the factor 2" in Theorem 10(2) cannot be replaced with anything greater
than 2-(1-&n,

Letn e N be an integer, & € < 1 a fixed constant, anl= {ay,...,a,} a set of attributes with domain
N. Letr := |en/logn|. We assume that is sufficiently large that2> n holds. For everB ([?]), let Rg
be anr-ary relation with attribute®. Furthermore, for everg € A, let R, be a unary relation with the only
attributea. Let Q be the join of all these relations and te the resulting schema.

For everyB € ([’r‘]), let Nr, = 2" — 1 and for everya € A, let N, = 2. Consider the linear program
Lo(Nr: R€ 0). We obtain an optimal solution for this linear program bytitet xg, := n/ (r (7)) and
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Xr, := 0. To see that this is an optimum solution, observe yhat= log(2" —1)/r is a feasible solution of
the dual LP with the same cost.
We prove next thaf|[rNg: = 2"(1—0(1)):

J‘| NI = ((2r . 1)n/(f(?))> ) > (2 =) > (2(1-1/n)V" = 2" (1—1/n)"" = 2"(1—0(1)).

The second inequality follows fronT 2> n and the last equality follows from the factriftends to infinity,
then(1—1/n)" goes to Ye andr goes to infinity as well.

To complete the example, we prove th@(D)| < 2" for every instancé respecting the constraints
Ngr. Let D be ao-instance withR(D)| = Ng for everyR € . FromNg, = 2 it follows that inQ(D) each
attribute has at most two values, hence we can assume witssubf generality tha®(D) C {0,1}". Thus
each tuple irt € Q(D) can be viewed as a subsit= {ac A:t(a) = 1} of A. For everyB ¢ (), it
holds7i(Q(D)) < Ng, = 2" — 1, hence the Vapnik-Chervonenkis dimensioiQoD) is less tham. Thus by
Sauer’'s Lemma, we have

‘Q(D)’ < n < nsn/logn _ 25n7

as claimed.

4.2 Hardness of better approximation

There is a gap of 2between the upper and lower bounds of Theorem 10, which nteah®oth bounds
approximate the maximum size {@(D)| within a factor of 2. However, if|Q(D)| is 2°(", then such an
approximation is useless. We show that it is not possibledibdtter approximation in polynomial time: the
gap between an upper and a lower bound cannot be reduc@ﬁ‘lt?f)Z(under standard complexity-theoretic
assumptions).

Theorem 11. For a given query Q with schen@mand a given set of size constrairitdz : R€ o), denote by
M the maximum dfQ(D)| over databases satisfyinB(D)| = N for every Re o. If for somee > 0, there is

a polynomial-time algorithm that, given a query Q with n éitites and size constraintssNcomputes two
values M and My with M. <M < My and My < M 2", thenNP = ZPP.

For the proof of Theorem 11, we establish a connection betwikee query size and the maximum
independent set problem (Lemma 13). Then we get our inappatility result by reduction from the
following result by Hastad:

Theorem 12 ([11]). If for somegy > O there is a polynomial-time algorithm that, given an n-vertgaph
G, can distinguish between the casg$s) < n® anda(G) > n*~#, thenNP = ZPP,

Following is the announced connection between worst-casgyepize subject to relation-size con-
straints and maximum independent sets:

Lemma 13. Let Q be a join query with schenmand let Ny := 2 for all R € 0. Let G be the primal graph
of Q and leta(G) be the size of the maximum independent set in G. The maxim@iDfj, taken over
database instances satisfyifg(D)| = Ng for every Re g, is exactly2?(®),

Proof. Let A be the attributes dR € g. For this proof we writéA instead ofA. First we give a databag
with |Q(D)| > 29(®), Let| C Abe an independent set of sia¢G). Sincel is independentArN 1| is either
0 or 1 for everyRe o. If |[AgN 1| =0, then we defin€&k(D) to contain a tuple that is 0 on every attribute.
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If AN | = {a}, then we defind}(D) to contain a tuple that is 0 on every attribute and a tupleithhtona
and 0 on every attribute iAg\ {a}. We claim that

Q(D) ={t etup(A) :t(a) € {0,1} forallac I,t(a) =0 forallac A\I}.

Clearly, the value of an attribute Inis either 0 or 1, and every attribute A\ | is forced to 0. Furthermore,
any combination of 0 and 1 on the attributesl aé allowed as long as all the other attributes are 0. Thus
|Q(D)| = 29(G), Note that a relatio®R with |[AzN 1| = 0 contains only one tuple in the definition above. To
satisfy the requiremenR(D)| = Nr = 2, we can add an arbitrary tuple to each such rela®ptiis cannot
decreaséQ(D)].

Next we show that ifR(D)| = 2 for every relatiorR € g, then|Q(D)| < 2%(®). Since|R(D)| = 2 for
every relation, every attribute iA can have at most two values @(D); without loss of generality it can
be assumed thad(D) C {0,1}/A. Furthermore, it can be assumed (by a mapping of the domaiineof
attributes) that the all-O tuple is @(D).

Let Sbe the set of those attributes that have two valugg(D), i.e.,

S={ac A! |74 (Q(D))| =2},

For everyac S, let S, be the set of those attributes that are the sanzdmgvery tuple ofQ(D), i.e.,
Si={be S:t(a) =t(b) for everyt € Q(D)}.

We define a sequeneg, a, ... of attributes by lettingy be an arbitrary attribute i8\ U;; S, - Leta
be the last element in this sequence, which meaniﬁﬁqﬁa =S We claim that, ..., a are independent
in G, implyingt < a(G). Assume that; anda; (i < j) are adjacent iG5; this means that there is &e o
with &,a; € Ar. By assumption, the all-O tuple is R(D). As &,a; € S there has to be s € R(D) with
t1(a) =1 and a, € R(D) with tz(a;) = 1. Since|R(D)| = 2 and the all-0 tuple is iR(D), we havet; = t,.
But this means tha; anda; have the same value in both tuplesR(D), implying a; € S;. However, this
contradicts the way the sequence was defined.

Now it is easy to see thaQ(D)| < 2t < 29(G): by setting the value ofy,...,a, the value of every
attribute inSis uniquely determined and the attributesAih Sare the same in every tuple Q(D). O

Proof of Theorem 11We show that if suciM andMy could be determined in polynomial time, then we
would be able to distinguish between the two cases of The@&rsiven am-vertex graphG = (V,E), we
construct a quer® with attributesv and schema& = E. For each edgav € E, there is a relatioiR, with
attributes{u,v}. We setNgr = 2 for every relatiorR € g. Observe that the primal graph @fis G. Thus by
Lemma 13M = 22(C),

Setgyp := €/2. In case (1) of Theorem 12&,(G) < n®, henceM <M < 2" and

MU é MLan—e S 2n50+n1*5 < znl—so

(if nis sufficiently large). On the other hand, in case (2) we fa(®) > n*~#, which impliesMy > M =
20(G) > 2™ Thys we can distinguish between the two cases by compitingith 2™ . O

5 Average-case model

In this section we assume that the database is randomlyagedexccording to the following model. Letbe
a schema and |& be the set of attributes & < 0. For everyRe o, let pr: N — (0,1) be a function oN,
and letp(N) = (pr(N) : R€ 0). We denote byZ(N, p(N)) the probability space oa-instances with domain
[N] defined by placing each tuptes [N}”® in R(D) with probability pr(N), independently for each tupte
and eactR € g. Typical p's of interest arepr(N) = 1/2, pr(N) = C- N 4=l or pr(N) = N1~ *=l|ogN.
When eactpr = 1/2, this is the uniform distribution over-instances with domaifN].
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5.1 Size bounds and concentration

Let Q be a join query with schema, let n be the number of attributes @, and letm be the number of
relation names irw. Let X denote the size of the query answ@{D) whenD is taken fromZ(N, p(N)).
The expectation oX is, trivially,

EX] = N" [ pr(N). (5.1)

We want to determine under what circumstance®{®)| concentrated around this value. For this we need
to compute the variance of, which depends on a parameter®tlefined next.

For everyR € o, let wg be a positive real weight, and let= (wg : R € ). The densityof Q with
respect tov is defined a®d(Q,w) = %ZREUWR. Note that ifwg = 1 for everyR, then the density is/n.
For everyB C Ay, let Q[B] denote the subquery induced Bythat is,Q[B] is the subquery formed by all
the atomsR € ¢ that have all attributes iB. The maximum densitpf Q with respect tow is S(Q,w) =
max{6(Q[BJ,w) : BC As,B # 0}.

In applications to random instances, we typically Viix(N) to log,(1/pr(N)) and write 5(Q[B]) and
5(Q) instead of5(Q[B],w) and5(Q,w). For this choice of weights a crucial distinction is madecading
to whetherd is larger or smaller than IggN). In the first case, there exists subque8] whose expected
number of solutions is smaller than 1 and therefore, by Maskimequality, Q itself has no solutions at
all with probability bounded away from 0. In the second ca&sery subquery has at least one solution in
expectation, and we can bound the varianc&X afs a function oD. Since this will be of use later on, we

derive it in detalil.

Proposition 14. If < log,(N), then

VIX] < E[X]2- (2" — 1)20 ~log:N, (5.2)

Proof. For this proof we writéA instead ofA,. For everyR € g, let Ag be the set of attributes & and for
everyt € [N]”®, let X(R,t) be the indicator for the eventc R(D). These are mutually independent random
variables and the expectationfR t) is pr(N). For everyt € [N]A, let X(t) be the indicator for the event

t € Q(D). Note thatX(t) = [Tres X (R tr), Wheretg denotes the projection ¢fto the attributes oR. Also

X = 3 X(t). Towards proving (5.2), let us bound

E[X?] = ZE [X(s)X(t)]. (5.3)

For every fixedB C A, let Fg be the set of pairés;t) € [N]* x [N]* such thas(a) = t(a) for everya € B and
s(a) #t(a) for everya € A— B. Clearly, (Fg)aca is a partition of[N]* x [N]* and therefore

ZE[X(S)X(t)]:BZA()Z E [X(s)X(1)]. (5.4)
S, CA(st)eFs

Fix now someB C A and(s;t) € Fg, and letog be the relations appearing @{B]. Observe that sinceand
t agree orB we havetg = s for everyR € ogg and therefore&X (R, sg) X (R, tr) = X(R,sr) for every suchtR.
Hence:

X(©X() = [TXRs) [TXR = [] XRsIX(Rt) [T ¥R (5.5)

0—0B Reos

All variables in the right-hand side product are mutuallggpendent because either they involve different
relations or different tuples. Therefore,

E[X(9X(t)] = 2 = 2 -1 5.6
[X(5)X(t)] pRRngR J]pRRngR (5.6)

Reo—op o
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The number of pairés, t) in Fg is bounded byN?A-[Bl. Therefore,

E [X(IX(1)] < NZ‘A|‘|B‘J_| p& [ pr*=E[X]* NP T pr" (5.7)
c Reog

(st)eFs o Reog

For B = 0, the second factor in the right-hand side of (5.7) is 1 apdyat E[X]Z. ForB # 0, we have

5\B 3
NIBI [ pat = NIBI2B80m) < <N—126) < 20 logN (5.8)

Reog

where the first inequality holds becausQ[B]) < 5, and the second inequality holds beca|Bie> 0 and
0 <log,(N). Putting it all together we get

EX =5 Y EXEXD)]<EX]*+(2"-1)E[X]?20 e, (5.9)
BCA (sfers
Since V[X] =E[X?] —E [X]Z, this proves (5.2). O

In the following, if X is a random variable defined on the probability sp&él, p(N)), the expression
“X ~ x almost surely” means that for evegy> 0 andd > 0, there existdNy such that, for everfjN > N,
we have PjfX —x| < ex] > 1— 4. With all this notation, we obtain the following thresholdHaviour as an
immediate consequence to Markov's and Chebyshev’s iniiggal

Theorem 15. Let Q be a join query with schen@mand n attributes. For every R o, let pr: N — (0,1),
p(N) = (pr(N) : R€ 0), and 5(N) = 5(Q,wr(N)) for wg(N) = log,(1/pr(N)). Let D be drawn from
Z(N,p(N)) and let X denote the size of ).

(1) 1f 5(N) =logN — w(1), then X~ N"[reo Pr(N) almost surely.
(2) 1f 5(N) =logN + w(1), then X= 0 almost surely.
Proof. For this proof we writeA instead ofA,. We start with (2). Suppose thatN) = logN + w(1) and

fix a largeN. LetB C A, B # 0, be such thad(Q,w(N)) = 5(Q[B],w(N)). Let Qg = Q[B], let o be the
schema oRg, and letMg = |Qg(D)|. The expectation dfg is

NIB ] () = 2B1000N- 13 S 0(1/pN)) _ 5Bllog-5(0)
Reog

Sinced(Qg) = 6(Q) and|B| > 0, the hypothesi$§(N) = logN + w(1) implies that this quantity approaches
0 asN grows. By Markov’s inequalityMg = 0 almost surely, and therefol = 0 almost surely because
every solution tdQ gives a solution t@g.

For (1) we use the bound on the variance from (14). &ix 0 andd > 0. By Chebyshev’s inequality
we have

.98~log;N

2(on _ 1193 —log,N n_
PH|X — E[X]| > £ E[X]] < E;’E[g(]]z L EX] (2525;2]22 W _ 252 1

Under the hypothesig(N) = logN — w(1), the right-hand side is bounded Byfor large enougiN. Since
E[X] = N"Mreo PR(N), the result follows. O
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In certain applications, the concentration defined X¥y'x almost surely” is not enough. For example, it
may sometimes be necessary to conclude tH&X Prx| < ex] > 1—N~9for everye > 0 andd > 0 in order to
apply a union bound that involves a number of cases that goolysomially withN. It turns out that such a
strong concentration can also be guaranteed at the expkagaderthreshold widthin Theorem 15: instead
of log,(N) — w(1) vs log,(N) 4+ w(1), we require log(N) — w(loglog(N)) vs log,(N) + w(1). This does
not follow from Chebyshev’s inequality, and for the proof wee the polynomial concentration inequality
from [12].

For a random variabl¥, the expressionX ~ x polynomially almost surely” means that for every 0
andd > 0, there existdNy such that for everjN > Ny we have P{|X —X<ex>1- N—9. The goal is to
prove the following companion to Theorem 15.

Theorem 16. Let Q be a join query with schen@mand n attributes. For every R o, let pr: N — (0,1),
p(N) = (pr(N) : Re o), and d(N) = 5(Q,wr(N)) for wr(N) = log,(1/pr(N)). Let D be drawn from
Z(N,p(N)) and let X denote the size of ).

(1) 1f 5(N) = logN — w(loglogN), then X~ N" MRreo PR(N) polynomially almost surely.
(2) 1f 5(N) = logN + w(1), then X= 0 almost surely.

For the proof, we will use the polynomial concentration noetfrom [12]. LetH = (V,E) be a hyper-
graph withn = |V| andk = maxce |€|. For everye € E, let w(e) be a positive weight. LefX,:ueV}
be a collection of mutually independent random variablesene eachX, is an indicator random vari-
able with expected valug,. Here 0< p, < 1 for everyu € V. Let M be the following polynomial:
M = S ece W(€) [Tuce Xu- FOr everyY CV, let My be the partial derivative d#l with respect to{X,:ue Y},

that is,My = ¥ ece: vceW(€) [uce\y Xu- LELEy = E[My], and for every € {0, ...k}, letEj = max{Ey : Y C
V,|Y| =i}. Note thatEg = E[M]. LetE’ = max{E; : 1 <i < k} andE = max{Eg,E’}.

Theorem 17 (Theorem 7.8.1in [2]). For everyA > 1, it holds
P{W—Ewu>w£EW%k<dmﬂw4,

where a = 8¢/k! and d, = 2€2.

For a complete proof of Theorem 16, it is easier to first staeefollowing consequence to Theorem 17
(see also Corollary 4.1.3 in [12]):

Corollary 18. For every two realg > 0and d> 0, and every integer k 1, there exists gisuch that, in the
setting of Theorem 17, if h ng and E/Ep < (logn)~* for every ic {1,... k}, then

Pr(|[M —E[M]| > eEM]] <n~¢

For a proof, it suffices to choogg(n) = (¢/ax)/¥(logn)? and letny be such thak > 1 anddke *nk-1 <
n—d for everyn > ny. Note that ifE; /Eg < (logn)~* thenE = Eg andE’ < Eg(logn)~*, soay(EE')Y2AK <
€Eg and the claim follows.

Proof of Theorem 16The proof of (2) is the same as in Theorem 15. For (1), supy.‘mﬂ@tN) =logN —
w(loglogN) and fix a largeN. For everyR € g, let Ar be the set of attributes &, and for everyt € [N]*®,

let X(R,t) be the indicator random variable for the eveatR(D). Note that these are mutually independent
random variables and[E(Rt)] = pr(N) by the definition of the probability space. Note also that

M= ZJ]UX(RJR),

16



wheret ranges over all tuples iiN]*, andtg denotes the projection ofo the attributes oR. We aim for an
application of Corollary 18 with the random variablé¢R t). We define the hypergrapgh = (V,E). The
set of verticed/ is the set of pair§R,t) whereR € ¢ andt € [N]”®. There is one hyperedgein E for every
t € [N]A that consists of all pairgR,tg) with R€ . Thus, the number of vertices is boundedn', where
m= |g| andr is the maximum arity of the relations m. Furthermore, the maximum size of the edges in
H, that is, thek in Corollary 18, ism.

We have

Eo=N"[T pr(N). (5.10)
!
Let us bounck; for i > 0. Fix a set of vertices of the hypergraph say
Y C{(Rt):Reo,t€[N]'?},

with [Y| =i > 0. We want to bounéty /Ey. Let o’ be the set of relationR that appear ifY. Let B be all the
attributes of the relations io’. Note thato’ C gg, whereog is the schema d®|[B]. This will be of use later.
Let T be the set of alt € [N]” such that(R tg) € Y for everyR € ¢’, where as beforer denotes the
projection oft to the attributes oR. If there existt; andt, in T that disagree on some attribute Bfthen
automaticallyey = 0 because the¥ is not included in any hyperedge of H and hencévly = 0. We may
assume then that dlle T agree orB. This implies|T| < N"-[Bl. Under these conditions we have

Ey=E X(R>tR)] <N" B PR(N).
[teZ‘ Rela_la' RGDU’

Therefore, recalling (5.10), we bouiks /Eg by

N-IB I_I - 1 )SN"Bl I_I 1 < N 1Bl(1- g Bl Sreag l0g(1/PR(N)) ) (5.11)
+ MR

Reog pr(N) — 7

Reo’

where the first inequality holds becauseC ogg and eachpr belongs to(0,1). Using the hypothesis that
5(N) = logN — w(loglogN), we bound (5.11) bylogN)~ ™1 We showed then that

Ey/Eo < (logN)~¢4m+1)

and since this holds for an arbitravyof sizei > 0, the bound is also valid fdE /Ey. Recall now that the
number of vertice$V | of the hypergraplid is at mostmN', and we can bound

(logN) =™ < (log(mN'))~*" < (log |V |) "
for largeN. The result follows from Corollary 18. O

We conclude this section with a max-flow construction to cate@d(Q,w). This is probably folklore,
but as the proof is short we include it anyway for the read®is/enience. For every real numiger- 0, we
build a networkN(d) as follows. The network has a sourge target, and|As| + |o| intermediate nodes.
There is a link of capacity betweers and eacta € A;. Eacha € A; has a link of infinite capacity to each
R e o with a € Ar. Finally, eachR € ¢ is linked tot with capacitywg. Recall that a cut in the network is a
set of links that disconnects the target from the source.cBipacity of the cut is the sum of the capacities
of the links in it. Lety(Q,w,d) be the minimum capacity of all cuts dJ).

Lemma 19. The following are equivalent:

(1) Y(QW,8) < FregWr
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(2) 3(Q,w) > 4.

Proof. Assumed(Q,w) > & and letB C A4, B # 0, be such thab(Q[B],w) > . Let o be the schema of
Q[B]. LetSbe the cut that consists of all links from the source to theesaxfB and the links from the nodes
in 0 — og to the target. The capacity of this cut is

B[O+ z WR < Z WR + z WR:RZ WR,
Reo—op Reop Reo—op co
where the inequality follows fromd(Q[B],w) > d.

Suppose now(Q,w,d) < Y rWg and letSbe a cut of minimum capacity. L&be the set ol € A, for
which the link from the source tais in S. Let gg be the schema dP[B]. We claim thatSdoes not contain
any link from anR € o to the target. For if it didS— {(R,t)} would also be a cut of smaller capacity. Also
Scontains all links from afR € o — og to t. For if it did not, Swould not be a cut (we assume &lhave
a non-empty set of attributes). Finallg,does not contain any link from amec As to anR € ¢ because
those have infinite capacity. Therefore, the capacit®isfd|B| + 5 rcy_ g, Wr and smaller thaiy g, Wr by
hypothesis. HencB # 0 andd(Q[B],w) > J. O

By the max-flow min-cut algorithm, it follows thaTI(Q,w) is computable in polynomial time.

5.2 Execution plans

Theorem 7 shows that certain queries admit a join-projean fthat cannot be converted into a join plan
without causing a superpolynomial increase in the worseaanning time. The following result shows
that when we are considering average-case running timeirattdom database model, projections may be
eliminated at a very small expected cost.

Theorem 20. Let Q be a join query with schenmand n attributes. Le$ be a join-project plan for Q. For
every Re g, let pr: N — (0,1), p(N) = (pr(N) : R€ 0) and let Dy be drawn fromZ(N, p(N)). There
exists a constantgcdepending only, such that for every large enough N and every TE[jfy(Dn)[] < T

for every subplany of ¢, then there is a join play; for Q such that E{(y(Dn)|] < cs T for every subplan

W of 5.

That is, informally speaking, for every join-project plarete is a join plan that is “almost as good”.
Note that in Theorem 20, the join plan depend$\orT his is an unavoidable artifact of our model: the prob-
abilities pr(N) can be completely different for different valuesNf hence it is unavoidable that different
plans could be need for different

The join plang* is obtained by iteratively using a procedure that is capableducing the number of
projections by one in such a way that the expected size ofadmblan increases only by a factor depending
only on the query. In each iteration, the procedure selestshplanmi(¢o) of ¢ such thatpy contains no
projections, i.e. this projectiory is lowest in the tree representationgnf In the first step of the procedure,
we replacego with a join plang that contains only those relations appearingdgrwhose attributes are
completely contained i&*, whereA* D A is an appropriate set of attributes frolg. In the second step,
the projectionry is removed (or, in other wordst, is replaced by, making it redundant). The key step
of the algorithm is choosing the righ. If A* is too small, therp(, is much less restrictive thapy, hence
|Ta(¢4(D))| can be much larger thampa(¢o(D))|. On the other hand, ik* is too large, therma: (¢4(D))|
can be much larger thama (¢4 (D))|. The algorithm carefully balances the sizeAsfbetween these two
opposing constraints; the choiceAifis based on the minimization of a submodular function deflreddw.

Let SC o be a set of relations over the attribuigs and denote by the attributes of a relatioR. For
a subseA C Ag, let

fs(A) := |A|(logN —n—1) — Z’ Wr(N),
ReSA]
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where the se§/A] contains those relatior® € Swhose attributes are containedAn It is easy to see that
fs(A) is submodular, i.e.,
fs(A) + fs(B) > fs(AU B) + fs(Aﬂ B)

for everyA,B C Ag. It follows thatA has a unique minimum-value extension:

Proposition 21. For every AC A; and SC o, there is a unique §A) 2 A such that §(Cs(A)) is minimal
and, among such set€s(A)| is maximal.

Proof. Suppose that there are two such $8tandC with this property. By the minimality offs(B) =
fs(C), we havefs(BUC) > fg(B) and fs(BNC) > fs(C). Furthermore, aBBNC| < |C|, the maximality
of |C| among the sets minimizinds ensures thafs(BNC) is strictly greater tharfs(C). It follows that
fs(BUC) + fs(BNC) > fg(B) 4 fs(C), violating the submodularity ofs. O

We prove Theorem 20 by presenting an algorithm that itextitemoves projections. We describe the
algorithm below, then we prove in Sections 5.2.1-5.2.3 thatalgorithm transforms the execution plan the
required way.

Thealgorithm. First, we can assume thétis of the form(((¢’ > Ry) > Rp) >a1... >R g)), whereRy,

..., Rgy is an ordering of the relations io: if ¢’ is a join-project plan for the quer§, then joining any
relationR; with ¢’ does not changé’. However, this assumption will ensure that if we make anygea in

¢’, theng will remain a join-project plan for the quei®. Furthermore, we assume that for every attribute
ac Ag, there is a dummy unary relatid®y with pg,(N) = 1 and hencevg,(N) = 0. (We can always remove
joins with these dummy relations from our final join plan vaith increasing the size of any intermediate
joins.)

The two steps described below reduce the number of projectiog in such a way that the maximum
expected size of a subplan is at most a constant factor largée new plan than ig (with a constant
depending only omp). This procedure is repeated as many times as the numbenjetpons, thus the total
increase of the maximum expected size is only a consgant

Let ma(¢o) be a subplan o such thatp, does not contain any projections. L®EC o be the relation
names appearing i, which means thapg(D) =p<ares R(D). Let A* = Cg(A).

e Step 1 (removing joins). If arelationR € S\ SA*| appears inpo, thenRis removed frompy. For the
sake of analysis, we implement the removal by replacing ¢kaion R in ¢g with the O-ary relation
(note that joining the 0-ary relation with any relatihgives exactlyR). This way, it will be clear
that there is a correspondence between the subplans ofigiaband modified execution plans. We
can assume that for evesye A*, the unary relatiorR; appears inpg (such relations can be joined
with ¢ without increasing the number of tuples). This ensuresAhat Ay, Replacing subplagg
of ¢ with ¢ gives a new join-project plag’. By our initial assumption on the structure ¢pf(that all
the relations are joined just below the roaf},is also a join-project plan fa®.

e Step 2 (removing projections). In the second step of the procedure, we obtain a join-projecte”
from ¢’ by replacing the subplar(¢g) with - (¢4). (This makes the projection redundant and can
be eliminated, but it is more convenient to analyze the diepway, since this step does not change
the structure of the join-project plan.) Note that this addoes not have any effect on the size of
/(D) for any subplany’ of ¢.

See Figure 1 for an example. It Sections 5.2.2 and 5.2.3, o #imat the two steps increase the expected

size of the query only by a constant factor. In Section 5\@elreview and introduce the probabilistic tools
that are required for this analysis.
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Figure 1: Removing a projection from a join-project plan. tidenonstrate the two steps when removing the
projectionT, . We assume thdls({a,b}) = {a,b,c,d}. In Step 1, the two framed relations are removed.
In Step 2,15, is replaced byTapcdy-



5.2.1 Probabilistic tools

The FKG Inequality is a general tool for determining the etation between monotone (antimonotone)
events:

Fact 22. Let V be a finite set, and let, g : {0,1}¥ — R be monotone functions on these variables. Let
u:{0,1}V — R* be a function satisfyingt(x)u(y) < u(xvy)u(xAy) for every xy € {0,1}V (where xv'y
and xA 'y denote the coordinate-wise disjunction and conjunctibiine two tuples, respectively.) Then

( > f(X)g(X)u(X)>< > u(y)>2< > f(X)M(X)>< > g(v)u(v))-
xe{0,1}V ye{0,1}V xe{0,1}V ye{0,1}V

A proof can be found in [2].

In general, iff, g, hare three monotone 0-1 functions of a set of independentaidom variables, then
(somewhat counterintuitively) it is not necessarily trhattP{f =1|g=1] <Pr{f =1|gh=1]. Thatis,
the condition that a more restrictive monotone functigh iGstead ofg) is 1 does not necessarily increase
the probability that the monotone function is 1. As an examplippose that;, xp, X3 are independent 0-1
random variables, each having probabilit§2lof being 1. Let

f=X1AX2) V(X2 AX3) V(X1 AX3)
9= (Xl AX)V
h=

Now Pif =1|g=1] =4/5, but Pif =1| gh=1] = Pr[f =1| h= 1] = 3/4. However, the statement is
true in the special case when thandh are products of the random variables:

Lemma 23. LetV be a set of independent 0-1 random variables, leENW C V be two subsets of these
variables, and let f {0,1}¥ — {0,1} be a monotone function. Then

Pif=1|M=1]>Prf=1|M =1].

Proof. For everyx € {0,1}V, if every variable ofM’ is 1 in x, then letu(x) be the probability of tuplex,
otherwise letu(x) = 0. It is easy to verify thap(x)u(y) < u(xVy)u(xAy) for everyx,y € {0,1}V. With
f andg = [1(M\ M’), Theorem 22 implies

Pif =1A[IM=1]-Pi[IM’' =1] > Pif = 1AM’ = 1] - P{[IM = 1]
which, rewritten, is
Pif=1|[M=1>Prf=1|M =1],
what we had to show. O

The choice of the random databd3ecan be thought of as a set of independent 0-1 random variables
(N" variables describe amary random relation). For a join-project plgnand a tuplet, let 14 ), be
the indicator random variable that is 1 if and onlyti€ ¢(D); clearly Iy(p), is @ monotone functlon of
the random variables describing the database Since thisidm is monotone, it can be expressed as the
disjunction of minterms, i.elyp) \/I 1I (D)1 , Where each mlnterr‘ré() D)t is the product of a subset of
the 0-1 random variables. We say that taek of a monotone function is the maximum size of a minterm
of the function. The following two lemmas will be useful foetgérmining conditional probabilities between
these monotone functions.
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Lemma 24. Let¢ be a join-project plan whose tree héseaves and let t be a tuple mp(¢).
(1) The rank of §p), is at most/.

(2) If ¢o is a subplan ofp, then | ) can be written asgp)t = Ve cwp(go) (go(0) A ), Where each
Jv is a monotone function of the random variables. Moreova;, iis obtained fromp by replacing
$o with some other subplagy, satisfying 4, = Ay then ) = Vt/etup(d)é)(l%(D),t’ AJy) with the
same functions;dJ

Proof. Statement 1 can be proved by a simple induction on the sizbeofree of¢. First, observe that
the rank of disjunction of functions is at most the maximumnthaf ranks of the functions, while the rank
of the conjunction of functions is at most the sum of the raokthe functions. If the tree consists of a
single leaf (i.e.$ consists of a single relation symbol), thigip,) ; is equal to one of the random variables,
i.e., itsrank is 1. If¢p = 1 (¢*), thenly oyt = Viewp(és),m(t)=m () 1¢+(0) v~ BY induction, the rank of
eachly-p)y is at most/, hence the rank of this disjunction is also at moskinally, if = ¢1 > ¢2, then
lpD)t = |¢1(D)7m¢1 ) A I¢2(D)7%2 t)- The number of leaves of¢ is the sum of the number of leaves f
and ¢, hence the rank of this conjunction is at most the numberasfde ofg.

To prove Statement 2, we build the functiyyp) ; using disjunctions and conjunctions as in the previous
paragraph, but the functiorg; ) are not decomposed any further. This whyp,, is expressed as a
monotone function of the random variables and of the funetg, ) (t" € tup(¢o)). Thusly ) can be
written in the required form and it is clear thiatdoes not depend on the structure of the subplan O

Let f andg be two functions on a set of independent 0-1 variables. et for each minterm of
f, the probability thay = 1 on condition that the minterm is 1 is at legstSomewhat counterintuitively,
this does not necessarily mean that the probability ef 1 on condition thatf = 1 is at leastp. For
example, consider two independent variableandx, with probability 1/2 of being 1, and leg = x; A X2
andf =x3Vxo. NowPig=1|f=1=1/3,butPig=1|x =1 =Prig=1|x =1 =1/2, i.e., the
probability is larger conditioned on either mintermfothan onf itself. The following lemma shows that if
the functions have bounded rank, then we can bound the ratiese conditional probabilities.

Lemma 25. Let f,g be two monotone 0-1 functions of rank at nosh a setV of independent 0-1 random
variables.

(1) If the probability of 1 for each random variable is decsed by at most a factor & 1, then the
expected value of f is decreased by at most a factor c

2) IfPg=1| f) = 1] > p for every minterm ® of f, thenPrig=1| f =1] > p-2-%.

Proof. To prove Statement 1, leg : V — {0,1} be a random assignment of the variables chosen according
to the original probabilities, and let; be a the independent random assignment, whkgne = 1 with
probability 1/c uniformly and independently for each Let m be the number of minterms df and for
1<i<m,let f®) be thei-th minterm off. Let X; be the event that") (x;) = 1 and () (x;) = O for every

j <i, i.e., thei-th minterm is the first satisfied minterm 6f The events; are disjoint, thus Pf (x1) = 1] =

M PiiX]. LetY; be the event that()(x;) = 1. Clearly,X; andY; are independent and [¥ > c ‘. Let

X1 A X2 be the conjunction of; andx,; observe that irx; A Xp, the probability of a variable being 1 is exactly
1/c times the original probability. Each eveXitAY; implies f(x; Ax2) = 1 (as it impliesf (V) (x; A x) = 1)

and these events are are disjoint (since the evgraee already disjoint). Therefore,

m

Prif(xaAXxe) =1] > iPr[Xi AYi] = _ZIPr[Xi] PrY,] > Prif(x) =1]-¢,

what we had to show.
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For Statement 2, let;, X be two independent random assignments, chosen accordthg tariginal
probabilities of the random variables. Lgtbe the event as above andZgbe the event thag(xp Vim) =1,
whereny is the assignment that sets ik minterm off to 1 and every other random variable to 0. Clearly,
X; andz; are independent. Observe thaiZir= Prig(xz) =1 | f(‘)(xz) = 1] > p, sincez; depends only on
whatx, assigns to the variables not in thth minterm.

In order to bound the conditional probability[§x;) = 1| f(x1) = 1], we need to bound the probability
Prig(x1) = 1A f(x1) = 1]. To bound this probability, we calculate[gx; V x2) = 1A f (X1 VX2) = 1] (where
X1 V Xz is the assignment defined as the disjunctiom;cindx,). Observe that for each variablePr{(x; v
%2)(V) = 1] < 2Piix1(v) = 1]. Thus by Statement 1, x, V X2) = 1A f(xg Vxp) = 1] < 2% Prg(x1) =
1A f(x1) = 1] (here we used that the rank of the conjunction of two r&afknctions is at mostd. We can
bound the conditional probability now as follows:

Pligxi) =1 f(x1) =1 = Prif(xe) =1A90(x1) = 1]

P (x) — 1

> 2Pt Ivaiﬁ)(;)l i g](xl V) = 1] (by Statement 1)
> 27 qu(x;i[f:(i?i(x]lvxﬂ =1 (more restricted event)
ZEILEARDO ST ypria) 1) - 5 PiX)
> 2_2;%?()1(52“ A]Zi] (X A.Z impliesg(x; V xp) = 1)
- Zzgpzr[i?(lxig[i] P]r[zi] (X andz; are independent)
> 2l Sl e (by P 1) = 1) = 5 Prx)
=2"%p.

5.2.2 Analysisof Step 1

The analysis of Step 1 relies on the following lemma, whiabwshthat we do not get many additional tuples
if we take the join of only those relations whose attributesiaCg(A).

Lemma 26. Let SC o be a set of relation names and@A, a set of attributes. Let A= Cg(A) and let
S* = SJA*]. For every A-tuple t',

Pr[t* € T+ (NRES R(D)) ‘ t* Epdres R(D)] > 1/2.

Proof. By definition, t* € m-(<res R(D)) if and only if there is & epares R(D) with ma:(t) =t*. Note
that ift* exares R(D) and - (t) =t*, thent satisfies all the relations i&, hence the probability that such
at is inxpes R(D) (assuming* exires: R(D)) depends only on the relations $\ S*. We claim that this
conditional probability is equal to the probability that ertain queryQ with schemao’ has at least one
solution. The quen@' is over the attributeé\; \ A*. The schema’ contains a relational symb&' for
eachR € S\ Sf; the set of attributes dR is Ar\ X*. We define the probability of placing a tuple if®as
pr (N) = pr(N) for everyR € @’. It is not difficult to see that Br* € - (<res R(D)) | t* €xdpes: R(D)] is
equal to the probability thad’ has at least one solution.
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Observe that i’ is a subset of the attributes @, then the relations iw’[A’] were obtained from the
relations ingA*UA']\ SA*], which means that the weight of these relations is countdg(#* UA') but not
in fs(A"). If the weight of the relations io’[A] is greater thafA'|(logN —n— 1), thenfs(A*UA') < fs(A")

would follow, contradicting the minimality ofs(A*) = fs(Cs(A)). This means that the maximum density
of Q' is at most lodN — n— 1. Writing X := |Q'(D)|, by Prop. 14 the variance &fis

V[X] < E[X]2- (2" — 1)28 TN < E[x]2. (2" — 1)2- (™D < E[X]2/2.

Therefore, by Chebyshev’s Inequality, the probabilityt tivere is no solution can be bounded as
PX = 0] < Pr[|X — E[X]| > E[X]] < V[X]/E[X]* < 1/2.
U

Let ¢’ be the new join-project plan obtained frapnby an application of Step 1. For every subplgh
of ¢/, there is a corresponding subplgmof ¢. We claim that

Elly'(D)[] < 22" E[|y(D)]],

where/ is the number of leaves ify. If subplany is disjoint from¢o, theny/ andy are the same, and we
are done (e.g., iy is the subplan rooted at ¢, in Figure 1). Thus we have to consider only two casps:
is either completely contained iy, or  containsgg.

Case 1:  is contained inpo (€.9.,{ is one of the join nodes below;, p, in Figure 1). LetB be the set of
all attributes of the relations appearingyn If B C A*, then the attributes of each relation appearingin
are fully contained ilA* and we are doneg/’ = (. Otherwise, lew (resp.,w) be the total weight of the
relations appearing iy (resp.,y'). Observe thatv—w' < |B\ A*|(logN —n— 1): otherwise we would have
fs(A*UB) < fs(A*), contradicting the minimality oA*. Clearly, A,y C BN A*. Thus the expected size of

|¢'(D)]is

EHL/—’/(D)H _ 2\Aw/\logN—V\/ < 2\BmA*|IogN—V\/+|B\A*|(IogN—n—l)—(w—\/\/) < 2\B|IogN—w _ E[W—’(D)H

Case 2: @ is not contained iy, which implies thaty containsm (¢o) as subplan (including the possibility
thaty’ = ma(¢o). As an example, consider the projectitp, . 1, in Figure 1. Note thady, = Ay (because
we are above the projectiom) and (D) C ¢/(D) follows from m(¢o(D)) C ma(¢4(D)). Let ¢ be the
number of leaves ap. We claim that for every tuplec tup(y/) we have it € ¢/(D)] < 22*1Prlt € (D)),
which implies E|y/(D)|] < 221 E[|@(D)|]. To prove this, we show that for every minterfzﬁ(mt of Ly s
we have ,

Prllyo)e =11 150 = 1] > 1/2 (5.12)

Thus by Lemma 25(2), we get[Rjp) = 1| lyp)r = 1] > 1/2%+1, what we need.
By Lemma 24(2)] y(p) can be written as

lyor= V  (Umggope M) (5.13)
vem(tup(6g))

Consider a particular minterl{i?(D)t for somei, which is the product of a subsétof the random variables.
If (Vi = 1, thenlyp) ; = 1, implying thatl , 4 b)) v AJ = 1 for some tuplé’ € tup(1ia(g)), which further
implies that there is a tuplé € tup(¢,) such thatma(t”) =t" andlg )« = 1. Let us fix such & andt”.

24



Since¢, does not contain projectionky p) - is the product of a s’ of random variables. Aﬁ(ui/)(o)l =1
impliesl%(D)’t// =1, we haveV/' C Vi. By a consequence of the FKG Inequality (see Lemma 23),

Pl gompr =11 [TVi =1 = Prllngoope = 1| [TV =1 (5.14)

(sinceV/ C Vi and |, 4o(p)) ¢ IS Mmonotone). Note that it igo and notd, that appears in (5.14).
Lemma 24(2)} ) can be also written in the form (5.13), herlggy, o))y A J = 1 implieslyp); = 1.
Thus we have

Prlyoye =11 [TV =1 = Prllgoone = 1Ak =1| [V =1
= Prll 00 D)t/_1||‘|\/._1
> Pl go0))r =11 |_|V/
> Pl g0y = 1| [V =1
= Prit” € mx (o(D)) [ " € o )]
>1/2.

what we had to show. (The first inequality follows from thetfd@tl ;, 4,0)) ¢ A = 1 implieslyp ¢ = 1;
the equality after that from the fact thgtVi = 1 impliesJ: = 1, the second inequality follows from (5.14);
the third inequality follows fronma(t”) =t; the last inequality follows from Lemma 26.)

5.2.3 Analysisof Step 2

The analysis of Step 2 relies on the following lemma, whicbvghthat extending the projection frofnto
A* does not increase the number of tuples too much: a tuple iprtijection toA does not have too many
extensions ta\*.

Lemma 27. Let SC o be a set of relation names and®A, be a set of attributes. Let’A=Cg(A) and let
S* = JA*]. For an A-tuple t, let Lbe the set of those*Auples t exxres R(D) that haver (t*) =

(1) For every A-tuple t we havg[|Ly| | L; # 0] < 2n("+2),
(2) For every A-tuple t and Atuple t* with 1 (t*) =t we havePrt* € Ly | Ly # 0] < 2"(2N-IANA

For the proof of Lemma 27, we need the following probabilipubd:
Lemma 28. For every real-valued random variable X,
E[X | X # 0] E[X] < E[X?].

Proof. Let A = Pi{X # 0]. If A =0 then BX] = E[X?] = 0 and we are done. Assume th&n# 0. LetY
be the random variable defined by~ a] = Pr[X = a]/A for everya # 0 and PfyY = 0] = 0. Observe
that Y] = E[X]/A and BY?] = E[X?]/A. By Jensen’s Inequality (using thétx) = x? is convex), we have
(E[Y])? < E[Y?]. Therefore,

E[X | X # 01 E[X] = E[X]?/A = A (E[Y])* < AE[Y?] = E[X?],
what we had to show. O

Lemma 28 shows that we can prove Lemma 27(1) by boundifig|E.
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Proof (of Lemma 27)We show that
E[ILf?] < E[|L[]- 272

by an argument similar to the proof of Prop. 14. Statemento{igws from Lemma 28 withX = |Ly|.
Let T be the set of alA*-tuples whose projection tAist. Let X(t*) be the indicator random variable
corresponding to the evetite L;. We need to bound

— Y EXE)X(®)-

tr5eT

ElL?] =E [ > X(t)X(t)

trGeT

For everyA C B C A*, letFg be the set of all pairét],t5) € T2 wheret; andt; agree exactly oB. We have
that |Fg| = NIBVAL. NIANBI . (N — 1)IA"\Bl < NIB\AI+2IAMB] — NIANAIHIATB] | et w be the total weight of the
relations inS* and letwg be the total weight of the relations Bf[B]. Observe that Fl|] = NIA\Al. 2-W,
Furthermore, we hawe —wg > |A*\ B|(logN — n— 1): otherwisefs(B) would be strictly less thaffis(A*),
contradicting the minimality oA* = Cs(A). For every(t;,t;) € Fg, the eveniX(t])X(t;) = 1 implies that
for every relatiorR € S, the projections of; andt; to the attributes oRis in R(D). For different relations,
these events are clearly independent. For efRsyS'[B], the projections of; andt; to the attributes oR
are the same. Thus the probability that the projectionsretteei relation for everR € S*[B] is exactly 2.
Consider now a relation iR € S\ S*[B]. For such arR, the projections of; andt; are different, thus their
appearance iR(D) are independent events. As the total weight of the relaiiois \ S'[B] is w— wg, we
get the following bound:
E[X(t])X(t3)] < 2 e 2w-ve),

It follows that

E[L?) = Y EXEX(t)] = Z > EX({t)X(t)]
BEA (t; 5)ers

ti5eT
< DAL NIAVALHATB] oW 2w-we) _ (NIAT\AT o) | gIA'| oIA"\BIlogN~(w-ws)

< E[|Lt|] - 2lAT L pIAN\BI(n+1) E[|L¢]- on. on(n+1) < E[|L] ‘Zn(n+2),

what we had to show.

To prove the second statement, observe first that if we fix-auplet, then by symmetry, Bt € L; | L; #
0] has the same value for evely-tuplet* with 7 (t*) = t. There areNlA"\Al such tupleg* and the size of
L; is the sum of the indicator variables corresponding to thegkes. It follows that Ft* € L; | Ly # 0] =
E[|L¢| | Ly # QIN-IAAL < 2n(n+2) N—IANA], O

Let ¢” be the plan obtained fromy’ after Step 2 and letbe the number of leaves of the plan. We show
that
E[|y"(D)|] < 2™ 2+ E[|y/(D)]]

for every subplany” of ¢” and corresponding subplawi of ¢’. We consider three cases.

Case 1If ¢/ is a subplan offy, theny” = ¢/'.

Case 2.Suppose thaty’ is a subplan strictly containinga(¢g) such that the root o/’ is a projection
and lety” be the corresponding subplan after applying Step 2 (e.gsider the nodet, 1, in Figure 1).
Observe thaf\, = Ayr: extra attributes can be introduced only by the change frmfy,) to ma-(¢g) and
any such extra attribute is either already presem&imr projected out by the projection in the root @f.
For example, in Figure 1, replacimgap, with 1.y, cqy in Figure 1 has no effect on the attributes of the
nodes above the projection, ¢ 1, as attributec already appears there and attribdtes projected out.
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We show thaty”(D) C ¢/(D). Indeed, ift € ¢"(D), thenm:(t) € M- (¢p4(D)), which impliesm(t) €
ma(¢4(D)). This impliest € ¢/(D), since the other subplans ¢f' did not change. Thus Step 2 does
not increase the size af’(D) if ¢ is a subplan containingia(¢}) and the root ofy’ is a projection.
Furthermore, it also follows that i/’ is a subplan containinga(¢4) such that there is a projection node
aboveri(¢4), then the size off’(D) does not increase.

Case 3.The only remaining situation that we have to verify is thapifis a subplan ofp’ containing
m(¢4) and having no projection node abomg(¢g). For example, consider any of the two join nodes
betweenT,,, and s, ¢y in Figure 1. We show that in this cas§/@’(D)|[] < 2"™2+2CE[|y/(D)[], where
Y is the subplan od” corresponding ta)'.

Note thatA* C Ay, sincey” contains no projections above:. LetC beAy \ (A"\ A) = Ayr \ (A"\ A).

If atuplet is in ¢”(D), then clearlyt; := ma: (1) is in ¢3(D) andt, := 1(t) is in ie(¢/(D)). Thus

Piit € ¢"(D)]

< Prfty € ¢4(D) Atz € Te(Y/(D))]
= Pr{mma(t1) € T(¢o(D))] - Prlts € ¢o(D) | ma(ta) € ma(o(D))] - Pritz € (4 (D)) |t € ¢o(D)]. (5.15)

By Lemma 27(2) witht =t* =t;, the second factor in (5.15) is at mo&t?2 . N~/A"\Al To bound the third
factor, observe that
gonme =V lgog
t; etup(dg)
T (t])="m(t1)

by the definition of the projection. As the plai§ does not contain any projections, each tepmp) i on
the right hand side is the product of random variables, they are the minterms dt.%(%(D))m(h). The
conditional probability

Pl e o)t =111y 4 =1

is the same for evert] € tup(¢j) with ma(t]) = Ma(t1) = mMa(t2), since the common attributes fandt,
are exactly inA. Therefore, we can use Lemma 25(2) to show that the prohabdnditioned on a minterm
of 175, (¢(D)),m(t,) €N be bounded by the probability conditionedigiy; b)), m ;) itself. In particular, we
bound the probability of the eveht. 4 (p)), = 1 conditioned on the minterm correspondingitowvhich is
exactly the third factor appearing in (5.15):

Prllre (o) = 1 gyo10 = 1 < 22 Prllre o) = 1| Imyayo)mit) = 1-
Therefore, continuing (5.15), we have
Prit € ¢”(D)] < Prima(t) € m(¢p(D))] - 2"MAINTWA. 22 Pty € 1@/ (D)) | a(ta) € Ta(¢0(D))]

< 2n(n+2)+2£Nf|A*\A\ . Pr[tz e TE:(‘.U/(D))]
_ 2n(n+2)+2£Nf|A*\A\ . EHTE:(LIJ/(D))”NilCl

The last equality follows from the fact that the probabilRyjt, € (7 (D))] is the same for every fixe
by symmetry. Thus the expected sizeydf(D) is

E[|y" (D)) = Nl 20 22N~ AMAL B[ e (9 (D)) IN 1
=222 E e (g (D))
< 2MM2HE g/ (D).
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6 Conclusions

We have conducted a theoretical study of database quedrstfre viewpoint of bounding or estimating
the size of the answer. In the worst case model, we showedhifitactional edge cover number, or more
generally, the solutions of certain linear programs candsgldo obtain fairly tight bounds. In the random
database model, we investigated bounds on the expectedrgiz&hether the number of solutions is well
concentrated around the expectation. Perhaps the moststitey message of the paper is that from the
viewpoint of worst-case size, join-project plans can beifigantly more efficent than join plans for the
same guery, while in the average case model every joingirpjan can be turned into a join plan with only
a bounded loss of performance.

Let us mention two possible directions in which our resuttsld be further developped. First, one can
introduce functional dependencies into the model and gdimerthe bounds to take these restrictions on
the relations into account. This has been investigated]iaf@ [14], but the problem has not been fully
resolved yet. Another direction to investigate is to untderd concentration bounds for join-project plans.
In particular, Theorem 20 states a bound only on the expeetkst, but it does not give an upper bound
on size that holds with high probability. It remains a chadjimg problem to prove a variant of Theorem 20
saying that if every subplan of the join-project plan hasrutd size with high probability, then there is also
a join plan with this property.
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