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Abstract

Unions of conjunctive queries,also known as select-project-join-uniomueries,are the most fre-
quently asked queriesin relationaldatabasesystems. Thesequeriesare definableby existential pos-
itive first-orderformulasand are presered underhomomorphisms.A classicalresult of mathemati-
cal logic assertghat the existential positive formulasare the only first-orderformulas (up to logical
equialence)that are presered underhomomorphism®n all structuresfinite andinfinite. The ques-
tion of whetherthe homomorphism-preseationtheoremholdsfor the classof all finite structurese-
sistedsolutionfor a long time. It was eventually shavn that, unlike other classicalpreseration the-
orems,the homomorphism-preseation theoremdoeshold in the finite. In this paper we show that
the homomorphism-preseationtheoremholdsalsofor several restrictedclassef finite structuresof
interestin graphtheoryanddatabaseheory Specifically we show thatthis resultholdsfor all classes
of finite structuresof boundeddegree,all classesf finite structuresof boundedtreenidth, and, more
generallyall classe®f finite structureavhosecoresexcludeatleastoneminor.

1 Intr oduction

It is well known that the mostfrequentlyasled queriesin databaseare expressiblein the select-poject-
join-union (SPJU)fragmentof relationalalgebra(see[1]). From the point of view of relationalcalculus
or first-orderlogic, the classof SPJUqueriescorrespondso the classof queriesdefinableby existential
positiveformulasof first-orderlogic, thatis, formulashuilt from atomicformulasusingconjunction,dis-
junction, and existential quantificationonly. By distributing conjunctionsand existential quantifiersover
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disjunctions,every existential positive formula can be written as a disjunctionof existential formulasin

which the quantifierfree partis a conjunctionof atomicformulas. It is for this reasonthat SPJUqueries
are alsoknown asunionsof conjunctivequeries Startingwith the work of Chandraand Merlin [7], the
studyof conjunctie queriesandtheir unionshasoccupieda centralplacein database¢heory;in particular

researcherBave investigatedn depthcertainfundamentahlgorithmicproblemsabout(unionsof) conjunc-
tive queries suchasthe containmentaindthe evaluationproblemfor thesequeries.

Let A = (A,R®,... ,R2) andB = (B,RB,..., RB) be two relationalstructuresover the same
vocahulary (databasechema)R;, ... , R,,. Recallthatahomomorphisnrom A toB isamaph : A — B
suchthatfor every relationsymbol R; andevery tuplea = (a1,... ,a,) from A, if a € RZA thenh(a) =
(h(a1),-.. ,h(a,)) € RB. As alreadyrealizedoy ChandraandMerlin [7], the studyof conjunctve queries
is intimately connectedo homomorphismsin particular unionsof conjunctie queriesarepreseredunder
homomorphismswherea queryq is saidto be preservedunderhomomorphism& wheneera € ¢(A)
and h is a homomorphisnfrom A to B, thenh(a) € ¢(B). Notethatif a querygq is presered under
homomorphismsthenit is also presered underextensionswhich meanshatwheneer A is aninduced
substructuref B anda € ¢(A), thena € ¢(B). In addition,sucha queryg is monotonewhich means
thatwheneera € ¢(A) andB is obtainedfrom A by addingtuplesto someof therelationsof A, then
a € ¢(B). Thesepreseration propertiexanbethoughtof asassertinghatthe querysatisfiesa strongform
of the openworld assumptionin thatatuplein the resultof the querywill remainso underthe additionof
new factsto the databasesuchastheintroductionof newv elementsandnew tuplesin therelations.

Classicapreservatiortheoemsof modeltheoryareresultsthatmatchsemantiqropertiesof first-order
formulaswith syntacticpropertiesof first-orderformulas.Specifically thet.os-Tarski Theoremassertghat
afirst-orderformulais presered underextensionson all structuregfinite andinfinite) if andonly if it is
logically equivalentto an existentialformula (see[26]). Anotherclassicalpreseration theoremin model
theory known asLyndons Positvity Theoremstateghatafirst-orderformulais monotoneonall structures
(finite andinfinite) if andonly if it is logically equivalentto a positive first-orderformula. The non-trivial
part in theseresultsis to shav thatif a first-orderformula hasthe semanticproperty stated,thenit is
logically equivalentto afirst-orderformulathathasthe correspondingyntacticproperty The proofsmalke
an essentiauseof the Compactnes3heoremof first-orderlogic (and, hence,of infinite structures).The
sametechniguecanalsobe usedto shav thatthe following homomorphism-gservatio theoremholds: a
first-orderformulais presered underhomomorphism®n all structuregfinite andinfinite) if andonly if it
is logically equivalentto anexistentialpositie first-orderformula.

The aforementionedlassicalpreseration theoremsareaboutthe classof all structureqfinite andinfi-
nite) over somefixedvocalulary. It is naturalto askwhetherthesepreserationtheoremgelativize thatis,
whetherthey hold for restrictedclasse®f structuresNotethatif a preserationtheoremholdsfor a classC
of structuresthenrestrictingthe statemenof thetheorenmto asubclas€’ of C wealensboththe hypothesis
andthe conclusionof thetheorem.Thus,unlike mary otherresultsof modeltheory a preserationtheorem
may hold for aclassC of structuresbut mayfail for somesubclasg’ of C.

Researclin finite modeltheoryaddressethe questionof whetherclassicapreserationtheoremsabout
the classof all structureshold for the classof all finite structures.As it turnedout, classicalpreseration
theoremsendto fail whenwe restrict oursehes to finite structures. In particular the Los-Tarski Theo-
remfails in thefinite, thatis, thereis a first-orderformulathatis presered underextensionson the class
of all finite structureshut is not equivalentto ary existentialformula[36, 23]. Similarly, Lyndons Pos-
itivity Theoremis alsoknown to fail in the finite [2, 35]. As for the homomorphism-preseation theo-
rem, its statusin the finite had remainedunsettledfor quite a long time. In fact, the finite versionof the
homomorphism-preseation theoremhadreceved considerablattentionby the finite modeltheorycom-
munity and had beensingledout as a central problem (Problem5.9 on the finite model theory website
athttp://ww ngi . i nfornmati k. rwt h-aachen. de/ FMI/ ). Moreover, it motivateda lot of re-



latedresearchin this area,including [4, 16, 24, 32]. Eventually in animportantbreakthroughRossman
[33] provedthatthe homomorphism-preseation theoremdoeshold in thefinite. In otherwords,Rossman
provedthatif afirst-orderformulais presered underhomomorphism®n the classof all finite structures,
thenit is equivalent,on finite structuresto anexistentialpositive first-orderformula. In particular suppose
that somearbitrary relationalalgebraquery which may alsoinvolve the set-theoetic differenceoperator
is presered underhomomorphism®n all finite structuresRossmars resultshavs thatthis querycanbe

transformedo anequivalentSPJUquery

In this paper we shav that the homomorphism-preseation theoremholds for numerousrestricted
classe®f finite structuresf interestin graphtheoryanddatabaséheory It shouldbe notedthatour results
were establishedaind publishedin preliminaryform [6] beforeRossmarproved that the homomorphism-
preserationtheoremholdsfor the classof all finite structureslt shouldalsobe pointedout thatour results
are not implied by Rossmars theorem,since, as explained earlier preseration theoremsabouta class
of structuresneednot relatvize to a subclasf that class. In its full generality our main resultasserts
thatthehomomorphism-preseation theoremholdsfor every classC of finite structureghatis closedunder
substructureanddisjointunions,andhasthe propertythatthe Gaifmangraphsof thestructuresn C exclude
at leastoneminor. This resultcontainsas specialcaseshe homomorphism-presemtion theoremfor the
classesf all structuresof boundedtreavidth, andthe classesof all structuresthat exclude at leastone
minor; in particular the homomorphism-preseation theoremholdsfor the classof all planargraphs. If
we restrictattentionto Booleanquerieswe areableto furtherextendthe classe®f structureson which the
homomorphisnpreserationtheorermholds. In particular we canshow thatthetheorenfor Booleanqueries
holdson every clas<C of finite structureghatis closedundersubstructureanddisjointunions,andsuchthat
the coresof the structuresn C excludeatleastoneminor. To puttheseresultsin perspectie, let us briefly
commenton someof the key notions. Treawidth is a measuref how tree-like a graph(or, moregenerally
a relationalstructure)is. It hasplayeda key role in Robertsorand Seymour’s celebratedvork on graph
minors (see[12]). Moreover, classesf structuresof boundedtreavidth have turnedout to possesgjood
algorithmic properties,in the sensethat variousNP-completeproblems,including constraintsatisiction
problemsanddatabas@ueryevaluationproblemsaresohablein polynomial-timewhenrestrictedo inputs
of boundedreevidth [10, 12, 21, 22]. Thecore of astructureA is asubstructurd of A suchthatthereis a
homomorphisnirom A to B, but thereis no homomorphisnirom A to apropersubstructurd’ of B. This
conceptoriginatedin graphtheory (see[25]), but hasfound applicationsin conjunctie queryprocessing
andoptimization[7] and,morerecently in dataexchangg15].

The proofs of our resultscombineearlierwork aboutpreseration propertiesin the finite with some
heary combinatorialmachinery Ajtai andGurevich [3] shaved thatif a queryq on the classof all finite
structuresis expressiblein both Datalogand first-orderlogic, thenit is also definableby an existential
positive formula; furthermore,every Datalogprogramdefiningg mustbe bounded. This is animportant
resultaboutDatalogprogramsin its own right, but it is alsoa partial resulttowardsthe homomorphism-
preseration theoremin thefinite becauseall Datalogqueriesare presered underhomomorphismgsince
suchqueriesareinfinitary unionsof conjunctie queries).At a high level, the proof of the Ajtai-Gurevich
theoremcanbe decomposedhto two modularparts. The first is a combinatoriallemmato the effect that
if ¢ is a first-orderquerythatis presered underhomomorphism®n finite structuresthenthe minimal
modelsof ¢ satisfya certain“density” condition(incidentally the minimal modelsof a Booleanquerythat
is presered underhomomorphismsare cores). The secondpart shavs thatif all minimal modelsof a
Datalogquerysatisfythe “density” condition,thenthereareonly finitely mary of them. This meanghatq
hasfinitely mary minimalmodelswhich easilyimpliesthatq is definableby aunionof conjunctve queries.
To obtainour maintheoremwe usethe samearchitecturdn the proof, but, in placeof the secondpart, we
essentiallyshawv thatif C is a classof finite structuressatisfyingthe hypothesisof the theorem(suchas
having boundedreavidth or excluding a minor), thenevery collectionof structuresn C that satisfieshe



“density” conditionmustbefinite. In turn, thisrequiresheuseof the Sunflaver Lemmaof ErddsandRado,
aswell asRamsg’s Theorem.

Furthermore equippedwith this new machinery we obtaina differentand perhapsmoretransparent
proof of the Ajtai-Gurevich Theorem.Actually, we shav thatthe Ajtai-Gurevich Theoremcanbe extended
to a family of finite-variableinfinitary logics thattakentogetherare strictly more expressie thanDatalog.
Thisis obtainedby usingtight connectiondetweemumberof variablestreavidth, andminimal models.

In Section2, we review somebasicnotionsfrom logic andgraphtheorythatwe will needin the se-
quel. Section3 containscertaincombinatorialfactsaboutthe minimal modelsof a first-orderquerythat
is presered underhomomorphismsln Sections4 and5, we establishthe main resultsregardingclasses
of boundedreavidth andclasseswvith excludedminorsrespectiely. In Section6 we discussherelation-
ship betweenpeseration for Booleanandnon-Booleargueries.We shav thatthe preseration resultsfor
Booleanqueriescan be establishedor larger classesof structures. Finally, in Section7 we obtainthe
aforementione@xtensionof the Ajtai-Gurevich Theorem.

2 Preliminaries

This sectioncontainsthe definitionsof somebasicnotionsanda minimumamountof backgroundnaterial.

2.1 Relational Structuresand Graphs

A relationalvocalulary o is afinite setof relation symbols eachwith a specifiedarity. A o-structue A
consistsof auniverse A, or domain andaninterpretationwhich associatefo eachrelationsymbolR € o
of somearity r, arelationRA C A". A graphis astructureG = (V, E), whereE is a binaryrelationthat
is symmetricandirreflexive. Thus,our graphsareundirected]ooplessandwithout paralleledges.

A o-structureB is calleda substructue of A if B C A andRB C RA for every R € o. It is called
an inducedsubstructue if RB = RA N B" for every R € o of arity . Notice the analogywith the
graph-theoreticatonceptof subgaphandinducedsubgaph A substructurd of A is properif A # B.

A homomorphisnirom A to B is a mappingh : A — B from the universeof A to the universeof
B thatpreserestherelations thatis if (a1, ... ,a,;) € R, then(h(a1),... ,h(a,;)) € RB. We saythat
two structuresA and B are homomorphicallyequivalentif thereis a homomorphisnfrom A to B and
a homomorphismfrom B to A. Notethat,if A is a substructureof B, thenthe injection mappingis a
homomorphisnirom A to B

The Gaifmangraphof ao-structureA, denotedby G(A), is the (undirected)graphwhosesetof nodes
is theuniverseof A, andwhosesetof edgesonsistwf all pairs(a, a’) of distinctelementof A suchthata
anda’ appeatogetheiin sometupleof arelationin A. Thedegreeof astructures thedegreeof its Gaifman
graph.thatis, the maximumnumberof neighbourof nodesof the Gaifmangraph.

Let G = (V,E) beagraph. Moreover, letu € V beavertex andletd > 0 be aninteger The
d-neighborhoodf » in G, denotedby Nf(u), is definedinductively asfollows:

1. N§(w) = {u};
2. N&, (u) =N$(u) U{v € V: (v,w) € E for somew € N§(u)}.
A treeis anagyclic connectedjraph.A tree-decompositioof G is alabeledtreeT suchthat

1. eachnodeof T is labeledby anon-emptysubsebf V;
2. for everyedge{u, v} € E, thereis anodeof T whoselabelcontains{u, v};
3. foreveryu € V, thesetX of nodesof T whoselabelsincludeu formsaconnectedgubtreeof T.



Thewidth of atree-decompositiois the maximumcardinalityof alabelin T minusone. Thetreewidth of
G is thesmallestk for which G hasa tree-decompositioof width k. Thetreewidth of a o-structureis the
treewvidth of its Gaifmangraph.Notethattreeshave treewvidth one.

For every positive integerk > 2, we write 7 (k) to denotethe classof all o-structuref treavidth less
thank. In the sequelwheneaer we saythata collectionC of o-structurehasboundedreenidth, we mean
thatthereis a positive integer k suchthatC C 7 (k).

We saythatagraphG is aminor of H if G canbeobtainedrom asubgraptof H by contractingedges.
The contractionof an edgeconsistsin identifying its two endpointsinto a single node,andremoving the
resultingloop. An equivalentcharacterizatiorfsee[11]) statesthat G is a minor of H if thereis a map
thatassociateto eachvertex v of G a non-emptyconnectedsubgraptH,, of H suchthatH, andH, are
disjointfor u # v andif thereis anedgebetweenu andwv in G thenthereis anedgein H betweensome
nodein H,, andsomenodein H,. We will sometimeseferto the subgraphd, asthe connectegattes
thatwitnessthat G is aminor of H.

It is not hardto seethat 7 (k) is closedundertaking minors, thatis, if G is a minor of H andthe
treavidth of H is lessthank, thenthe treewidth of G is alsolessthank. Sincethe treewidth of K, the
completegraphon & vertices,is k — 1, it follows thatKy_ 1 is nota minor of ary graphin 7 (k). Finally,
we will make useof the factthat K, is a minor of K;_; ;_1, the completebipartitegraphon two setsof
k — 1 nodes.To seethis, contracttheedgesof a perfectmatchingof sizek — 2 sittinginsideK_; x—1. The
resultis acompletegraphon £ — 2 nodeswhich, togethewith the remainingtwo nodesof K;_; ,—; and
all remainingedgesgivesaKy.

2.2 First-order Logic and Conjunctive Queries

Let o be arelationalvocalulary. The atomicformulasof o arethoseof the form R(z,... ,z,), where
R € o is arelationsymbol of arity r, and z1, ... , z, arefirst-ordervariablesthat are not necessarily
distinct. Formulasof the form z = y arealsoatomicformulas,andwe referto themasequalities The
collectionof first-oder formulasis obtainedby closingthe atomicformulasundernegation, conjunction,
disjunction,universalandexistentialfirst-orderquantification.The semantic®f first-orderogic is standard.
If A is ao-structureandy is afirst-orderformula, we usethe notation A |= ¢ to denotethe factthat ¢
is truein A. The collection of existential-positie first-orderformulasis obtainedby closingthe atomic
formulasunderconjunction,disjunction,andexistentialquantification.By substitutingvariablesit is easy
to seethatequalitiescanbe eliminatedfrom existential-positie formulas.

An importantfragmentof existential-positre formulasis formedby the collectionof sentencesf the
form 3z, ... 3x,60, whered is a conjunctionof atomicformulaswith variablesamongz;, ... ,z,. These
formulasdefinethe classof Booleanconjunctivequeries(alsoknown as select-poject-join queriesor, in
short, SPJ-queries)In the sequel,we will occasionallyusethe term conjunctivequeryto denoteboth a
formula 3z, ... 3z,60 asabove and the query definedby that formula. Every finite structureA with n
elementgyivesrise to a canonicalconjunctivequery g a , which is obtainedby first associating different
variable z; with every elementa; of A, 1 < ¢ < n, thenforming the conjunctionof all atomic facts
truein A, andfinally existentially quantifyingall variablesz;, 1 < 7 < n. In otherwords,the formula
@A is the existentialclosureof the positivediagram of A (see[26]). Corversely every conjunctve query
dz1 ... dz,0 givesriseto acanonicalstructue A with n elementswheretheelement®f A arethevariables
z1,... , T, andtherelationsof A consistof thetuplesof variablesn the conjuctsof 8. ChandraandMerlin
[7] shaved the following basicresult, which hasfound mary usesin databaseheory andthe theory of
constraintsatishctionproblems.

Theorem 1 (Chandra-Merlin Theorem). Let A andB betwo finite structues. Thefollowing statements
are equivalent.



1. Theris ahomomorphisnfrom A to B.
2. BE=opa.
3. g logically impliesya .

2.3 Inductive Definitions and Datalog

Let o bearelationalvocalulary. An inductivesystenof first-orderformulasis afinite sequence

(,01(:1,‘1,... ,:L‘kl,Sl,... ,S,«),... ,(pr(iL‘l,... ,.’L‘kMSl,... ;Sr)

of first-orderformulassuchthateachsS; is arelationsymbolof arity k;, notalreadyin . Every suchsystem
givesriseto anoperator® on sequencesf relationsof a o-structure.More preciselyif A isao-structure
with universeA andR; C AFi is arelationfor everyi € {1,... ,r}, wedefine

(I)i(Rl,... ,R,«) = {(0,1,... ,aki) S AFi A |: goi(a,l,... ,aki,Rl,... 7Rr)}7

and®(Ri,... ,R;) = (®1(R1,... ,Ry),... , - (R1,... ,R;)). Thestagesd™ = (®T*,...,d") of &
aredefinedby theinduction®? = (0, ... ,0), and<1>;"+1 = ®,;(®7, ..., ™). If eachformulay; is positive
in therelationsymbolsSi, ... , S;, thentheassociate@peratord is monotondn eachof its aguments.in
suchacasethe sequencef stagesh?, ®!,... convergesto theleastfixed-pointd> = (&, ... , d) of
theoperator®. Moreover, if A is finite, thenthereexistsafinite mg suchthat®> = ™o,

A Datalog programis a finite setof rulesof theform Ty « Ti,... ,T,,, whereeachT; is anatomic
formula. Theleft-handsideof eachruleis calledthe headof therule, while theright-handsideis calledthe
body Therelationsymbolsthatoccurin theheadsaretheintensionaldatabasgredicategIDBs), while all
othersarethe extensionaldatabas@redicategEDBS). Note thatIDBs may occurin the bodiestoo, thus,a
Datalogprogramis a recursve specificationof the IDBs with semanticobtainedvia leastfixed-pointsof
monotoneoperatorgsee[37]). For example,the following Datalogprogramdefinesthe transitiveclosue
of theedgerelationE of agraphG = (V, E):

T(z,y) <« E(z,y);

T,y
T(z,y) + E(z,2),T(z,y)-

A key parametem analyzingDatalogprogramss thenumberof variablesused.We write k-Datalogfor the
collectionof all Datalogprogramswith at mostk variablesin total. For instancethe above is a 3-Datalog
program. A Datalogprogramcanbe readasaninductive systemof first-orderformulas(asabove) where
eachformulais existentialpositive.

LetC beaclassof o-structuresA queryq onC of arity n is amapthatassociatet eachstructureA in
C ann-aryrelationg(A) onthedomainof A thatis presered underisomorphismbetweerstructuresLet
L be somelogic. We saythatgq is L-definableon C if thereexistsa formulay of L suchthatif A isin C,
thena € g(A) if andonlyif A,a = ¢. A Booleanqueryis a queryof arity 0, which canbeidentifiedwith
anisomorphism-closedubclas®f C. Equivalently a Booleanqueryis amappingg from C to {0, 1} thatis
invariantunderisomorphismsWe saythata Booleanqueryq is L-definableon(C if thereis asentence) of
L suchthatfor every A € C, wehavethatq(A) = 1 if andonly if A = 9.

3 Presewation under Homomorphismsand Minimal Models

For the purposeof the constructionsn this paper we shall restrict our attentionspecificallyto Boolean
gueries.Thereasorfor restrictingoursehesto Booleanqueriesis thatthe notion of minimalmode] which
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we rely on, is more naturally definedfor Booleanqueries.In Section6 we returnto non-Booleargueries
andexplain why theresultsapply equallywell to these.

For a Booleanquerygq, we saythata o-structureA in C is aminimalmodelof ¢ in C if g(A) = 1 and
thereis no propersubstructuré of A in C suchthatg(B) = 1. Recallfrom Section2 thatsubstructures
arenot necessarilynduced.

Thefollowing characterizatiors partof the folklore, a proof for the classof all finite o-structurescan
be foundin [4]. Here,we stateit in a moregeneralform for classef finite o-structureghat are closed
undersubstructuresandsketcha proof.

Theorem 2. LetC bea classof finite o-structuesthatis closedundersubstructues,andlet ¢ bea Boolean
gueryon( thatis preservedinderhomomorphismen C. Thefollowing are equivalent:

1. ¢ hasfinitely manyminimalmodelsin C.
2. g is definableonC by an existential-positie first-oder sentence

Proof (sketch). Thedirection(1)=-(2) is establishedby constructingfor eachfinite structureA, acanonical
conjunctve query pa, asdescribedearlier The requiredexistential positve formula defining g is now
obtainedasthedisjunctionof ¢ o overall minimal modelsA of ¢. This follows from the preseration of ¢
underhomomorphismandthe factthat, by Theoreml, a structureB satisfiesp, if andonly if thereis a
homomorphisnirom A to B.

For thedirection(2)=-(1), we first usethefactthatevery existentialpositive formulais equialentto a
finite disjunction\/;" , v;, whereeachs); is a conjunctve query For eachsuchconjunctve query1;, let
A,; bethe canonicalfinite structureassociateavith ;, 1 < 7 < m. Notethatsucha canonicalstructure
A; neednot be amemberof C. Nonethelessit is not hardto shawv thatevery minimal modelB of ¢ in C
is equalto a homomorphidmageh(A;) of oneof the canonicalfinite structuresA;, 1 < ¢ < m. Thus,
the cardinality of every minimal modelof ¢ in C is lessthanor equalto the maximumcardinality of the
canonicalfinite structuresA;, 1 < ¢ < m, whichimpliesthatq hasfinitely mary minimalmodelsin C. O

By Theorem2, to establishthe homomorphism-preseation theoremfor the classof all finite struc-
tures,we would needto shav thatary first-orderdefinablequerypreseredunderhomomorphisméasonly
finitely mary minimal models. Equivalently it would sufice to shav that for any suchquerythereis a
boundon the size of the minimal models. Ajtai and Gurevich [3], in comparingthe expressie power of
Datalogandfirst-orderlogic, shavedthatthe minimal modelsof every first-ordersentenceresered under
homomorphismsatisfyaninterestingcombinatorialproperty Intuitively speakingthey aredense More
precisely if therearearbitrarily large minimal models,thenthey cannotbe very thinly spreadout, which
meanghatthey do notcontainalarge setof elementsll far away from eachother Furthermorepnecannot
remove asmallnumberof elementdrom alarge minimal modelto createsucha scatteredet.

The Ajtai-Gurevich proof of this propertyis basedon Gaifmans Locality Theoremfor first-orderlogic
[18]. Beforewe statethe preciseresult,we needa definition anda pieceof notation. Let G = (V, E) be
agraph. Recallthe definition of d—neighborhood\ff’ (u) in Section2. We saythatasubsetd C V of the
nodesis d-scatteed if N& (u) N N (v) = () for every two distinctu, v € A. ForagraphG = (V, E) and
asetB C V, wewrite G — B for thegraphobtainedfrom G by remaving all nodesin B andthe edgego
which they areincident. Thisis a notationwe will userepeatedlyin the sequel.We arereadyfor theresult
of Ajtai andGurevich. While they proved this for the classof all finite structuresit is easyto seethatthe
proof relativizesto classesatisfyingsomesimplerestrictions.This obseration follows from the factthat
disjointunionandtakinga substructur@rethe only constructionsisedin the proofin [3].

Theorem 3. LetC bea classof finite o-structuesthat is closedunder substructues and disjoint unions.
Letg bea Booleanquerythatis first-order definableand preservedunderhomomorphismen C. For every

7



s > 0, there existintegers d > 0 andm > 0 sud thatif A is a minimalmodelof ¢, thentherisnoB C A
of sizeat mosts sud thatG(A) — B hasa d-scatteed setof sizem. In particular, there existintegersd > 0
andm > 0 sud thatif A isaminimalmodelof ¢, thenG(A) doesnot havea d-scatteed setof sizem.

Now, let C be a classof finite o-structureghatis closedundersubstructureanddisjoint unions. With
Theorems2 and3 in hand,in orderto establishthatthe homomorphism-preseation theoremholdsonC,
it sufficesto shawv thatfor somes andevery d andm, all sufliciently large structuresn C have d-scattered
setsof sizem afterremoving at mosts elementsWe formulatethis obseration asthe following corollary
whichwe will userepeatedlyn whatfollows.

Corollary 1. LetC bea classof finite o-structueshavingthefollowing properties:

1. C is closedundersubstructuesanddisjointunions;

2. for somes andfor all d andm, theris an N sothatif A € C hasmorethan N elementsthenthere
is asetB of at mosts elementsud that G(A) — B hasa d-scatteed setof sizem.

OntheclassC, every Booleanquerythat is first-oder definableand preservedunderhomomorphismgs
definableby an existentialpositivefirst-order formula.

Thereis a casethatis particularlyeasyin whichwe cantake s = 0.

Lemma 1. Foreveryk > 0,d > 0,andm > 0, thereexistsan N > 0 sud thatfor all graphsG = (V, ES)
with |[V| > N anddegreeat mostk, thegraph G hasa d-scatteed setof sizem.

Proof. Fixd > 0 andm > 0, let N = mk?, andlet G = (V, EG) beagraphwith |V| > N. Thesizeof
the d-neighborhoodf every nodein G is boundedy k¢. Therefore thereareat leastrn nodesin G with
disjointd-neighborhoods. O

As animmediatecorollarywe obtainthe homomorphism-preseation resultfor classe®f structureof
bounded-dgree.

Theorem4. LetC bea classoffinite o-structuesthatis closedundersubstructuesanddisjointunions,and
sud thatthe structuesin C haveboundeddegree OntheclassC, everyquerythatis first-order definable
andis preservedunderhomomorphismis also definableby an existential-positivdirst-order formula.

4 Classef Bounded Treewidth

In this sectionwe establishthe homomorphism-preseation theoremfor classe®f boundedreavidth. Our
aim is to shav a combinatorialresultto the effect thatif we have a boundon the treewidth of structures
in aclass,thenevery sufficiently large structurewill containa large scatteredset, after we have removed
a small numberof elements.The resultsin this sectionare subsumedy thosein Section5, sincea class
of structureof boundedreavidth excludesat leastoneminor (namely someclique). However, the proof
methodfor classe®f boundedreawidth is simplerthantheonepresentedh Sections andalsoyieldsbetter
boundson the maximumsizeof minimal models sowe presenit separately

Unlike for Lemmal, it is nolongersuficientto take s = 0. To gainsomeintuition, considetthetreeS,,
which consistf a singleroot with n children. Sinceevery pair of nodess at mostat distance?, it is clear
thatS,, doesnot containad-scatteredetfor d > 1, yetthetreecanbearbitrarily large. However, removing
therootleavesagraphwheretheremainingnodesarescatterecsno edgesareleft. Thisideageneralizeso
arbitrarytrees,in the sensehatin every sufficiently largetree,we needto remove at mostonenodein order
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to createa large scatteredet. For, eitherthetreehasa nodeof large degreeor along path. In thefirst case,
we remove a nodeof large degreeandget a large numberof disconnectedomponentshencea scattered
set.In thesecondcase alongthe long path,we canselecta setof elementghatarepairwisefar away from
eachotherandthusform a scatteredset. We generalizethis ideato graphsof smalltreavidth. It turnsout
thatthe maximumnumberof nodeswve needto remove to createary desiredscatteredetis boundedoy the
treavidth. Thisis provedusingthe Sunflaver Lemmaof ErddsandRado[14].

Theorem 5 (Sunflower Lemma). Let F beacollectionof k-elemensubsetefasetA. If |F| > k!(p—1)F,
thenF’ containsa sunflowemwith p petals,thatis, a subcollectionf” C F of sizep for which there existsa
setB sud thateverypair of distinctsetsX andY in F' satisfyB = X NY.

Hereis the promisedcombinatoriakesult:

Lemma 2. Foreveryk > 1,d > 0,andm > 0, thereexistsan N > 0 sud thatfor all graphsG = (V, ES)
with |[V| > N andtreewidth lessthank, there exists B C V of sizeat mostk sucd that G — B hasa d-
scatteed setof sizem.

Proof Letk > 1,d > 0, andm > 0 befixed. Definep = (m — 1)(2d + 1) + 1, M = k!(p — 1)¥, and
N =k(m — 1), LetG = (V, E) beagraphwith |V| > N, andlet usassuméts treavidth is lessthan
k. Let (T,{S, : v € T'}) beatree-decompositionf G with setsS, C V of sizeat mostk. By standard
manipulationon tree-decompositionsye may assumehatfor every pair of distinctnodesu,v € T, both
Sy, — S, andS, — S, arenon-empty Obsenre thatthe sizeof T' is atleastN/k + 1. We distinguishtwo
cases:

Casel: Thereis anodein T of degreeatleastm. Letv besuchanodeandB = S,. Notethat|B| < k.
By ourassumptioronthetree-decompositiorwe know that S,, — S, is non-emptyfor every neighbour; of
v. ThereforethegraphG — B containsatleastm disconnectedomponentssoad-scatteredetof sizem.

Case2: Thereis no nodein T of dggreeat leastm. In this case,sincethe size of T' is morethan
N/k = (m — 1)M, theremustexist a pathin T of lengthat leastM. SinceeachS, on this path has
size at most k, andsincethe lengthof the pathis at leastM = k!(p — 1)¥, by the Sunflover Lemma,
theremustexistp = (m — 1)(2d + 1) + 1 setsS,, ... , Sy, onthis pathwith acommonintersections.
Clearly |B| < k, andall T; = S,, — B are pairwisedisjoint and non-emptyby our assumptioron the
tree-decompositionVe claimthatchoosinganarbitraryelementn 77 ;244 1) for eachi € {0,... ,m -1}
produces d-scatteregubsein G — B. To seethis, we needsomenotation.Let R = Ule T; betheunion
of petals.Fora,b € R, letd(a,b) denotethe distancebetweeru andb in G — B. For every pointa € R,
let P(a) = {v € T : a € S,}. Notethatevery P(a) is aconnectedgubtreeof T by thethird clauseof the
definitionof tree-decompositiorMoreover, sincetheT;'s arepairwisedisjoint, eachP(a) containsat most
oneof thenodesuy, ... ,u, of thesunflaver. Considerthe shortespathin T goingfrom anodein P(a) to
anodein P(b). We let m(a, b) denotethe numberof nodesof the sunflaver thatappeaiin this path.

Claim 1. If a andb belongto R, thenm(a,b) < d(a,b).

Proof. Supposex andb are pointsin R. We proceedby induction on the lengthn of the shortestpath
betweern andb in G — B. The basecasen = 0 is obvious sincethenm(a,b) = d(a,b) = 0. We are
readyfor theinductive caselLeta = ag, a1, ... ,a,+1 = b beashortespathof lengthn + 1 in G — B and
assumehe claim is true for shorterpath-lengthsWe needto prove thatm(a,b) < n + 1. If m(a,b) = 0,
thereis nothingto prove. Supposehenthatm(a,b) > 0 andlet«; be anodeof the sunflaver thatappears
in the shortestpathof the treebetweenP(a) and P(b) andis closestto P(b). By the secondpropertyof
tree-decompositiorary pathin G — B from a to b mustgo throughsomepointin 7. Soletk € {1,... ,n}
besuchthatay, belongsto T;. Let c = ay, notethatc € R, andthatthelengthof the shortespathbetween
a andcin G — B is k < n. By inductionhypothesism(a, ¢) < d(a, c). Butalsom(c, b) = 0 by thechoice
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of j andcin T;. Thusm(a,b) < m(a,c) + 1 because’(c) containsat mostonenodeof the sunflaver. It

follows thatm(a,b) < d(a,c) + 1 < d(a,b) andwe aredone. O
Considerchoosingoneelement; in T ;2441 for eachi € {0,... ,m — 1}. Thenm(a;, a;) > 2d for
i # §. Thelemmafollows from theclaim. O

An immediateconsequencef Lemma2 andCorollary 1 is thatthe homomorphism-preseation theo-
remholdsfor classe®f structureof boundedreavidth.

Theorem 6. LetC bea classoffinite o-structuesthatis closedundersubstructuesanddisjointunions,and
sud thatthestructuesin C haveboundedreenidth. OntheclassC, everyquerythatis first-order definable
andis preservedunderhomomorphismis also definableby an existential-positivdirst-order formula.

Marny interestingclassedave boundedreavidth. Amongotherswe find the classof all trees theclass
of all unicyclic graphsandtheclassof all outerplanagraphs.

5 Classeswith Excluded Minors

In this sectionwe extend the combinatorialresultsfrom the previous sectionto classesf graphswhich
excludea minor. We saya classof graphsC excludesa graph G asa minor if no graphin C hasG asa
minor. Notethat,every graphG is aminor of K;,, wherek is thenumberof nodesn G. Thus,if C excludes
G asaminor, it alsoexcludesK; becausahe graphminor relationis transitive. It thereforesufficesto
establishour resultfor classe®f structureghatexcludeK; asaminorfor somek.

We aim to shaw thatin the classof graphsthatexclude K; asa minor, every suficiently large graph
will containlarge scatteregetsaftertheremoval of a smallnumberof elementsintuitively, if agraphdoes
notcontainsuchascatteredget,thenthereis alarge numberof elementsith shortpathsbetweereachpair.
Eithervariouspathsmustpasshrougha smallnumberof elementor they arenearlydisjoint. In theformer
casewe canremove theelementgo getascatteredet;in thelatter, we canfind K; asaminorin thegraph.
It turnsout, again,thatk providesa boundonthenumberof elementsve needto remove.

Theformal proofof thisintuitive ideais inspiredby a constructiordueto KreidlerandSees¢30], which
establishearesultcloselyrelatedto Theorem8 belav (seealso[29]). Beforethe mainresult,we establish
alemmaon bipartitegraphs.The proof relieson Ramsg’s Theorem(seg[19]).

Theorem 7 (Ramseys Theorem). For everyl > 0, kK > 0 andm > 0, thereisan N > 0 sud thatif A
is a setwith |[A| > N and f : [A]¥ — {1,...,1} afunctionon the k-elemensubsetof A, there is a set
I C Awith|I| > m sud that f is constanon [1]*, the k-elemensubsetof .

For later use,we write r(I, k, m) for the bound N obtainedin Ramsg’'s Theorem. Although we will
needit in its full generality let us briefly commenton the particularcaser(2,2,m). Thisis a boundfor
the graphversionof Ramsg’s Theorem:every graphwith morethanr(2, 2, m) verticescontainseitheran
independensetwith morethanm elementsr a cliquewith morethanm elements.

Thefollowing lemmauwill be a key steppingstonetowardsthe mainresult. The lemmasays,roughly
thatevery large bipartitegraphH = (AU B, E C A x B) thatexcludesK, asaminor containsalarge set
of points A’ C A without commonneighboursn B, exceptfor a small setof exceptionalpoints B’ C B
thatareindeedcommonneighbourf all pointsin A’. ThefactthatH excludesK; asaminor guarantees
thatthe setof exceptionalpoints B’ is keptsmall.

Lemma3. For everyk > 1 andm > 0, therisan N > 0 suhthatif H= (AUB,E C Ax B)isa
bipartite graph sudh that K, is nota minor of H and |A| > N, thenther are setsA’ C AandB’' C B
with |A’| > mand|B’| < k — 1 sudthat A’ x B’ C F and A’ is 1-scatteedin H — B’.
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Proof. Thecasek < 2istrivial as,if K5 is notaminorof H, thenH containsno edgesandtakingN = m
sufices.We will thereforeassumehatk > 3 below. Furthermoreif thelemmais truefor somevalueof m
it is alsotruefor all m" < m. Thus,it suficesto proveit for all largeenoughm. In whatfollows we assume
thatm > k2. Definethefunction

b(n)=r(k+1,k,(k—2)n+k—2),

wherer is the Ramsg function. Defineb®(m) = m andb™!(m) = b(b*(m)), andlet N = b¥~2(m). We
constructhesetsA’ and B’ in aseriesof stages:

AgD A DDA
ByCB, C---CB.

The numberof stageof this constructiorwill belessthank — 1. Begin with Ag = A andBy = (). Now,
supposeat stager < k — 2 we have setsA, C A andB, C B, with |B,| < r and|4,| > b¥=27"(m),
andsuchthat A, x B, C E. WedefineA,; andB, . Let < beanarbitrarylinearorderingof A,.. Let
f:[AF = {0,... ,k} bethefunctionthatassigndo eachk-elementsubsetr; < z2 < --- < 7y Of A,
themaximumy € {0,... ,k} suchthatall z4, ... ,z; have acommonneighbouiin B — B,. By Ramsg's
Theoremthereis asetl C A,, with

1] > (k—2)bF 20t () + k — 2

suchthat f is constanbn [I]¥. We considetthreecases:

Casel: f([I]¥) < 1. Let C denotethelastk — 2 elementsof I underthe order<. Then,I — C' is
1-scatteredn H — B, asevery pair of elementsn I — C' forms the first two elementsof someordered
k-elementsubsebf I andthereforecannothave acommonneighbour Note also,that

I1—C| > (k—2)bF 20 ().

Sincer < k — 2, thismeansI — C| > (k — 2)m > m ask > 3. Thus,takingA’ = 4,4, = I — C and
B' = B,41 = B,, wearedone.

Case2: 1 < f([I]¥) < k. We will arguethat,indeed,this casecannotoccur Let f([I]¥) = ¢. If C
denoteghelastk — t elementof I undertheorder<, thenevery t-elementsubsebf I — C hasacommon
neighbourin B — B,, asit is theinitial sggmentof sizet of somek-elementsubsebf I. Furthermoreno
(t + 1)-elementsubsetof I — C hasa commonneighbourin B — B,., from which we concludethat the
maximaldegreeof ary elementin B — B,. (with respecto I — C)ist. Now, let X;,... , X, C I —Cbea
collectionof k£ pairwisedisjoint sets,eachwith exactly ¢ elementsSucha collectionexists, since

I1—-C|> (k-2 20 (m) > m > k2

Then, by the agumentabove, for eachX;, thereis au; € B — B, which is a commonneighbourof all
elementsn X;, andu; hasno otherneighbours.Thus,the setX; U {u;} formsa connectecpatchin the
graphH — B,. Similarly, for eachi andj with 1 < ¢ < j < k, we canfind anelementu;; € B — B, such
that,if N(u;;) denoteshesetof neighboursof w;; in I, then:

1. N(u”) CX; UXj
2. N(u”) NX; # 0
3. N(u”) ﬂXj 7é .
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Thisis possibleas X; and.X; aredisjointandeachhast > 1 elementsThus,we canchoosea subsebf
X; U X; thatmeetsbothsetsandhasexactly ¢ elementsAny commonneighbourof this subsetvould sene
asu;;. Again, u;; cannothave ary otherneighboursn I — C, asno (¢ + 1)-elementsubsebf I — C has
acommonneighbour Thus,in particular u;; hasno neighboursn ary X; for [ differentfrom s and;. We
have thusfound & distinctconnectedpatchesX; U {u;} andpairwisedisjoint paths(of length2) between
ary pair of them.ThusKy, is aminor of H, a contradiction.

Case3: f([I]¥) = k. Thismeanghatevery k-elementsubsebf I hasacommonneighbouin B — B,..
Let X = {z1,...,zx_1} beacollectionof k — 1 distinctverticesin I. As every k-elementsubsedf I has
acommonneighbourthereis afunctionh : (I — X) — (B — B,) suchthath(y) is acommonneighbour
of X U {y}. If therangeof h containsk — 1 distinctelementsH containsK_, ;1 asasubgraphand
thereforeK; asa minor. We may, therefore,assumehat the rangeof h hasfewerthank — 1 elements.
Thus,thereisaJ C I — X with |J| > |I — X|/(k — 2) onwhich h is constantLet z € B betheelement
to whichh mapsJ. Welet A, 1 = JU X andB, ;1 = B, U {z}. Obsenre thatz is acommonneighbour
of all elementsn A, ., andthat

[Arpa] > X+ T - X|/(k—2),
whichis atleast
(k—1)+ bk:—2—(r+1)(m) —1> bk—2—(r+1)(m)

asrequired.

To completethe proof, we needto verify thatthe numberof iterationsdoesnot reachk — 1. Notethat
theiterationis repeatednly in case3, andin this caseB, 1 containsonemoreelementthan B,. If the set
wereto containk — 1 elementsasall theseelementsareneighbourof all elementsn A’, which hasatleast
m > k elementswe would have thatH containsKy_; »—1, andthereforeK; asaminor. This establishes
that|B'| < k — 1. O

Themaincombinatoriaresultof this papercannow beprovedby a constructiorthatiterates_emmas3.
For afixedlargegraphG = (V, E®), we proceednductively andgeneratéwo sequencesf setsof vertices

V=5262---26
0=2yCZ C---CZ,

wheresS; is ani-scatteredetin G — Z;. Oncewe have S;, we canproducean (i + 1)-scatteresgetS; 1 C S;

by viewing thei-neighborhoodsf a certainsubsebdf S; on onesideof a bipartitegraph,andthe verticesof

G — Z; thatareadjacento thoseneighborhoodsn the other Lemma3 guaranteea large enough(i + 1)-

scatteredsetafterremoving a few morepointswhich arethenaddedto Z; to obtainZ;, 1. Choosingwhich
pointsof S; to putonthebipartitegraphrequiresonemoreapplicationof Ramsg’s Theorem.Thetechnical
detailsfollow.

Theorem8. For everyk > 1,d > 0, andm > 0, therisan N > 0 sud thatif G = (V, EG) isagraph
sud that Ky, is nota minorof G and|V| > N, thenthere aresetsS C V andZ C V with |S| > m and
|Z| < k —1sudthatS is d-scatteedin G — Z.

Proof. Onceagain,we prove thestatemenfor k£ > 2, asthecasek = 1 is trivial. Definethe function

c(n) =r(2,2, bk_Q(n)),
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whereb is thefunctiondefinedin the proof of Lemma3 andr is the Ramsg function.Let N = c%(m). We
constructZ andS in d stages:

S428 D28
ZyC 7 C--C 2,

The setsZ; and S; at stage: will besuchthat|Z;| < k£ — 1 andS; is i-scatteredn G — Z;. Moreover,
|S;| > c?~F(m). Startwith Sop = V andZy = 0.

Supposehat Z; and.S; have alreadybeenconstructedWe constructZ;; andS;. Foreveryu € §;,
let N;(u) bethei-neighborhoodf u in G — Z;. Considerthe graphwhosesetof verticesis the setof
neighborhoodg§ N;(u) : u € S;}, andwhoseedgesconnectwo differentneighborhoodsV; (u) and N;(v)
if thereexistu' € N;(u) andv’ € N;(v) suchthat{u',v'} isanedgein G — Z;. Thenumberof verticesof
this graphis

18] > ¢t (m) = (2, 2,682 (m)).

By the graphversionRamsg’s Theoremdiscussedbefore,this graphcontainseitheranindependensetor
aclique of morethand*=2(c4=*~!(m)) elementsThe existenceof sucha cliqueimpliesa K minorin G
sincethei-neighborhoodsf elementsn S; aredisjointandconnectedn G — Z;. Therefore theremustbe
anindependenset,say{N;(u) : w € I}, wherel C S; and

1] > 727 (m).

We definea bipartitegraphH = (AU B, E C A x B) onwhichto applyLemma3. Let A = I, andlet
B bethe setof verticesof G — Z; that are adjacentto somevertex in J,.; Ni(u). By the choiceof I,
thesetsA and B aredisjoint. The edgesof H connectverticesu € A with thoseverticesv € B thatare
adjacentto somevertex in N;(u). Clearly H hasno K minor; otherwiseG would alsohave onesince
thei-neighborhoodef elementsn I form disjoint connectegatchesn G — Z;. By Lemma3, thereexist
A’ C AandB' C B with |A'| > ¢?~"~!(m) suchthat A’ x B’ C E and A’ is 1-scatteredn H — B'. Let
Zit1 = Z; U B'andS; 11 = A', whichis (i + 1)-scatteredn G — Z;;1. The proof will be completeby
shawing thatif |Z; ;1| > k — 1, thenG hasaKj_; 1 minor, andthusa K; minor.

Supposehat|Z; ;1| > k — 1. By construction A’ x B’ C E, which meanghat,in G, eachb € B is
adjacento somevertex in N;(a) for everya € A'. In fact, theinductive constructionguaranteethateach
b € Z; is alsoadjacentjn G, to somevertex N;(a) for everya € A’. ConsidereachN;(u), with v € A’,
asa connectegatchin the subgraptof G inducedby (J,,c 4 N;(u) and Z; 1. Notethatthesepatchesare
disjoint. TheK_1 x—1 minoris now clearsince|A’| > k —1and|Z; 41| > k — 1. O

Combiningthis with Corollary 1 we getthe following result.

Theorem 9. LetC bea classof finite o-structuesthat is closedundersubstructues and disjoint unions,
and sud that the classof Gaifmangraphsof structuesin C excludesat leastone minor. On the class
C, everyquerythatis first-order definableandis preserveduinderhomomorphismg also definableby an
existential-positie first-oder formula.

We now commenton therelationshipbetweenTheorem9 andthe earlierTheorems and4.

As notedearlier the class7 (k) of graphsof treevidth lessthank excludesKy1 asaminor. Thus,
the homomorphism-preseation theoremfor theseclassegTheoreme6) is a specialcaseof Theorem9.
Furthermoretherearemary classesharacterizedby excludedminorsthatdo not have boundedreewidth.
An exampleis the collectionof planargraphs,which, by Kuratavski's Theorem excludeKs andK3 3 as
minor, but have unboundedreenidth. Anotherexampleof a classof graphsthat exclude someminor are
thegraphsof boundedyenus.Indeed ary classof graphsclosedundertakingminorsanddifferentfrom the
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classof all finite graphsmustexclude someminor; consequentjythe preseration-undethomomorghisms
propertyholdsfor all theseclasses.

A more preciserelationshipbetweenTheoremsb and 9 canbe obtainedusing certaindeepresultsby
Robertsorand Seymour[31] aboutclassef graphsexcludinga minor. Specifically Robertsorand Sey-
mour[31] shavedthatfor everygraphH, theclassof graphsexcludingH asaminoris of boundedreevidth
if andonly if H is planar(this resultis a consequencef the the ExcludedGrid Theoremof Robertsorand
Seymour[31] - seealso[11, Theoreml12.4.3]). Consequentlyfor every graphH, the preseration-under
homomorphismgropertyfor the classof graphsexcluding H asa minor canbe derived from Theorem9,
but notfrom Theoremb, preciselywhenH is a non-planagraph.

It shouldalsobe notedthat a classof graphsof boundeddegreeneednot excludeary minor. This can
beseerby replacingevery nodeof a Ky, by abinarytreewith & — 1 leavesandconnectinglifferentpairsof
treesthroughdisjoint pairsof leaves. Theresultinggraphhasdegree3, but hasK; asa minor. Therefore,
Theoremd cannotbederivedasa consequencef Theoremo.

6 BooleanQueriesand Cores

We statedTheoremsdt, 6 and9 for queriesof arbitraryarity eventhoughthe proofswerebasedon notions
of minimal modelsdefinedfor Booleanqueries.In this sectionwe explain why the resultsextendto non-
Booleangueries.We thenshaw that,if we considerBooleanqueriesonly, the preseration propertycanbe
shawn for wider classe®f structureghanthoseconsideredn Theoremst, 6 and9.

6.1 Non-BooleanQueries

Suppos€ is a classof finite o-structuresandgq is ann-ary queryon C. We saythatgq is presered under
homomorphismsn C if, for ary A,B € C andary n-tuple a of elementsfrom A if a € ¢(A) and
h : A — Bisahomomorphismthenh(a) € ¢(B). In particularif ¢ isaBooleanqueryon(, ¢ is presered
underhomomorphismen( if for every pair of structuresA andB in C, if thereis ahomomorphisnk from
A toB andg(A) =1, theng(B) = 1.

Thereis anaturalway to turn anon-Booleargueryinto a Booleangueryin avocakulary expandedwith
constantsLet ¢’ bethevocahulary obtainedby extendingo with n nev constansymbolscy, . .. , ¢, andC’
bethe classof all o’-structuresA whoserestrictionA |, to thevocahulary o isin C. Similarly, let ¢’ bethe
BooleanqueryonC’ definedby ¢/(A) = 1 if andonlyif c® € ¢(A|,) wherec? is then-tupleof elements
in A interpretingtheconstantsg;, ... ,c,.

It is easilyverifiedthatq is presered underhomomorphismen( if, andonly if, ¢’ is presered under
homomorphism®n €’ (a homomorphisnon structuresinterpretingconstantsymbolsis also requiredto
presere theinterpretatiorof constantsi.e.if 4 : A — B is ahomomorphismthenh(c®) = ¢B). More-
over, for ac¢’ structureA, the GaifmangraphG(A|,) is identicalto G(A). Thus,C hasboundeddegreeor
boundedreeavidth or excludesa givenminorif andonly if C' does.Moreover, if ¢’ is definableonC’ by an
existential positive sentencap, thenthereis an existential positive formuladefiningg onC. This formula
is obtainedby replacingthe constants, . .. , ¢, by new variablesz,, . .. , z,. Thus,if thehomomorphism
preserationtheoremholdsfor Booleanquerieson(’, it holdsfor n-aryqueriesonC. However, in our proofs
above we alsorequirethatthe classef structuresve considerare closedundertaking substructuresind
disjointunions. Unfortunately theseare propertieshat do not transferfrom C to C'. Dueto the additional
constantsthelattermayfail to have theseclosurepropertiesevenwhenthe formerhasthem.

To getaroundthis problem,we usethe notionof a plebiancompaniorof a structureintroducedby Ajtai
andGurevich in [3]. We give a brief descriptionof their construction Suppose’ is avocalulary including
theconstansymbolscy, ... ,c, andlet A beao’-structure. The plebiancompaniorof A is astructurepA
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in avocahulary p obtainedfrom ¢’ asfollows. Every relationsymbol R in ¢’ is alsoin p but p doesnot
containary of the constantsin addition,for eachrelationsymbol R of arity » andeachnon-emptypartial
functionm : {1,... ,7} — {c1,... ,c,}, p cONtainsanew relationsymbol R,,, whosearity is r — j where
Jj is thenumberof elementf {1, ... ,7} onwhichm is defined.In particular if m istotal,r = j andR,,
is thena0-aryrelationsymbol. Thatis to say it is aBooleansymbolthatis interpretedaseithertrue or false
in ary p-structure.

Theplebiancompaniorp A of A is ap-structurewhoseuniverseis obtainedrom thatof A by excluding
the interpretationof the constants.For eachrelationsymbol R in ¢/, the interpretationof R in pA is the
restrictionof R to the universeof pA. To definethe interpretationof R,,, let a beanr — j tuple of
elementd§rom pA. Let a’ bether-tuple of elementof A obtainedfrom a by insertingin position: the
elementinterpretingthe constantn(i). We saythata € RPA if andonly if a' € RA. In the specialcase
that R,,, is 0-ary, we saythatit is interpretedastrue if andonly if the uniqueemptytupleisin R,, by the
aboverule.

It is straightforvard to shav thatfor ary o’-formula¢ thereis a p-formula+ suchthatpA = 4 if and
only if A = ¢. Indeed, is obtainedby ¢ by replacingeachatomicformula R(z) in which the tuple of
termst containsconstantspy the formula R,,,(z) wherez is obtainedfrom ¢ by remaving the constants
andm is the partialfunctionthat mapsi to the constaniccurringin positions in t. It is easilyseenthatif
 is existentialpositive, thensois 1. Thereis a similarly straightforvard translationin the otherdirection,
whichalsopreseresexistentialpositve formulas.We cannow make threeusefulobserationsaboutplebian
companions.

Observation 1. TheGaifmangraphG(pA) is a subgaphof G(A).

Indeed,G(pA) is the subgraphof G(A) inducedby the elementsthat are not namedby a constant.
Writing pC’ for the collectionof plebiancompanionf the structuresin C’, we seethatone consequence
of the above obsenationis thatpC’ hasboundeddegreeor boundedreewidth or excludessomeminor if C
does.

Obsewation 2. Thee is a homomorphisnirom A to B if, andonly if, there is a homomorphisnfrom pA
to pB.

To seethatthis holds, let & be a homomorphisnirom pA to pB. We canextendh to amaph from A
to B by letting fz(cA) = ¢B for all constants.. Clearly if a is atuplefrom A which doesnotincludethe
interpretationof ary of the constantsthenfor ary relationR in o, R*(a) = RPA(a) = RPB(h(a)) =
RB(h(a)), sinceh(a) = h(a). Ontheotherhand,if a containsconstantslet m bethe partialfunctionthat
mapsi to theconstanbccurringin positioni anda’ bethetuple obtainedrom a by remaving the elements
namedby constants.Sinceh mapsc? to ¢B for eachconstant, it is easilyseenthatfz(a) is the tuple
obtainedfrom h(a') by insertingin positioni theelement(m(:))B. Since furthermoreh(a’) is thesameas
h(a'), we have the following implications: R4 (a) = R (a') = RFS(h(a')) = RB(h(a)), establishing
that/ is ahomomorphism.

For theotherdirection,supposeg isahomomorphisnfrom A to B. Wewishto shav thattherestriction
of g to theuniverseof pA isahomomorphisnfrom p A to pB. For ary relationsymbolR in o, it is obvious
that RPA (a) = RPB(g(a)) justby thefactthatg is ahomomorphisrirom A to B. Now, if R,, is anew
symbolin p anda is atuplesuchthatR{’nA(a), let a’ bethetuple obtainedfrom a by insertingin position:
theelement(m(s))2. Then,we have REA(a) = RA(a') by thedefinitionof REA, RA(a') = RB(g(a'))
by thefactthat g is a homomorphisnand RB(g(a')) = R (g(a)) by the definitionof Rfy andthe fact
thatg preserestheinterpretatiorof constants.

Finally, thefollowing obsenrationis straightforvard.

Obsewation 3. If C is closedunderdisjointunionsand substructues, thensois pC’.
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Togethetheseobserationsimply thatif the preserationtheorenis provedonly with respecto Boolean
queriesfor all classe< of boundeddegree,of boundedrreavidth or for classesexcluding someminor, it
is alsoestablishedor all queriesover suchclassesFor instancejet C bea classof structuresof bounded
degreeandlet ¢ be a formula, with free variables thatis presered underhomomorphismen C. Let pC’
be the correspondinglassof plebiancompanionf C (notethatthe classdependn the numberof free
variablesin ¢). Then,p(’ is alsoof boundeddegreeandwe have a sentence) suchthatfor ary structure
A € C andtuplea of elementdrom A, A = ¢[a] if andonly if pA’ = ) whereA' is theexpansionof A
with constantdor all elementsn a. Thus,s) is equivalentto an existentialpositive sentencen pC’ andby
theargumentsabove, this impliesthatp is equivalentto anexistentialpositive sentencen C. Thisjustifies
the statemenof Theoremst, 6 and9 for queriesof arbitraryarity.

6.2 Cores

Let ¢ be a Booleanquerythatis presered underhomomorphism®n all finite o-structures.The key ob-
senation we male is thatthe minimal modelsof ¢ arecores The conceptof corewasintroducedin the
contet of graphtheory(see[25]), but it generalizematurallyto relationalstructures A substructuréB of
A iscalledacoreof A if thereisahomomaorphisnirom A to B, but, for every propersubstructurd’ of B,
thereis no homomorphisnfrom A to B'. It canbe seenthatevery finite structureA hasa uniquecoreup
to isomorphismgdenotedby core(A), andthat A is homomorphicallyequialentto core(A). If astructure
A isits own core,we saythat A is a core. It is now clearfrom the definitionsthatif ¢ is a querythatis
presered underhomomorphismsn all finite o-structuresthenevery minimal modelof ¢ is a core. More
generallyif C is a classof finite o-structureslosedundersubstructuresandq is a querypresered under
homomorphismen C, thenevery minimal modelof ¢ in C is acore.

Now, combiningthe abore obsenration with Theorem3, we canstrengtherCorollary 1 sothatit is not
the structuredn a classC thatarerequiredto have the propertyof low density It suficesto shav thatthe
collectionof Gaifmangraphsof coresof the structuresn C hasthis property

Corollary 2. LetC bea classof finite o-structueshavingthefollowing properties:

1. Cis closedundersubstructuesanddisjointunions;

2. for somes andfor all d andm, therisan N sothatif A € C andcore(A) hasmorethan N elements,
thenthere is a setB of at mosts elementsud that G(core(A)) — B hasa d-scatteed setof sizem.

OntheclassC, every Booleanquerythat is first-oder definableand preservedunderhomomorphismgs
definableby an existentialpositivefirst-oder formula.

Combiningthis with Lemmal, we obtain a strongerversionof Theorem4 specificallyfor Boolean
gueries. Thatis, the following is strongerthan Theorem4 in one directionin that it appliesto a wider
collectionof classe®f structuresbut wealer in anotherin thatit only appliesto Booleanqueries.

Theorem 10. LetC bea classof finite o-structuesthat is closedundersubstructues and disjoint unions,
andsud thatthe classof coresof structuesin C hasboundeddegree OntheclassC, everyBooleanquery
that is first-order definableand is preservedunder homomorphismss also definableby an existential-
positivefirst-oder formula.

We areableto similarly generalizeTheoremss and9 for the specificcaseof Booleanqueries. More
preciselyfor every positive integerk > 2, let H(7 (k)) betheclassof all finite o-structuresA suchthatthe
coreof A hastreavidth lessthank. Theseclasse$ave beenstudiedin the context of constraint-satisidtion
problemsin [9, 20]. It is easyto seethatfor eachk > 2, the classH (7 (k)) coincideswith the classof
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all finite o-structureghatarehomomorphicallyequivalentto a o-structureof treewidth lessthank. In the
following, whenwe saythatthe structuresn aclassC havecoresof boundedreevidth, we meanthatthere
is apositive integer k suchthatC C H(T (k)).

Theorem 11. LetC bea classof finite o-structuesthat is closedundersubstructues and disjoint unions,
andsud thatthe structuesin C havecoresof boundedreavidth. OntheclassC, every Booleanquerythat
is first-order definableandis preservedunderhomomorphismss also definableby an existential-positie
first-order formula.

In Section4 we mentionedseveral natural examplesof classesof structuresof boundedtreawidth.
Classe®f structuresvhosecoreshave boundedreeavidth areeven morepenasie. For example,the core
of every non-trivial bipartitegraphis Ky, the graphconsistingof asingleedge.Hence the classof bipartite
graphsis containedn (7 (2)). However, all gridsarebipartiteandhave arbitrarily large treewidth. Thus,
T (2) is properlycontainedn #(7(2)); in fact,for every k > 2, we have that 7 (k) is properlycontained
in H(7 (k)). Foranotherexample,considerall planargraphsthatcontainK, asa subgraph.By the Four
Color Theoremfor planargraphsevery suchgraphis 4-colorable,henceit is homomorphicallyequivalent
to K4 andsoit is containedn H (7 (4)).

Finally, we statethe preserationresultfor Booleamgueriesandclasse®f structuresvhosecoresexclude
someminor.

Theorem12. LetC bea classof finite o-structuesthat is closedundersubstructues and disjoint unions,
and sud that the classof Gaifmangraphsof coresof structuesin C excludesat leastoneminor Onthe
classC, every Booleanquerythat is first-order definableand is preservedunderhomomorphismss also
definableby an existential-positie first-order formula.

Theoreml2 subsume3heoremllin thesameway asTheoren® subsume3heorenb, sincethe Gaif-
mangraphsof coresof structuresn H (7 (k)) excludeKy; asaminor. Therelationshipwith Theorem10
is lessclear At theendof Section5 abore, we presente@nexampleof aclassof structureghathasbounded
degreebut doesnot excludeary minors. However, the structuresnvolved arenot cores. If we could con-
structa classof coresof boundediegreewhich neverthelesslo notexcludeary minor, this would shav that
TheoremslOand12 aresimilarly incomparable.

It is not clearwhetherTheoremslO, 11 and 12 canbe extendedto non-Booleamueries. All we can
sayis that the methodof plebiancompaniongfrom Section6.1) doesnot give the desiredoutcome. To
understandvhy this is the case recallthatwe definefor ary classC andary n the classC’ of expansions
of structuresn C by n constantaandthenthe classpC’ of plebiancompanionsof structuresn C’. Since
the Gaifmangraphsstructuresn C' arethe sameasthoseof the correspondinggraphsin C we know that
restrictionson thelatteralsoapplyto theformer However, it is notthe casethatthe coresof structuresn C’
arecoresof structuresn C. It is possiblethatthe coresof structuresn C have boundeddegree(for instance)
while the coresof structuresn C’ do not. Thisis illustratedby thefollowing example.

Let awheelbe a graphW,, (for n > 3) with verticesh,cy, ... , ¢, andedgesconnectingc, ... , ¢,
in a simplecycle alongwith anedgefrom A (the hub)to eachc;. It is easilyseenthat, W, is 4-colorable
and,if n is odd, W, is acore. Let abicyclebe a graphof theform B,, = W,, + K4, wheren > 3. That
is, B,, is thedisjoint unionof W,, andK, (notethat,asKj, is the sameas W3, a bicycle consistsof two
wheels).FromthefactthatW,, is 4-colorable|t is clearthatthecoreof B,, is K4. Thus,if C is theclassof
all bicycles,the coresof structuresn C have boundeddegree. Considemow (B,,, k), the expansionof B,
with a constannamingthehub i of W,,. Sinceary homomorphisnof this structuremustfix ~ andW,, is
itself a corewhenn is odd, it follows for oddn > 5, we have that(B,,, h) is itself a coreandit containsa
nodeof degreen. Thus,if C’ is theclassof expansionf structuresn C by oneconstantthe classof cores
of structuresn ' hasunboundediegree.
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7 Ajtai-Gur evich Theorem Revisited

The Ajtai-Gurevich Theorem[3] assertghat every Datalogprogramthatis first-orderdefinableon finite
structuress boundedthatis, theassociatedhonotoneperatoreachedts leastfixed-pointafterauniformly
boundedhumberof iterationson every finite structure.The aim of this sectionis to presenta proof of this
theoremthatis basedon theresultsabouttreevidth in Sectiond. Our proof of the Ajtai-Gurevich Theorem
canbeconstruedasare-intepreratiorof the original proofthatmakesexplicit therole of boundedreavidth
andexposeghe component®f the original agument.Moreover, we obtaina strongeresultfor afamily of
infinitary logicsthattakentogetherarestrictly moreexpressie thanDatalog. This strongerresult,however,
is wealer thantheresultclaimedin the preliminaryversionof this paper[6], which appearedn the PODS
2004 Proceedingsln this sectionwe will alsospellout the precisedifferencesetweenvhatwasclaimed
in [6] andwhatis actuallyestablishedhere.

7.1 Proof of the Ajtai-Gur evich Theorem

Thecollectionof infinitary formulasL.,, is obtainedoy closingtheatomicformulasundernegation,infini-
tary conjunctionsjnfinitary disjunctionsuniversalquantification,andexistentialquantification.For every
positive integer k, the k-variablefragmentof L, denotedoy L., consistsof all L, formulaswith
at mostk distinct variables;note that eachvariablemay have an unboundechumberof occurrencesn a
Lk -formula. The collectionof existential positiveinfinitary formulas3LZ,, is obtainedby closingthe
atomic formulasunderinfinitary conjunctions,infinitary disjunctions,and existential quantification. The
k-variablefragmentof 311, is denotedby 3LXE. From Section2, recallthata k-Datalogprogramis a
Datalogprogramin which every rule hasat mostk distinctvariables.It wasshawvn in [28] thatfor every
positive integer k, every k-Datalogqueryis expressiblein LK. As amatterof fact, Theoremd.3in [28]
assertshatk-Datalogis containedn acertainfragmentof the existentialpositive infinitary logic 3L, , that
we describenext.

For every positive integerk, let CQ* bethecollectionof all first-orderformulasthathave atmostk dis-
tinct variablesandareobtainedfrom atomicformulasusingconjunctionandexistentialquantificationonly;
notethat eachvariablemay be reusedn a CQ*-formula, soits numberof occurrencesnay be arbitrarily
large. Clearly every CQ*-formula+ definesa conjuncte query since,by transformingy to a formulain
prene normalform, we obtainanexpressiorof theform 3z, ... 3z,,0, wheren > k and@ is aconjunction
of atomicformulas.As anexample the expression

El:vlfle(E(arl, .’L'Q) A (le(E(fEQ, .’L‘1) A E|.’132E(£C1, .’132))))
is a CQ2-formulathatis logically equivalentto the conjunctie query
3$1§|$23$33$4(E(.’B1, {L'Q) A E(CCQ, .’L‘3) A E(.’Eg, 5134)),

which assertghatthereis a pathof length4.

Next, let IJFOF-+ bethefirst-orderfragmentof HL&Z, thatis, IFO*'* is the collectionof all first-order
formulasthat have at mostk distinct variablesand are obtainedfrom atomicformulasusing conjunction,
disjunction,andexistentialquantification.Sinceconjunctiondistribute over disjunctionsandsinceexisten-
tial quantifierscommutewith disjunctionsijt is clearthatevery JFO**-formulais logically equivalentto a
finite disjunction\/[", 4y, of CQF-formulas.

Finally, let \/ CQ* be the collection of all disjunctions(finite andinfinite) of CQ*-formulas,thatis,
\/ CQ* consistof all ILE:-formulasof theform \/ &, whered is a (possiblyinfinite) setof CQ*-formulas.
Thus,3FO** hasthe sameexpressie power asthe fragmentof V CQF consistingof all formulasof the
form\/ &, where® is afinite setof CQ*-formulas.
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The connectiorbetweenk-Datalogand k-variablelogics cannow be statedasfollows (see[28, Theo-
rem4.3]):

Theorem 13. Letk bea positiveinteger and « a k-Datalog program.

1. For ead positiveinteger m, the m-th stage of the monotoneopeiator associatedvith 7 is definable
by a finite disjunctionof CQ¥-formulas.

2. The query expressedby  is \/ CQF-definable Specifically if 8,, is a finite disjunctionof CQF-
formulasdefiningthem-th stage of themonotonepeator associateavith , thenthequeryexpressed
by is definableby the\/ CQ*-formulaV/,,,., 0.

Theprecedingrheoreml3impliesthat,asregardsexpressie power, Datalogis containedn thefamily
of infinitary logics\/ CQ*, k > 1. It is easyto seethatthis containments a properone,sinceevery Datalog
queryis polynomial-timecomputablewhile even\/ CQ? canexpressnon-recursie queries. Specifically
for everyn > 2, let ¢, be a CQ2%-sentenceassertinghat “there is a pathof lengthn”. Then,if S is a
non-recursie setof positive integers,the \/ CQ2—sentencé\/n€S 1, definesa Booleanquerythatis not
expressiblen Datalog.

We will alsoneeda connectiorbetweenCQ*-sentencesind structuresof treawidth lessthank. This
wasfirst obtainedin [28, Remark5.3] andfurtherrefinedin [9, Theorem12]. We statethis connectionn
the next lemmaandincludeits proof for completeness.

Lemma 4. If k is a positiveinteger and ¢ is an CQ*-sentencethenthere is a structue D of treewidth less
thank sud thatthe canonicalconjunctivequerypp of D is logically equivalento ¢.

Proof. Assumethaty is anCQF-sentencel et betheresultof renamingall occurrencesf variablesin ¢
sothateachexistentialquantifierboundsadifferentvariable.Repeatedlypplythefollowing rewriting rules
to the subformulaf +): replacesubformulaf theform 4’ A (3z) (") by (3z) (¢’ A4"), andsubformulas
of theform (3z) (v') A¢" by (3z) (' Ay"). Notethattheserulespresere equivalencebecauseachvariable
is quantifiedonly oncein 1. Theresultis aconjunctve query(3z1) - - - (3z,,)0 thatis equivalentto 1, where
# is a conjunctionof atomicfacts. Let D bethe canonicalstructureassociatedvith the conjunctve query
(3z1) - - - (3z,)0, which meanghatthe universeof D is theset{z1, ... ,z,}, and(z;,,... ,z; ) € RP if,
andonly if, theatomicformula R(z;,, ... ,z;,) appearsn . By constructionthe canonicalconjunctve
querypp of D is (3z1) - - - (3x, )0, hencelt is logically equivalentto .

It remainsto shaw thatD hastreewidth lessthank. Let 4,9, ... , 1, bethecollectionof all subfor
mulasof ¢. View themasnodesof the parse-treef . Labeleachnodes; of the treeby the setof free
variablesof 1);. Sincey hask variablesin total, eachi); hasat mostk freevariables soeachlabelhassize
atmostk. Usingthefactthateachvariableis quantifiedexactly oncein ¢ andthateachatomicfactof D is
asubformuleof 1, it is nothardto seethatthetreeandits labelingform atree-decompositioof D of width
atmostk — 1. Hence thetreavidth of D is lessthank. O

The next lemmaestablishes connectiorbetweenminimal modelsof \/ CQ*-sentenceandstructures
of treavidth lessthank.

Lemma5. Letk bea positiveinteger, lety bea \/ CQF-sentenceandlet A bea modelof 1. Thee exists
a structue B havingthefollowing properties:

1. B is a minimalmodelof 1;
2. thetreewidth of B is lessthank;
3. thereis ahomomorphisnfromB to A.
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Furthermoe, if A is a minimalmodelof 1), thenthere is a surjectivehomomorphisnromB to A.

Proof Lets bea\/ CQF-sentencef theform \/ @, whered is a setof CQ¥-sentencedf A is amodelof
1, thenthereis anCQF-sentence € @ suchthatA |= ¢. By Lemmad, thereis a structureD of treawidth
lessthank suchthaty is logically equivalentto the canonicalconjunctve queryop of D. Consequently
A = pp, which, by Theoreml, impliesthatthereis ahomomorphisnk from D to A. SinceD is amodel
of ¢, it is alsoamodelof v; consequentiythereis a substructurd of D thatis aminimal modelof . The
treavidth of B is lessthank, sinceB is asubstructuref D andthetreavidth of D is lessthank. Moreover,
therestrictionh’ of h on B is ahomomorphisnifrom B to A.

Theimageh'(B) of B underh’ is a substructuref A; morewer, it is a modelof ¢, since/ CQ*-
formulasarepresered underhomomorphismslt follows thatif A is aminimal modelof ¢, thenh/(B) =
A, whichmeanghath’ is anontohomomorphisnfrom B to A. O

The preceding-emmab shaws thatevery minimal modelof a'\/ CQF*-sentence) is the homomorphic
imageof a minimal model+ of treewidth lessthank. In the preliminaryversionof this paper[6, Lemma
4], we assertedhat every minimal modelof a'\/ CQ’“-sentencdnastree/vidth lessthank. This, however,
is nottrue. As a matterof fact, thereare CQ¥-sentencethat haze minimal modelsof treavidth at leastk.
For example let+ bethe CQ2-sentenc@z; 3zo ((E(z1, x2) A (3z1(E (29, 21) A (3x2E(21,12))))), which
assertshatthereis a pathof lengththree. Thedirected3-elementycle Cj is aminimal modelof «, but has
treewidth 2.

We arenow readyto stateandprove the mainresultof this section.

Theorem 14. Letk bea positiveinteger andlet\/ ® bea '/ CQF-sentencewhere @ is a (possiblyinfinite)
setof CQ*-sentencesThefollowing statementsire equivalent:

1. Theeris afinite subset¥ of ® sud that\/ ® is equivalento \/ ¥ onall finite structues.
2. \/ @ is equivalento somedFO* T -sentencen all finite structues.
3. V @ is equivalento soméfirst-order sentencen all finite structues.

Proof. Theimplications(1) = (2) and(2) = (3) arequite obvious. Towardsestablishinghe implication
(3) = (1), assumehat\/ @ is a\/ CQF-sentencehatis equivalentto somefirst-ordersentencap on all
finite structuresWe claim that\/ @ hasfinitely mary non-isomorphianinimal models.Indeed,if \/ ¢ had
arbitrarily large minimal models,thenLemmab, impliesthat\/ ® hasarbitrarily large minimal modelsof
treavidth lessthank. But then,by Lemma2, for everyd > 0 andm > 0, andfor every suficiently large
minimal model A of treawidth lessthank, thereexists B C A of sizeat mostk suchthat A — B has
a d-scatteredsetof sizem. Theorem3 impliesimmediatelythat/ @ is not equivalentto ary first-order
sentencen finite structuresThis establishethat\/ ® hasfinitely mary non-isomorphianinimal models.
LetD,,... ,D,, bealist of all pairwisenon-isomorphiegninimal modelsof \/ ®, and,for eachi < m,
let ¢y, bethecanonicalkonjunctve queryof D;. Since\/ @ is presered underhomomorphismsye have
that\/ @ is equialentto /i, ¢p, on finite structures. In particular we have that \/7", ¢p, logically
implies\/ @ on finite structures.Sinceevery CQF*-sentences logically equivalentto a conjuncte query
the factthat \/;” , ¢p, logically implies \/ @ on finite structuresamountsto the union of the conjunctve
queriespp,, .- . , ¢n,, logically implying theunionof the conjunctve queriesin . Sagv andYannakakis
[34] have shavn thataunionof conjunctve queriedogically impliesanothemunionof conjunctve queriesf
andonly if every conjunctie queryin thefirst unionlogically impliessomeconjunctie queryin thesecond
union. It follows thatfor every: < m, thereis an CQ*-sentence; in @ suchthat ¢p, logically implies
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6;.* Thisyieldsthat\/[" ; ¢p, logically implies\/"; 6;, which,in turn,logically implies\/ ®. At thesame
time, \/ @ is logically equivalentto \/;" , ¢p,; consequently\/ & is alsologically equialentto \/ ¥, where
U={0:1<i<m}. O

Althoughthe precedingTheorem14 wasstatedand proved for \/ CQ*-sentencest holdsfor \/ CQ*-
formulaswith freevariables.This canbeshavn usingthetransformatiorof non-Booleamuerieso Boolean
gueriesasdescribedn Section6.

TheAjtai-Gurevich Theorem[3] cannow be obtainedeasilyfrom Theoremsl3 and14.

Theorem 15 (Ajtai-Gur evich Theorem). Letw bea Datalog program. Thefollowing statementare equiv-
alent:

1. « is boundedwhich meanghat there is a positiveinteger s sud that, on everyfinite structue, the
queryexpressedym canbecomputedvithin at mosts iterationsof the monotonepeiator associated
with 7.

2. 7 is first-oder definable which meansthat there is a first-oder formula sud that, on every finite
structue, it defineghe queryexpressedy .

Proof. Thedifficult directionis (2) = (1). Let k¥ bethenumberof variablesof the Datalogprograms. By
Theorem13, the queryexpressedy 7 is definableby a \/ CQ*-formula\/ ®. By Theorem14, if thereis
afirst-orderformulathat definesthis queryon all finite structuresthenthereis afinite subset¥ of ® such
that\/ @ is logically equivalentto \/ ¥ on finite structures Consequentlythereis a positive integer s such
that\/ @ is logically equivalentto theformula#, definingthe s-th stageof themonotoneoperatorassociated
with . It follows that,on every finite structurethe queryexpressedy = canbe computedvithin atmosts
iterationsof the monotoneoperatorassociatedvith 7. O

Note that Theoreml4 is a strongermresultthan Theoreml5, since,asdetailedin the remarksfollowing
Theoreml3,thefamily of infinitary logics\/ CQ¥, k > 1, hasstrictly higherexpressie poverthanDatalog.

7.2 On the Relationship Betweenthe Infinitary Logics\/ CQ" and 3L%:F

In the remainderof this section,we will examinethe relationshipbetweenthe full existential positive in-
finitary logic IL¥:8 with & variablesandits fragment\/ CQ¥, k& > 1. In anutshell the preciserelationship
betweenHL’&,?; and\/ CQ* is asfollows. On the classof all finite structuresgvery HL&Z-sentencés
equivalentto aninfinitary disjunctionof infinitary conjunctionsof CQ*-sentencesaswill be seenbelow,
this normal-formtheoremfor 3L canbe obtainedeasily from resultsin [27]. In the preliminary ver
sion of this paper we claimedthat on the classof all finite structuresgvery HL&Z—formuIa is equialent
toal/ CQF-formula. Regrettably this claim turnsout to be falsebecausave will shav herethatthereare
infinitary conjunctions/A ® of CQ?-sentenceshat are not equivalentto ary \/ CQ?-sentence.Thus, the
aforementionediormalform of HL&Z-sentenceasinfinitary conjunctionsof \/ CQF-sentencess optimal
andcannotbe simplified.

The expressie power of kL is capturedby the existential k-pebblegame introducedin [27] and
studiedfurtherin [28]. This gameis playedbetweentwo players,the Spoilerandthe Duplicator on two
o-structuresA and B accordingto the following rules. Eachplayerhasa setof k pebblesay, ... ,ax
andpy,... , Bk respectrely. In eachroundof the game,the Spoilercan make one of two differenttypes

of moves: either he placesa free pebbleq; on an elementof the domainof A, or he removesa pebble

This canalsobeestablishedlirectly asfollows. Fix some: < m. SinceD; |= ¢p,, wehavethatD; |=\/ ®. Consequently
thereis an CQ*-sentencd; in ® suchthatD; I= 6;. Sinced; is logically equivalentto a conjunctve query Theoreml tells that
b, logically impliesé;.
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a; from a pebbledelementof A. To eachmove of the Spoiler the Duplicator mustrespondby placing
her correspondingoebble 3; over an elementof B, or removing her correspondingoebbles; from B,
respectrely. If theSpoilerhasastratgy to reacharoundin whichthesetof pairsof pebbledelementss not
a partialhomomorphisnbetweenA andB, thenhe wins the game.Otherwise we saythatthe Duplicator
wins the game. The following link betweenexistentialk-pebblegamesandHL’&M wasestablishedn [27,
Corollary4.9andRemark4.11].

Theorem 16. Letk be a positiveinteger, andlet A and B betwo finite o-structues. Thefollowing state-
mentsare equivalent.

1. EveryHL’ég“:,-sentencehat istrueon A is alsotrue on B.
2. EverydFOF*-sentencé¢hatis true on A is alsotrue on B.
3. TheDuplicator winstheexistential k-pebblegameon A andB.

As explainedearlierin this section every IJFO**-formulais equivalentto afinite disjunction\/;" | ¥,
of CQF-formulas.Consequentlythe secondstatemenin the precedingTheoreml6 canbereplacecdby the
seeminglywealer statement

2'. EveryCQF-sentencehatis true on A is alsotrue on B.

For every positive integer k£ and every finite o-structureA, let ¢(A, k) be the query: given a finite
o-structureB, doesthe Duplicatorwin the existentialk-pebblegameon A andB?
Thenext resultfollows easilyfrom Theoreml6 andthe precedingobsenation aboutstatemeng’.

Theorem 17. Letk bea positiveinteger.

1. For everyfinite o-structue A, thequeryq(A, k) is definableby the following infinitary conjunction
of CQF-sentences
/\{0 : 0isanCQF-sentencand A = 6}.

2. Ontheclassof all finite o-structu es,everyﬂL’ég“:,-sentencep is equivalento thefollowing infinitary
disjunction
\/{a(A,k) : Aisafinite o-structureandA = ¢}.

Consequentfyontheclassof all finite o-structu es,e\/eryHL'&,f;-sentencds equivalento aninfinitary
disjunctionof infinitary conjunctionsof CQ*-sentences.

In whatfollows, we shav thatthe abore normalform for HL&J{J cannotbeimproved. For this, we need
anauxiliary resultconcerninghe definability of thequeryg(A, k).

Proposition 1. Let k be a positiveinteger andlet A be a finite o-structue. Thefollowing statementsre
equivalent.

1. Thequeryq(A, k) is'\/ CQF-definableon the classof all finite o-structues.
2. Thequeryq(A, k) is CQ*-definableon the classof all finite structues.

Proof. Thedirection(2) = (1) is obvious. For thedirection(1) = (2), let usassumehat, on the class
of all finite o-structuresthe queryg(A, k) is definableby a sentencd/ ©, where® is a (possiblyinfinite)
setof CQF¥-sentences.Since A satisfiesthe query ¢(A, k), thereis an CQF-sentenced € © suchthat
A = 0. Wenow claim thaté definesthe queryg(A, k) on the classof all finite o-structures.Indeed,if
B is afinite modelof 9, thenB = \/ ©, henceB satisfiesghe queryq(A, k). Corversely if B is afinite
o-structuresuchthatthe Duplicatorwins the existential k-pebblegameon A andB, then,by Theoreml6,
every EIL’éai—sentencesatisfieday A is alsosatisfiedby B; consequent|yB satisfied. O
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Assumethat % is a positive integerand A is afinite structurewhosecorehastreavidth lessthank. In
[9], it wasshawn thatfor every finite structureB, the Duplicatorwins the existential k-pebblegameon A
andB if andonly if thereis ahomomorphisnfrom A to B. It followsthat,in thiscasethequeryq(A, k) is
definableby the canonicalconjunctive querypa of A; furthermoreyp, is equivalentto an CQF-sentence,
sincethe coreof A hastreevidth lessthank. This givesa large collectionof structuresA for which the
queryq(A, k) is CQ*-definable henceit is also\/ CQF-definable.In contrastthe next propositionshavs
thatthis neednotalwaysbetrue.

Proposition 2. Let C3 bethedirected3-elementycle

1. Thequeryg(Cs, 2) is notfirst-oder definable
2. Thequeryq(Cs, 2) is A CQ2-definable but is not\/ CQ?-definable

Proof LetB beafinite directedgraph.It is easyto verify thatthe Duplicatorwins the existential2-pebble
gameon C3 andB if andonly if B containsa cycle. Indeed,in the existential2-pebblegameon C3 and
B, the Spoilercanforce the Duplicatorto play alonga path. SinceB is finite, the Duplicatorcanwin the
existential2-pebblegameonly if B containsacycle. Corversely if B containsa cycle, thenthe Duplicator
canwin theexistential2-pebblegameon C3 andB by playingalongedgesof afixedcycle.
It is well known thatthe query“given afinite directedgraph,is it agyclic?” is not first-orderdefinable
(this canbe shavn usingEhrenfeucht-Fiase games) Thus,the queryq(Cs, 2) is notfirst-orderdefinable.
By Theoreml7,thequeryq(Cs, 2) is A CQ?-definable In contrastPropositionl impliesthatq(Cs, 2)
is not\/ CQ2-definabIe,since,if it were,thenit would be CQ2-definabIeand,hence,first-orderdefinable.
]

Corollary 3. Ontheclassof all finite directedgraphs,\/ CQ? is strictly lessexpressivethan L.

As mentionedearlier Corollary 3 refutesour claimin the preliminaryversionof this paper([6, Lemma
5]) to the effect that, on the classof all finite structuresfor every positive integer k, every L% -sentence
is equivalentto a'\/ CQF-sentence.

7.3 Extensionsto Stronger Infinitary Logics

SinceeveryHL&Z-sentencds preseredundehomomorphismdRossmars [33] homomorphism-preseation
theoremimpliesthatif a HL&i—sentencés equvalentto afirst-ordersentencen finite structuresthenit is
alsoequvalentto anexistential-positre first-ordersentencen finite structureg6, Theorem9]. Moreover,
since\/ CQ* is afragmentof 3Lk:E, Rossmars resultalsoimpliesthatif a'\/ CQF*-sentencés equivalent
to afirst-ordersentencenfinite structuresthenit is alsoequivalentto anexistential-positie first-ordersen-
tence.However, Rossmars proof doesnotyield the strongeresultestablishedn Theoreml4, namely that
if a\/ CQ*-sentencés equivalentto afirst-ordersentencen finite structuresthenit is equivalentto some
JFO**-sentencéthatis, to someexistential-positie first-ordersentencevith at mostk distinctvariables).
Indeed,Rossmars proof producesan equivalentexistential-positie first-ordersentencevith morethank
distinctvariables.In turn, this stateof affairs givesriseto thefollowing problem,whichis openatpresent.

Problem: Supposehata 3L%f-sentencep is equivalentto a first-ordersentencen the classof all finite

structuresls it truethaty is equivalentto some3FO*:*-sentencen the classof all finite structures?

Finally, it is naturalto askwhetherthe Ajtai-Gurevich TheoremandTheoreml4 hold for moreexpres-
sivelogicsthatallow for someform of negation. Ajtai andGurevich [3] shavedthattheirtheorenfails both
for Datalogprogramswith negatedextensionalpredicateandfor Datalogprogramswith inequalities. It
follows that Theorem14 fails for extensionsof \/ CQF thatallow for negatedatomsor for inequalities#.
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Thus,theresultspresentedh this sectionarevery tightly connectedo preserationunderhomomorphisms,
andfail for Datalogextensionsand for strongerinfinitary logics in which sentencesre presered under
two-way homomorphismsr one-to-ondhomomorphisms.

8 Concluding Remarks

We have investigatedthe homomorphism-preseation theoremfor numerousclassesof finite structures
of interestin graphtheory and databasdheory As notedearlier preseration theoremsdo not always
relativize to restrictedclasse®f structuressoour resultsstandby themselesindependentlyf thefactthat
the homomorphism-preseation theoremhasbeenshavn to hold for the classof all finite structure433].
Indeed,onecanaskthe samequestionfor otherclasse®f finite structuresFor instancewe couldconsider
classe®f boundedocaltreavidth [13, 17] or of boundectliquewidth [8]. Thehomomorphism-preseation
theoremfor theseclassesloesnot follow from our results,astheseclassesare not definableby excluded
minors. Indeed,the classesof boundedlocal treavidth generaliseboth boundedtreavidth and bounded
degree. Also, the classof all cliqueshasboundedcliquewidth but doesnot excludeary minor. However,
it is worth investigatingwhetherthe kinds of techniquesve have developedcouldyield resultsaboutthese
classes.

Anotherline of investigatiorwould asksimilar questiongo thosestudiedherefor otherclassicabreser
vationtheoremsandin particular for thosethatfail ontheclassof all finite structuressuchasthet.os-Tarski
TheoremandLyndons Positvity Theorem.Thefirst resultsin this directionhave beenreportedn [5].

It shouldalsobe pointedout that our resultsareeffective. More precisely for the classef structures
for whichwe establishedhe homomorphism-preseation theoremtheproofsprovide uswith acomputable
boundonthesizeof theminimal modelsof afirst-orderquerypreseredunderhomomorphismsThisyields
an effective procedureto producea union of conjunctive queriesthatis equivalentto a given first-order
formulathatis presered underhomomorphismsin turn, for classe®f structuresvhosefirst-ordertheory
is decidable suchas7 (k), the computableboundcanalsobe usedto shav thatit is decidablewhethera
first-orderformulais presered underhomomorphismsThis shouldbe contrastedvith the undecidability
of the sameproblemon the classof all finite structureq§4]. The exactcomplity of theseproblemson the
class7 (k) couldbe prohibitive, but this remaingto be determined.
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