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Abstract

We studythedefinabilityof constraintsatisfactionproblems(CSP)in variousfixed-pointandinfini-
tary logics. We show that testingthesolvability of systemsof equationsover a finite Abeliangroup,a
tractableCSPthatwaspreviouslyknown not to bedefinablein Datalog, is notdefinablein theinfinitary
logic with finitely many variablesandcounting.This implies that it is not definablein leastfixedpoint
logic or its extensionwith counting.We relatedefinabilityof CSPsto their classificationobtainedfrom
tamecongruencetheoryof thevarietiesgeneratedby thealgebraof polymorphismsof thetemplatestruc-
ture. In particular, we show that if this varietyadmitseithertheunaryor affine type,thecorresponding
CSPis not definablein theinfinitary logic with counting.

1 Intr oduction

Theclassificationof constraintsatisfactionproblems(CSP)accordingto their tractabilityhasbeena major
researchgoal sinceFederandVardi first formulatedtheir dichotomyconjecture[14]. This classification
hasbeencloselylinked to logic, with definability in Datalogproviding oneimportantuniform explanation
for tractability. However, it haslong beenknown that thereare tractableCSPs,suchas the satisfiability
of systemsof linear equationsover finite fields,which arenot definablein Datalog. Bulatov [5] (seealso
[3]) providesauniformexplanationfor thetractabilityof theseby showing thatany constraintlanguagethat
hasa Mal’tsev polymorphismis solvablein polynomialtime. It hasremainedanopenquestion,however,
whetherthereis an explanationfor the tractability of theseCSPsin termsof a naturallogic whosedata
complexity is in polynomialtime andwhichcandefinetheseproblems.

Thegeneralform of theconstraint satisfactionproblemtakesasinstancetwo finite relationalstructures�
and � and asksif there is a homomorphismfrom

�
to � . We think of the elementsof

�
as the

variablesof theproblemandtheuniverseof � asthedomainof valueswhich thesevariablesmaytake. The
individual tuplesin therelationsof

�
actasconstraintson thevaluesthatmustbematchedto therelations

holding in � . The generalform of the problemis ��� -complete[27, 28]. In this paperwe aremainly
concernedwith thenon-uniformversionof theproblemwhich givesrise, for eachfixedfinite structure�
to a differentdecisionproblemthatwe denote���	��
��
� , namelytheproblemof decidingwhethera given�

mapshomomorphicallyto � . For many fixed � , this problemis solvablein polynomialtime, while for
othersit remains��� -complete.A classificationof structuresfor which theproblemis tractableremainsa
majorgoalof researchin thearea.

In the presentpaperwe classify constraintsatisfaction problemsaccordingto their definability in a
suitablelogic. Thisis anapproachthathasprovedusefulin studyingthetractabilityof constraintsatisfaction
problems[14, 9, 24]. In particular, it is known that many naturalconstraintsatisfaction problemsthat
aretractablearedefinable(or, to beprecise,their complementsaredefinable)in Datalog,the languageof
function-freeHorn clauses.Any classof structuresthat is definablein Datalogis necessarilydecidablein
polynomialtime,but thereareknown constraintsatisfactionproblemsthataretractablebut arenotdefinable
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in Datalog.A classicalexampleis thesolvability of systemsof linearequationsover thetwo-elementfield
[14], which we denote���	��������� . Furthermore,thereare ��� -completeconstraintsatisfactionproblems,
suchas3-colourabilityof graphs,for whichit is possibleto show thatthey arenotDatalog-definablewithout
requiringtheassumptionthat � is differentfrom ��� . Indeed,theclassof constraintsatisfactionproblems
whosecomplementsaredefinablein Datalogappearsto bea robust, naturalclassof problemswith many
independentandequivalentcharacterisations[10, 23].

1.1 Resultsin logic

A naturalquestionarisingfrom suchconsiderationsis whetherwe canoffer any explanationbasedon log-
ical definabilityfor thetractabilityof problemssuchasthesatisfiabilityof systemsof linearequationsover
a finite field. Is therea naturallogic suchthatall problemsdefinablein this logic arepolynomial-timede-
cidableandthatcanexpress���	����� � � ? In particular, is thisproblemdefinablein LFP—thelogic extending
first-orderlogic with leastfixedpointsor LFP � C—theextensionof LFP with counting?Theseareboth
logics thathave beenextensively studiedin thecontext of descriptive complexity ascharacterisingnatural
fragmentsof polynomialtime. It is aconsequenceof ourresultsthatneitherof theselogicsis ableto express
thesolvability of systemsof linearequationsover any finite field. Indeed,we show thattheseproblemsare
not definablein ��� � � , the infinitary logic with boundednumberof variablesandcounting,a logic much
moreexpressive thanLFP � C.

Interestingly, Blass,Gurevich andShelah[1] proved that LFP � C is ableto definethe classof non-
singularsquarematricesoverany fixedfinite field, a resultwereview in Section4. Togetherwith our result,
thisexhibitsafine-graineddistinctionbetweentheproblemof computingthedeterminantof asquarematrix
andtheproblemof computingits rank,asoneunderliesaproblemdefinablein � � � � andtheotherunderlies
a problemthat is not. We alsonotein Section4 that the problemGAP� of determiningthe parity of the
numberof pathsin a graphis alsodefinablein LFP � C. This demonstratesthedifferencesin definability
betweenthreenaturalcompleteproblemsfor thecomplexity class "! , two of whichweshow aredefinable
in LFP � C but thethird is not.

1.2 Resultsin algebra

Another importantmeansof classifyingconstraintsatisfactionproblemsis on the basisof the algebraof
thetemplatestructure# . A polymorphismof astructureis anoperationof its universethatpreservesall its
relations(seeSection2 for precisedefinitions).It is known thatwhetheror not ���$����#
� is tractabledepends
only onthealgebra% obtainedfrom theuniverseof # endowedwith its polymorphisms.Indeed,it depends
only on the variety generatedby this algebra. This is establishedin [4] by showing that if the algebra
%'& of structure #(& is obtainedfrom % as a power, subalgebraor homomorphicimage,then ���	����#(&)� is
polynomial-timereducibleto ���	����#
� . Weshow in thepresentpaperthatthis canbeimprovedto Datalog-
definablereductions.Theseareweakreductionsthat, in particular, preserve definability in LFP and �'� � � .
Thisallowsusto establishthatdefinabilityof aCSPin theselogicsis alsodeterminedby *,+.-/��%�� , thevariety
generatedby thealgebraof # .

Using the tool of Datalog-reductions,which we expectto be usefulfor otherapplicationsin the area,
we relatedefinability of constraintsatisfactionproblemsin �'� � � to the classificationof varietiesof finite
algebrasfrom tamecongruencetheory[18]. It is known [4] that ���	����#0� is NP-completeif *.+.-/��%�� admits
the unary type (alsoknown as type 1), and it is conjecturedthat ���	����#0� is in � otherwise. Similarly,
LaroseandZadorishowed[25] that ���	����#
� is notdefinablein Datalogif *,+.-,��%1� admitstheunaryor affine
types(types1 and2), andconjecturedtheconverse.It is aconsequenceof ourresultsthatwecanstrengthen
theassertionby replacingDatalogwith ��� � � . This impliesthat,if theLarose-Zadoriconjectureis true,we
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obtaina dichotomyof definabilitywhereby, for every 2 , either 3�4	5�6�2
7 is definablein Datalogor it is not
definablein 3'8 9 8 .

1.3 Organizationof the paper

Therestof thepaperis structuredasfollows. In Section2wepresentsomebackgrounddefinitions.Section3
givesaproof thatsolvability of linearequationsis notdefinablein 3 8 9 8 . Section4 considersthedefinability
of three:"; -completeproblemsin 3'8 9 8 . Section5 establishesthatthedefinabilityof 3�4	5�6�207 is determined
by thevarietygeneratedby thealgebraof 2 . Section6 beginsby showing thatif thevarietyadmitstheunary
or affine type, thenit containsanalgebrawith theoperationsof a module. Theseresultsaretied together
in thesamesectionto obtainthemainconclusionrelatingdefinabilityin 3 8 9 8 to theomitting of typesfrom
tamecongruencetheory.

2 Preliminaries

2.1 Notation, relational structures,and homomorphisms

We usetheboldfacenotation < for a tuplewith components6�=?>A@CBCBCBD@E=GFC7 , andsimilarly for otherletters H ,I , etc. andvariantswith subindicesor primes. Thearity of the tuplewill beclearfrom context. If J is a
sequence6LK > @CBCBCBD@MKONP7 of indicesin QSR.@CBCBCBD@MTVU , wewrite <XW for thetuple 6�=SYLZC@CBCBCBD@E=GY\[17 . Sometimeswealso
write 6�= Y^] K`_�JV7 if themeaningis clear. If a is asetof tuplesof arity T , wewrite bXc W 6�ad7 for Qe< WP] <f_fagU .

A vocabulary h is a finite collectionof relationsymbols,eachwith an associatedarity. A h -structurei
consistsof a finite set j with a relation aPkmlnj F for eachT -ary relationsymbol a in h . A graphis a

structurewith abinaryrelationthatis symmetricandirreflexive. A homomorphismfrom a h -structure
i

to
a h -structure2 is amap o ] jqpsr suchthatfor eacha in h andeach 6�= > @CBCBCBt@E= F 7�_fj F ,

if 6�=?>A@CBCBCBD@E=GFC7�_fa k , then 6uoD6�=?>v7w@CBCBCBD@�ox6�=SF/7M71_yaPz .

Wewrite
i p{2 to denotethatthereexistsahomomorphismfrom

i
to 2 . A structure

i
is acore if every

homomorphismfrom
i

to itself is anautomorphism.Wewrite 3�4	5�6�207 for theclassof finite structures
i

suchthat
i ps2 andalsofor thedecisionproblemof determiningmembershipin thisclass.

2.2 Logic

Weassumefamiliarity with first-orderlogic. A formulais quantifier-freeif it hasnoquantifiers,andpositive
quantifier-free if it is quantifier-free andit hasno negations.A formula is positiveprimitive if it is formed
from the atomicformulasusingonly conjunctionsandexistentialquantification.A formula is existential
positiveif it is formedfrom theatomicformulasusingconjunctions,disjunctionsandexistentialquantifica-
tion. Datalogcanbeseenastheextensionof existentialpositive formulaswith a recursionmechanismfor
building leastfixed-points.Similarly, LFP is theextensionof first-orderlogic with anoperatorfor forming
theleastfixed-pointsof positive formulas.Finally, LFP | C is theextensionof LFP with acountingmech-
anism.For formal definitions,whichwe will not needin this paper, we referthereaderto [26]. It is known
thatevery classof structuresdefinablein LFP | C is decidablein polynomialtime.

The formulasof the logic 3 9 8 areobtainedfrom the atomicformulasusingnegation,infinitary con-
junctionanddisjunction,andcountingquantifiers}�~ Y)� for any integer K���� ). Thefragment3��9 8 consists
of thoseformulasof 3 9 8 in whichonly � distinctvariablesappearand

3 8 9 8��
�
�/� 8

3 � 9 8 B
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Thesignificanceof �'� � � is thatfixed-pointlogicscanbetranslatedinto it. Thatis, any formulaof Datalog
or LFP, andindeedof LFP � C is equivalent to oneof � � � � . Thus, theselogics arefragmentsof � � � � .
Moreover, thesetranslationsinto infinitary logicshaveprovidedsomeof themosteffective toolsfor proving
inexpressibilityresultsfor thefixed-pointlogics. See[13, 19] for a discussionof this andtherole of these
logicsin descriptive complexity.

2.3 Logical reducibilities

Let � and � betwo finite vocabularies.Let �(�C�C�C�C�D�E�P� betherelationsymbolsof � , with arities �����C�C�C�x�M�/� .
A � -ary interpretationwith � parameters (of � in � ) is an �u�1���e� -tuple

��  �O¡^¢'�w¡£�/�C�C�C�t�w¡¤�v�
of formulasover thevocabulary � . The formula ¡ ¢   ¡ ¢ �L¥£�M¦¤� has �0�§� freevariables¥ and ¦ . Each
formula ¡D¨   ¡D¨E�L¥^�A�C�C�C�D�M¥ª©,�M¦¤� has �V�A¨«�¬� freevariables¥^�A�C�C�C�D�M¥ª© and ¦ . If eachformulain

�
belongs

to a classof formulas ­ , wesaythat
�

is a ­ -interpretation.
Let ® be a � -structurewith universe ¯ andlet ° be a tuple of points in ¯ . The image of ® through�

with parameters ° , denotedby
� �u®��E°G� , is the � -structurewhoseuniverse ± is thesetof tuples ² in ¯�³

suchthat ®µ´   ¡^¢���²ª�E°G� , andwhoseinterpretationfor �¶¨ is thesetof tuples ��²·�C�C�C�C�D�E²$©A� in ± © suchthat
®¸´   ¡D¨E��²·�A�C�C�C�t�E²$©.�E°G� . Now we arereadyto definethenotionof logical reduction:

Definition 1. Let ¹ and º beclassesof structuresandlet ­ bea classof formulas.We saythat ¹ reduces
to º under ­ -reducibility, denotedby ¹¼»�½nº , if there existsa ­ -interpretation

�
such that, for every

structure ® with at least� points,where � is thenumberof parameters of
�
, thefollowingare equivalent:

1. ®¿¾�¹
2.
� �u®��E°G��¾yº for everyproper ° ,

3.
� �u®��E°G��¾yº for someproper ° ,

where a proper ° is a tuple ��À/�A�C�C�C�D�EÀÂÁS� of pointsin ® such that Àv¨�Ã  ÀMÄ whenever Å¶Ã ÇÆ .
We will usefor ­ thecollectionsof positive quantifier-free formulas,existentialpositive formulas,and

Datalogformulas(i.e. Datalogprograms)andwrite »�ÈeÉEÊ , »�Ë È and »�ÌCÍÏÎLÍÂÐÒÑMÓ , respectively. Note that these
arereducibilitiesof increasingpower, andthatdefinabilityin � � � � is preserveddownwardsby all three(the
finitely many exceptionsof structureswith lessthan � pointscanbehandledindividually). Also, all three
reducibilitiesaretransitive.

2.4 Universal algebra

An Ô -aryoperationÕ on a set ¯ is a polymorphismof a relation �×ÖØ¯ © if, for any tuples²·�A�C�C�C�t�E²XÙ�¾�� ,
the tuple Õ£��²·�C�C�C�C�D�E²$Ù$� obtainedby applying Õ component-wisealso belongsto � . We say that � is
invariantunder Õ . The setof all polymorphismsof a collectionof relations Ú is denotedby Û¤Ü�ÝÞ��Ú(� , and
the set of all invariant relationsof a collection of operationsß is denotedby àÂáSât�Oßd� . For a relational
structure ® , we use ÛxÜ�Ýã�u®ä� for the set of operationson ¯ that arepolymorphismsof every relation of
® . Thefollowing theoremlinks polymorphismsanddefinabilityof relationsby positive primitive formulas
(pp-formulas).

Theorem 2 ([15, 2, 21]). Let ® bea finite structure, and let �åÖn¯ © bea non-emptyrelation that is pre-
servedby all polymorphismsof ® . Then� is definablein ® bya pp-formula.
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In [20, 22], Jeavons et al. proved that the setof polymorphismsof æ is includedin the setof poly-
morphismsof ç , then è�é	ê�ëuçyì is reducibleto è�é	ê�ë�æ0ì by polynomial-timemany-onereducicility. Using
the recentlogarithmicspacealgorithmfor undirectedgraphreachability[29], the reductioncanbe made
logspace.

Theorem 3 ([20, 22]). Let ç and æ befinitestructures.If ê¤í�îÞëuçyì1ïðê¤í�îÞë�æ
ì , then è�é	ê�ë�æ0ì�ñ�òÒóMôõ è�é	ê¶ëuçäì .
A setwith a collectionof operationson it is calledanalgebra. Two algebrasareterm-equivalentif the

setsof operationsobtainedby compositionfromthebasicoperationsof thealgebraandall theprojectionsare
thesamein bothalgebras.As is commonin universalalgebra,we identify algebrasup to term-equivalence.

Every structureç canbenaturallyassociatedwith analgebraö¶î\÷«ëuçyì , calledthealgebra of ç , whose
baseset is the universeof ç , andwhoseoperationsare the polymorphismsof ç . Let ø{ù{ë�ú(ûwüdì and
øgýxùþë�ú�ýLûwüPý\ì bealgebras.We saythat ø and øgý aresimilar, or of thesametype, if thereexistsan index
set ÿ suchthat ü ù �������	��
 ÿ
� and ü"ý�ù ��� ý� ����
 ÿ�� , andtheoperations

���
and

� ý� areof thesamearity,
say � �

, for every
��
 ÿ . A homomorphismfrom ø to ø ý is amap ���Sú�� ú ý suchthatfor every

��
 ÿ and��� û������xû �	��� 
 ú , it holdsthat �'ë � � ë ��� û������Dû ����� ìMì`ù � ý� ë ��ë ��� ìwû������Dû!��ë ����� ìMì .
Weshallusethethreestandardwaysof transformingalgebras.

1. øgý is a reductof ø if ú�ýXù�ú and ü"ý·ï ü ;

2. øgý is asubalgebra of ø if ú�ý�ïØú , everyoperationfrom ü is apolymorphismof ú�ý treatedasaunary
relationon ú , and ü ý consistsof theoperationsfrom ü restrictedto ú ý .

3. øgý is ahomomorphicimage of ø if thereexistsahomomorphismfrom ø to ø(ý thatis onto.

4. øgý is a direct powerof ø if thereexistsan integer "$#&% suchthat ú�ý¤ù¼ú(' and ü"ý consistsof the
operationsfrom ü actingcomponent-wiseon ú ' . Wewrite ø ý ù�ø ' .

A variety is a classof algebraswhich, if it contains ø also containsevery subalgebraof ø , every
homomorphicimageof ø , andevery direct power of ø . The smallestvariety containing ø is calledthe
varietygeneratedby ø anddenotedby )�*�+/ëLø
ì . For furtherbackgroundon universalalgebra,see[8]. We
shallhave occasionto usethefollowing simpleobservationon pp-definabilityandreducts.

Observation 4. Let ç and æ befinite structureswith thesameuniverse. Thealgebra ö¶î\÷«ëuçyì is a reduct
of ö�î\÷·ë�æ
ì if, andonly if, everyrelationof æ is pp-definablein ç .

Thefollowing theoremusestheabove mentionedresultby Jeavonsetal. andtheresultsof [4].

Theorem 5. Let ç and æ be finite structures. If the variety generated by ö¶î\÷«ëuçyì containsa reductof
ö¶î\÷«ë�æ
ì then è�é	ê�ë�æ
ì�ñ òÒóMôõ è�é	ê�ëuçyì .

NotethatTheorem3 is adirectconsequenceof thisbecauseö�î\÷·ëuçyì belongsto thevarietyit generates,
and ö�î ÷«ëuçyì is a reductof ö¶î\÷�ë�æ
ì preciselywhen ê¤í�îÞëuçyì1ïðê¤í�îÞë�æ
ì .

3 Definability and Systemsof Equations

In this sectionwe show that the problemof determiningthe solvability of linear equationsover the two-
elementfield, which we mentionedabove asa canonicalexampleof a tractableCSPwhosecomplementis
not definablein Datalog, is alsonot definablein è-,. , . Indeed,we prove a moregeneralresultby showing
that the solvability of equationsover a finite Abelian groupwith at leasttwo elementsis not definablein
è , . , .
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3.1 Combinatorial games

Ourproofof undefinabilityis basedonagameargument.Theexpressive powerof /-0 1 0 is characterisedby
a gameknown asthebijectivegame[16]. This is playedby two players,SpoilerandDuplicator, on a pair
of structures2 and 3 , with 4 pairsof pebbles57698;:=<�8?> for @BADCEAF4 . For eachmove, Spoilerchoosesa
pair of pebbles57698G:=<�8 > , Duplicatorchoosesa bijection HJILKNM O suchthat HP576RQS>ETU<SQ for CWVTYX , and
SpoilerchoosesZ\[]K andplaces6�8 on Z and <�8 on HP5^Z�> . If, after somemove, themap _a`Mcb is not a
partial isomorphism,Spoilerwins; Duplicatorwins infinite plays.By a resultof Hella [16], Duplicatorhas
a winning strategy if, andonly if, 2 and 3 cannotbedistinguishedby any formulaof /�d1 0 , a factdenoted
by 2fehg�ij3 .

In constructingthe winning strategy in the bijective gamewe construct,we dependon anothergame,
thecopsandrobbergame[30], which is known to characterisethe treewidth of a graph.For thestandard
definitionof the treewidth of a graph,we refer the readerto [12]. Thecopsandrobbergameis playedby
two players,oneof whom controlsthe setof 4 copsattemptingto catcha robbercontrolledby the other
player. Thecop playercanmove any setof copsto any verticesof thegraph,while the robbercanmove
alongany pathin thegraphaslong asthereis no copcurrentlyon thepath. It is known [30] that thecop
playerhasa winning strategy on a graphusing 4lkm@ copsif andonly if thegraphhastreewidth at most 4 .
Thetreewidth of agraph n is denotedoGpq5 nE> .
3.2 Systemsof equationsasa CSP

We now turn to thepreciseformulationof theproblemof decidingthesolvability of equationsover a finite
Abeliangroup r asaclassof relationalstructures.In thefollowing wewill write k for thegroupoperation
in r and s for theidentity.

Definition 6. Let r bea finiteAbeliangroupovera set n and t bea positiveinteger. WedefinethestructureuwvRx y
to haveuniverse n and,for each ZB[zn and @EA\X{A]t , it hasa relation | Q }

of arity X that consistsof
thesetof tuples 576�~�:�������:=6�Q�>�[�n Q that satisfytheequation6�~�kJ������k\6�Q(T�Z .

Thus,any structure2 in the signatureof
uwvRx y

canbe seenasa setof equationsin which at most t
variablesoccurin eachequation.The universeof 2 is the setof variablesandthe occurrenceof a tuple576�~�:������L:=6�QS> in a relation | Q }

signifiestheequation6�~�k�������k�6RQwT�Z . This setof equationsis solvableif,
andonly if, 2�M u v�x y

. In thesequelwe will say“the equation6�~Pkm������k]6�Q�T�Z occursin 2 ” to mean
thatthetuple 576�~�:�������:=6RQ�> is in | Q }

.
Ouraimnow is to exhibit, for eachnon-trivial finite Abeliangroup r andeachpositive integer 4 , a pair

of structures2 and 3 suchthat 2fe g�i 3 andsuchthat 2�[\/�����5 u vRx � > and 3�V[\/�����5 u vRx � > . This will
show that /�����5 u vRx � > is not definablein / 0 1 0 . This, of course,implies the resultfor all /��R�h5 u v�x y > witht���� .

Thestructuresweconstructaresetsof equationsderivedfrom � -regulargraphsof largetreewidth. From
now on, fix a non-trivial finite Abelian group r , a � -regular graph � , anda distinguishedvertex � of � .
Let �SZ
~�:������L:�Z	�E� betheelementsof r . Wedefine,for eachZ{[��SZ�~ :������L:�Z	�E� , asetof equations

u } �¢¡ as
follows (notethat

u } � ¡ is astructureover thevocabulary of
u vRx �

):
For eachvertex £B[�¤l¥ andeachedge¦�[¨§l¥ that is incidenton £ , we have © distinctvariables6�ª x «8

whereC rangesover �SZ�~�:�������:�Z��¬� . Sinceeachvertex hasthreeedgesincidenton it, thereare ��© variables
associatedto eachvertex. For everyvertex £ otherthan � , let ¦ ~ :­¦�®�:­¦ � bethethreeedgesincidenton £ . We
thenincludethefollowing equationin

u } ��¡ for all C�:¯X�:­4°[��SZ�~�:�������:�Z��¬� :

6 ª x «­±8 k\6 ª x «;²Q k\6 ª x «´³d TJCµk¶X(k�4µ� (1)
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For thedistinguishedvertex · , insteadof theabove,weincludethefollowing equation,againfor all ¸�¹¯º�¹­»¢¼½S¾�¿ ¹�À�À�À�¹ ¾�Á¬Â
:

Ã9Ä�Å Æ­ÇÈ É Ã9Ä�Å Æ;ÊË É Ã9Ä�Å ÆGÌÍ Î ¸ É º É » É ¾ À (2)

In addition,for eachedgeÏ�¼¢ÐqÑ let Ò ¿ ¹=Ò�Ó beits endpoints.We includethefollowing equationsin ÔwÕ�Ö Ä
for all ¸­¹¯º×¼ ½S¾
¿ ¹�À�À�ÀL¹ ¾	ÁEÂ

:

Ã�Ø Ç=Å ÆÈ É Ã9Ø Ê!Å ÆË Î ¸ É º�À (3)

We refer to equationsof the form (1) and (2) asvertex equationsandequationsof the form (3) asedge
equations.

Lemma 7. Ô Õ Ö Ä is satisfiableif, andonly if,
¾ ÎfÙ

Proof. To seethat the systemof equationsÔwÚÛÖ Ä is satisfiable,just take the assignmentthat gives the
variableÃ Ø Å ÆÈ thevalue ¸ .

To seethat ÔwÕSÖ Ä is unsatisfiablewhen
¾�ÜÎ�Ù , considerthesubsystemÝÞÚ of equationsinvolving only

thevariablesÃ Ø Å ÆÚ with subscriptÙ . Notethateachsuchvariableoccursexactly twice in ÝjÚ , oncein avertex
equationandoncein anedgeequation.Thus,if we addup the left handsidesof all theequations,we getßáà Ã Ø Å ÆÚ . NotealsothateachvariableÃ Ø Å ÆÚ hasacompanionvariable Ã Ø�â Å ÆÚ whereÒ	ã is theotherendpointof

theedgeÏ andwe have theequationÃ9Ø Å ÆÚ É Ã�Ø â Å ÆÚ Î�Ù . Thus

ßáä
Ø Å Æ

Ã Ø Å ÆÚ Î ßáä
Æ

å Ã Ø Å ÆÚ É Ã Ø âæÅ ÆÚ�ç Î�Ù À
On theotherhand,theright-handsideof all equationsis Ù exceptfor theonevertex equationfor · , which
hasright-handside

¾
. Thussummingthe right-handsidesof all equationsgivesthesum

¾
. Since

¾�ÜÎèÙ ,
this shows thatthesubsystemÝjÚ andhencethesystemof equationsÔwÕ�Ö Ä is unsatisfiable.

3.3 Winning strategy

Next wearguethatany two systemsdefinedthiswayaresufficiently indistinguishable.Westartby showing
thattheshapeof thesystemdoesnotdependonwhichdistinguishedvertex wepick, providedwepick them
in thesameconnectedcomponent.

Lemma 8. If ·�¹=· ã ¼¢é Ñ belongto thesameconnectedcomponentof Ö , then Ô Õ Ö ÄlêÎ Ô Õ Ö Ä�â .
Proof. Thecasewhere· Î · ã is trivial, soassumethatthey aredistinct.

Let · Î Ò ¿ ¹­Ï ¿ ¹�À�À�À�¹­Ï�ë�¹=Ò�ë´ì ¿ Î · ã bethesequenceof verticesandedgesalonga simplepathfrom · to·�ã . Wenow defineamap í from Ô(ÕSÖ Ä to ÔwÕ�Ö Ä â asfollows:

î for any Ò Ü¼ ½ Ò ¿ ¹�À�À�ÀL¹=Ò ëGì ¿ Â
, í å Ã Ø Å ÆË ç Î Ã Ø Å ÆË ;

î for eachï�¼ ½	ð ¹�À�À�À�¹­ñ Â , í å Ã Ø=ò Å Æ òË ç Î Ã Ø=ò Å Æ òË ì Õ ; and

î for eachï�¼ ½	ð ¹�À�À�À�¹­ñ Â , í å Ã Ø òôó Ç Å Æ´òË ç Î Ã Ø òôó Ç Å Æ´òË�õ Õ .

To show that í is anisomorphism,weneedto arguethatit preservesall theequationsin Ô(ÕSÖ Ä . Clearly, all
equationscorrespondingto verticesandedgesof Ö thatdo not appearon thepatharepreservedas í is the
identitymaponthecorrespondingvariables.Considernow thevertex equationscorrespondingto thevertex
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ö . Notethattheedge÷�ø (thefirst edgeon thechosenpath)is incidenton ö andlet ù and ú bethetwo other
edgesincidenton ö . Then,theequation

û�ü�ý þ­ÿ� � û�ü�ý �� � û9ü�ý �� ��� �
	��
�����
is mappedby � to û�ü�ý þ­ÿ������� û�ü�ý �� � û9ü�ý �� ��� �
	��
�����
which is, indeed,anequationof ����� ü�� .

Similarly, avertex equationfor ö�� :
û ü�� ý þ! � � û ü�� ý �� � û ü�� ý �� ��� �"	#�
�

is mappedto û ü � ý þ! �%$�� � û ü�ý �� � û ü�ý �� ��� �"	#�
�'&
Now, considera vertex equationfor anintermediatevertex ( � (*) � ø alongthepath. In this case,there

aretwo edges÷�),+­÷�) � ø of thepathincidenton ( . Thus,theequation

û�-�ý þ/.� � û -�ý þ/.10 ÿ� � û�-�ý �� �2� �"	#���
is mappedby � to û3-�ý þ/.�4$��5� û -�ý þ/.10 ÿ����� � û3-�ý �� ��� �"	6�7� +
where ù is thethird edgeincidenton ( .

Finally, for eachedge÷�) alongthepath,theequation

û3-8.æý þ!.� � û -8.10 ÿ ý þ!.� �2� �"	
is mappedby � to û�-8.7ý þ!.����� � û3-:9!ý þ�;$�� ��� �"	<&

We have thusestablishedthat � mapsequationsto equations.Since � is a bijection,andthenumberof
equationsin � � � ü andin � � � ü�� is thesame,thisprovesthatit is anisomorphism.

Lemma 9. If =?>A@B�"C5D � and � is connected,then �#E;� üGF6HJI � � � ü for any �LKNM .

Proof. Ouraim is to exhibit a winning strategy for Duplicatorin the � -pebblebijective gameplayedon the
two structuresO � �#EP� ü and Q � � � � ü . Since=?>R@B�
C5D � , weknow thatin the � copsandrobbergame
playedon � , robberhasawinning strategy andwe show how Duplicatorcanmakeuseof this strategy.

For eachvertex ( K
SUT let V - denotethesetof variablesû�-�ý þ� for edges÷ incidenton ( . Similarly, for
each÷ KXW�T , let V þ denotethesetof variablesinvolving ÷ .

Wesaythatabijection ùNYZO\[]Q is goodfor a vertex ( KNS T if thefollowing conditionshold:

1. for all ^ K_S T , ù'VX` � VX` ;

2. for all ÷ KXW T , ù'V þ � V þ ;
3. for all û +8a , if û � a ��� is anequationin O then ùb@ û C � ùb@%acC ��� is anequationin Q ; and

4. for all û +8a'+:d , if û � a � d ��� is anequationin O , then

e ùb@ û C � ùb@%acC � ùb@BdZC ��� is anequationin Q if û +8a3+:dNfK V - ; ande ùb@ û C � ùb@%acC � ùb@BdZC ��� ��� is anequationin Q if û +8a3+:d K V - .
8



Observe that the identity is a bijection that is goodfor g . Also, observe thata bijection that is goodfor h
preservesall equationsexceptthevertex equationsfor h .
Claim 10. Givena bijection ikjmlon p that is goodfor h , if there is a path in q from h to r avoid-
ing gts�u;v;v;vwu8g3x then there is a bijection i'yzj#l n p that is good for r such that i|{~}��5�;��������� �<� �������
i'y�{ }�� �;� ������� ��� � � � .
Proof. : Let thepathfrom h to r avoiding gws�u;v;v;vtu8g3x be h � h�sPu;v;v;v�u8h*� � r . Foreachedge� �k� h*�!u8h*����s;�
along this path, write �3���� for the variable ���8��� �� and �'� �� for the variable � �8��� � � �� . We then define i'y by

i'y,�%�3����k� � ib�%�'�:�� ��  � and i'y,�%�3� ��¡� � ib�%�3� �� �   � ; and i'y agreeswith i everywhereelse.In particular, sincethe
pathfrom h to r avoids g s u;v;v;vtu8g'x , i'y agreeswith i on ¢X£ ��¤_¥;¥;¥J¤ ¢X£ � .

We now describeDuplicator’s winning strategy in thebijective ¦ -pebblegame.Duplicatorrespondsto
Spoiler’s first movewith theidentitybijection.Shemaintainsaboardonthesidewhichdescribesaposition
in the ¦ copsandrobbergameplayedon thegraph q . At any point in thegame,if Spoiler’s pebblesareon
theposition �ws;u;v;v;vtu8�'x in l and h�s�u;v;v;vwu8h�x aretheverticesof q to which thesevariablescorrespond,then
thecurrentpositionof thecopsandrobbergamehas¦ copssittingontheverticeshZs;u;v;v;v�u8h*x . If therobber’s
positionaccordingto its winning strategy is h , thenDuplicatorwill playabijectionthatis goodfor h .

To seethatDuplicatorcando this forever, supposeSpoilerlifts a pebblefrom � � . Duplicatorresponds
with acurrentbijection i thatis goodfor h . Sincetheonly equationsnotpreservedby i arethoseassociated
with thevertex h , Spoilermustplaceat leastthreepebbleson variablesassociatedwith h to win thegame.
However, Duplicatorrespondsto Spoilerplacingthepebbleon a new position � y� by updatingtheposition
of thecopsandrobbergame.Supposerobber’s winning strategy dictatesthattherobbermove from h to r .
Sincerobber’s move mustbealonga pathavoiding thecurrentcoppositions,by Claim 10, Duplicatorcan
updatethebijection i to a new i y that is goodfor r without changingi on any of the currentlypebbled
positions.It is now clearthatDuplicatorcanplay forever.

3.4 Undefinability result

Wearereadyto stateandprove themainresultof this section:

Theorem 11. Let § bea non-trivial finite Abeliangroup.Then ¨ª©�«ª�B¬#­ � ® � is notdefinablein ¨G¯ ° ¯
Proof. Suppose,to thecontrary, that thereis a ¦ suchthat ¨±©�«ª�B¬#­ � ® � is definablein ¨ x ° ¯ . Let q beany
connected,² -regulargraphwith ³?´z�Bq �±µ ¦ and g any vertex of q . For instance,q couldbeasufficiently
largebrick graph.Let ¶ beany elementof § distinctfrom · . Then,by Lemma7, ¬#¸�qN£º¹
¨±©�«ª�B¬ ­ � ® � and
¬   qN£X»¹X¨±©�«ª�B¬#­ � ® � . But, by Lemma9, ¬ ¸ qN£½¼6¾*¿�¬   qX£ , acontradiction.

4 ExpressivePower of Counting Logics

The resultsof Section3 show that the countinglogic ¨ ¯ ° ¯ cannotexpressthe satisfiabilityof systemsof
linearequationsoverafinite field. Over the2-elementfield ÀÂÁ , thisproblemis completefor thecomplexity
class Ã#Ä , for which we give a definition in Section4.4 below. As we notedin the introduction,however,
¨ ¯ ° ¯ andevenits uniform fragmentLFP Å C arepowerful enoughto expressothercompleteproblemsfor
this class.For example,LFP Å C canexpressthata givensquarematrixhasnon-zerodeterminantover any
finite field. Thiswasfirst notedby Blass,Gurevich andShelah[1]. In this section,we revisit this resultand
discussthe(in)expressibilityof theseandotherproblemsthatarecompletefor ÃÆÄ .
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4.1 Counting quantifiers

Recallthattheformulasof ÇGÈ É È areobtainedfrom theatomicformulasby meansof negation,infinitary con-
junctionanddisjunction,andcountingquantifiersÊ�Ë3ÌcÍÏÎÑÐ for every integer Ò . Theformula Ê�Ë'ÌcÍÏÎ�ÐPÊ�Ó½Ê%ÎÑÐ8Ð
signifiesthatthereexist at leastÒ pointsof theuniversethatsatisfy Ó½Ê%ÎÑÐ . In theformulasbelow wewill use
thenotation

ÊBÔÖÕ�ÐPÊ�ÓGÊBÕ�Ð8Ð
asanabbreviation for theinfinitary formula

×
ÍZÌ�Ø

Ê�Ë Ì�ÙÚÍ Õ�ÐPÊ�ÓGÊBÕ�Ð8Ð�ÛÝÜ±Ê�Ë Ì�ÙÚÍ*Þ�ß ÕZÐPÊ�Ó½ÊBÕZÐ8Ð

whichsaysthatthenumberof pointsthatsatisfy Ó½ÊBÕZÐ is even.Wealsodefine

Ê�à2ÕZÐPÊ�Ó½ÊBÕZÐ8Ð�áâÜÂÊBÔÖÕZÐPÊ�Ó½ÊBÕZÐ8Ð
whichsaysthatthenumberof pointsthatsatisfy Ó½ÊBÕZÐ is odd.As amatterof fact,for everysetof integers ã
whatsoever, we couldwrite theinfinitary formula

×
ÍZä*å

Ê�Ë ÌcÍ ÕZÐPÊ�Ó½ÊBÕZÐ8Ð�ÛXÜÂÊ�Ë ÌcÍ ÕZÐPÊ�Ó½ÊBÕZÐ8Ð

sayingthat thenumberof pointsthatsatisfy Ó½ÊBÕZÐ belongsto ã . Let usmentionthen,asa curiosity, thatan
immediateconsequenceto this is thattheinfinitary logic Ç È É È is ableto expressnon-computableproperties
of finite structures.Of course,theuniformfragmentLFP æ C of ÇGÈ É È doesnothave thispropertyas,in fact,
every propertyexpressiblein LFP æ C canbecheckedin polynomialtime.

4.2 Matrix multiplication and powering

An Òèç
Ò matrix éëêìÊBíZî1ï�ð|ñ�òôó:õ?öÖòôÒ�Ð over the2-elementfield ÷ Ù , whoseelementswe denoteby ø
and ñ , is representedby the binary relationformedby the pairs Ê%ó�õ?öZÐ suchthat íÏî1ï�êùñ . In otherwords,
thematrix is representedby thesetof positionsthathold ñ ; theotherpositionshold ø . With someabuseof
notation,wewill useé bothfor thematrix in theusualmeaningandfor thebinaryrelationover úÏñ*õ;û;û;ûüõ8Òþý
thatrepresentsit.

Productsand powers Wedefineaformula ÿ���� � Ê%Î�õ��3õ:é�õ���Ð thatdefinestheproductof two Ò çÂÒ matrices
é and � over ÷ Ù . This is:

ÿ���� � Ê%Î�õ��3õ:é�õ���Ð á Ê�à ÕZÐPÊBéAÊ%Î�õ:ÕZÐüÛ���ÊBÕ õ�� Ð8Ð û
Theparticularcasein which é2ê	� is denotedby 
��
�������ÏÊ%Î�õ��3õ:éÆÐ .

Next, for everynon-negative integer � , wewrite a formula ÿ�����������Ê%Îtõ��'õ:éÆÐ thatdefinesthepower é � of
thematrix é . For � ê2ø , thepower é � is simply theidentity matrix,which is definedby theformula

� Ê%Îtõ��cÐ á Ê%ÎÝê��cÐ û
For ��� ñ , we proceedinductively, so

ÿ�������� Ø ÊBé#Ð á �
ÿ���������� Þ�ß ÊBé#Ð á ÿ���� � ÊBéUõ8ÿ����������JÊBéÆÐ8Ð û
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By carefully reusingvariables,it is possibleto write the formula  �!�"�#�$�%�&('*)�+,)�-/. with four variablesin
total. For concreteness,we define

 0!�"�#�$ %�1*2 &('*)�+,)�-/.43 &65�7�.8&9-:&(';)�7<.;=> �!�"�#�$ % &(7;)�+0)�-?.�.@) if A is odd

 0!�"�#�$B%�1*2�&('*)�+,)�-/.43 &65�CD.8&9-:&(';)�CE.*=F �!�"�#�$B%�&(C�)�+0)�-?.�.@) if A is even.

In total,weusedfour variables' , + , 7 and C .
Repeatedsquaring It is alsoconvenientto definethepoweringof matricesby a moreefficient induction
known asrepeatedsquaring. For A>GIH , we usethesamebasecase,andfor largerpowerswe distinguish
theoddandevencases:

 �!�"�#�$�JKL&9-?.M3 N
 �!�"�#�$ J%�1*2�&9-?.M3  �$�!DOP&9-Q)�RBSUT�V�$B#U&( �!�"�#�$ J WYX %�1*2[Z]\_^�` &9-/.�.�.@) if A is even

 �!�"�#�$BJ%�1*2 &9-?.M3  �$�!DOP&9N�)�R�S
T�V�$�#
&( 0!�"�#�$BJ WYX %�1*2[Za\_^�` &9-?.�.�.@) if A is odd

Notethat,by thesamecarefulreusingof variablesaswe did for  0!�"�#�$ % , it is possibleto write theformula �!�"�#�$ J% with fivevariables(theadditionalvariableis for the 5 -quantifierin R�S
T�V�$�# ).
The goodfeatureof the inductive definition basedon repeatedsquaringis that it takesonly bc&9dY!fegAh.

iterationsto obtain  0!�"�#�$ J% . In comparison,the inductive definition of  �!�"�#�$ % requiresA iterations. This
differenceis importantif we needto take powersthatareexponentialin i , thedimensionof thematrix, as
we actuallydo below.

4.3 Non-singular square matrices

A squarematrix is calledsingularif its determinantis zero,andnon-singularotherwise. Equivalently, a
squarematrix is non-singularif thecolumnsarelinearly independent.In the2-elementfield, a columnis a
linear combinationof someothercolumnsif andonly if it is thesumof a subsetof those.Therefore,the
numberof non-singularikjli matricesover the2-elementfield is

&nmpo:qsr�.8&nmpo:qtmL.8&nmpo:qtm ^ .8&nmpo�qum�v�.,w�w�w�&nmpo�qkmpoUx 2 .
becausewehave m o qyr choicesof non-zerovectorsfor thefirst column,andmoregenerally, m o qcmpz choices
of vectorsthatarenotsumsof any of the { previouscolumnsfor the {L|ur -st column.Let } o bethisnumber.

Non-singular matricesover ~ ^ Sincetheproductof non-singularmatricesis non-singularandtheinverse
of a non-singularmatrix is non-singular, thecollectionof non-singulari�j�i matricesover the2-element
field formsa groupof order } o . Therefore,- is non-singularif andonly if -��P�lGI- . It follows that the
sentencebelow expressesthatthe ikjli matrix - over the2-elementfield is non-singular:

� ! � R�� � eLT�d�V�$ o &9-/.u3�&a�,'<.8&a�,+�.8&( 0!�"�#�$ � � &('*)�+,)�-/.g��-:&(';)�+�.�.@�
Finally, if we want to definea sentence� ! � R�� � eLT�d�V�$�&9-?. that definesthe classof all finite structuresthat
representnon-singularsquarematrices- over the2-elementfield, regardlessof its dimensions,it sufficesto
take � ! � R�� � eLT�daV�$8&9-/.k3 �

oU� 2
&9��V���$B�Y� o &9-/.P= � ! � R�� � eLT�d�V�$ �<� &9-/.�.
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where�c�����B���U���9�?� is thesentencesayingthat � is asquare���?� matrix. In otherwords,this is thesentence
thatsaysthatthestructurehasexactly � elements:

�6 ,¡ �h¢ �8� ¢y£�¢ �P¤l¥¦�6 ,¡ ��§*¨�¢ �8� ¢l£�¢ �@©
Thisshows thatthecollectionof non-singularmatricesover the2-elementfield is definablein ª�« ¬ « . Let us
mentionthatall definitionsareperfectlyuniformandcanbeformalizedin theuniformfragmentLFP ­ C ofª « ¬ « . For this, it is importantto usetheinductive definitionof ®0¯�°�±��B²³ basedon repeatedsquaringbecause
in thedefinitionof non-singularmatriceswe aretakinga power with exponent́Q� , which is µf¶¸· �f¹�º . Note
thatthelog of thisnumberis polynomial.

Non-singular matrices over finite fields Thediscussionup to now canbegeneralizedto arbitraryfinite
fields. Let » be a finite field with ¼ elements.An �½�u� matrix � £ �9¾U¿ÁÀtÂÄÃÆÅÈÇ�ÉËÊÌÅÍ�*� over » is
representedby ¼ÏÎ	Ã binary relationsÐ�Ñ , onefor each¾kÒs»ÓÎ½Ô�Õ
Ö , where Ð?Ñ is the relationcontaining
thepairs �(Ç�ÉËÊ
� suchthat ¾h¿ÁÀ £ ¾ . In otherwords, Ð�Ñ is thesetof positionsof thematrix thathold ¾ . The
positionsthatdonotbelongto any Ð?Ñ hold Õ . It is not toodifficult to defineª « ¬ « formulas®���¯
×P� ¢ É�Ø,É��ÏÉ�Ù��
and ®�¯�°�±�� ³ � ¢ É�Ø,É��/� definingtheproductandthepower of matricesaswe did for the2-elementfield in the
previoussection.It is importantfor this thatthefinite field is fixed.

Thesetof non-singularmatricesover » alsoformsagroup.Its orderis

�9¼ � ÎÚÃ��8�9¼ � Îk¼L�8�9¼ � Îk¼�ÛÜ�,Ý�Ý�Ýp�9¼ � Îk¼ �hÞ<¨ �
becausewe have ¼ � ÎÌÃ choicesfor the non-zerovectorof the first column,andmoregenerally, ¼ � Îs¼ ¿
choicesof vectorsthatarenot linear combinationsof previous columnsfor the Ç*­ßÃ -st column. If we let´Ï�hà á be this number, thenan �Ú�â� matrix � over » is a non-singularif andonly if �?ã<ä�å æ £ � . Thus,
thecollectionof all non-singularmatricesover » is definablein ª « ¬ « , andin fact in its uniform fragment
LFP ­ C too.

4.4 Completeproblemsfor ç�è
Thecomplexity classé?ê is formally definedasfollows. It consistsof all languagesë for whichthereexists
a non-deterministicTuring machineì runningin logarithmicspacesuchthat, for every input

¢
in ë , the

numberof acceptingcomputationsof ì is odd, andfor every input
¢

not in ë , the numberof accepting
computationsof ì is even. It canbeseenthat íîê�ï½é?ê�ïÚð , but neitherinclusionis known to beproper.
Thisclasswasintroducedwith theaimof classifyingimportantproblemsof linearalgebra[7].

Completeproblems TheproblemGAPÛ , for GraphAccessibilityProblemmod2, is this:

GAPÛ : Givenadirectedacyclic graph ñ andtwo verticesò and ó , decidewhetherthenumber
of pathsthatgo from ò to ó in ñ is odd.

It is not hard to see,using the standardreductionsfrom logspaceTuring machinesto graphreachability
problems,thatGAPÛ is completefor é?ê . Thetrick to makethedigraphacyclic consistsin addingacounter
of stepsin a separatetapeof thelogspacemachine.

Wedefinetwo moreproblems:

NONSINGULAR Û : Givenamatrix � in ô �EõU�Û , decidewhether� is non-singular.

FEASIBLE Û : Givena matrix � in ô÷ö õU�Û anda vector ø in ô ö Û , decidewhetherthesystemof
equations� ¢y£ ø hasa solution

¢
in ô � Û .
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It wasshown in [7] that thethreeproblemsGAPù , NONSINGULAR ù andFEASIBLE ù areinterreducibleby
logspacereductions.It follows thatall threearecompletefor ú?û . Thus,from thecomputationalcomplexity
perspective, thethreeproblemsareequallyhard(or easy).

From the descriptive complexity perspective, however, it follows from our resultsthat the situationis
different.Weshowedin thissectionthattheproblemNONSINGULAR ù is definablein ü�ý þ ý . Moreover, it is
nothardto seethatif ÿ is theadjacency matrixof thedigraph � , interpretedasamatrixover the2-element
field, thenthe �������	� -entryof the 
 -th power ÿ�� is theparityof thenumberof walksof length 
 thatgo from� to � in � . In otherwords,if thenumberof walksof length 
 is odd,thenthe �������	� -entry is 
 , andif it is
even, thenit is � . It follows that if ÿ is thebinaryrelationrepresentingtheadjacency matrix of a directed
acyclic graph � , thefollowing formulaof ü�ý þ ý definesGAPù :��������� �����������! � �#"$��%&��ÿ'�(�
where ) is the setof all finite setsof naturalnumbersof odd cardinality. Herewe usethe fact that in a
directedacyclic graph,theonly walksarepaths.

For theproblemFEASIBLE ù thesituationis different.Weshow below how theresultsin Section3 imply
that,whenappropriatelyencodedinto finite structures,thisproblemis notdefinablein ü�ý þ ý .

Inexpressibility of feasiblesystems Let ÿ+*,�.-0/21435
7698:69;<�=
>6@?A6CB�� beamatrix in DFE'GIHù andletJ *K� J / 3L
'6M8:6C;N� beavectorin D E ù . Thesystemof equationsÿ�OP* J is representedby afinite structure
asfollows. Theuniverseis thedisjoint unionof two setsQR*TS=
$U=�!V!V!VW��
 E>X and YR*ZS�[\U=�!V!V!VW�][ H^X of sizes; and B , respectively, indexing the rows andcolumnsof ÿ , respectively. Thematrix itself is represented
by thesetof pairs ��
=/_�][�1`� suchthat -I/a14*b
 . Finally, thevector

J
is representedby thesetof 
�/ ’s suchthatJ /c*K
 .

We show now that the constraint-satisfaction problem üed	f��.gih	j k=� , where l is the additive groupofD ù , reducesto FEASIBLE ù by a quantifier-free reduction. Recall that an instanceof üed	f��.g h	j k � is given
by a finite structurem with its universerepresentingthesetof variablesOWU=�!V!V!VW��O H , andwith two ternary
relationsQin and Q4U representingequationsof theform

O5/^opOq1ro@Otsi*u� and O5/^ovO	1:o@Otsi*K
��
respectively. Webuild astructurew representinganinstanceÿ�OP* J of FEASIBLE ù asfollows. First, if Qin
and Q U arenotdisjoint, w is justafixedunsatisfiableinstanceof FEASIBLE ù . Otherwise,thesetof columnsY of thematrix is S=OxU=�!V!V!V���O HLX , theuniverseof m itself. Thesetof rows Q of thematrix is thesetof triples
in Qyn�z{Q4U . Theunion QMz|Y is thustheuniverseof w . Thebinaryrelationrepresentingthematrix itself is
thesetof pairs SI���.-5� J �][=�(�]}q��~�QK�NYK3$}�*�-'�|}�* J �|}�*u[ X V
Finally, the subsetof Q representingthe independentvector is precisely Q4U . It is obvious that this is a
quantifier-freereductionfrom üed�f��.g h	j k � to FEASIBLE ù . Thus,FEASIBLE ù is notdefinablein ü�ý þ ý .

5 Logical Reductions

Thegoalof this sectionis to work out themostusefulreductionsbetweenCSPsin theframework of logic.
Most constructionsaremoreor lessstandard,but technical,except the reductionto the idempotentcase,
which requiresalsoanon-trivial twist.
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5.1 Expansionsby reduceddefinablerelations

Recallthatastructure� is anexpansionof anotherstructure� if everyrelationin � is alsoarelationin � .
Let usstartwith therathertrivial caseof reductionsto expansions.

Lemma 12. Let � bea finite structure, andlet � beanexpansionof � . Then,�e�	���.�������=�]���e�	���.��� .
Proof. Thetransformationthatexpandsevery instanceof �e�	���.��� by emptyrelationsis a reductionfrom�e�	���.��� to �e�	���.��� . Theemptyrelationis definableby thequantifier-freeformula �.������� .

It shouldbeclearthat,in Lemma12, theconversereduction�e�����.���i���=�����e�	���.��� neednot betrue.
Thereis an interestingcase,however, whereit holds. This is when � is an expansionof � by reduced
pp-definablerelations.Beforewe prove this,we needadefinition.

Let ���9�i� bea relationon � . We defineanequivalencerelation  `¡ on ¢0£�¤!¥!¥!¥W¤�¦$§ by setting ��¨]¤ª©q� in  ¡ if, andonly if, «0¬x­�«�® for every �.«L¯!¤!¥!¥!¥W¤]« � � in � . Wesaythat � is a reducedrelationif   ¡ is thetrivial
equivalencerelation(i.e. equality).Notethattheequalityrelationon � is not reduced.

Lemma 13. Let � be a finite structure, and let � be an expansionof � by reducedrelationsthat are
definablein � bya pp-formula.Then,�e�����.���F���=���°�e�	���.��� .
Proof. Let ± bethevocabularyof � . Weprovethelemmafor theexpansionby onereducedrelation � . The
generalcasefollows by composing.Let ² bethearity of � andlet ³´��µx¯=¤!¥!¥!¥�¤�µL¶=� betheprimitive-positive
formulathatdefines� in � . Theformulahasthefollowing form:

�¸·qµ5¶]¹�¯��5º!º!º��¸·qµL»i�r¼��>¯���½x¾À¿¿ �xÁÂº!º!º`Á|�4¯���½ ¾ ¿Ã ¿ �cÁÄº!º!º�Á|� � ��½ ¾]Å¿ �cÁÄº!º!º`Á|� � ��½ ¾ ÅÃ Å �_Æ�¤
where �4¯=¤!¥!¥!¥x¤]� � areall therelationsymbolsof ± , eachÇ ¬® is a sequenceof indicesin ¢0£�¤!¥!¥!¥�¤�ÈÂ§ whose
lengthmatchesthe arity ²=¬ of ��¬ , and ½ ¾ denotesthe projectionof the tuple ��µx¯!¤!¥!¥!¥W¤�µ5»i� to the indices
indicatedby Ç . We mayassumethatall variablesµ ¶]¹�¯ ¤!¥!¥!¥x¤�µ » aredistinctanddisjoint from µ ¯ ¤!¥!¥!¥W¤�µ ¶ .
Moreover, since � is reduced,we may also assumethat all variablesµW¯=¤!¥!¥!¥x¤�µL¶ aredistinct. Given an
instanceÉ of �e�	���.��� , we needto definean instanceÊ of ���	���.��� suchthat ÊÌË � if andonly ifÉZËÍ� . FirstwedefineÊ abstractly, andthenshow how to defineit in É throughapositive quantifier-free
interpretationwith parameters.

Theuniverseof Ê is theset ÎCÏ �.�7Ð�ÑÂ¢=µ5¶]¹�¯=¤!¥!¥!¥x¤�µL»>§`�(¤
whereµ5¶]¹�¯À¤!¥!¥!¥W¤�µL» arethequantifiedvariablesin ³ , whichweassumenotto bemembersof

Î
. Intuitively,

we have anew copy of eachquantifiedvariableof ³ for eachtuplein � Ð . Theinterpretationof therelation� ¬ in Ê consistsof � Ð¬ , togetherwith a setof tuplesdefinednext. For every ÒP­Ó�.Ô ¯ ¤!¥!¥!¥�¤]Ô ¶ � in � Ð and
for every Ç ¬® ­K��¨]¯�¤!¥!¥!¥x¤�¨¸¶_ÕÖ� , addto �'×¬ thetuple �.Ø�¯=¤!¥!¥!¥�¤]Ø=¶ÖÕ_� definedby:

1. Ø\Ùi­uÔ(¬�Ú if ¨ªÙ is theindex of a freevariableof ³ , thatis, £7�M¨ªÙÛ�M² ,
2. Ø\Ùi­Ü�.Ò�¤�µL¬�Ú�� if ¨ªÙ is theindex of aboundvariableof ³ , thatis, ²eÝ�£7�M¨ÖÙ4�MÈ .

ThisdefinesthestructureÊ . Let usprove it hastheright property:

Claim 14. ÊÞËß� if andonly if ÉàËá� .

Proof. Let â beahomomorphismfrom Ê to � . Weclaim thattherestrictionof â to
Î

is ahomomorphism
from É to � . For every ��¬ we have � Ð¬ �Ó� ×¬ and �'ã¬ ­ä�'å¬ . Moreover, â is a homomorphism,soâW�.� ×¬ �A�æ�'å¬ . Thus âW�.� Ð¬ �A�æ�'ã¬ . Let us now checkthat âW�.� Ð �|�æ�'ã . Let then Ò be any tuple in
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ç7è
. Let é+êÓëWì.íIî . We want to show that ïñð êóò´ì.é�î , so é belongsto

ç'ô
. By the definition of õ , for

every ö0÷ø ê,ì�ù]ú=û!ü!ü!üxû�ù¸ýÖþÿî , thetuple ì���ú=û!ü!ü!ü�û��=ý_þÖî definedasbeforebelongsto
ç��÷ . Now, if ù�� is theindex of

a boundvariableof ò , we view ëWì�ì.í^û�� ÷
	 î�î asa witnessfor � ÷�	 whenevaluating ò�ì.é�î in ï . On theother
hand,if ù�� is the index of a free variableof ò , we view

� ÷ 	 ê ë�ì�
 ÷ 	 î as the interpretationof � ÷ 	 . This
interpretationis well-definedbecause,critically,

ç ô
is reducedsoall � variables� ú û!ü!ü!ü�û���� aredistinct.

Underthis interpretationfor thefreeandboundvariables,we have ïóð ê+ò´ì.é°î aswasto beproved.
Supposenow that ë is a homomorphismfrom � to � . Weneedto extend ë to mapfrom � to � . Fix a

tuple í in
ç7è

, andlet éCêKë�ì.íIî . Then é belongsto
ç'ô

so ï ð ê,ò�ì.é�î . Let ��ý���ú!û!ü!ü!üWû�� � bewitnessesto
theexistentiallyquantifiedvariablesin ò . Weextend ë by defining ëWì�ì.í^û�� ÷ î�îrê�� ÷ for �������Mù �!� . The
claim is that ë is ahomomorphismfrom õ to ï andthatthis follows directly from thedefinitions.

Weneedto show now thatthis reductionis indeeda positive quantifier-free interpretationwith parame-
ters.This is moreor lessroutine.Fix a pair of distinctvariables"$#`û�"xú thatwill play therole of parameters.
For concreteness,we canthink of "$# and"xú asdistinctelementsof % . Let &7ê'�)(*� and + ê-,/.�021435&768�9� .
Wecanthink of theuniverseof õ asthesubsetof % ý��;:<� 3 definedby thefollowing formulawith ���=+>�@?
freevariablesA # û�A ú û!ü!ü!ü�û�A ý��;: :

ì/AB#�êC";#EDFA	úrêHGIGIG	ê'A�ý��;:<��ú(î5J<ì/AB#�êC"xúKD ç ì/A	ú!û!ü!ü!ü�û�A�ý!î5DMLiì/A�ý���ú=û!ü!ü!üxû�A�ý��;:Öî�î(û
where Lyì/A�ý���ú!û!ü!ü!üWû�A�ý��;:ªî is a formula that is satisfiedby the setof numbersNPORQTS	û!ü!ü!ü´û�&U(P�7V when
encodedin binary; the bits areencodedby A ý��XW êH"$# or A ý��XW êP"xú . In otherwords,when & is an exact
power of two, whichwe mayaswell assumeby addingdummyvariables,L is thefollowing formula:

:�YcúZ
W\[X# ì/A ý���ú]�XW êC"$#8JMA ý���ú]�XW êC"xú(î

Intuitively, thesetof tuples ì/AB#`û!ü!ü!üWû�A�ý��;:ªî for which

A # êC" # DFA ú êHGIGIG	ê^A ý��;:
encodes% , andthesetof tuplesfor which

AB#�ê_"xú`D ç ì/A	úÀû!ü!ü!ü�û�A�ýÀî>DFLba�ì/A�ý���ú!û!ü!ü!üWû�A�ý��;:<��ú(î
encodes

ç7èdc Qe�Lý���ú!û!ü!ü!üWû�� � V . With theuniversedefinedthisway, therestof theformaldefinitionis easy
to work out.

5.2 Expansionsby definablerelations

Thehypothesisin Lemma13 thatall relationsexpandingï mustbereducedis necessary, if we wantto get
pqf-reducibilities.However, if wearesatisfiedwith Datalog-reducibilities,wecanrelaxit. Beforeweprove
this,we needa technicalintermediatelemma.

Let
ç

be a relationof arity f andrecall the definition of g7h , the equivalencerelationon Q4��û!ü!ü!ü�û�fBV
definedin theprevioussection.Let ö beasetof representativesof theequivalence-classesof gih , orderedin
anarbitraryway, anddefinej�kel�ì ç î�ê'mnj�o ç . Notethat j�kelxì ç î doesnotdependonthechoiceof ö . Besides,
for every ù�pO�ö thereexistssomeqUO�ö suchthat r ÷ ê�r ø for every tuple ì�rLú=û!ü!ü!üWû�rts(î in

ç
. Wecall j�kelWì ç î

thereducedversionof
ç

.
A reducedstructure is astructureall whoserelationsarereduced.To everystructureï wecanassociate

a reducedstructure,calledthe reducedversionof ï , whoseuniverseis theuniverseof ï itself andwhose
relationsarethe reducedversionsof the relationsof ï . Note that the vocabulariesof a structureandits
reducedversionmaybedifferent.Notethatthepolymorphismsof ï andits reducedversionarethesame.
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Lemma 15. Let u a finite structure and let v be the reducedversion of u . Then w�xty�z�u|{@}�~������������w�xty�z�v�{ and w�x�y�z�v�{�}��e���bw�xty�z�u�{ .
Proof. Westartwith thereductionw�xty�z�v�{�}��e���8w�xty�z�u|{ . Let � bethevocabulary of u andlet �X� bethe
vocabulary of the reducedstructurev . Hence,for every symbol � in � we have a symbol � � in � � of the
arity of ���e��z�����{ . Let � beaninstanceof w�xty�z�v�{ . We defineaninstance� of w�x�y�z�u|{ . Theuniverseof� is � itself. Theinterpretationof the � -ary symbol � in � is definedasfollows: let ��� �7¡ for �P�¢� �
andlet £ beasetof representativesof the � -classes,orderedin anarbitraryway. Then, ��¤ is definedby the
formula ¥ ¡ z/¦�§e¨I©I©I©>¨�¦�ªT{E��� � z/«>¬­{5® ¯°²±/³ ´¶µ¸·7¹ ¦ ± �'¦ ´ ©
It is clearthat �Hº»v if, andonly if, �-º»u . Moreover, thereductionis positive quantifier-free.

Weproceednow with thereductionw�xty¼z�u�{�}�~I���/�������¼w�x�y�z�v�{ .
Let � beaninstanceof w�xty�z�u|{ . We defineaninstance� of w�xty�z�v�{ . Theuniverseof � is ½ itself.

For therelations,thebasicideais to projecteveryrelation ��¤ to thecoordinatesof asetof representatives £
of the � -classes,where �¾���7¡ . However, beforewe do that,we needto closeeach� ¤ underall equalities
implied by theequivalencesz/¿�¨�ÀÁ{�ÂÃ� . Wedo thatusingDatalog-definableintermediaterelations.

So,let Ä bethebinaryrelationon ½ definedby thefollowing Datalogprogram:

ÄÅz/¦ ± ¨�¦ ´ {dÆnÇ@�|z/¦>§e¨I©I©I©>¨�¦XÈÉ{
ÄÅz/¦K¨�Ê�{!ÆnÇ@ÄÅz/Ê;¨�¦X{
ÄÅz/¦K¨�ËÌ{dÆ$Ç@ÄÅz/¦K¨�Ê�{>®ÍÄÅz/Ê;¨�ËÌ{¶¨

wherethefirst rule is introducedfor every symbol � in � andevery z/¿�¨�ÀÌ{�Â*� ¡�Î . It is obviousthat Ä is an
equivalencerelationon ½ ; reflexivity follows from the fact that z/¿�¨�ÀÁ{ÏÂC� ¡nÎ in thefirst rule, symmetryis
enforcedby thesecondrule,andtransitivity is enforcedby thethird. Next, for every � -ary symbol � in � ,
let � � betherelationdefinedby

� � z/«>¬­{=ÆnÇ9�|z/Êt§�¨I©I©I©K¨�Ê4È¶{5®FÄMz/¦>§e¨�Êt§É{5®ÑÐIÐIÐi®FÄÅz/¦XÈI¨�Ê4È¶{¶¨
where £ is a setof representatives of the � -classesorderedin an arbitraryway. This defines � , andwe
definedit by a Datalogprograminterpretedon � . It remainsto argue that this Datalog-interpretation is
indeeda reduction.

Claim 16. If Ò is a homomorphismfrom � to u and z�Ó�¨�ÓÌ�<{�ÂÃÄ , then Ò�z�Ó�{8�ÔÒ�z�ÓÌ�<{ .
Proof. We proceedby inductionon thestageon which z�Ó$¨�Ó � { enterstherelation Ä . If it entersin thefirst
stage,thenthereexist � in � , z/¿�¨�ÀÌ{�ÂÕ� ¡�Î , and ÖÕÂ×� ¤ suchthat Ó ± �PÓ and Ó ´ �PÓ4� . Since ÒKz�Ö${ØÂ×� ¤
and z/¿�¨�ÀÌ{�Â_�i¡ , it follows that Ò�z�Ó ± {��RÒKz�Ó ´ { , so ÒKz�Ót{��RÒ�z�Ó � { . The inductive casesfollow trivially from
symmetryandtransitivity of equality.

Claim 17. �ÙºÚu if andonly if �PºÛv .

Proof. Supposethat �ÜºÚu andlet Ò beahomomorphism.Weclaim that Ò itself is alsoahomomorphism
from � to v . SupposeÝ�ÂC�Ø�ßÞ . Thenthereexists Ö and Ö�� in � ¤ suchthat Ö�¬Ï�HÝ and z�Ó ± ¨�ÓÌ�± {ØÂ_Ä for
every ¿ Âáà4âi¨I©I©I©K¨�ã2ä . Now, Ò�z�Ö � {åÂÃ��� becauseÒ is ahomomorphism.But also Ò�z�Ö${æ�ÔÒ�z�Ö � { by theclaim
above becausez�Ó ± ¨�Ó4�± {åÂÃÄ for every ¿ . But then

Ò�z�ÝÌ{ �ÔÒ�z�Ön¬7{E�ÔÒ�z�Ö${�¬¼�ÔÒ�z�Ö � {�¬çÂFè�� ¬ z�� � {8�'���e�>z�� � {8��� �ßé ©
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Thus ê is ahomomorphismfrom ë to ì .
Supposenow that ëîíïì andlet ê bea homomorphism.For every ðÃñ*ò , let ðÁó bea fixedrepresen-

tative of the ô -equivalenceclassof ð . Let õXö�ðt÷�øPê�ö�ð ó ÷ for every ð . We claim that õ is a homomorphism
from ù to ú . SupposeûÃñ�ü�ý . Then ö�ûnóæ÷�þçñÍüØÿ�� , so ê�ö�ö�û�ó ÷�þT÷�ñÃüØÿ � . Notethat

õ;ö�û$÷�þ¼ø�ê�ö�û ó ÷�þ�øÔêKö�ö�û ó ÷�þT÷�ñÍü ÿ � ø���� � ö�ü � ÷Eø�	
� þ ö�ü � ÷��
But then õ;ö�û$÷�ñ�ü � by thedefinitionof 
�� and � . So õ is ahomomorphism.

Thiscompletestheproofof thelemma.

5.3 Reductionsthrough reducts

By combiningtheprecedinglemmas,weobtainthefollowing resultwhich is theanalogueof Theorem3 for
logical reducibilities.

Theorem 18. Let ù and ú befinite structures.If �����]ö¸ùF÷���������ö�ú|÷ , then ������ö�ú|÷��� "!$#%!'&)(+*,���-��ö¸ùÍ÷ .
Proof. Let ú¾ÿ bethereducedversionof ú . By Lemma15, we have ������ö�ú|÷.�� /!$#0!'&)(+*1������ö�ú¾ÿ<÷ . Let úÏÿ�ÿ
betheexpansionof ú¾ÿ with therelationsof ù . By Lemma12,wehave ������ö�ú¾ÿ<÷���243�56���-��ö�ú¾ÿ�ÿ�÷ . Suppose
now that ������ö¸ùÍ÷7�8������ö�ú|÷ . Notethat ú¾ÿ�ÿ is anexpansionof ù by reducedrelations.Moreover, sincethe
polymorphismsof a relationandits reducedversionarethesame,it follows from �����]ö¸ùF÷9�:������ö�ú|÷ that
everyrelation ü �<; of ú ÿ is invariantundereverypolymorphismof ù . Therefore,by Theorem2 every ü ��; is
pp-definablein ù . By Lemma13 we have ������ö�úÏÿ<÷=��2>3?5@���-��ö¸ùÍ÷ . Composingwe get ���-��ö�ú|÷=�� "!$#%!'&)(+*
������ö¸ùF÷ .
5.4 Powering, subalgebras,and homomorphic images

In thissubsectionweshow how thebasicalgebraicconstructionsof powering,subalgebraandhomomorphic
imagescanbehandledby Datalog-reductions.Westartwith homomorphicimages.

Let ú bea finite structureandlet A be its correspondingalgebra.SupposeA ÿ is analgebrathathasa
homomorphicimageB ø�êKö%Aæÿ<÷ thatis areductof A . Notethat ò�ø�CRøÔêKö%C¾ÿ
÷ , i.e. theuniversesof B and
A arethesameandaretheimageof theuniverseof A ÿ under ê . Wedefinea new structureú ÿ ø�	
���Bö�úED�ê$÷ ,
thepreimage of ú , whoseuniverseis C¾ÿ andwhoserelationsarethepreimagesêGFIHTö�ü � ÷ of the relationsü � of ú .

Lemma 19. Let thealgebras A and A ÿ , andthestructures ú and ú ÿ ø�	
���Bö�úED�ê$÷ beasabove. Then

1. �=����ö�ú|÷���243�56���-��ö�ú¾ÿ
÷ ; and

2. A ÿ is a reductof J7��KXö�ú ÿ ÷ .
Proof. 1. We arguethat �=����ö�ú|÷�øL�=����ö�ú¾ÿ<÷ by arguingthat ú and ú¾ÿ arehomomorphicallyequivalent.
Thehomomorphismfrom ú ÿ to ú is just ê , andthis is easyto check.As a homomorphismfrom ú to ú ÿ
we take any inverse of ê ; that is, any function MONPCÚí C¾ÿ suchthat MEöRQI÷ belongsto êIFIH­öRQI÷ for every
QÅñSC . Sucha functionexistsbecauseê is onto C . It is a homomorphismbecauseif T is a tuple in ü � ,
then ê�öRMEö%TE÷�÷æø�T , so MEö%Tb÷åñ*êGFIH­ö�ü � ÷ .

2. It sufficesto show thatevery operationof A ÿ is a polymorphismof ú¾ÿ . Let M;ÿ bean U -ary operation
of A ÿ , andlet M bethecorrespondingoperationof B . Supposethat û H D/�/�/�VD�û
W are U tuplesthatbelongto
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XGYIZ\[%]_^�`
. Thenthetuples

X<[%aIZb`�c/d/d/d<c?X<[%a
e,`
all belongto

]_^
. Weapply f component-wiseandweobtain

thetuple [ f [RX<[%g ZZ `�c/d/d/d<c?X<[%g e Z `+`�c/d/d/d�c f [RX�[%g Zh `�c/d/d/d�c?X<[%g eh `+`+`�d
Sincef is anoperationof i , and i is a reductof j , it is apolymorphismof k , sothis tuplebelongsto

]_^
.

Now, by thechoiceof f , this tupleis thesameas

[RX<[ fml [%g ZZ c/d/d/d�c�g e Z `+`�c/d/d/d�c?X�[ fml [%g Zh c/d/d/d<c�g eh `+`+`�d
Weconcludethatthetuple [ f l [%g ZZ c/d/d/d<c�g e Z `�c/d/d/d�c f l [%g Zh c/d/d/d<c�g eh `+`
belongsto

X YIZ [%] ^ `
. Thisprovesthat f l preservesevery relationof k l .

Let k bea finite structureandlet j be its correspondingalgebra.Supposej l is analgebrathathasa
subalgebraion�j l thatis a reductof j . Notethat prq�sonts l , i.e. theuniversesof i and j arethesame
andareasubsetof theuniverseof j l . Wedefineanew structurek l qvu"w�x [ k c s l ` , theextensionof k , with
universes l andthesamerelationsas k .

Lemma 20. Let thealgebras j and j l , andthestructures k and k l q�u"wyx [ k c s l ` beasabove. Then

1. z={�| [ k `�}�~4��� z�{-| [ k l ` ; and

2. j l is a reductof �7��� [ k l ` .
Proof. 1. Thestructuresk and k l arehomomorphicallyequivalent. Indeedtheidentity mappingon s is a
homomorphismof k to k l , andany mapping

X�� s l-� s thatis theidentityon s�n�s l andmapselements
from s l�� s to any elementof s is ahomomorphismfrom k l to k .

2. Let f l beanoperationof j l andlet f bethecorrespondingoperationin i . Then f preservesevery
relationof k becausei is a reductof j . But then,trivially, f l alsopreservesevery relationof k l because
therelationsin k l and k arethesame.

Let
]

be an � -ary relationon the set p�� . Thenthe flatteningof
]

, denoted��� [%]�c+��` , is the � � -ary
relationon p thatcontainsall tuples

[0� Z c/d/d/dVc+� h �
`

suchthat
[+[0� Z c/d/d/d�c+� �

`�c/d/d/d<c4[0�V� h YIZ�� ��� Z
c/d/d/d<c+� h �

`+`,�
]

. Let k bea finite structureandlet j be its correspondingalgebra.Supposej l is analgebrathathasa
directpower i�q�j l � that is a reductof j . Notethat p:q�soq�s l � , i.e. theuniversesof i and j arethe
sameandarethe

�
-th power of theuniverseof j l . Wedefinea new structurek l qv��� [ k c+��` , theflattening

of k , whoseuniverseis s andwhoserelationsaretheflatteningsof therelationsof k .

Lemma 21. Let thealgebras j and j l , andthestructures k and k l q���� [ k c+��` beasabove. Then

1. z={�| [ k `�}�~4��� z�{-| [ k l ` ; and

2. j l is a reductof �7��� [ k l ` .
Proof. 1. Givenaninstance� of z={�| [ k ` , weneedto defineaninstance� l of z�{�| [ k l ` suchthat � � k
if, andonly if, � l�� k l . First we define � l abstractly, andthenshow how to defineit on � througha
positive quantifier-free interpretationwith parameters.

The universeof the structure� l is p������ c/d/d/d�c+�6� . For every   -ary symbol
]

in the vocabulary of
k , we have a corresponding  � -ary symbol

] l in thevocabulary of k l . The interpretationof
] l in � l is

definedasthesetof all tuples

[+[0� Z c � `�c/d/d/d�c4[0� Z c+��`�c/d/d/d<c4[0�¢¡£c � `�c/d/d/d�c4[0�¢¡yc+��`+`
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suchthat ¤0¥V¦>§/¨/¨/¨<§+¥m©«ª belongsto ¬_­ .
Firstweprovethatthisstructurehastherightproperty. If ®°¯²± and ³ isahomomorphism,thenclearly

themapping³
´Vµ£¶�´¢¯¸·9´ definedby thecondition ³-´R¤+¤0¥<§+¹$ª+ª�º�³<¤0¥Iª�» , where ³<¤0¥IªPº¼¤R³<¤0¥Gª?¦\§/¨/¨/¨<§?³<¤0¥Iª�½-ª ,
is a homomorphism. Conversely, if ³ is a homomorphismfrom ® ´ to ± ´ , then the mapping ³ ´ ¤0¥Iª¾º
¤R³ ´ ¤+¤0¥�§>¿4ª+ª�§/¨/¨/¨�§?³ ´ ¤+¤0¥<§+À�ª+ª+ª is ahomomorphismfrom ® to ± .

Next we show that this reductionis positive quantifier-free. Fix a pair of distinct variablesÁ¢Â«§%ÁV¦ that
will play the role of parameters.For concreteness,we canthink of Á¢Â and Á<¦ asdistinct elementsof ¶ .
Let ÃÄº Å0ÆÈÇ�É�ÊGÀIËÍÌo¿ . We can think of the universeof ®Î´ as the subsetof ¶=ÏÑÐ ¦ definedby the for-
mula Ò7¤0Ó�Â«§+Ó�¦>§/¨/¨/¨V§+Ó Ï ª with ÃÔÌ¼¿ free variablesthat is satisfiedby the tuples ¤0Ó�Â«§+Ó�¦"§/¨/¨/¨�§+Ó Ï ª for which
¤0Ó ¦ §/¨/¨/¨<§+Ó Ï ª encodesa numberfrom Õ4Ö�§/¨/¨/¨�§+À�×Ø¿�Ù in binary; thebits areencodedby Ó�ÚÛº�Á Â or Ó�ÚÛº�Á ¦
for ¿_ÜØÝ,ÜÞÃ . Theinterpretationof therelationalsymbol ¬ ´ of arity ßyÀ is givenby theformula

Ò@à
á'¤0â ¦ §/¨/¨/¨<§+â © ½ ªãº ¬1¤0Ó ¦Â §+Ó ½ Ð ¦Â §/¨/¨/¨<§+Ó¢ä ©\å ¦�æ�½ Ð ¦Â ªVç
½è
ébê ¦

©\å ¦è
» ê Â ¤0ë�ìÈíI¤0Ó

»î½ Ð é¦ §/¨/¨/¨�§+Ó »î½ Ð éÏ ª@ºÞïÍ×Þ¿4ª�§

whereë�ìÈíI¤0Ó »î½ Ð é¦ §/¨/¨/¨V§+Ó »î½ Ð éÏ ªðºÞïÍ×�¿ abbreviatestheexpression

Ó »ñ½ Ð é¦ º8Ý4¦�çóò/ò/ò«çEÓ »î½ Ð éÏ º8Ý Ï
and Ý4¦V¨/¨/¨�Ý Ï is thebinaryrepresentationof ïô×�¿ .

2. Since õ is a reductof ö , every relationof ± is invariantwith respectto all operationsof õ÷ºøöP´ ½ .
Now it is straightforwardthateveryrelationin theflatteningof ± is invariantwith respectto everyoperation
of ö ´ .
5.5 Reductionsthrough varieties

Finally, we arereadyto stateandprove theanalogueof Theorem5 for logical reducibility.

Theorem 22. Let ® and ± be finite structures. If the variety generatedby ù7Æ�É¢¤R®úª containsa reductof
ù7Æ�É¢¤%±1ª , then û�ü�ý�¤%±þª�Ü�ÿ����������
	,û=ü�ý=¤R®úª .
Proof. Let õ ºLù�Æ�Ém¤R® ª and örºøù7Æ�É¢¤%±1ª . Supposethatsomealgebraõ ´ of �
����¤0õþª is a reductof ö . By
theHSP-theorem[8, Theorem9.5] õ ´ is ahomomorphicimageof asubalgebraof a directpower of õ . Let
õ�� , õ�� , and õ�� bethedirectpower, its subalgebra,andthehomomorphicimage,respectively. Wehave that
õ ´ ºvõ�� . Let À besuchthat õ � ºvõ ½ , anlet ³ beahomomorphismfrom õ � to õ�� .

Weusethethreeintermediatestructures

1. ®��Ûº�������¤R® §?³¢ª ,
2. ® � º������\¤R® � §�¶ � ª ,
3. ®� .º"!#�
¤R®$��§+À�ª .

Usingthefactthat õ ´ º�õ�� is a reductof ö�º�ù7Æ�É¢¤%±1ª , now we applyLemmas19,20,and21 in sequence
to obtain

1. û=ü�ý=¤%±1ª�Ü&%('�)6û�ü-ý=¤R®���ª and õ�� is a reductof ù�ÆÈÉ¢¤R®���ª ,
2. û=ü�ý=¤R® � ª�Ü*%+'�)6û=ü�ý=¤R® � ª and õ � is a reductof ù7Æ�Ém¤R® � ª ,
3. û=ü�ý=¤R®$��ª�Ü&%+',)6û�ü�ý�¤R®- £ª , and õ is a reductof ù�Æ�Ém¤R®- £ª .

The last conditionmeansthat ý�Ç�Æ$¤R® ª/.oý�Ç�Æ ¤R®� �ª . It follows from Theorem18 that û�ü-ý=¤R®� �ª1Ü�ÿ����0�����
	
û�ü�ý�¤R® ª . Composing,we get û�ü-ý=¤%±1ª�Ü�ÿ����������
	_û�ü�ý=¤R®úª .
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5.6 Reduction fr om the idempotent case

To everyfinite structure1 weassociateanew structure,thesingleton-expansion of 1 , by addingoneunary
relation 243+5 for every 37698 . In otherwords,if 8;:<243(=+>�?�?�?@>,3BAC5 , thenthestructureD01->�243(=+5E>�?�?�?F>�243BAC5
G is
thesingleton-expansionof 1 . Notethatthepolymorphismsof thesingleton-expansionof 1 areexactly the
idempotentpolymorphismsof 1 , thatis polymorphismsH satisfyingtheidentity HID�JK>�?�?�?F>
JLGM:"J . Indeed,
every singletonset 243(5 is preserved by any idempotentpolymorphismof 1 , andany polymorphismof 1
thatpreservesevery singletonset 243(5 mustby idempotent.

Lemma 23. Let 1 be a finite structure, and let N be the singleton-expansion of 1 . Then O*PRQSD01TG�U&V+W,XO*P�QYD0NZG andif 1 is a core with at leasttwopoints,then OSP�QSD0NZG[U&\ V OSP�QSD01TG .
Proof. Since N is anexpansionof 1 , thereductionO*P�QSD01TG[U&V(W�X]O*PRQSD0NZG follows from Lemma12.

Let usnow prove that O*PRQSD0NZG�U \ V O*PRQSD01TG . Givenaninstancê of O*P�QSD0NZG , we needto definean
instance_ of O*P�QSD01TG suchthat _a`b1 if, andonly if, ^c`dN . First we define _ abstractly, andthen
show how to defineit on ^ throughanexistential-positive interpretationwith parameters.

Theuniverseof thestructure_ is thedisjointunionof e and 8 . For every relationsymbol f of arity g
in thevocabulary of 1 , theinterpretationof f in _ is definedby cases:if thesetshjik arepairwisedisjoint,
we let fml�:"nSo . Otherwise,we let fml betheset

fmprqtsuEv
w�x D0f i GB>
wherey is thesetof mappingsxrz e<`{n suchthatthefollowing two conditionsaresatisfied:

1. x D�|RG&69h ik qr243(5 for every 3�6}8 and |�69h ik ,

2. x D�|RG~:�| for every |-6�e���� k v�� h ik .

This definesthestructure_ . Beforewe show how to define _ by anexistential-positive interpretation,let
usshow thatit hasthepropertywewant:

Claim 24. _�`�1 if, andonly if, ^�`{N .

Proof. If thesetsh�ik arenotpairwisedisjoint, thenclearly ^��`�N . In this case,every relationin _ is the
full relationandin particularit is reflexive. But then _{�`{1 sinceotherwise1 wouldalsobereflexiveand
hencenotacorewith at leasttwo elements.

Supposein thefollowing that thesetsh ik arepairwisedisjoint. Let � bea homomorphismfrom ^ toN . Notethat �KD�|RG�:�3 for every |96�h�ik ; this remarkwill beof uselater. Let � betheuniqueextensionof� to n�:"8�q-e suchthat ��D�3�GM:�3 for every 37698 . Weprove that � is ahomomorphismfrom _ to 1 . Let� 6�fml for somerelationsymbol f , andwe aim to show that ��D � GY6�f p . Since � 6rfml , either � 6rf p ,
or � 6 x D0f�i[G for somex 6Zy . In thefirst case,��D � G~: � andhence��D � G*69f p asrequired.In thesecond
case,� : x D��]G for some��6}f i . Let ��:�D�|�=+>�?�?�?K>
| o G andlet usanalyzethecomponents|�� distinguishing
by caseswhetherthey belongto someh�ik or not. Supposefirst |��]6}h�ik for some3 . Then �KD�|���G~:�3 by the
remarkabove. Also x D�|���G&69h ik q�243(5 by thedefinitionof y . Continuing,if x D�|���G�6Zh ik then ��D x D�|���G
GM:�3againby the remarkabove, andif x D�| � G�:�3 then ��D x D�| � G
G�:���D�3�G�:�3 by the definition of � . Therefore��D x D�|���G
GY:;�KD�|���G . Supposenext that |��m�6�h ik for all 3�6�8 . Then x D�|���GS:�|�� by thedefinitionof y , and��D x D�| � G
G�:��KD�| � G again.It follows that ��D x D��]G
G&:��FD��]G . Since � 6�f i and � is a homomorphismfrom ^
to N , we have �FD��]G�6 fm¡ . It follows that ��D � Gj6 f p because��D � G�:���D x D��¢G
Gm:t�FD��]G and fm¡;:;f p .
Thisprovesthat � is ahomomorphism.

Supposenext that H is a homomorphismfrom _ to 1 . Note that 1 is an inducedsubstructureof _ ,
so the restrictionof H to 8 is a homomorphismfrom 1 to itself. Since 1 is a core,this restrictionmust
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beanautomorphism£ of ¤ . We mayassumethenthat ¥ is the identity on ¦ ; otherwisewe startwith the
homomorphismobtainedfrom ¥ by composingit with £¢§L¨ on ¦ . Now we definethemap ©�ª�«t¬d¦ as
follows: if ­-®Z¯�°± for some²7®9¦ , then ©K³�­R´~µ�² ; otherwise,©K³�­R´~µ�¥I³�­R´ . Sinceweareassumingthatthe
sets̄ °± arepairwisedisjoint, themap © is well-defined.Weclaim that © is ahomomorphismfrom ¶ to · .
Firstnotethatif ­�®}¯ °± , then ©F³�­�´[®9¯�¸± by definition.Now, let ¹�®Zº ° for somerelationsymbol º , and
weprove ©F³�¹]´[®9º ¸ . Define »rª¼«<¬{½ by »]³�­R´~µ�² if ­-®9¯j°± for some² , and»¢³�­�´Mµ�­ otherwise.Since
the sets ¯ °± aredisjoint, this is well-defined.Note that »"®¿¾ . Let ¹�µÀ³�­ ¨+Á�Â�Â�Â@Á ­�Ã+´ andlet us analyze
thecomponents­�Ä distinguishingby caseson whetherthey belongto some ¯�°± or not. Supposefirst that­�Ä]®9¯ °± for some² . Then »]³�­�Ä�´Iµ�² by thedefinitionof » , and ¥I³�»¢³�­�Ä�´
´Mµ�² because¥ is theidentityon ¦ .
Also ©K³�­ Ä ´*µ�² by thedefinitionof © . Therefore©F³�­ Ä ´*µ�¥I³�»]³�­ Ä ´
´ . Supposenext that ­ ÄmÅ®Æ¯ °± for any ² .
Then »]³�­�Ä�´[µ�­�Ä by thedefinitionof » , and ©F³�­�Ä�´�µÇ¥I³�­�Ä�´ by thedefinitionof © . Again ©F³�­�Ä�´[µ<¥I³�»]³�­�Ä�´
´ .
It follows thenthat ©F³�¹¢´Èµ�¥I³�»¢³�¹]´
´ . Now, »¢³�¹¢´&®9ºmÉ because»�®9¾ and ¹ ®9º ° . Hence¥I³�»¢³�¹¢´
´*®}ºmÊ
because¥ is a homomorphismfrom Ë to ¤ . Thus ©F³�¹¢´Y®�º ¸ becauseº ¸ µ�º Ê . This provesthat © is a
homomorphism.

We needto show that this reductionis indeedexistential-positive. Fix a pair of distinctvariablesÌCÍ Á Ì ¨
thatwill play therole of parameters.For concreteness,we canthink of ÌCÍ andÌ ¨ asdistinctelementsof « .
Let Î�µ�Ï ¦9Ï and Ð[µÒÑ�ÓÕÔ�Ö¼×LÎ4Ø&Ù�Ú . We canthink of theuniverseof Ë asthesubsetof «�ÛÝÜK¨ definedby the
following formulawith ÐLÙ�Ú freevariables­EÍ Á ­ ¨�Á�Â�Â�ÂKÁ ­ Û :³�­EÍSµ ÌCÍMÞ-­ ¨ µÇß�ß�ßàµ�­ Û ´Láâ³�­ ¨ µ Ì ¨ Þ-ã7³�­ ¨+Á�Â�Â�Â@Á ­ Û ´
´ Á
whereã�³�­ ¨+Á�Â�Â�ÂFÁ ­ Û ´ is a formulathatis satisfiedby thesetof numbersä�®æå(ç Á�Â�Â�Â¢Á ÎMèrÚ
é whenencodedin
binary;thebitsareencodedby ­ ± µ ÌCÍ or ­ ± µ�Ì ¨ . This is thesametechniqueasin theproofsof Lemmas13
and21. Intuitively, thesetof tuples ³�­EÍ Á�Â�Â�Â@Á ­ Û ´ for which ­EÍ7µêÌCÍ~Þ}­ ¨ µëß�ß�ß#µ�­ Û holdsencodes« , and
the setof tuplesfor which ­ Í µÇÌ ¨ Þrã�³�­ ¨ Á�Â�Â�ÂFÁ ­ Û ´ encodes¦ . Now we definethe interpretationof the
relationsymbol º by thefollowing formula:ì

áZíCî�á�ïð�ñ�òmó ð�ô î Á
where õ is the set of mappingsö�ª�å÷Ú Á�Â�Â�ÂFÁ
ø é ¬ ¦aù¿å(ç Á Ú
é , and

ì
, í�î and ó ð�ô î are formulasto be

describedsoon.Notethesimilarity of this formulawith theabstractdefinitionof ºmÉ thatwegave:

º ÊrútûüEñ
ý »¢³0º ° ´ Â
The formula í�î�³�¹ ¨ Á�Â�Â�ÂFÁ ¹ Ã Á�þ ´ encodesthe set º Ê as a finite disjunctionof conjunctionsof equalities
encodingthe tuplesof ºmÊ . This is easyto work out. The formula ó ð�ô îÈ³�¹M¨ Á�Â�Â�ÂFÁ ¹ Ã Á�þ ´ encodesthe set»¢³0º ° ´ asfollows: ³�ÿ�� ¨ ´Cß�ß�ß4³�ÿ��(Ã�´�³0ºT³�� ¨(Á�Â�Â�ÂFÁ �(Ã�´@Þ � ¨ Þ � × ´
where

� ¨ µ �
� ñ���� ­ � Í µ�ÌCÍMÞ-­ � ¨ µ Â�Â�Â µ�­ �Û Þ�¯ ± ³�� � ´FÞ-¯ ± ³�­ � ¨ ´

� × µ �
� ñ��
	 ­ � Í µ�Ì ¨ Þ-­ � ¨ µ Ì ± � Þ Â�Â�Â Þ-­ �Û µ�Ì ±��
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where 
�������������
�� denotethebitsof thebinaryencodingof 
 in afixednumberingof � , andwhere ��� is the
setof � suchthat �����! #"$��

�&%' and �)( is thesetof � suchthat �����! #"$��

��*� . Finally, theformula + is defined
as ,

-/.102 -43 �45�6! 7��8
-/. ��69 ;:<8 -43 ��69 = ��

where 
�� and 
�( rangeover � . This completesthedefinitionof >@? . Notethat + is usedto make >@?A"CBED
whenever thesets8GF- arenotdisjoint.

6 Omitting typesand definability

Let H be an algebra.A congruenceof H is an equivalencerelation I that is invariantwith respectto all
operationsof H . In otherwords,for any ( J -ary)operationK of H andany LM���������;�&L9NM��
����������;��
�NPOQH such
that ��L9RS��
�R4 TOUI we have ��KV��L � �������;�&L N  ���KV��
 � �������W��
 N  = TOUI . Thecongruencesof H form its congruence
lattice X7Y[Z;�\H] . A primequotientin this lattice is a pair of congruencesI#�=^ suchthat I`_a^ , Icb"c^ , and
for any d with Ie_$df_g^ we have either If"hd , or ^A"id . The fact that Ij�=^ is a prime quotientwill
bedenotedby Iakc^ . For any LUOlH we denoteby L!m theequivalenceclasscontainingL . Thesetof all
equivalenceclassesis calledthequotientset, Bon m . Thefactthat I is a congruenceallows oneto definethe
actionof any operationof H on thequotientset:

K m ��L m � ���������&L mN  #"$��KV��Lp���������W�&L'Np = m �
Thequotientsetendowedwith all theoperationsK)m is calledthequotientalgebra Hqn m of H . It is not hard
to seethat Hqn m is thehomomorphicimageof H underthehomomorphismthattakes LrOsH to L m .

6.1 Unary and affine typesand modules

Tamecongruencetheory[18] allows oneto assignto eachprimequotientof thecongruencelattice X7Y[ZW�\Hq 
of afinite algebraH oneof five types.Thetypereflectsthelocal structureof thealgebra,whichcanbeone
of thefollowing:

1. afinite setwith agroupactionon it,

2. afinite vectorspaceover afinite field,

3. a two-elementBooleanalgebra,

4. a two-elementlattice,

5. a two-elementsemilattice.

In thesequelwealsoreferto type1astheunarytypeandto type2astheaffinetype. Weusetamecongruence
asa blackbox extractingpropertieswe needfrom existing results,andwe do not thereforeneeda precise
definitionof thetypes.Thetypeof a primequotient ItkA^ is denotedby u�v9w���Ij�=^x , while u�v9w��\H] denotes
thesetof typesappearingastypesof someprimequotientof H . If y is a classof algebras,u�v9wz�{yT denotes
theset |~}V�
�@u�v!w!�\Hq . If ��bO<u�v!w��{yT , we saythat y omitstype � . Otherwise,wesay y admitstype � .
Lemma 25. Let H be a finite idempotentalgebra. If �����
�\Hq admitstypes1 or 2 thenit containsa finite
idempotentreductof a module.
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Proof. By a resultfrom [6], if �����
�\�q� doesnotomit type1 thenit containsafinite set, thatis analgebraall
of whoseoperationsareprojections.So,supposethat �����
�\�]� omitstype1, but doesnotomit type2.

Since �����
�\�q� doesnot omit type2, thereis a finite algebra���������
�\�q� anda primequotient ���A����7�[� ����� suchthat ���!�!���#�=��� �¢¡ . Notefirst that taking ��£�¤ insteadof � we mayassumethat �`�h¥ , the
equalityrelation,becauseit follows from tamecongruencetheorythat ���!�!���x£�¦M�=��£�¦��§�e���!�����#�=��� for any¨t© � . Next we notethat since � is an idempotentalgebra,every congruenceclassof � is a subalgebra.
Take a non-trivial � -class,andlet ª bethecorrespondingsubalgebra.Therestrictionof � to « is thetotal
congruence¬ .

A congruence­ centralizes® modulō if for any termoperation°V�\±;²���³�³�³;�=±M´��=µ�²���³�³�³;�=µ�´¶�&·�²���³�³�³;�&·
¸�� ,
any ¹ ² ��³�³�³;�&¹7¸Q�lº , andany » ²² ��³�³�³;�&» ²´ , »9¼ ² ��³�³�³;�&»!¼´ , ½ ²² ��³�³�³W��½ ²¾ , ½1¼ ² ��³�³�³;��½1¼¾ in º suchthat ��» ²¿ �&»9¼¿ �G�À­ ,
��½ ²¿ ��½1¼¿ �Á�s® , thefollowing implicationholds:

°V��» ²² ��³�³�³W�&» ²´ ��½ ²² ��³�³�³���½ ²¾ �&¹
²���³�³�³;�&¹7¸[� ÂÃ °V��» ¼ ² ��³�³�³;�&» ¼´ ��½ ²² ��³�³�³;��½ ²¾ �&¹
²���³�³�³W�&¹1¸��Ä
°V��» ²² ��³�³�³W�&» ²´ ��½ ¼ ² ��³�³�³���½ ¼¾ �&¹
²���³�³�³;�&¹7¸[� ÂÃ °V��» ¼ ² ��³�³�³;�&» ¼´ ��½ ¼ ² ��³�³�³;��½ ¼¾ �&¹
²���³�³�³W�&¹1¸���³

It is known that ���9���\®¶�&­9���ÆÅ'Çp��¡ÉÈ if andonly if ­ centralizesitself modulo ® (see[18, Theorem7.2]).
In our situationwe have that � centralizesitself modulo ¥ in � . Therefore,¬ centralizesitself modulo

¥ in ª . This implies ���9�!�{ª;�ÆÊËÅ'Çp��¡ÉÈ , and, since �������\�]� omits type 1, we obtain ���!�!�{ª;�Q�ÌÅ�¡)È . By
Theorem9.6of [18] thereis a ternarytermoperationÍ thatis Mal’tsev on ª , thatis Í satisfiestheidentities
Í¶�\±W�=µ¶�=µp�#�fÍ¶�\µ��=µ¶�=±É�#�a± . Thereforeª generatesa congruencepermutablevariety, andby a resultof [17]
it is anidempotentreductof amodule.

Recall from Section3 the definition of the structureÎoÏ�Ð Ñ for every finite Abelian group Ò andevery
integer Ó]Ôf¬ .
Lemma 26. Let Õ bea finite module, let Ò betheAbeliangroupunderlyingthering of Õ , andlet � be
an idempotentreductof Õ . Then� is a reductof thealgebra of ÎTÏzÐ Ñ for every Ó]Ôf¬ .
Proof. Let Îf�AÎ Ï�Ð Ñ . Every Ö -ary termoperationof � canberepresentedin theform

°V�\±�²���³�³�³��=± ¾ �j�`Ó�²=±;²�×`Ø�Ø�Ø�×lÓ ¾ ± ¾ �
and,as ° is idempotent,Ó�²�×cØ�Ø�Øz×AÓ ¾ �Ù¬ . Take Ö tuples Ú)²���³�³�³;�&Ú ¾ in the relation ÛÝÜ Þ in Î , where
Ú ¿ �$��» ¿ ²���³�³�³W�&» ¿ Ü � for ß#�ÆÅ'¬���³�³�³��=ÖÆÈ . Checkthatthetuple

��°V��» ²=² ��³�³�³W�&» ¾ ² ����³�³�³;��°V��» ² Ü ��³�³�³W�&» ¾ Ü �=�
alsobelongsto Û Ü Þ :

°V��»M²=²���³�³�³;�&» ¾ ²1��×`Ø�Ø�Ø�×�°V��»p² Ü ��³�³�³;�&» ¾ Ü �� �\Ó[²�»p²=²�×`Ø�Ø�Ø�×lÓ Ü » ¾ ²1�É×AØ�Ø�Ø�×a�\Ó�²�»M² Ü ×`Ø�Ø�Ø�×lÓ ¾ » ¾ Ü �� Ó ² ��» ²=² ×`Ø�Ø�Ø�×à» ² Ü ��×`Ø�Ø�Ø�×àÓ ¾ ��» ¾ ² ×`Ø�Ø�Ø�×à» ¾ Ü �� Ó[²�»o×`Ø�Ø�Ø�×lÓ ¾ »
� »¶³

Therefore,every relationof Î is invariantunderevery operationof � . That is, � is a reductof thealgebra
of Î .
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6.2 Unary and affine typesand definability

Wecanbringtogethertheresultsof Section5andtheprevioussubsectionto establishthefollowing theorem.

Theorem 27. Let á bea finite structure andlet â beits algebra. If ã�ä�å�æ�â�ç admitstypes1 or 2 thenthere
existsa non-trivial finiteAbeliangroup è such that éÝê�ëEæ�ìoí�î ï�ç�ð�ñ�ò/ó\òSôöõ=÷TéEê�ëEæ�áqç for every ø]ùfú .
Proof. Since éÝê�ë§æ�á]çsûüéÝêzëEæ�ý7þ�å&ÿ9æ�áqç=ç , where ý7þ�å&ÿ'æ�áqç is the core of á , we may assumethat á is a
core.Let � bethesingleton-expansionof á andlet � beits algebra,which is idempotent.By Lemma23,
we have éÝêzëEæ�� ç<ð�ñ�ò/ó\òSôöõ=÷ÆéÝê�ëEæ�áqç . Moreover, if ã�ä�å�æ�â�ç admitstypes1 or 2, so does ã�ä�å�æ��]ç because
� is a reductof â (see[18, Chapter5]). By Lemma25, the variety ã�ä�å�æ��]ç containsa finite idempotent
reduct� of a module.Let è betheAbeliangroupunderlyingthering of themodule.Then è is non-trivial
andfinite. Moreover, � is a reductof thealgebraof ì í�î ï for every øÆù ú by Lemma26. It follows that
éÝê�ë§æ�ìTízî ï7ç�ð�ñ�ò/ó�òSôöõ=÷TéÝê�ëEæ�� ç . Composingwe gettheresult.

We have seenin Section3 that éÝê�ë§æ�ìTízî ��ç is not definablein é��� � when è is non-trivial. Sincedefin-
ability in é � � � is preserveddownwardsby Datalog-reductions,this yieldsthefollowing corollary:

Corollary 28. Let á be a finite structure and let â be its algebra. If éÝêzëEæ�áqç is definablein é��� � , then
ã�ä�å
æ�â�ç omitstypes1 and2.

Corollary28canbeseenasastrengtheningof theresultof LaroseandZadori[25] thatif thecomplement
of éÝê�ëEæ�áqç is definablein Datalogthen ã�ä�å
æ�â�ç omits types1 and2. LaroseandZadori alsoconjectured
the converse,namelythat if ã�ä�å
æ�â�ç omits types1 and2 thenthe complementof éÝê�ëEæ�áqç is definablein
Datalog. By Corollary28 this conjecturewould imply thatevery éÝê�ëEæ�áqç is eitherdefinablein Datalogor
notdefinablein é � � � , whichcanbeseenasadefinabilitydichotomy.

Anotherconsequenceof Corollary28 is thatgraph3-colourability(i.e., éEê�ëEæ�	
��ç ) is not definablein
é � � � , sinceits algebrahasno operationsbut theprojectionsandthereforeadmitstype1.

Corollary 29. Graph3-colourability is notdefinablein é��� � .

While thishaspreviously beenproveddirectly [11], our resultgivesanew proof thatgivesanalgebraic
explanationfor why theproblemis notdefinable.
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