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Abstract

We studythe definability of constraintsatiskctionproblems(CSP)in variousfixed-pointandinfini-
tary logics. We shaw thattestingthe solvability of systemsof equationsover a finite Abelian group,a
tractableCSPthatwaspreviously known not to be definablein Datalog is notdefinablein theinfinitary
logic with finitely mary variablesandcounting. This impliesthatit is not definablein leastfixed point
logic or its extensionwith counting. We relatedefinability of CSP<to their classificatiorobtainedfrom
tamecongruenc¢heoryof thevarietiesgeneratedy thealgebraof polymorphism®f thetemplatestruc-
ture. In particular we show thatif this variety admitseitherthe unaryor affine type, the corresponding
CSPis notdefinablein theinfinitary logic with counting.

1 Intr oduction

The classificatiorof constraintsatishictionproblems(CSP)accordingto their tractability hasbeena major
researctgoal since Federand Vardi first formulatedtheir dichotomyconjecture[14]. This classification
hasbeencloselylinked to logic, with definabilityin Datalogproviding oneimportantuniform explanation
for tractability However, it haslong beenknown that thereare tractableCSPs,suchasthe satisfiability
of systemsof linear equationsover finite fields, which are not definablein Datalog Bulatov [5] (seealso
[3]) providesauniform explanationfor thetractability of theseby shaving thatary constrainlanguagehat
hasa Mal'tsev polymorphismis solvablein polynomialtime. It hasremainedan openquestion however,
whetherthereis an explanationfor the tractability of theseCSPsin termsof a naturallogic whosedata
compleity is in polynomialtime andwhich candefinetheseproblems.

Thegeneraform of the constaint satisfactionproblemtakesasinstancewo finite relationalstructures
A and B and asksif thereis a homomorphismfrom A to B. We think of the elementsof A asthe
variablesof theproblemandthe universeof B asthedomainof valueswhich thesevariablesmaytake. The
individual tuplesin therelationsof A actasconstrainton the valuesthatmustbe matchedo therelations
holdingin B. The generalform of the problemis NP-complete[27, 28]. In this paperwe are mainly
concernedvith the non-uniformversionof the problemwhich givesrise, for eachfixed finite structureB
to a differentdecisionproblemthatwe denoteCSP(B), namelythe problemof decidingwhethera given
A mapshomomorphicallyto B. For mary fixed B, this problemis solablein polynomialtime, while for
othersit remainsNP-complete.A classificatiorof structuredor which the problemis tractableremainsa
majorgoalof researchin thearea.

In the presentpaperwe classify constraintsatisfiction problemsaccordingto their definability in a
suitablelogic. Thisis anapproachhathasprovedusefulin studyingthetractabilityof constrainsatisaction
problems[14, 9, 24]. In particular it is known that mary natural constraintsatisfction problemsthat
aretractablearedefinable(or, to be precise their complementsre definable)in Datalog,the languageof
function-freeHorn clauses.Any classof structureghatis definablein Datalogis necessarilydecidablein
polynomialtime, but thereareknowvn constrainsatistictionproblemshataretractablebut arenot definable



in Datalog.A classicalexampleis the sohability of systemsof linearequationsover the two-elemenfield

[14], which we denoteCSP(Zs). Furthermorethereare NP-completeconstraintsatishction problems,
suchas3-colourabilityof graphsfor whichit is possibleto shav thatthey arenot Datalog-definablavithout
requiringtheassumptiorthat P is differentfrom NP. Indeed the classof constraintsatisactionproblems
whosecomplementsre definablein Datalogappeargo be a robust, naturalclassof problemswith mary

independenandequivalentcharacterisationgl0, 23].

1.1 Resultsin logic

A naturalquestionarisingfrom suchconsiderationgs whetherwe canoffer ary explanationbasedon log-
ical definability for the tractability of problemssuchasthe satisfiabilityof systemaf linearequationsover
afinite field. Is therea naturallogic suchthatall problemsdefinablein this logic are polynomial-timede-
cidableandthatcanexpressCSP(Z5)? In particular is this problemdefinablein LFP—thelogic extending
first-orderlogic with leastfixed pointsor LFP + C—theextensionof LFP with counting? Theseareboth
logicsthathave beenextensvely studiedin the contect of descriptve compl«ity ascharacterisingnatural
fragmentof polynomialtime. It is aconsequencef ourresultsthatneitherof thesdogicsis ableto express
the solvability of systemsof linearequationsover ary finite field. Indeedwe shawv thattheseproblemsare
not definablein C&_,, the infinitary logic with boundednumberof variablesand counting,a logic much
moreexpressie thanLFP + C.

Interestingly Blass, Gurevich and Shelah[1] provedthat LFP + C is ableto definethe classof non-
singularsquarematricesover ary fixedfinite field, aresultwe review in Section4. Togethemwith ourresult,
this exhibits afine-grainedistinctionbetweerthe problemof computingthedeterminanof a squarematrix
andthe problemof computingits rank,asoneunderliesa problemdefinablein C%, , andthe otherunderlies
a problemthatis not. We alsonotein Section4 thatthe problemGAP, of determiningthe parity of the
numberof pathsin a graphis alsodefinablein LFP + C. This demonstratethe differencesn definability
betweerthreenaturalcompleteproblemsfor the compleity class®L, two of which we shav aredefinable
in LFP + C but thethird is not.

1.2 Resultsin algebra

Anotherimportantmeansof classifyingconstraintsatisfiction problemsis on the basisof the algebraof
thetemplatestructureB. A polymorphismof a structureis anoperationof its universethatpreseresall its
relations(seeSection2 for precisedefinitions).It is known thatwhetheror not CSP(B) is tractabledepends
only onthealgebraB obtainedrom the universeof B endavedwith its polymorphismsindeed,t depends
only on the variety generatedy this algebra. This is establishedn [4] by shaving thatif the algebra
B' of structureB'’ is obtainedfrom B asa power, subalgebraor homomorphicimage,then CSP(B’) is
polynomial-timereducibleto CSP(B). We shawv in the presenpaperthatthis canbeimprovedto Datalog
definablereductions.Theseareweakreductionsthat, in particular presere definabilityin LFP andC¥_ .
Thisallows usto establistthatdefinabilityof a CSPin thesdogicsis alsodeterminedy var(5), thevariety
generatedby thealgebraof B.

Using the tool of Datalogreductionswhich we expectto be usefulfor otherapplicationsin the area,
we relatedefinability of constraintsatistiction problemsin C%, ; to the classificationof varietiesof finite
algebradfrom tamecongruenceheory[18]. It is known [4] thatCSP(B) is NP-completéf var(5) admits
the unary type (alsoknown astype 1), andit is conjecturedthat CSP(B) is in P otherwise. Similarly,
LaroseandZadorishaved[25] thatCSP(B) is notdefinablen Datalogif var(5) admitstheunaryor affine
types(typesl and2), andconjecturedhe corverse.lt is aconsequencef ourresultsthatwe canstrengthen
the assertiorby replacingDatalogwith C%_ ,. Thisimpliesthat,if the Larose-Zadorconjectures true,we



obtaina dichotomyof definabilitywhereby for every B, eitherCSP(B) is definablein Datalogor it is not
definablein C¥,,.

1.3 Organization of the paper

Therestof thepapetis structuredasfollows. In Section2 we presensomebackgroundiefinitions.Section3
givesaproofthatsolvability of linearequationss notdefinablein C&_ . Sectiond considerghedefinability
of three@L-completeproblemsn C%, . Sectionb establishethatthedefinabilityof CSP(B) is determined
by thevarietygeneratedtby thealgebraof B. Sectioné beginsby shawing thatif thevarietyadmitstheunary
or affine type, thenit containsan algebrawith the operationf a module. Theseresultsaretied together
in the samesectionto obtainthe mainconclusiorrelatingdefinabilityin C4, , to the omitting of typesfrom
tamecongruenceheory

2 Preliminaries

2.1 Notation, relational structur es,and homomorphisms

We usethe boldfacenotationa for atuplewith componentgas, ... ,a,), andsimilarly for otherlettersb,
x, etc. andvariantswith subindicesor primes. The arity of the tuple will be clearfrom contet. If I is a
sequencéiq, ... ,iy) ofindicesin {1,... ,r}, wewrite a; for thetuple(a;, , . .. ,a;,, ). Sometimesve also
write (a; : ¢ € I) if themeanings clear If R is asetof tuplesof arity , we write pr;(R) for {a; : a € R}.

A vocahulary ¢ is afinite collectionof relationsymbols,eachwith anassociatedrity. A o-structure
A consistsof afinite setA with arelation R C A" for eachr-ary relationsymbolR in . A graphis a
structurewith abinaryrelationthatis symmetricandirreflexive. A homomorphisnfrom a o-structureA to
ao-structureB isamaph : A — B suchthatfor eachR in o andeach(ay, ... ,a,) € A",

if (a1,...,a,) € RA, then(h(ay),... ,h(a,)) € RB.

Wewrite A — B to denotethatthereexistsahomomorphisnirom A to B. A structureA is acoreif every
homomorphisnirom A to itself is anautomorphismWe write CSP(B) for the classof finite structuresA
suchthat A — B andalsofor thedecisionproblemof determiningmembershipn this class.

2.2 Logic

We assumdamiliarity with first-orderlogic. A formulais quantifierfreeif it hasno quantifiersandpositive
quantifierfreeif it is quantifierfree andit hasno negations.A formulais positiveprimitive if it is formed
from the atomicformulasusingonly conjunctionsand existentialquantification. A formulais existential
positiveif it is formedfrom theatomicformulasusingconjunctionsdisjunctionsandexistentialquantifica-
tion. Datalogcanbe seenasthe extensionof existentialpositive formulaswith a recursionmechanisnfor
building leastfixed-points.Similarly, LFP is the extensionof first-orderlogic with anoperatorfor forming
theleastfixed-pointsof positive formulas.Finally, LFP + C is the extensionof LFP with a countingmech-
anism.For formal definitions,which we will notneedin this papeywe referthereaderto [26]. It is knovn
thatevery classof structuresiefinablein LFP + C is decidablan polynomialtime.

The formulasof the logic C,, areobtainedfrom the atomicformulasusingnegation, infinitary con-
junctionanddisjunction,andcountingquantifiers3Z¢z for ary integeri > 0). ThefragmentCk_ consists
of thoseformulasof C,, in which only & distinctvariablesappearand

Cow = U Chowr
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Thesignificanceof C¥_, is thatfixed-pointlogics canbetranslatednto it. Thatis, ary formulaof Datalog
or LFP, andindeedof LFP + C is equialentto oneof C%, . Thus,theselogics arefragmentsof C¥_ .

Moreover, thesetranslationsnto infinitary logicshave provided someof the mosteffective toolsfor proving

inexpressibilityresultsfor the fixed-pointlogics. See[13, 19] for a discussiorof this andtherole of these
logicsin descriptve compleity.

2.3 Logical reducibilities

Let o andr betwo finite vocahularies.Let Ry, ... , R, betherelationsymbolsof 7, with aritiesry, ... ,r;.
A k-ary interpretationwith p parametes (of 7 in o) isan (s + 1)-tuple

I=(pu,p1,---,¥s)

of formulasover the vocahulary o. Theformulagy = ¢y (x,y) hask + p freevariablesx andy. Each
formulag; = ¢;(x1,... ,x,,y) haskr; + p freevariablesx,, ... ,x, andy. If eachformulain I belongs
to aclassof formulas©, we saythatlI is a ©-interpretation.

Let A bea o-structurewith universeA andlet ¢ be a tuple of pointsin A. Theimage of A through
I with parametes c, denotedby I(A, c), is the 7-structurewhoseuniverseU is the setof tuplesa in A*
suchthat A = ¢y (a, c), andwhoseinterpretatiorfor R; is the setof tuples(ay, ... ,a,) in U” suchthat
A = pi(ay,... ,a,,c). Now we arereadyto definethe notion of logical reduction:

Definition 1. LetC andD beclassesf structuesandlet © bea classof formulas.We saythat C reduces
to D under ©-reducibility denotedby C <g D, if ther existsa O-interpretationI sud that, for every
structue A with at leastp points,whee p is thenumberof parametes of I, the following are equivalent:

1. AecC
2. I(A,c) € D for everyproperc,
3. I(A, c) € D for someproperc,

whee a properc isatuple(ci, ... ,c,) of pointsin A sudithatc; # ¢; wheneeri # j.

We will usefor © the collectionsof positive quantifierfree formulas,existentialpositive formulas,and
Datalogformulas(i.e. Datalogprograms)ndwrite <p4¢, <ep and <gasalog, respectiely. Notethatthese
arereducibilitiesof increasingpower, andthatdefinabilityin C%, , is presered downwardsby all three(the
finitely mary exceptionsof structureswith lessthanp pointscanbe handledindividually). Also, all three
reducibilitiesaretransitive.

2.4 Universalalgebra

An n-ary operationf onasetA is apolymorphisnof arelationR C A" if, for ary tuplesas, ... ,a, € R,
the tuple f(ai,... ,a,) obtainedby applying f component-wisalso belongsto R. We saythat R is
invariantunder f. The setof all polymorphism=f a collectionof relationsF is denotedby Pol(F'), and
the set of all invariantrelationsof a collection of operationsC is denotedby Inv(C). For a relational
structureA, we usePol(A) for the setof operationson A that are polymorphismsof every relation of
A. Thefollowing theoremlinks polymorphismsanddefinability of relationsby positive primitive formulas
(pp-formulas).

Theorem 2 ([15, 2, 21]). Let A bea finite structue, andlet R C A" be a non-emptyrelationthatis pre-
servedby all polymorphism®f A. ThenR is definablein A by a pp-formula.



In [20, 22], Jeaonset al. proved that the setof polymorphismsof B is includedin the setof poly-
morphismsof A, thenCSP(A) is reducibleto CSP(B) by polynomial-timemary-onereducicility. Using
the recentlogarithmic spacealgorithmfor undirectedgraphreachability[29], the reductioncanbe made
logspace.

Theorem 3 ([20, 22)). LetA andB befinitestructues. If Pol(A) C Pol(B), thenCSP(B) <128 CSP(A).

A setwith a collectionof operationnit is calledanalgebra. Two algebrasareterm-equivalentf the
setsof operation®btainedy compositiorfrom thebasicoperation®f thealgebraandall theprojectionsare
thesamen bothalgebrasAs is commonin universalalgebrawe identify algebrasipto term-equalence.

Every structureA canbe naturallyassociatedvith analgebraAlg(A), calledthealgebra of A, whose
basesetis the universeof A, andwhoseoperationsare the polymorphismsof A. Let A = (4,C) and
A" = (A, C") bealgebras.We saythat.A and. A’ aresimilar, or of the sametype if thereexistsanindex
setl suchthatC = {f; | i € I} andC’' = {f] | i € I}, andtheoperationsf; and f] areof the samearity,
sayn;, for everys € I. A homomorphisnirom A to A’ isamapy : A — A’ suchthatfor everyi € I and
ai,... ,an;, € A, it holdsthate(f;(ai,... ,an,)) = fi(p(a1),--. ,o(ay,))-

We shallusethethreestandardvaysof transformingalgebras.

1. A'isareductof Aif A’ = AandC’' C C;

2. A'isasubalgbraof Aif A’ C A, everyoperatiorfrom C is apolymorphisnof A’ treatedasaunary
relationon A, andC’ consistf the operationdrom C restrictedio A’.

3. A’ isahomomorphiémage of A if thereexistsahomomorphisnirom A to A’ thatis onto.

4. A'is adirectpowerof A if thereexistsanintegerk > 0 suchthat A’ = A* andC’ consistsof the
operationdrom C actingcomponent-wisen A*. We write A’ = A,

A variety is a classof algebraswhich, if it contains.A also containsevery subalgebraof A, every
homomorphidmageof A, andevery direct power of A. The smallestvariety containing.A is calledthe
variety geneated by .4 anddenotedby var(.A). For furtherbackgroundn universalalgebrasee[8]. We
shallhave occasiorto usethefollowing simpleobseration on pp-definabilityandreducts.

Obsevation 4. Let A andB befinite structueswith the sameuniveise Thealgebra Alg(A) is a reduct
of Alg(B) if, andonlyif, everyrelationof B is pp-definablen A.

Thefollowing theoremusesthe aboze mentionedesultby Jeaonsetal. andthe resultsof [4].

Theorem5. Let A and B be finite structues. If the variety geneated by Alg(A) containsa reductof
Alg(B) thenCSP(B) <19 CSP(A).

NotethatTheorem3 is adirectconsequencef this becausellg(A) belonggo thevarietyit generates,
andAlg(A) is areductof Alg(B) preciselywhenPol(A) C Pol(B).

3 Definability and Systemsof Equations

In this sectionwe shav thatthe problemof determiningthe solability of linear equationsover the two-
elemenffield, which we mentionedabore asa canonicalexampleof atractableCSPwhosecomplements
notdefinablein Datalog is alsonot definablein C%, . Indeed,we prove a moregeneralresultby shaving
thatthe sohvability of equationsover a finite Abelian groupwith at leasttwo elementss not definablein

w
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3.1 Combinatorial games

Our proof of undefinabilityis basedon agameargument.The expressie power of C¥,  is characterisedy
a gameknown asthe bijectivegame[16]. Thisis playedby two players,SpoilerandDuplicator on a pair
of structuresA andB, with &£ pairsof pebbles(z;,y;) for 1 < ¢ < k. For eachmove, Spoilerchoosesa
pair of pebbles(z;, y;), Duplicatorchoosesa bijection f : A — B suchthat f(z;) = y; for i # j, and
Spoilerchooses: € A andplacesz; ona andy; on f(a). If, aftersomemove, themapx +— y is nota
partialisomorphism Spoilerwins; Duplicatorwins infinite plays. By aresultof Hella[16], Duplicatorhas
awinning stratgy if, andonly if, A andB cannotbe distinguishedy ary formulaof C_, afactdenoted
by A =C* B,

In constructingthe winning stratgy in the bijective gamewe construct,we dependon anothergame,
the copsandrobbergame[30], which is known to characterisg¢he treawidth of a graph. For the standard
definition of the treewidth of a graph,we referthe readerto [12]. The copsandrobbergameis playedby
two players,one of whom controlsthe setof k& copsattemptingto catcha robbercontrolledby the other
player The cop playercanmove ary setof copsto ary verticesof the graph,while the robbercanmove
alongary pathin the graphaslong asthereis no cop currentlyon the path. It is known [30] thatthe cop
playerhasawinning stratgy on a graphusingk + 1 copsif andonly if the graphhastreaevidth at mostk.
Thetreavidth of agraphG is denotedw(G).

3.2 Systemsof equationsasa CSP

We now turnto the preciseformulationof the problemof decidingthe sohability of equationgover afinite
Abeliangroupg asa classof relationalstructuresin thefollowing we will write + for thegroupoperation
in G andO for theidentity.

Definition 6. LetG bea finite Abeliangroupovera setG andr bea positiveinteger. e definethestructue
Eg,, to haveuniverseG and,for eada € G and1 < j < r, it hasarelation R}, of arity j that consistsof
thesetof tuples(zy, ... ,z;) € GY thatsatisfytheequationz; + - -- + z; = a.

Thus, ary structureA in the signatureof Eg , canbe seenasa setof equationsn which at mostr
variablesoccurin eachequation. The universeof A is the setof variablesandthe occurrenceof a tuple
(z1,...,z;) in arelation R} signifiestheequationz; + - - - + z; = a. This setof equationss solableif,
andonly if, A — Eg,. In thesequele will say“the equationz; + --- + x; = a occursin A” to mean
thatthetuple (z1, ... , ;) isin Rj.

Ouraim now is to exhibit, for eachnon-trivial finite AbeliangroupG andeachpositve integer k, a pair
of structuresA andB suchthat A =¢* B andsuchthatA ¢ CSP(Eg3) andB ¢ CSP(Eg3). This will
shawv that CSP(Eg 3) is not definablein C%, . This, of course,mpliestheresultfor all CSP(Eg ,-) with
r > 3.

Thestructuresve constructaresetsof equationslerivedfrom 3-regulargraphsof large treevidth. From
now on, fix a non-triial finite Abeliangroupg, a 3-regulargraph H, anda distinguishedvertex u of H.
Let{aq,... ,an,} betheelementof G. We define for eacha € {a1,... ,a,}, asetof equationdE,H" as
follows (notethatE, H* is astructureover thevocakulary of Eg 3):

For eachvertex v € V¥ andeachedgee € E* thatis incidenton v, we have m distinctvariables:c;”e
wheresi rangesover {a1, ... ,an }. Sinceeachvertex hasthreeedgesncidentonit, thereare3m variables
associatedb eachvertex. For every vertex v otherthanu, letes, e, e3 bethethreeedgesncidentonv. We
thenincludethefollowing equationin E, H* for all i, 5, k € {a1,... ,am}:

v,e1
7

" + w;’” +2y® =i+j+k. 1)



For thedistinguishedrertex u, insteadof theabove, we includethefollowing equationagainfor all 7, 5, k €
{a’la R 7am}:

“el+x“”+z};63—z‘+j+k+a. (2)

In addition,for eachedgee € E¥ let vy, vy beits endpoints We includethe following equationsn E, H*
foralli,j € {a1,... ,an}:

vl, +$’()2, _,L_l_J (3)

We refer to equationsof the form (1) and (2) asvertex equationsand equationsof the form (3) asedge
equations

Lemma7. E,H" is satisfiablef, andonlyif,a = 0

Proof To seethat the systemof equationsEyH" is satisfiable,just take the assignmenthat gives the
variablez;® thevaluei.

To seethatE, H" is unsatisfiablevhena # 0, considerthe subsystent, of equationgnvolving only
thevariablesr© with subscrip). Notethateachsuchvariableoccursexactly twicein Sy, oncein avertex
equationandoncein an edgeequation.Thus,if we addup the left handsidesof all the equationswe get
23"z, Notealsothateachvariablez? hasacompanionvariablez! ** whereu' is the otherendpointof

the edgee andwe have theequationz’° + z2 *° = 0. Thus
2y apc = 22 © 4zl = 0.
v,e

Onthe otherhand,theright-handside of all equationds 0 exceptfor the onevertex equationfor «, which
hasright-handsidea. Thussummingthe right-handsidesof all equationggivesthe suma. Sincea # 0,
this shawvs thatthe subsysteng, andhencethe systemof equationd€E, H* is unsatisfiable. O

3.3 Winning strategy

Next we arguethatary two systemsiefinedthis way aresuficiently indistinguishableWe startby shaving
thatthe shapeof the systemdoesnot dependon which distinguishedrertex we pick, provided we pick them
in thesameconnectedcomponent.

Lemma8. If u,u’ € V¥ belongto the sameconnectedtomponenobf H, thenE,H* ~ E, H" .

Proof Thecasewhereu = v/ is trivial, soassumehatthey aredistinct.
Letu = vy,e1,... ,e5,vs11 = u' bethesequencef verticesandedgesalonga simplepathfrom u to
u'. We now defineamapn from E, H* to E,H* asfollows:

v,€e.

e forary v & {vy,... ,'us+1},77($1{’ ) =z

o foreachl € {1,... s}, n(«}"") = z34%; and
o foreachl € {1,... s}, n(z;" ") = 27,

To shaw thatn is anisomorphismwe needto arguethatit preseresall theequationsn E, H“. Clearly, all
equationgorrespondingo verticesandedgesof H thatdo notappeamonthe patharepreseredasy is the
identity maponthe correspondingariables.Considemow thevertex equationgorrespondingo the vertex



u. Notethattheedgee; (thefirst edgeonthechoserpath)isincidentonw andlet f andg bethetwo other
edgedncidenton . Then,theequation

ue1+xuf—i—a:k’g—z+j+k+a

is mappedy 7 to
;‘+eal+:zuf+:c Y=i+j+k+a

whichis, indeed,anequationof ETH“ .
Similarly, avertex equationfor u':

ues

—I—:c ’f+a: =i+ +k

is mappedo

ueS

+al + =it + k.

Now, considera vertex equationfor anintermediatevertex v = v;; alongthe path. In this casethere
aretwo edges;, e; 1 of the pathincidentonv. Thus,theequation

w2l ) =ik

is mappedoy 7 to
ppeay n g | g Wi
o TTihe TIT =i+]+Ek,

wheref is thethird edgeincidentonv.
Finally, for eachedgee,; alongthe path,the equation

, Vi+1s€1 _ - .
.,L.Z?zez +le+1 1 =i+
is mappedy n to
zvel + xe =i+ .
We have thusestablishedhatn mapsequationgo equations.Since is a bijection,andthe numberof
equationsn E,H* andin E,H* is thesamethis provesthatit is anisomorphism. O

Lemma. If tw(H) > k and H is connectedthenEyH*" =C* E,H" foranya € G.

Proof. Ouraimis to exhibit awinning strat@y for Duplicatorin the k-pebblebijective gameplayedon the
two structuresA = EoH" andB = E,H". Sincetw(H) > k, weknow thatin thek copsandrobbergame
playedon H, robberhasawinning stratgyy andwe shav how Duplicatorcanmale useof this strateyy.

For eachvertex v € V' let XV denotethe setof variablesz;* for edges: incidentonv. Similarly, for
eache € Ef | let X¢ denotethesetof variablesinvolving e.

We saythatabijection f : A — B is goodfor avertex v € V' if thefollowing conditionshold:

1. forallw e VH, fX* = Xv;

2. foralle e Ef, fX¢ = X¢;

3. forall z,y, if x + y =i isanequationn A thenf(z) + f(y) = 4 isanequationn B; and

4. forall z,y, z, if z +y+ z = ¢ isanequationn A, then

e f(z)+ f(y) + f(2) = iisanequationn B if z,y,z ¢ X?; and
o f(z)+ f(y) + f(2) =i+ aisanequationn B if z,y,z € X".



Obsere thatthe identity is a bijectionthatis goodfor . Also, obsere thata bijectionthatis goodfor v
preseresall equationgxceptthe vertex equationdor v.

Claim 10. Givena bijection f : A — B thatis goodfor v, if there is a pathin H fromwv to w avoid-
ing uy,... ,u thenthere is a bijection f' : A — B thatis goodfor w sud that f|xuiy..uxue) =

fl|(Xu1u---uX“k)-

Proof. : Letthepathfromwv tow avoidinguy, ... ,ux bev = v,... ,v, = w. Foreachedgee = {v;,v;+1}
along this path, write z$~ for the variablez}"“ andz$* for the variablex;"*"°. We thendefine f' by
f(@57) = f(=57,) andf’(w§+) = f(a:?ia); and f’ agreeswith f everywhereelse.In particular sincethe
pathfrom v to w avoidsuy, ... ,ug, f’ agreewith f on X%t U --- U XU, O

We now describeDuplicators winning strateyy in the bijective k-pebblegame.Duplicatorrespondgo
Spoilersfirst move with theidentity bijection. Shemaintainsaboardon thesidewhich describes position
in the k copsandrobbergameplayedonthegraphH. At ary pointin thegame,if Spoilers pebblesareon
thepositionzy, ... ,zx in A andvy, ... ,v; aretheverticesof H to whichthesevariablescorrespondthen
thecurrentpositionof thecopsandrobbergamehask copssittingontheverticesvy, . . . , vg. If therobbers
positionaccordingo its winning stratgy is v, thenDuplicatorwill play a bijectionthatis goodfor v.

To seethat Duplicatorcando this forever, supposeSpoilerlifts a pebblefrom z;. Duplicatorresponds
with acurrenthijection f thatis goodfor ». Sincetheonly equationsotpreseredby f arethoseassociated
with thevertex v, Spoilermustplaceat leastthreepebbleson variablesassociatedvith v to win the game.
However, Duplicatorrespondgo Spoilerplacingthe pebbleon a new positionz} by updatingthe position
of the copsandrobbergame.Supposeaobbers winning stratgy dictateshatthe robbermove from v to w.
Sincerobbers move mustbe alonga pathavoiding the currentcop positions,by Claim 10, Duplicatorcan
updatethe bijection f to anew f’ thatis goodfor w without changingf on ary of the currently pebbled
positions.It is now clearthatDuplicatorcanplay forever. O

3.4 Undefinability result

We arereadyto stateandprove the mainresultof this section:
Theorem11. LetG bea non-trivial finite Abeliangroup. ThenCSP (Eg 3) is notdefinablein C¥,

Proof Supposeto the contrary thatthereis a k suchthat CSP(Eg 3) is definablein Ck_ . Let H beary
connected3-regulargraphwith tw(H) > k andu ary vertex of H. For instance H couldbea sufficiently
large brick graph.Let a beary elementof G distinctfrom 0. Then,by Lemma7, E¢H" € CSP(Eg 3) and
E,H" ¢ CSP(Eg 3). But,by Lemma9, EoH" =C* E,H*", acontradiction. O

4 Expressve Power of Counting Logics

Theresultsof Section3 shav thatthe countinglogic C%, , cannotexpressthe satisfiability of systemsof
linearequationgover afinite field. Overthe2-elemenfield Z-, this problemis completefor the compleity
class®L, for which we give a definitionin Section4.4 belav. As we notedin the introduction,however,
CY,, andevenits uniform fragmentLFP + C arepowerful enoughto expressothercompleteproblemsfor
this class.For example,LFP + C canexpresshata givensquarematrix hasnon-zerodeterminanbver ary
finite field. This wasfirst notedby Blass,Gurevich andShelah1]. In this sectionwe revisit thisresultand
discusghe (in)expressibilityof theseandotherproblemshatarecompletefor L.



4.1 Counting quantifiers

Recallthattheformulasof C¥, , areobtainedrom theatomicformulasby meansof negation,infinitary con-
junctionanddisjunction,and countingquantifiers(32"z) for every integern. Theformula (32"z)(¢(z))

signifiesthatthereexist atleastn pointsof theuniversethatsatisfyo(x). In theformulasbelov we will use
thenotation

(E 2)(¢(2))

asanabbreiation for theinfinitary formula

V 32"2)(0(2) A =(3"F12) ((2)
n>0

which saysthatthe numberof pointsthatsatisfyy(z) is even. We alsodefine

(0 2)(p(2)) = =(E 2)(p(2))

which saysthatthe numberof pointsthatsatisfyy(z) is odd. As amatterof fact,for every setof integers@
whatsoeger, we couldwrite theinfinitary formula

V (37"2)(p(2)) A ~(37"2)(¢(2))

neq

sayingthatthe numberof pointsthatsatisfy(z) belongsto @. Let usmentionthen,asa curiosity thatan
immediateconsequenc® this is thattheinfinitary logic C¥, , is ableto expressnon-computabl@roperties
of finite structuresOf coursetheuniform fragmentLFP + C of C%, , doesnothave this propertyas,in fact,
every propertyexpressiblen LFP + C canbechecledin polynomialtime.

4.2 Matrix multiplication and powering

Ann x n matrix A = (a;; : 1 < 4,7 < n) overthe 2-elemenffield Z,, whoseelementsve denoteby 0
and1, is representedby the binary relationformedby the pairs (i, j) suchthata;; = 1. In otherwords,
the matrixis representethy the setof positionsthathold 1; the otherpositionshold 0. With somealuseof
notation,we will useA bothfor the matrixin theusualmeaningandfor thebinaryrelationover{1,... ,n}
thatrepresents.

Productsand powers Wedefineaformulaprod(z, y, A, B) thatdefinegheproductof two n x n matrices
A andB over Zs. Thisis:

prod(z,y, A, B) = (O z)(A(z,2) A B(z,y)).

Theparticularcasen which A = B is denoteddy square(z,y, A).
Next, for every non-ngative integerr, we write aformulapower, (z, y, A) thatdefineshe power A™ of
thematrix A. Forr = 0, thepower A" is simply theidentity matrix, which is definedby theformula

I(z,y) = (z=1y).
Forr > 1, we proceednductively, so

powery(4) = I
power, . (A) = prod(4,power,(A)).
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By carefully reusingvariables,it is possibleto write the formula power,. (z,y, A) with four variablesin
total. For concretenessye define

power,  ((z,y,A) = (O u)(A(z,u) A power,(u,y,A)), if risodd
v

power,  ((z,y,A) = (Ov)(A(z,v) A power,(v,y,A)), if riseven.

In total, we usedfour variablese, y, u anduv.
Repeatedsquaring It is alsocorvenientto definethe powering of matricesby a moreefficientinduction

known asrepeatedsquaring For » = 0, we usethe samebasecase andfor larger powerswe distinguish
theoddandevencases:

powerg(A) = T
power; (A) = prod(4, square(power'L(rH)/QJ (A))), ifriseven
power; 1 (4) = prod(I,square(power|(, 1/ (4))), if risodd

Notethat, by the samecarefulreusingof variablesaswe did for power,., it is possibleto write the formula
power,. with five variableg(the additionalvariableis for the O-quantifierin square).

The goodfeatureof the inductive definition basedon repeatedsquaringis thatit takesonly O(logr)
iterationsto obtainpower,.. In comparisonthe inductie definition of power, requiresr iterations. This
differenceis importantif we needto take powversthatareexponentialin », the dimensionof the matrix, as
we actuallydo below.

4.3 Non-singular square matrices

A squarematrix is called singularif its determinanis zero,and non-singularotherwise. Equivalently a
squarematrix is non-singulaif the columnsarelinearly independentin the 2-elemenfield, a columnis a
linear combinationof someothercolumnsif andonly if it is the sumof a subsetof those. Therefore the
numberof non-singulam x n matricesover the 2-elemenfield is

(2" —1)(2" — 2)(2" — 2?)(2" — 23) ... (2" —2"71)

becausave have 2" — 1 choicesof non-zerovectorsfor thefirst column,andmoregenerally2™ — 2¢ choices
of vectorsthatarenot sumsof ary of thei previouscolumnsfor thei + 1-stcolumn.Let N,, bethisnumber

Non-singular matricesover Zy  Sincetheproductof non-singulamatricess non-singulaandtheinverse
of a non-singulamatrix is non-singularthe collectionof non-singulam x n matricesover the 2-element
field formsagroupof order N,,. Therefore,A is non-singulaif andonly if AN» = A. It follows thatthe
sentencdelov expresseshatthen x n matrix A overthe 2-elemenfield is non-singular:

nonsingular, (4) = (Vz)(Vy)(powery (z,y,A) < A(z,y)).

Finally, if we wantto definea sentencenonsingular(A) that definesthe classof all finite structureshat
represenhon-singulasquarematricesA overthe2-elemenfield, regardlesf its dimensionsit sufiicesto
take
nonsingular(4) = \/ (matrix, (A) A nonsingulary (A))
n>1

11



wherematrix, (A) is thesentencsayingthat A is asquaren x n matrix. In otherwords,thisis thesentence
thatsaysthatthe structurehasexactly n elements:

(32"z)(z = ) A (32" 2)(z = 2).

This shaws thatthe collectionof non-singulamatricesover the 2-elemenfield is definablein C¥_ . Letus
mentionthatall definitionsareperfectlyuniform andcanbeformalizedin theuniform fragment.FP+ C of
Cv, - Forthis, it is importantto usethe inductive definition of power!. basedn repeatedgquaringoecause
in the definition of non-singulamatriceswe aretaking a power with exponentV,,, whichis 20(n*)  Note
thatthelog of this numberis polynomial.

Non-singular matrices over finite fields Thediscussiorup to now canbe generalizedo arbitraryfinite

fields. Let F' be a finite field with ¢ elements.An n x n matrix A = (a;; : 1 < ¢,j < n) over F'is

representetdy ¢ — 1 binaryrelationsR,, onefor eacha € F — {0}, whereR, is therelationcontaining
the pairs(z, j) suchthata;; = a. In otherwords, R, is the setof positionsof the matrix thathold a. The
positionsthatdo notbelongto ary R, hold0. It is nottoo difficult to defineC%, , formulasprod(z, y, A, B)

andpower,(z,y, A) definingthe productandthe power of matricesaswe did for the 2-elemenfield in the
previoussection.lIt is importantfor this thatthefinite field is fixed.

Thesetof non-singulamatricesover F' alsoformsagroup.Its orderis

(@ - -a)@" =) (" —q" )

becausave have g™ — 1 choicesfor the non-zerovector of the first column,andmoregenerally g» — ¢*

choicesof vectorsthatarenot linear combinationsof previous columnsfor thes + 1-stcolumn. If we let

N, , be this number thenann x n matrix A over F is a non-singulaif andonly if A¥~« = A. Thus,
the collectionof all non-singulamatricesover F' is definablein C%,,, andin factin its uniform fragment
LFP + Ctoo.

4.4 Completeproblemsfor &L

Thecompleity classdL is formally definedasfollows. It consistof all languaged. for which thereexists
a non-deterministicTuring machineM runningin logarithmicspacesuchthat, for every input z in L, the
numberof acceptingcomputationf M is odd, andfor every input z notin L, the numberof accepting
computation®f M is even. It canbeseenthatNL C &L C P, but neitherinclusionis known to be proper
This classwasintroducedwith the aim of classifyingimportantproblemsof linearalgebrg7].

Completeproblems TheproblemGAP;, for GraphAccessibilityProblemmod 2, is this:

GAP; : Givenadirectedagyclic graphG andtwo verticess and¢, decidewhetherthe number
of pathsthatgofrom s to ¢ in G is odd.

It is not hardto see,usingthe standardreductionsfrom logspaceTuring machineso graphreachability
problemsthat GAP, is completdfor @ L. Thetrick to make thedigraphagyclic consistsn addinga counter
of stepsin a separatéapeof thelogspacemachine.

We definetwo moreproblems:

NONSINGULAR9 : Givenamatrix A in ZQX“, decidewhetherA is non-singular

FEASIBLE; : Givena matrix 4 in ZQ"X" andavectorb in Z7', decidewhetherthe systemof
equationsAz = b hasasolutionz in Z3.

12



It wasshown in [7] thatthethreeproblemsGA Py, NONSINGULARy andFEASIBLEs areinterreducibleby
logspaceeductionslt follows thatall threearecompletefor ®L. Thus,from thecomputationatompleity
perspectie, thethreeproblemsareequallyhard(or easy).

Fromthe descriptve compl«ity perspectie, however, it follows from our resultsthat the situationis
different. We shavedin this sectionthatthe problemNONSINGULARy is definablein C%, . Moreover, it is
nothardto seethatif A istheadjaceng matrix of thedigraphG, interpretecasa matrix over the 2-element
field, thenthe (u, v)-entry of ther-th power A” is the parity of thenumberof walksof lengthr thatgo from
u tov in G. In otherwords,if the numberof walks of lengthr is odd,thenthe (u, v)-entryis 1, andif it is
even,thenit is 0. It follows thatif A is the binaryrelationrepresentinghe adjaceng matrix of a directed
agyclic graphG, thefollowing formulaof C¥, , definesGAP,:

V /\ power, (s, t, A),

SeH resS

where H is the setof all finite setsof naturalnumbersof odd cardinality Herewe usethe factthatin a
directedagyclic graph,theonly walksarepaths.

FortheproblemFEASIBLE, thesituationis different.We shawv belowv how theresultsin Section3 imply
that,whenappropriatelyencodednto finite structuresthis problemis notdefinablein C¥_ .

Inexpressibility of feasiblesystems Let A = (a;;: 1 <i < m,1 < j < n)beamatrixin Z7*" andlet
b= (b; : 1 <1i < m)beavectorin Z5'. Thesystemof equationsdz = b is representedly afinite structure
asfollows. Theuniverseis thedisjoint unionof two setskR = {r1,... ,rn} andC = {c,... ,c,} of sizes
m andn, respectrely, indexing the rows andcolumnsof A, respectiely. The matrix itself is represented
by the setof pairs(r;,c;) suchthata;; = 1. Finally, thevectorb is representetdy the setof r;’s suchthat
b; = 1.

We shav now that the constraint-satisicion problem CSP(Eg 3), whereg is the additve group of
Zs, reducedo FEASIBLE; by a quantifierfree reduction. Recallthat an instanceof CSP(Eg 3) is given
by afinite structureA with its universerepresentinghe setof variablesz, . .. , z,, andwith two ternary
relationsRy and R; representingquationsf theform

i t+zj+z=0 and T +z+x =1,

respectiely. We build a structureC representingninstancedz = b of FEASIBLE, asfollows. First,if Ry
andR; arenotdisjoint, C is justafixedunsatisfiablénstanceof FEASIBLE,. Otherwisethesetof columns
C of thematrixis {z1, ... , z, }, theuniverseof A itself. Thesetof rows R of thematrixis thesetof triples
in Ry U Ry. TheunionR U C is thustheuniverseof C. Thebinaryrelationrepresentinghe matrixitself is
thesetof pairs

{((a,b,c),d) e RxC:d=aVd=bVd=c}.

Finally, the subsetof R representinghe independentectoris preciselyR;. It is obvious thatthis is a
quantifierfree reductionfrom CSP(Eg 3) to FEASIBLE,. Thus,FEASIBLE; is notdefinablein C¥, .

5 Logical Reductions

Thegoal of this sectionis to work out the mostusefulreductiondbetweenCSPsin the frameavork of logic.
Most constructionsare more or lessstandard put technical,exceptthe reductionto the idempotentcase,
which requiresalsoanon-trivial twist.
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5.1 Expansionsby reduceddefinablerelations

Recallthata structureD is anexpansiorof anotherstructureB if everyrelationin B is alsoarelationin D.
Let usstartwith therathertrivial caseof reductiongo expansions.

Lemma12. LetB beafinite structue, andlet D beanexpansionof B. Then,CSP(B) <, CSP(D).

Proof. Thetransformatiorthatexpandsevery instanceof CSP(D) by emptyrelationsis a reductionfrom
CSP(B) to CSP(D). Theemptyrelationis definableby the quantifierfree formulafalse. O

It shouldbe clearthat,in Lemmal2, the corversereductionCSP (D) <,,s CSP(B) neednotbetrue.
Thereis aninterestingcase,however, whereit holds. This is whenD is an expansionof B by reduced
pp-definableelations.Beforewe prove this, we needa definition.

Let R C A® bearelationon A. We defineanequivalencerelationfr on{1,... , s} by setting(s, j) in
Or if, andonlyif, a; = a; for every (a1, ... ,as) in R. WesaythatR is areducedelationif 6 is thetrivial
equialencerelation(i.e. equality). Note thatthe equalityrelationon A is notreduced.

Lemma13. Let B be a finite structue, and let D be an expansionof B by reducedrelationsthat are
definablein B by a pp-formula.Then,CSP(D) <, CSP(B).

Proof Leto bethevocallary of B. We prove thelemmafor theexpansiorby onereducedelationR. The
generalcasefollows by composing.Let r bethearity of R andlet ¢(z1, ... ,z,) bethe primitive-positve
formulathatdefinesR in B. Theformulahasthefollowing form:

(Fzr11) - - - (3rm) (Rl(xl%) A ARy(xpy ) Aee A Ry(xzg) Ao A Rs(x%)) ,

whereRy, ... , R; areall therelationsymbolsof o, eachI;ﬁ is asequencef indicesin {1,... ,m} whose
lengthmatcheghe arity r; of R;, andx; denoteghe projectionof thetuple (z1,... ,z,,) to theindices
indicatedby I. We may assumehatall variablesz, 1, ... , z,, aredistinctanddisjoint from z1,... , z,.
Moreover, since R is reduced,we may also assumehat all variablesz, ... ,z, aredistinct. Given an
instanceC of CSP(D), we needto definean instanceA of CSP(B) suchthat A — B if andonly if
C — D. Firstwe defineA abstractlyandthenshav how to defineit in C througha positive quantifierfree
interpretatiorwith parameters.

Theuniverseof A istheset

CU(R® x {Zri1,-- ,Zm}),

wherez, .1, ... ,z, arethequantifiedvariablesn ¢, whichwe assumeotto bememberof C. Intuitively,
we have anew copy of eachquantifiedvariableof ¢ for eachtuplein RC. Theinterpretatiorof therelation
R; in A consistsof RE, togethewith a setof tuplesdefinednext. For everyc = (ci,... ,¢,) in RC and
for everyI;'— = (i1,... ,1r;), addto RZA thetuple(zi, ... , z,) definedby:

1. z; = ¢;, if 44 istheindex of afreevariableof ¢, thatis, 1 <4 <,

2. z, = (¢, ;) if iy, istheindex of aboundvariableof ¢, thatis, r + 1 <4, < m.

This definesthestructureA.. Let usprove it hastheright property:
Claim 14. A — B if andonlyif C — D.

Proof Let h beahomomorphisnfrom A to B. We claimthattherestrictionof A to C' is ahomomorphism
from C to D. For every R; we have R C R andRP = RB. Moreover, h is a homomorphismso
h(R2A) C RB. Thush(RF) C RP. Letusnow checkthath(RC) C RP. Letthenc beary tuplein
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RC. Letd = h(c). Wewantto shav thatB |= ¢(d), sod belongsto RP. By the definition of A, for
everyI;ﬁ = (i1,... ,ir;), thetuple(zi, ... , z,,) definedasbeforebelongsto R2. Now, if 4y, is theindex of
aboundvariableof ¢, we view h((c, z;, )) asawitnessfor z;, whenevaluating¢(d) in B. Onthe other
hand,if i, is theindex of a free variableof ¢, we view d;, = h(c;, ) asthe interpretationof z;,. This
interpretatioris well-definedbecausegritically, RP is reducedsoall m variableszy, ... , z,, aredistinct.
Underthisinterpretatiorfor thefreeandboundvariableswe have B |= ¢(d) aswasto beproved.
Supposeow thath is ahomomorphisnfrom C to D. We needto extendh to mapfrom A to B. Fix a
tuplec in R, andletd = h(c). Thend belongsto RP soB = #(d). Letb,,1,... , b, bewitnessedo
the existentially quantifiedvariablesn ¢. We extendh by definingh((c, z;)) = b; forr +1 < i < m. The
claimis thath is ahomomorphisnirom A to B andthatthis follows directly from the definitions. O

We needto shav now thatthis reductionis indeeda positive quantifierfree interpretatiorwith parame-
ters. Thisis moreor lessroutine. Fix a pair of distinctvariablespg, p; thatwill playtherole of parameters.
For concretenessye canthink of py andp; asdistinctelementof C. Letq = m — r andt = |log, ¢| + 1.
We canthink of theuniverseof A asthesubsebf C™+'*2 definedby thefollowing formulawith » + ¢ + 2
freevariablesyg, y1, ... , Yrit:

(Wo=poAYy1="""=Yrqt+1) V(W0 =P1 AR(Y1,--- ,Ur) NP(Yrg1,--- s Yrst))s

wherey(y,41,- .. ,yr+¢) is a formulathatis satisfiedby the setof numbersk € {0,... ,q — 1} when
encodedn binary; the bits areencodedy vy, 15 = po Ofr ¥+ = p1. In otherwords,wheng is an exact
power of two, which we mayaswell assuméoy addingdummyvariablesy is thefollowing formula:

t—1
/\ Wrs146 =Po V Yri146 = p1)
b=0

Intuitively, the setof tuples(yo, - - - , yr+¢) for which

Yo=PoNAYL =" = Yrtt

encodeg”, andthe setof tuplesfor which

Yo =p1 ARy1, - s ur) ANPg(Yrs1s- - s Yrts1)

encodek® x {z,,1,... ,zn,}. With theuniversedefinedthis way, the restof theformal definitionis easy
to work out. O

5.2 Expansionsby definablerelations

Thehypothesisn Lemmal3thatall relationsexpandingB mustbereduceds necessaryif we wantto get
pgf-reducibilities.However, if we aresatisfiedwith Datalog-reducibilitiesywe canrelaxit. Beforewe prove
this, we needatechnicalintermediatdemma.

Let R be a relationof arity s andrecall the definition of 6, the equivalencerelationon {1,... ,s}
definedin the previoussection.Let I beasetof representatesof the equivalence-classesf 0, orderedn
anarbitraryway, anddefinered(R) = pr; R. Notethatred(R) doesnotdependnthechoiceof I. Besides,
for everyi ¢ I thereexistssomej € I suchthata; = a; for everytuple(a,... ,a,) in R. We callred(R)
thereducedversionof R.

A reducedstructue is astructureall whoserelationsarereduced.To every structureB we canassociate
areducedstructure calledthe reducedversion of B, whoseuniverseis the universeof B itself andwhose
relationsare the reducedversionsof the relationsof B. Note thatthe vocalulariesof a structureandits
reducedversionmay bedifferent. Note thatthe polymorphismsf B andits reducedversionarethe same.
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Lemma15. Let B a finite structue and let D be the reducedversion of B. ThenCSP(B) <gatalog
CSP(D) andCSP(D) <,4s CSP(B).

Proof. We startwith thereductionCSP(D) <, CSP(B). Let o bethevocatlulary of B andlet o’ bethe
vocahulary of the reducedstructureD. Hence,for every symbol R in ¢ we have asymbol R’ in ¢’ of the
arity of red(RB). Let C beaninstanceof CSP(D). We defineaninstanceA of CSP(B). Theuniverseof
A is C itself. Theinterpretatiorof ther-ary symbol R in A is definedasfollows: let @ = 65 for R = RB
andlet I beasetof representatesof thed-classesprderedn anarbitraryway. Then,R* is definedby the
formula
’(ﬁR(.’Bl, ce ,.’Er) = RI(X[) A /\ Ty = Ty
(i,5)€0

It is clearthatC — D if, andonly if, A — B. Moreover, thereductionis positive quantifierfree.

We proceechow with thereductionCSP(B) <gatalog CSP(D).

Let A beaninstanceof CSP(B). We defineaninstanceC of CSP(D). Theuniverseof C is A itself.
For therelations the basicideais to projecteveryrelationR* to thecoordinate®f asetof representaties ]
of the§-classeswheref = 6. However, beforewe do that,we needto closeeachR? underall equalities
implied by theequialenceqs, j) € 6. We dothatusingDatalogdefinablentermediateelations.

So,let E bethebinaryrelationon A definedby thefollowing Datalogprogram:

E(.’Bi,.’L'j) M R(:I:l,... ,.Z's)

E(‘T,y) P E(y,‘I)
E(z,z) : — E(z,y) N E(y, 2),

wherethefirst rule is introducedfor every symbolR in o andevery (i, j) € 6pa. It is obviousthatE is an
equivalencerelationon A; reflexivity follows from thefactthat (i, j) € 6pa in thefirst rule, symmetryis
enforcedby the secondrule, andtransitvity is enforcedby thethird. Next, for every r-ary symbolR in o,
let R' betherelationdefinedby

RI(XI) P R(yla 7ys) AE(:I"layl) AREE /\E(msays)a

where [ is a setof representates of the §-classewrderedin an arbitraryway. This definesC, andwe
definedit by a Datalogprograminterpretedon A. It remainsto argue that this Datalog-interpretatio is
indeedareduction.

Claim 16. If h isahomomorphisnirom A to B and(a,a’) € E, thenh(a) = h(a').

Proof. We proceedby inductionon the stageon which (a, a') enterstherelationE. If it entersin thefirst
stagethenthereexist R in o, (3,5) € Oza, anda € R? suchthate; = a anda; = a'. Sinceh(a) € R*
and(i,j) € Og, it followsthath(a;) = h(a;), soh(a) = h(a’). Theinductive casedollow trivially from
symmetryandtransitvity of equality O

Claim 17. A — B if andonlyif C — D.

Proof SupposehatA — B andlet h beahomomorphismWe claimthath itself is alsoahomomorphism
from C to D. Suppose € R'C. Thenthereexistsa anda’ in RA suchthata; = ¢ and(a;, a}) € E for
everyi € {1,...,s}. Now, h(a') € R® becausa is ahomomorphismButalsoh(a) = k(a') by theclaim
above becausda;, a)) € E for everyi. Butthen

h(c) = h(as) = h(a); = h(a'); € pr;(RB) = red(RB) = R'®.
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Thush is ahomomorphisnirom C to D.

Supposeow thatC — D andlet h beahomomorphismFor everya € A, leta” beafixedrepresen-
tative of the E-equivalenceclassof a. Let g(a) = h(a®) for every a. We claimthatg is ahomomorphism
from A to B. Supposa € RA. Then(a®); € R', soh((af);) € R'®. Notethat

9(a)r = h(a”)r = h((a”)1) € R = red(R®) = pr,(RP).
Buttheng(a) € RB by thedefinitionof 8z andI. Sog is ahomomorphism.

This completeghe proof of thelemma.

5.3 Reductionsthroughreducts

By combiningthe precedindemmaswe obtainthefollowing resultwhichis theanaloguef Theoren for
logical reducibilities.

Theorem 18. Let A andB befinite structues. If Pol(A) C Pol(B), thenCSP(B) <gatalog CSP(A).

Proof Let B’ bethereducedversionof B. By Lemmal5, we have CSP(B) <gatalog CSP(B’). Let B”
betheexpansiorof B’ with therelationsof A. By Lemmal2,we have CSP(B') <, CSP(B"). Suppose
now thatPol(A) C Pol(B). NotethatB” is anexpansionof A by reducedrelations.Moreover, sincethe
polymorphismf a relationandits reducedversionarethe sameit follows from Pol(A) C Pol(B) that
everyrelationRB’ of B! isinvariantunderevery polymorphisnof A. Thereforepy Theoren? every RB' is
pp-definablén A. By Lemmal3we have CSP(B') <, CSP(A). Composingve getCSP(B) <gatalog
CSP(A). O

5.4 Powering, subalgebras,and homomorphic images

In thissubsectionve shav how thebasicalgebraiaconstruction®f powering,subalgebrandhomomorphic
imagescanbe handledby Datalogreductions We startwith homomorphidmages.

Let B bea finite structureandlet B beits correspondinglgebra.Suppose3’ is analgebrathathasa
homomorphidmageA = h(B') thatis areductof B. NotethatA = B = h(B'), i.e. theuniversef .4 and
B arethe sameandaretheimageof the universeof B’ underh. We definea new structureB’ = pre(B, h),
the preimage of B, whoseuniverseis B’ andwhoserelationsarethe preimages,—! (RB) of therelations
RB of B.

Lemma 19. Letthealgebras B and B’, andthestructuesB and B’ = pre(B, h) beasabove Then
1. CSP(B) <, CSP(B’); and
2. B'isareductof Alg(B').

Proof. 1. We aguethatCSP(B) = CSP(B’) by aguingthatB andB’ arehomomorphicallyequialent.
The homomorphisnfrom B’ to B is just k, andthis is easyto check. As a homomorphisnfrom B to B’
we take ary inverse of h; thatis, ary function f : B — B’ suchthat f(b) belongsto »*(b) for every
b € B. Sucha function exists because is onto B. It is ahomomorphisnbecauséf b is atuplein RB,
thenh(f(b)) = b, sof(b) € h~1(RB).

2. It sufficesto shav thatevery operationof B’ is a polymorphismof B’. Let f' beanm-ary operation
of B', andlet f bethe correspondingperationof A. Supposéghatal,... ,a™ arem tuplesthatbelongto
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h~Y(RB). Thenthetuplesh(al), ... , h(a™) all belongto RB. We apply f component-wisandwe obtain
thetuple

(f(h(ai),-.. ,h(@l),-.., f(h(ap),... , h(a]"))).

Sincef is anoperatiorof A, and.A is areductof 3, it is apolymorphismof B, sothistuplebelongsto RB.
Now, by thechoiceof f, thistupleis the sameas

(h(f'(at--- saT), . h(F'(ag, .- ,a]))).

We concludethatthetuple
(f'(al,-..,aT),..., fl(ay,...,a))

belongsto ! (RB). This provesthat f' preseresevery relationof B'. O

Let B bea finite structureandlet B beits correspondinglgebra.Suppose3’ is analgebrathathasa
subalgebrad C B’ thatis areductof B. Notethat A = B C B’, i.e. theuniversesf A andB arethesame
andarea subsebf theuniverseof B’. We definea new structureB’ = ext(B, B’), the extensionof B, with
universeB’ andthesamerelationsasB.

Lemma 20. Letthealgebras B and B’, andthestructuesB andB’ = ext(B, B’) beasabove Then
1. CSP(B) <, CSP(B’); and
2. B' isareductof Alg(B').

Proof. 1. ThestructureB andB’ arehomomorphicallyequivalent. Indeedtheidentity mappingon B is a
homomorphisnof B to B’, andary mappingh : B’ — B thatis theidentityon B C B’ andmapselements
from B’ \ B to ary elementof B isahomomorphisnfrom B’ to B.

2. Let f’ beanoperationof B’ andlet f bethe correspondingperationin A. Then f preseresevery
relationof B becauseA is areductof B. But then,trivially, f’ alsopreseresevery relationof B’ because
therelationsin B’ andB arethesame. O

Let R be anr-ary relationon the set A". Thenthe flatteningof R, denotedfla(R,n), is the rn-ary
relationon A thatcontainsall tuples(z1, ... , xrn) suchthat((z1,... ,on),- -« , (Tr—1)ns1s--- > Trn)) €
R. Let B beafinite structureandlet B beits correspondinglgebra.Suppose3’ is analgebrathathasa
directpower A = B'" thatis areductof B. NotethatA = B = B'", i.e. theuniversesof A andB arethe
sameandarethen-th power of the universeof 5. We definea new structureB’ = fla(B, n), theflattening
of B, whoseuniverseis B andwhoserelationsaretheflatteningsof therelationsof B.

Lemma 21. Letthealgebras B and B’, andthestructuesB and B’ = fla(B, n) beasabove Then
1. CSP(B) <pq CSP(B’); and
2. B' isareductof Alg(B').

Proof 1. GivenaninstanceA of CSP(B), we needto defineaninstanceA’ of CSP(B’) suchthatA — B
if, andonly if, A’ — B’. First we define A’ abstractly andthenshav how to defineit on A througha
positive quantifierfree interpretationwith parameters.

The universeof the structureA’ is A x {1,... ,n}. For every k-ary symbol R in the vocahulary of
B, we have a correspondingin-ary symbol R’ in the vocahulary of B’. Theinterpretationof R’ in A’ is
definedasthe setof all tuples

(z1,1),...,(z1,n)y- .., (zk,1),... , (Tk,n))
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suchthat(z1, ... ,z;) belongsto RA.

Firstwe provethatthis structurehastheright property If A — B andh isahomomorphismthenclearly
themappingh’ : A" — B’ definedby theconditionh/((z,7)) = h(z);, whereh(z) = (h(z)1,... ,h(z)s),
is a homomorphism. Corversely if h is a homomorphismfrom A’ to B/, thenthe mappingh/(z) =
(W' ((z,1)),... ,h'((z,n))) isahomomorphisnirom A to B.

Next we shawv thatthis reductionis positive quantifierfree. Fix a pair of distinctvariablespg, p; that
will play the role of parameters.For concretenessye canthink of pg andp; asdistinct elementsof A.
Lett = [logyn] + 1. We canthink of the universeof A’ asthe subsetof A‘*! definedby the for-
mula(yo,y1,--- ,y:) With ¢ + 1 free variablesthat is satisfiedby the tuples(yo, y1,--- ,y:) for which
(y1,--. ,y:) encodesanumberfrom {0, ... ,n — 1} in binary;the bits areencodeddy y, = pg Or yp = p1
for 1 < b < t. Theinterpretatiorof therelationalsymbol R’ of arity kn is givenby theformula

n k-1
E-1)n+1 i i .
Yry',. v = Rebye™ el A NN\ (in@" Ly = - 1),
7j=11:=0
wherebin(y!"*, ... ,y"*7) = j — 1 abbreiatesthe expression

andb; .. .b; is thebinaryrepresentationf j — 1.

2. SinceA is areductof B, every relationof B is invariantwith respecto all operationsof A = B'™.
Now it is straightforvard thatevery relationin theflatteningof B is invariantwith respecto every operation
of B'. O

5.5 Reductionsthrough varieties
Finally, we arereadyto stateandprove the analogueof Theoremb for logical reducibility.

Theorem 22. Let A and B be finite structues. If the variety geneated by Alg(A) containsa reductof
Alg(B), thenCSP(B) <gatalog CSP(A).

Proof Let A = Alg(A) andB = Alg(B). SupposehatsomealgebraA’ of var(A) is areductof B. By
the HSP-theorenf8, Theoremd.5] A’ is ahomomorphidmageof a subalgebraf a directpower of A. Let
A,, As, and Ay, bethedirectpower, its subalgebraandthehomomorphidmage respectiely. We have that
A’ = Ap,. Letn besuchthat.A, = A", anlet h beahomomorphisnirom A, to Ay,.

We usethethreeintermediatestructures

1. A; =pre(A,h),
2. A.p = eXt(As, Ap)!
3. Ay =fla(Ap,n).

Usingthefactthat A’ = A, is areductof B = Alg(B), now we applyLemmasl9,20,and21in sequence
to obtain

1. CSP(B) <,qf CSP(A;) andA; is areductof Alg(A,),
2. CSP(A;) <pqt CSP(A,) andA, is areductof Alg(A,),
3. CSP(A,) <pqt CSP(Ay), andA is areductof Alg(Ay).

The last conditionmeansthat Pol(A) C Pol(Ay). It follows from Theorem18 that CSP(A ¢) <gatalog
CSP(A). Composingwe getCSP(B) <gatalog CSP(A). O
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5.6 Reductionfrom the idempotentcase

To everyfinite structureB we associat@ new structurethesingleton-gpanson of B, by addingoneunary
relation{b} for everyb € B. In otherwords,if B = {b1,... , b, }, thenthestructure(B, {b: },... ,{bn}) is
thesingleton-g&pansionof B. Notethatthe polymorphismf the singleton-g&pansionof B areexactly the
idempotenpolymorphism®f B, thatis polymorphismsf satisfyingtheidentity f(z, ... ,z) = z. Indeed,
every singletonset{b} is presered by ary idempotentpolymorphismof B, andary polymorphismof B
thatpreseresevery singletonset{b} mustby idempotent.

Lemma 23. Let B be a finite structue, andlet D be the singleton-gpansio of B. ThenCSP(B) <,
CSP(D) andif B is a core with at leasttwo points,thenCSP(D) <., CSP(B).

Proof. SinceD is anexpansionof B, thereductionCSP(B) <, CSP(D) follows from Lemmal2.

Let usnow prove that CSP(D) <, CSP(B). GivenaninstanceC of CSP(D), we needto definean
instanceA of CSP(B) suchthatA — B if, andonly if, C — D. Firstwe defineA abstractlyandthen
shav how to defineit on C throughan existential-positie interpretatiorwith parameters.

Theuniverseof the structureA is thedisjointunionof C and B. For everyrelationsymbol R of arity r
in thevocahulary of B, theinterpretatiorof R in A is definedby casesif the setstC arepairwisedisjoint,
welet RA = A", Otherwisewe let RA betheset

RPU [ J u(R®),
ueF

whereF is thesetof mappingsu : C — A suchthatthefollowing two conditionsaresatisfied:

1. u(y) € PE U {b} for everyb € B andy € PF,
2. u(y) =y foreveryy € C — Uyep PE.

This definesthe structureA.. Beforewe shav how to define A by an existential-positie interpretation)et
usshaw thatit hasthe propertywe want:

Claim 24. A — B if, andonlyif, C — D.

Proof. If thesetstc arenot pairwisedisjoint, thenclearly C 4 D. In this casegveryrelationin A is the
full relationandin particularit is reflexive. ButthenA 4 B sinceotherwiseB would alsobereflexive and
hencenota corewith atleasttwo elements.

Supposén thefollowing thatthe setstC arepairwisedisjoint. Let » be a homomorphisnfrom C to
D. Notethath(y) = b for everyy € PF; thisremarkwill beof uselater Let g bethe uniqueextensionof
hto A = BUC suchthatg(b) = b for everyb € B. We prove thatg is ahomomorphisnifrom A to B. Let
x € R for somerelationsymbol R, andwe aimto shaw thatg(x) € RB. Sincex € R?, eitherx € RB,
orx € u(RC) for someu € F. In thefirst caseg(x) = x andhencey(x) € R® asrequired.In thesecond
casex = u(y) forsomey € RC. Lety = (y1,... ,y,) andletusanalyzehecomponents; distinguishing
by casesvhetherthey belongto somePbC or not. Supposdirsty; € PbC for someb. Thenh(y;) = b by the
remarkabove. Also u(y;) € PC U {b} by thedefinitionof . Continuing,if u(y;) € PE theng(u(y;)) = b
againby the remarkabove, andif u(y;) = b theng(u(y;)) = g(b) = b by the definition of g. Therefore
g(u(y;)) = h(y;). Supposenext thaty; ¢ PbC for all b € B. Thenu(y;) = y; by thedefinitionof F', and
g(u(y;)) = h(y;) again.It follows thatg(u(y)) = h(y). Sincey € R€ andh is ahomomorphisnirom C
to D, we have h(y) € RP. It follows thatg(x) € RB becausg(x) = g(u(y)) = h(y) andRP = RB.
This provesthatg is ahomomorphism.

Supposeext that f is a homomorphisnfrom A to B. NotethatB is aninducedsubstructuref A,
sotherestrictionof f to B is a homomorphisnfrom B to itself. SinceB is a core,this restrictionmust
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be anautomorphismr of B. We mayassumehenthat f is theidentity on B; otherwisewe startwith the
homomorphisnobtainedfrom f by composingt with 7! on B. Now we definethemaph : C — B as
follows: if y € PC for someb € B, thenh(y) = b; otherwiseh(y) = f(y). Sincewe areassuminghatthe
setstC arepairwisedisjoint, themaph is well-defined.We claim thath is ahomomorphisnirom C to D.
Firstnotethatif y € PC, thenh(y) € PP by definition. Now, lety € RC for somerelationsymbol R, and
weprove h(y) € RP. Defineu : C — Abyu(y) = bif y € PC for someb, andu(y) = y otherwise Since
thesetstC aredisjoint, this is well-defined. Note thatu € F. Lety = (y1,-...,y,) andlet usanalyze
the componentg; distinguishingby caseson whetherthey belongto somePS or not. Supposirst that
y; € PC for someb. Thenu(y;) = b by thedefinitionof u, andf (u(y;)) = b because is theidentity on B.
Also h(y;) = b by the definitionof h. Thereforeh(y;) = f(u(y;)). Supposenext thaty; ¢ PC for ary b.
Thenu(y;) = y; by thedefinitionof u, andh(y;) = f(y;) by thedefinitionof h. Again h(y;) = f(u(y;)).
It follows thenthath(y) = f(u(y)). Now, u(y) € R® because: € F andy € RC. Hencef (u(y)) € RB
becausef is ahomomorphisnirom A to B. Thush(y) € RP becaus&kP® = RB. This provesthath is a
homomorphism. O

We needto shav thatthis reductionis indeedexistential-positre. Fix a pair of distinctvariablespg, p1
thatwill play therole of parametersi-or concretenessye canthink of py andp; asdistinctelementof C.
Letq = |B| andt = |log, q| + 1. We canthink of the universeof A asthe subsebf C**! definedby the
following formulawith ¢ + 1 freevariablesyg, y1, - - - , ys:

(Wo=poAyr="-=wy)V(y1=p1 AY(Y1,---,Yt);

wherey(y1, ... ,y:) is aformulathatis satisfiedoy thesetof numbers: € {0,... ,g— 1} whenencodedn
binary;thebitsareencodedy y;, = pg oryp = p1. Thisisthesameaechniqueasin theproofsof Lemmasl3
and21. Intuitively, the setof tuples(yo, . .. , ) for whichyy = py A y1 = --- = y; holdsencodes”, and
the setof tuplesfor which yg = p1 A ¥(y1,--. ,y:) encodesB. Now we definethe interpretationof the
relationsymbol R by thefollowing formula:

EV RV \/ 0, R,

veG

whereG is the setof mappingsv : {1,... ,r} = B x {0,1}, and{, ¢r andé, r areformulasto be
describedsoon.Notethe similarity of this formulawith the abstractlefinitionof R4 thatwe gave:

R U [ w(R®).
ueF
The formula ¢r(y',... ,y",p) encodeshe set RB asa finite disjunctionof conjunctionsof equalities
encodingthe tuplesof RB. This is easyto work out. The formula OU,R(yl, ...,y",p) encodeghe set

u(RC) asfollows:
(Elzl) T (Elzr)(R(zla ce 7Zr) ANTy A T2)

where
i = N wvi=poryl=... =yl APy(z) A By(y])
jEST
o= Nv=pryl=puA...Ayl=ps
JES2
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whereby, ... , b; denotethebits of the binary encodingof b in afixednumberingof B, andwhereS; is the
setof j suchthatv(j) = (b,0) andS; is thesetof j suchthatv(j) = (b,1). Finally, theformula¢ is defined
as

V G2 (By (2) A Py, (2)),

by £by

whereb; andb, rangeover B. This completeghedefinitionof R*. Notethat¢ is usedto make RA = A"
wheneerthesetsPE arenotdisjoint. O

6 Omitting typesand definability

Let A beanalgebra. A congruenceof A is an equivalencerelation o thatis invariantwith respecto all
operation®of A. In otherwords,for ary (n-ary) operationf of A andary a1, ... ,a,,b1,... ,b, € Asuch
that(a;, b;) € a wehave (f(ai,...,an), f(b1,...,by)) € a. Thecongruencesf A form its congruence
lattice con(A). A prime quotientin this latticeis a pair of congruences, 8 suchthata < g8, a # 3, and
for ary v with a < v < 8 we have eithera = v, or 8 = ~. Thefactthata, 8 is a prime quotientwill
be denotedby a0 < B. For ary a € A we denoteby a® the equivalenceclasscontaininga. The setof all
equialenceclassess calledthequotientset A/,. Thefactthata is acongruencallows oneto definethe
actionof ary operationof A onthequotientset:

fafs. .. ap) = (flag,. - s an))®

The quotientsetendavedwith all the operationsf is calledthe quotientalgebra .A/,, of A. It is nothard
to seethat.4/, is thehomomorphidmageof .4 underthehomomorphisnihattakesa € A to a®.

6.1 Unary and affine typesand modules

Tamecongruenceheory[18] allows oneto assignto eachprime quotientof the congruencéattice con(.A)
of afinite algebraAd oneof five types. Thetypereflectsthelocal structureof thealgebrawhich canbeone
of thefollowing:

afinite setwith agroupactiononit,

afinite vectorspaceover afinite field,

atwo-elemenBooleanalgebra,

WD P

atwo-elementattice,

5. atwo-elemensemilattice.

Inthesequelve alsoreferto type 1 astheunarytypeandto type2 astheaffinetype We usetamecongruence
asa black box extracting propertieswve needfrom existing results,andwe do not thereforeneeda precise
definition of thetypes. Thetype of a prime quotienta < 3 is denotedby typ(«, 3), while typ(A) denotes
the setof typesappearingastypesof someprime quotientof A. If A is a classof algebrastyp(2() denotes
thesetlJ 4o typ(A). If i € typ(2), we saythatl omitstypei. Otherwisewe say?2l admitstypei.

Lemma 25. Let A be a finite idempotentlgebra. If var(.A) admitstypesl or 2 thenit containsa finite
idempotenteductof a module
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Proof By aresultfrom [6], if var(.A) doesnotomit type 1 thenit containsafinite set thatis analgebraall
of whoseoperationsreprojections.So,supposehatvar(.4) omitstype 1, but doesnot omit type 2.
Sincevar(A) doesnot omit type 2, thereis afinite algebraB3 € var(.A) anda prime quotienta < 8 €
con(B) suchthattyp(a, 8) = 2. Notefirst thattaking 5/, insteadof B we may assuméhata = 0, the
equalityrelation,becauset follows from tamecongruenceheorythattyp(a/,,5/,) = typ(e, ) for ary
v < a. Next we notethatsinceB is anidempotentalgebra,every congruencelassof g is a subalgebra.
Take a non-trivial 8-class,andlet C bethe correspondingubalgebraTherestrictionof § to C' is thetotal

congruencd.
A congruencd centializesn moduloe if for arny termoperationf (1, ... s Tn, Y1y« s Yns 21 -« - 5 2k),
ary ci,...,cp € A, andary al,... ,al, a?,... a2, bl,... ,bL,, b2, ... b2 in A suchthat(a},d?) € 0,

(b}, b?) € n, thefollowing implicationholds:

177

1 1 41 1 £ 2 2 ;1 1
flag,. . yap,b,...  bpc1yeeeyek) = flaf, .. ,a0,b1,.. y by, Clyene s CE)
N2
1 1 32 2 £ 2 2 ;2 2
flag, ... a;,b7,...,b; c1,...,c) = flaf,... a5, bf,... by c1,...,ck).

It is known thattyp(n, 8) € {1, 2} if andonly if & centralizestself modulon (see[18, Theorem7.2]).

In our situationwe have that 8 centralizestself moduloQ in B. Therefore,l centralizestself modulo
0 in C. Thisimpliestyp(C) C {1,2}, and,sincevar(.4) omitstype 1, we obtaintyp(C) = {2}. By
Theorem?.6 of [18] thereis aternarytermoperationd thatis Mal'tses onC, thatis d satisfiegheidentities
d(z,y,y) = d(y,y,z) = z. ThereforeC generates congruencgermutablevariety andby aresultof [17]
it is anidempotenteductof amodule. O

Recallfrom Section3 the definition of the structureEg , for every finite Abeliangroup§ andevery
integerr > 1.

Lemma 26. Let M bea finite module let G be the Abeliangroup underlyingthering of M, andlet A be
anidempotenteductof M. ThenA is a reductof thealgebra of Eg . for everyr > 1.

Proof LetE = Eg,. Everym-arytermoperationof .A canberepresenteth theform
flx1,...yzm) =71121 + - + T T,

and,as f is idempotentyy + --- + r,, = 1. Take m tuplesay,... ,a,, in the relation R in E, where
a; = (a;,... ,a;) fori € {1,... ,m}. Checkthatthetuple

(f(a’lh"' 7a'm1)7"' 7f(a1j7"' 7a'rTLj))
alsobelongsto RY:

flatt,--- sam1) + -+ f(aij,--- s aQmj)
(ria11 +--- +rjam1) + -+ (r1a1j —l—---+rmamj)
— 7'1(@11+"‘+a1j)+“‘+7"m((1m1+"'+amj)
= rnoe+---+rpa
= a.

Therefore gvery relationof E is invariantunderevery operationof A. Thatis, A is areductof thealgebra
of E. O
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6.2 Unary and affine typesand definability

We canbringtogethetheresultsof Sections andtheprevioussubsectiono establistthefollowing theorem.

Theorem 27. LetB bea finite structue andlet B beits algebra. If var(B) admitstypesl or 2 thenthere
existsa non-trivial finite Abeliangroup G sud that CSP(Eg ) <datalog CSP(B) for everyr > 1.

Proof. SinceCSP(B) = CSP(core(B)), wherecore(B) is the core of B, we may assumethat B is a
core.Let D bethesingleton-g&pansionof B andlet D beits algebrawhichis idempotentBy Lemma23,
we have CSP(D) <gatalog CSP(B). Moreover, if var(B) admitstypes1 or 2, so doesvar(D) because
D is areductof B (see[18, Chapter5]). By Lemma25, the variety var(D) containsa finite idempotent
reductA of amodule.Let G bethe Abeliangroupunderlyingthering of the module.Theng is non-trivial
andfinite. Moreover, A is areductof the algebraof Eg , for every r > 1 by Lemma26. It follows that
CSP(Eg ) <datalog CSP(D). Composingve gettheresult. O

We have seenin Section3 that CSP(Eg 3) is not definablein C%,, wheng is non-trivial. Sincedefin-
ability in C%,, is presered dovnwardsby Datalogreductionsthis yieldsthefollowing corollary:

Corollary 28. Let B be a finite structue and let B beits algebra. If CSP(B) is definablein C%_,, then

var(B) omitstypesl and2.

Corollary28canbeseerasastrengthenin@f theresultof LaroseandZadori[25] thatif thecomplement
of CSP(B) is definablein Datalogthenvar(B) omitstypesl and2. LaroseandZadorialsoconjectured
the converse,namelythatif var(B) omitstypesl and?2 thenthe complemenif CSP(B) is definablein
Datalog By Corollary 28 this conjecturewould imply thatevery CSP(B) is eitherdefinablein Datalogor
notdefinablein C¥, , which canbe seenasadefinabilitydichotomy

Anotherconsequencef Corollary 28 is thatgraph3-colourability (i.e., CSP(K3)) is not definablein

C« ., sinceits algebrahasno operationgdut the projectionsandthereforeadmitstype 1.

oow!

Corollary 29. Graph3-coloubility is notdefinablein C¥_ .

While this haspreviously beenproveddirectly [11], our resultgivesa new proofthatgivesanalgebraic
explanationfor why the problemis not definable.
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