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UFPE em Recife
Caixa Postal 7851
Recife, PE 50732-970, Brazil
ruy@di.ufpe.br

Hans Jürgen Ohlbach
Inst. für Informatik
Ludwig-Maximilians-Universität
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On the Descriptive Complexity of a
Simplified Game of Hex

ARGIMIRO ARRATIA, Departamento de Matemáticas, Universidad
Simón Boĺıvar, Apartado 89000, Caracas 1080-A, Venezuela. E-mail:
arratia@ma.usb.ve

Abstract

The game Whex is here defined, which is similar to Generalized Hex but the players are restricted
to colour vertices adjacent to the vertex last coloured by one of the players. It is shown that the
problem of deciding existence of winning strategies for one of the players in this game is complete
for PSPACE, via quantifier free projections, and that the extension of first order logic with the
corresponding generalized quantifier captures PSPACE and verifies a normal form. This problem
is used to show that the problem of finding a proof in a proof system, like propositional resolution,
in which the user is allowed to introduce auxiliary statements in order to help the system reach the
theorem that he had set it to prove, is also complete for PSPACE via quantifier free projections.
Also, it is established the complexity of the game Whex when restricted to graphs of outdegree at
most 3, and, as a generalized quantifier, its expressive capabilities in the absence of ordering relation.

Keywords: Descriptive complexity; generalized quantifier; quantifier free projection; games; Genera-

lized Hex; polynomial space.

1 Introduction

In Descriptive Complexity we are concerned with logical characterizations of the usual
Turing machine based notion of a computational complexity class. Among the advan-
tages of the logical approach to Computational Complexity we have: we can establish
the complexity of a problem by syntactic measures, like number of quantifiers, varia-
bles and other symbols needed for describing the problem, instead of, say, designing
an algorithm for it; we can define a notion of reduction among problems (the first or-
der reduction) which is weaker than the traditional log–space; and we can sometimes
discern the nature of problems (on logical grounds) that within the traditional Turing
machine framework are equivalent (a fact which, often, defies our intuition).

There are various ways of constructing a logic that define exactly the properties that
lie within a certain computational complexity class. The method used in this paper
consists of extending the expressive power of first order logic with a uniform sequence
of generalized quantifiers, corresponding to a problem which is a representative of the
complexity class, in the sense of being complete for the class via logspace reducibility.
It is also necessary to include some built–in ordering relation, like that of successor
on the natural numbers, plus two constants that stand for the first and last element
in the ordering. This is the same as saying that our logical interpretations of our
complexity classes hold only over ordered finite structures with at least two elements,
which seems to be a necessary restriction, at least for logics expressing polynomial
time properties and of lesser complexity. The reader can find in the books [5] and [10]
further details on generalized quantifiers, and an extensive discussion on the problem
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106 On the Descriptive Complexity of a Simplified Game of Hex

of the ordering in the logical characterizations of computational complexity classes.
The computational problem presented in this paper is a variation of the game of

Generalized Hex (see [7]), that I have named Whex for reasons to be explained later,
which illustrates the facts mentioned in the first paragraph of this introduction. In
particular this new game seems easier to play in practice but, as it will be shown,
enjoys similar complexity features as Hex in theory.

As an application, the new game problem Whex is used to show that the problem
of finding a proof in a (mechanical) proof system with only one rule of inference like,
say, propositional resolution, and in which the user is allowed to introduce auxiliary
statements in order to help the system reach the theorem that we had set it to prove, is
complete for the class of problems that have polynomially space bounded algorithmic
solutions, via a very weak kind of reductions, namely quantifier free projections. On
the way, here I also exhibit some tools for proving problems complete via reductions
which are definable in first order logic, and illustrate their use with the particular
game problem in consideration. This paper ends exhibiting the complexity of Whex,
both computational and logical, when the board is restricted to be directed graphs of
outdegree ≤ 3, and further, it is pointed out the expressive capabilities of Whex, as
a generalized quantifier, in the absence of order.

2 Background on Descriptive Complexity

Some needed notions from Descriptive Complexity are reviewed in this section. More
details can be found in the books [5], [10]. A vocabulary τ = {R1, . . . , Rr, C1, . . . , Cs}
is a finite set of relation and constant symbols, where each relation Ri has arity
ni. A finite τ–structure A = 〈A,RA1 , . . . , RAr , CA1 , . . . , CAs 〉 consists of a universe
A = {0, . . . , n − 1}, relations RAi ⊆ Ani , and constants CAj (1 ≤ i ≤ r, 1 ≤ j ≤ s).
STRUCT(τ) denotes the set of all finite τ–structures. A problem over vocabulary τ
is a subset of STRUCT(τ) closed under isomorphisms.

A logic L consists of: 1) all sets L(τ) of formulas over each finite vocabulary τ ,
build up from the symbols in τ , variables, boolean operations ∧, ∨, ¬, and quantifiers
∀, ∃, following certain syntactic rules, together with a satisfaction relation |= which
establishes the meaning of formulas in (finite) models (possibly extended with inter-
pretations for free variables). In particular FO denotes First Order logic, and FOs

is First Order logic with built–in symbols suc(·, ·), 0 and max, which are always in-
terpreted on finite structures as the successor relation over the naturals, the first and
the last element. Hence, a sentence in FOs describes a property of ordered structures.

If L is a logic and φ a sentence in L(τ), for some vocabulary τ , then MOD(φ) :=
{A ∈ STRUCT(τ) : A |= φ} denotes the set of finite models that satisfy φ.

Problems as traditionally considered in Computational Complexity are sets of
strings, usually of 0’s and 1’s, so that they can be inputted into Turing machines.
To transform finite structures into strings of {0, 1}∗, and viceversa, some forms of
encodings are established, and, furthermore, these encodings can be made very effi-
ciently (e.g., first order definable, see [10]). Hence, if τ is some vocabulary and A ∈
STRUCT(τ), eτ (A) denotes an encoding ofA as a string over the set of symbols {0, 1},
which is first order definable. If Ω is some problem over τ (in the sense of being a set of
finite τ -structures closed under isomorphism), then the set of strings over {0, 1} corres-
ponding to encodings of elements of Ω is denoted eτ (Ω) := {eτ(A) : A ∈ Ω} ⊆ {0, 1}∗.
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Thus, given a complexity class C, defined in terms of the sets of strings over {0, 1}
accepted by some kind of Turing machines, when it is said that C is captured by a
logic L it is meant formally that

1. for each set of strings S ∈ C, there is some vocabulary τ and a sentence φ in L(τ),
such that S = eτ (MOD(φ)); and

2. for each vocabulary τ and each sentence φ in L(τ), eτ (MOD(φ)) ∈ C.
Whenever class C is captured by logic L (or L captures C), it will be denoted C = L.
Moreover, C ≤ L denotes that item 1. above is satisfied, and L ≤ C denotes that item
2. is satisfied. So, C = L if and only if C ≤ L and L ≤ C. If L1 and L2 are two logics
then L1 = L2 means that, for all vocabulary τ , every L1(τ)-sentence φ1 is equivalent
to an L2(τ)-sentence φ2 and viceversa. (Here, equivalence of sentences φ1 and φ2 has
the following intended meaning: for every finite τ -structure A, A |= φ1 if and only if
A |= φ2, this is commonly denoted as |= φ1 ←→ φ2. )

An important notion in Descriptive Complexity is that of a logical reduction.

Definition 2.1 Let L be some logic, let τ be a vocabulary and σ = {R1, . . . , Rr, C1, . . . ,
Cs} be another vocabulary, where each Ri is a relation symbol of arity ni and each
Cj is a constant symbol. A set Σ of L(τ)–formulas of the form

Σ := {φ1(x1), . . . , φr(xr), ψ1(y1), . . . , ψs(ys)},

where xi and yj are vectors of distinct variables with |xi| = kni and |yj | = k, for
some positive integer k, 1 ≤ i ≤ r and 1 ≤ j ≤ s, describes a (τ, σ)–translation of
arity k, which is a map sending a τ–structure A into a σ–structure AΣ, such that

• the universe of AΣ is the set Ak of k-tuples of A;
• for i = 1, . . . , r, the relation Ri of σ has the interpretation:

RAΣ
i := {a ∈ Akni : 〈A, a〉 |= φi(xi)}

• for j = 1, . . . , s, the constant Cj of σ has the interpretation:

CAΣ
j := uj

where uj is the unique element in Ak that satisfies ψj .

A problem Ω1 ⊆ STRUCT(τ) L-reduces to Ω2 ⊆ STRUCT(σ) (denoted Ω1 ≤L Ω2)
if there exists a k > 0 and a set Σ of L(τ)–formulas which defines a (τ, σ)–translation
of arity k so that, for all A ∈ STRUCT(τ),

A ∈ Ω1 if and only if AΣ ∈ Ω2.

In particular, if L in the above definition is FO, then we have a first order reduction.
If, further, all the formulas in Σ are projections, then we have a reduction which is
a first order projection (fop). (A first order formula ψ, over some vocabulary τ , is a
projection if it has the form

α0 ∨ (α1 ∧ β1) ∨ . . . ∨ (αm ∧ βm)

where none of the αi contains a symbol from τ ; for i 6= j, αi and αj are mutually
exclusive; and each βi is an atomic or negated atomic formula built up from symbols
in τ only.)
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3 Capturing complexity classes with generalized quantifiers

We can turn a problem into a generalized quantifier and increase the expressive power
of first order logic as follows. Let σ be as in the Definition 2.1 and let Ω be a problem
over σ. Then the extension of FO with the generalized quantifier Ω, which will be
denoted Ω∗[FO], is the smallest set L of formulas such that: L contains all first order
formulas, L is closed under all logical connectives and first order quantifiers, and for
any finite vocabulary τ , if Σ := {φ1, . . . , φr, ψ1, . . . , ψs} is a set of τ–formulas in L
that describes a (τ, σ)–translation of arity k, mapping τ–structure A into σ–structure
AΣ, then

Φ := Ω[x1, . . . , xr, y1, . . . , ys : φ1(x1), . . . , φr(xr), ψ1(y1), . . . , ψs(ys)]

is a new sentence in L, which is interpreted as follows. Given a τ–structure A, A |= Φ
if, and only if, the (τ, σ)–translation of A described by Σ, namely, the σ–structure
AΣ, is such that AΣ ∈ Ω.

Remark 3.1 The formula

Ω[x1, . . . , xr, y1, . . . , ys : φ1(x1), . . . , φr(xr), y1 = C1, . . . , ys = Cs]

is often abbreviated as

Ω[x1, . . . , xr : φ1(x1), . . . , φr(xr)](C1, . . . , Cs).

Some interesting fragments of Ω∗[FO] are:

Ωn[FO] for a positive integer n, is such that at most n nested applications of Ω can
appear in a formula.

posΩ∗[FO] is the sublogic where no application of Ω is within the scope of a ¬ (i.e.,
Ω has only positive occurrences).

posΩn[FO] for a positive integer n is the language with all occurrences of Ω positive
and at most n nested

Ω∗[FOs] is the fragment of Ω∗[FO] with the built–in successor and built–in constants
0 and max. In a similar way are defined the fragments Ωn[FOs], posΩ∗[FOs] and
posΩn[FOs].

Example 3.2 Consider the vocabulary τ2 = {E,C,D}, where E is a binary relation
symbol, C and D are constant symbols, and consider the following two problems over
τ2:

TC := {A ∈ STRUCT(τ2) : A is a directed graph
and there is a path from vertex CA to vertex DA}.

DTC := {A ∈ STRUCT(τ2) : A is a directed graph and there is a
path from CA to DA of all vertices with outdegree 1}.

(Recall that the outdegree of a vertex v in a directed graph is the number of edges
going out of v.)
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As it was shown by Neil Immerman in [9], the positive fragment of the exten-
sions of FOs with generalized quantifiers corresponding to each one of these problems
captures, respectively, the classes nondeterministic logspace (NL) and logspace (L).
Specifically:

posTC∗[FOs] = NL and posDTC∗[FOs] = DTC∗[FOs] = L

In general, if L is any regular logic (as defined in [4]), define the extension of L
with the generalized quantifier Ω in a similar manner as for FO, and obtain the logic
Ω∗[L] and similar fragments. The next proposition is immediate from the definitions,
and it just makes explicit the fact that L–reducibility among problems is equivalent
to definability in the extension of L with the generalized quantifier corresponding to
the larger problem.

Proposition 3.3 Let L be a regular logic, σ and τ be two vocabularies, with τ = {R1,
. . . , Rr, C1, . . . , Cc}. Let Ω1 be a σ–problem and Ω2 be a τ–problem. Then Ω1 ≤L Ω2

via a (σ, τ)–translation of arity k if, and only if, Ω1 = MOD(Φ) for some sentence
Φ ∈ posΩ1

2[L(σ)] of the form Ω2[x1, . . . , xr, y1, . . . , yc : φ1, . . . , φr, ψ1, . . . , ψc], where
{φ1, . . . , φr , ψ1, . . . , ψc} ⊂ L(σ) constitute a (σ, τ)–translation of arity k.

The following important result that links the usual Turing machine based reducibi-
lity and the logical reducibility has been proved in [12] (cf. [5, Proposition 10.3.22]).

Proposition 3.4 Let Ω1 ⊆ STRUCT(σ) and Ω2 ⊆ STRUCT(τ) be problems. Then
eσ(Ω1) is logspace reducible to eτ (Ω2) if, and only if, Ω1 ≤DTC1[FOs] Ω2.

As a consequence of the previous propositions and definitions we have the following
sandwich theorem, which is a key tool for “almost capturing” complexity classes by
extensions of FOs with generalized quantifiers. (This result is a generalization of
Corollary 3.1 of [12], and it is not difficult to prove.)

Theorem 3.5 Let C be a complexity class above L and closed under logspace re-
ducibility. Let Ω ⊆ STRUCT(τ) be a problem such that DTC1[FOs] ≤ posΩ∗[FOs],
and eτ (Ω) is complete in C via logspace reducibility. Then,

posΩ1[FOs] ≤ C ≤ posΩ∗[FOs]

The necessary next step for having an exact description of C by the logic posΩ∗[FOs]
is to show that it has a first order normal form; that is, every sentence in posΩ∗[FOs]
is equivalent to one application of the quantifier Ω to a first order sentence ψ. In
symbols, that posΩ∗[FOs] = posΩ1[FOs] We sometimes get something much better;
namely, that the first order sentence ψ is a quantifier free projection (qfp), and so it
is said that the logic has a quantifier free projective normal form.

When there is a normal form then the corresponding problem Ω is complete for the
class via either first order or qfp reductions, according to the nature of the normal
form. Either of these reducibilities is computationally much weaker than logspace,
since the set of all problems definable by first order sentences is properly contained in
the class L. As an example, the two logics just mentioned, namely, posTC∗[FOs] and
DTC∗[FOs], verify a quantifier free projective normal form and, hence, TC and DTC
are complete via qfp reductions in their respective classes (see [9] for the details).
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4 The WHEX logic

Fix a vocabulary τ2 = {E,C,D}, where E is a binary relation symbol, C and D are
constant symbols. A complexity class and a problem that fits in the hypothesis of
Theorem 3.5 is PSPACE (polynomial space) and the τ2–problem HEX. An instance
of HEX is a graph G with a source s and a sink t, and a yes-instance is an instance
(G, s, t) where Player 1 has a winning strategy in the game of Hex on (G, s, t). The
game of Hex proceeds as follows. Beginning with Player 1, two players take turns in
colouring previously uncoloured vertices of G, apart from s and t, until all vertices are
coloured. Player 1 always colours a vertex red and Player 2 always colours a vertex
blue. Player 1 wins the game of Hex if in the resulting coloured graph there is a path
consisting entirely of red vertices from s to t. That the encoding of this problem as
strings of 0’s and 1’s is complete for PSPACE via logspace reducibility was shown in
[6]; and that the extension of first-order logic using a uniform sequence of generalized
quantifiers corresponding to the problem HEX contains DTC–logic (with respect to
arbitrary finite structures) is proved in the following theorem.

Theorem 4.1 DTC1[FO] ≤ posHEX∗[FO]

Proof. Consider the τ2–sentence ψ := DTC[x, y : θ(x, y)](C,D), where x and y are
k-tuples of distinct variables, for some k > 0, C and D are k–tuples with all entries
equal to C and to D respectively, and θ ∈ FO. Consider the following formula φ with
free variables x, u1, u2, y, v1 and v2:

φ := (x = C ∧ u1 = u2 = C ∧ y = C

∧ ((v1 = D ∧ v2 = C) ∨ (v1 = C ∧ v2 = D)))
∨ (x = D ∧ ((u1 = D ∧ u2 = C) ∨ (u1 = C ∧ u2 = D))
∧ y = D ∧ v1 = D ∧ v2 = D)

∨ (u1 = v1 ∧ u2 = v2 ∧ θ(x, y))
∨ (u1 = C ∧ u2 = D ∧ v1 = D ∧ v2 = C ∧ θ(x, y))
∨ (u1 = D ∧ u2 = C ∧ v1 = C ∧ v2 = D ∧ θ(x, y))

Then
|= ψ ←→ HEX[(x, u1, u2), (y, v1, v2) : φ](C,D).

(Player 1’s winning strategy consists of colouring first (C,C,D) or (C,D,C), and
thereafter colour opposite vertex to Player 2’s choice; that is, if Player 2 colours
(x, u1, u2) then Player 1 colours (x, u2, u1).)

In [2] it was shown that the HEX–logic has a quantifier free projective normal form
and, hence, captures PSPACE applying Theorems 4.1 and 3.5. As an extra bonus we
get that the problem HEX is complete for PSPACE via quantifier free projections.

I would like to remark that similar results hold for the version of the Hex game
where players colour edges (as opposed to vertices) of a directed graph. The version
of the Hex game where players colour edges of an undirected graph is known as the
Shannon switching game for which polynomial time algorithms are known (see, for
example, [15]).

The main concern of this paper is the following variation of the problem HEX. An
instance is a graph G with a source s and a sink t, and a yes–instance is an instance
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where Player 1 has a winning strategy in a game which proceeds as the game of Hex
but with the following restriction:

Players can not colour an arbitrary vertex but must proceed as follows: Player
1 begins the game and he must do it by colouring red a vertex adjacent to
the source. From this move and on, Player 2 must colour blue an uncoloured
vertex adjacent to the vertex last coloured red (i.e. coloured by Player 1), and
Player 1 replies by colouring red an uncoloured vertex adjacent to the vertex
that he coloured red last.

Thus, Player 1 tries to build a path in a step–by–step fashion and linked to the source,
whilst Player 2 tries continually to block Player 1’s construction. As in the Hex game,
Player 1 wins if he reaches t with a path of red vertices only from s, with s and t
uncoloured and possibly some other vertices at the end of the game.

The above restriction placed upon the game of Hex makes the construction process
of a path local and reduces the space of search for each player (in fact, it makes it
linear); for these reasons I named this game Weak Hex (abbreviated Whex) and the
corresponding decision problem WHEX. However I shall prove below that WHEX
is similar to HEX with regards to computational complexity, when both are treated
as decision problems, and, on the other hand, they also coincide in expressive power
when treated as generalized quantifiers. So, in those two aspects, WHEX is no weaker
than HEX.

WHEX is encoded as a class of τ2-structures as follows:

WHEX = {A = 〈A,EA, CA, DA〉 ∈ STRUCT(τ2) : Player 1 has
a winning strategy for the game of Whex played on A }

It is worth observing that, as classes of structures, WHEX 6= HEX: There are graphs
where Player 1 wins the game of Whex but can loose the game of Hex (for example, a
graph as constructed in Theorem 4.3 below, corresponding to a satisfiable sentence),
and viceversa (for example, the complete bipartite graph Kn,n, with n ≥ 4 and where
the top two vertices are joined to a vertex s and the bottom two vertices are joined
to a vertex t, is a yes–instance of HEX but not of WHEX). Furthermore, there are
graphs where Player 1 wins both the Hex and the Whex games, as, for example, a
ladder with diagonal rungs with the source joined at one end and the sink joined at
the other end. One such a graph is constructed in the proof of Theorem 4.1, and, so,
we have

Theorem 4.2 DTC1[FO] ≤ posWHEX∗[FO]

4.1 WHEX is PSPACE-complete

QSAT, or the problem of determining if a quantified boolean formula in conjunctive
normal form is true, is the classical example of a PSPACE–complete problem [7] and
can be regarded as a game as follows (see [11] also): given

Φ := ∃x1∀x2 . . . Qn−1xn−1Qnxn φ
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where φ is a boolean formula in conjunctive normal form involving the variables x1,
. . . , xn, and the quantifiers Qi ∈ {∀, ∃} alternate starting with ∃ 1. We have two
players, Player 1 and Player 2, who take turns assigning a value of 0 (false) or 1
(true) to each variable, beginning with x1 and with Player 1 making the first move.
So, Player 1 assigns truth values to the variables existentially quantified, whilst Player
2 assigns truth values to the variables universally quantified; for those reasons Player
1 is also known as the ∃ player and Player 2 as the ∀ player. This game is named
Qsat (played on Φ), and one say that Player 1 (or ∃) wins the game of Qsat on Φ if,
and only if, after the n-th move φ is true.

To show that WHEX is PSPACE–complete I will describe below how to construct,
using logarithmic space, an instance, (G, s, t), of WHEX from an instance, Φ, of
QSAT.

Theorem 4.3 QSAT ≤log WHEX.

Proof. Let Φ := ∃x1∀x2 . . . Qnxn(C1 ∧ C2 ∧ . . . ∧ Cm), where each clause Ci is a
conjunction of literals. Define the graph GΦ = (V,E) as follows:

V = {s, t, y} ∪ {xi, xi, ui, ui, vi : 1 ≤ i ≤ n}
∪ {w2i : 1 ≤ i ≤ dn/2e} ∪ {ci, zi : 1 ≤ i ≤ m}

E = {(s, x1), (s, x1), (vn, c1), (vn, z1), (zm, t), (y, t)}
∪ {(xi, ui), (xi, ui), (ui, t), (ui, t), (xi, vi), (xi, vi) : 1 ≤ i ≤ n}
∪ {(vi, xi+1), (vi, xi+1) : 1 ≤ i ≤ n− 1}
∪ {(v2i, w2i), (w2i, t) : 1 ≤ i ≤ dn/2e}
∪ {(zi, zi+1), (zi, ci+1) : 1 ≤ i ≤ m− 1}
∪ {(ci, y) : 1 ≤ i ≤ m}
∪ {(ci, uj) : the literal ¬xj is in clause Ci}
∪ {(ci, uj) : the literal xj is in clause Ci}

(Figure 1 illustrates the graph GΦ for

Φ := ∃x1∀x2∃x3[(¬x1 ∨ ¬x2) ∧ (x2 ∨ x3 ∨ ¬x1) ∧ (x2 ∨ ¬x3)] )

First note that the moves of Player 1 and Player 2 on the graph GΦ corresponds to
moves by ∃ and ∀ on Φ. The literal xi stands for the negation of xi; hence, Player 1
colouring x2i−1 or x2i−1 red corresponds to ∃ deciding to give value 1 or 0 to x2i−1.
After Player 1’s colouring, Player 2 is forced to colour vertex u2i−1 or u2i−1; otherwise
Player 1 reaches t in his next move. After the forced colouring of u2i−1 or u2i−1 by
Player 2, Player 1’s only possible choice is v2i−1. Then it is Player 2’s turn to decide
whether to colour blue vertex x2i or x2i, which corresponds to ∀ making the decision
of assigning value 1 or 0 to x2i. According to the selection of Player 2, Player 1
must continue with colouring the opposite vertex and, again, Player 2 has a forced

1This is no loss of generality since we can always add clauses of the form x ∨ ¬x without altering the truth value

of φ
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Fig. 1. GΦ for Φ := ∃x1∀x2∃x3[(¬x1 ∨ ¬x2) ∧ (x2 ∨ x3 ∨ ¬x1) ∧ (x2 ∨ ¬x3)].

response, which obliges Player 1 to colour v2i. From there, Player 1 either wins or,
once again, must choose between x2i+1 or x2i+1, and so on.

Now, suppose ∃ has a winning strategy in the game of Qsat on Φ. Then Player
1 has the following winning strategy in the game of Whex on GΦ: if ∃ gives value
1 (respectively, 0) to variable x2i−1 then Player 1 colours vertex x2i−1 (resp. x2i−1)
red. If, when Player 1 reaches vertex vn, Player 2 subsequently colours all vertices ci
blue, then Player 1 will be left with zm to colour and wins; otherwise, Player 1 will
colour some ci red. Since all clauses are satisfiable, some literal in Ci is true; therefore
there is an edge from ci to some unvisited vertex uj or uj , besides the edge to y, so
Player 1 colours the one left free by Player 2 and wins.

For the converse, suppose ∀ has a winning strategy in the game of Qsat on Φ. Then
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Player 2 wins the game of Whex in the following way: if ∀ gives value 1 (resp. 0)
to variable x2i, then Player 2 colours vertex x2i (resp. x2i) blue; this forces Player
1 to colour x2i (resp. x2i) red, and Player 2 to colour u2i (resp. u2i) blue. When
Player 1 reaches vn, there is one clause Ci that is false, and, therefore, Player 2 forces
Player 1 to colour vertex ci by colouring vertex zi blue. Then Player 2 colours y,
thus succeeding in blocking Player 1, since all other edges lead to vertices uj already
coloured by Player 2.

Finally it is easy to see that the construction of GΦ from Φ can be done determi-
nistically using logarithmic space.

Next it will be shown that the logic posWHEX∗[FOs] has a quantifier–free projec-
tive normal form.

Theorem 4.4 Let τ be some vocabulary. Every sentence φ ∈ posWHEX∗[FOs(τ)]
is equivalent to a sentence of the form WHEX[x, y : ψ](0,max), where ψ ∈ FOs(τ),
ψ is quantifier–free projective and over the distinct k-tuples of variables x and y, for
some k ≥ 1, and where 0 (resp. max) is the constant symbol 0 (resp. max) repeated
k-times.

Proof. (Sketch) The proof runs along the same lines as the proof of the normal
form for posHEX∗[FOs] in [2], which in turn is inspired by the proof of [9, Theorem
3.3]. I proceed by induction on the complexity of the sentence φ, having to consider
essentially five cases; the first one being φ an atomic or negated atomic sentence which
is trivially equivalent to WHEX[(x1, y1), (x2, y2) : φ]((0, 0), (max,max)) with x1, x2,
y1, and y2 new variables not occurring in φ.

For the remaining cases I adapted the constructions done in [9, Theorem 3.3], so
as to fit in with the combinatorics of the Whex game, by incorporating the following
gadget. Given an undirected graph G = (V,E) with source s and sink t in V , built a
new graph X(G) consisting of a copy of G with two sources, s1 and s2, in place of s,
and two sinks, t1 and t2, in place of t. Draw edges between s1 (respectively s2) and
each vertex that forms an edge with s in G, and, similarly, draw edges between t1
(respectively t2) and each vertex that forms an edge with t in G. Add a new vertex
w, distinct from all the vertices in G, and edges between w and s1, s2, t1 and t2,
respectively. The gadget X(G) can be seen in Figure 2.

The idea behind X(G) is to guarantee a winning strategy for Player 1 in the game
of Whex played on all the set of vertices V , provided that Player 1 has a winning
strategy in the game of Whex played on the set of vertices V − {s, t}. Consider the
game of Whex on X(G) as the usual game of Whex on a graph with distinct source
and sink, except that Player 1 must begin by colouring one of the two sources, the
players continue as in the usual game of Whex from the previous coloured source,
and Player 1 wins if he reaches (and colours) one of the two sinks. Suppose Player 1
has a winning strategy in the game of Whex played on G; then, Player 1 wins in the
game of Whex played on (all the vertices of) X(G) by first taking one of the sources,
and, afterwards, if Player 2 doesn’t take w, Player 1 takes it and wins in his next
move; otherwise, Player 1 uses his winning strategy for G, which applies since he is
the first one to take a vertex of V − {s, t}; he will then reach one of the sinks and
win. Conversely, suppose Player 2 has a winning strategy in the game of Whex played
on G. Then Player 2 wins the game of Whex played on X(G) by taking, in his first
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Fig. 2. The gadget X(G).

move, vertex w, and then applying his winning strategy for G, which is possible since
Player 1 is the first one to move in V − {s, t}.

Now, let me explain how to useX(G) to obtain the formulas in normal form. Say we
want to eliminate the existential quantifier in φ := ∃zWHEX[x, y : θ(x, y, z)](0,max)
where θ is, by inductive hypothesis, a quantifier free projection and |x| = |y| = k.
Proceed to construct, from a given finite τ2-structure (a graph) A = 〈{0, 1, . . . , n −
1}, EA, CA, DA〉, the graphs X(Az) for each z ∈ {0, 1, . . . , n − 1}, where each Az
has universe |A|k and edge relation determined by θ(x, y, z). Then add two new
vertices s and t and, for each z ∈ {0, . . . , n − 1}, join the sources in X(Az) to s,
and the sinks to t. In the new graph thus obtained, named Gφ, s is codified as a
k + 4 tuple of 0’s and t as a k + 4 tuple of max’s; the vertices in each X(Az) are
codified as follows: the sources as (0,max, 0,max, z) and (0, 0, 0,max, z); the sinks
as (max,max, 0,max, z) and (max, 0, 0,max, z); the w as (0, 0,max, 0, z), and the
other vertices as (x,max,max, 0, z) for x 6∈ {0,max}. It is not difficult to describe
Gφ with a quantifier free projection ψ(x, u1, u2, u3, u4, y, v1, v2, v3, v3), and to show
that Player 1 has a winning strategy in the game of Whex played on Gφ if and only
if, for some z ∈ {0, . . . , n− 1}, Player 1 has a winning strategy in the game of Whex
played on X(Az).

To eliminate the universal quantifier place the gadgets in series, and do a similar
codification as in the existential case. It is here where the ordering relation is needed to
write the appropriate quantifier free formula. The nested case is resolved in a similar
manner by incorporating the X(G) gadget to the construction of the nested case for
TC in [9, Theorem 3.3], and following that proof the reader can write the appropriate
formulas for our present problem. This completes the proof of the theorem.

Corollary 4.5 PSPACE = WHEX∗[FOs] = posWHEX∗[FOs] = posWHEX1[FOs]
and WHEX is complete for PSPACE via quantifier free projections.

Proof. Put together Theorems 4.3, 4.2, 3.5 and 4.4.
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I would like to remark that the variations of the game of Whex where: 1) players
colour vertices of an undirected graph; 2) players colour edges of a directed or undi-
rected graph, remain complete for PSPACE via quantifier free projections. To see
the second point, observe that colouring an edge {u, v} adjacent to an edge {w, u}
coloured in a preceding move has the same effect of colouring the vertex v adjacent
to the previously coloured vertex u; hence, all results for the Whex game on ver-
tices apply with minor fixes to the game of Whex on edges. This contrast with Hex,
where playing on edges does make a difference in the computational complexity of
the problem, as it was remarked before.

Also, it should be noted that the version of the game of Whex where Player 2 begins
the game (by colouring blue a vertex adjacent to the source), and where we ask the
same query as before, namely, does Player 1 has a winning strategy?, yields a decision
problem, which it will be distinguished by WHEX′, with the same computational and
logical characteristics than our original WHEX (where Player 1 is the first one to
play). The proofs of these facts amounts to slight modifications of the proofs given
for the corresponding facts for WHEX. For example, to show WHEX′ is complete
for PSPACE, view QSAT as the same alternating game among ∃ and ∀, but with
∀ beginning the game instead of ∃, and the board being formulas with alternating
quantifiers beginning with ∀. Then the construction in Theorem 4.3 goes through and
we have QSAT ≤log WHEX′. We shall find WHEX′ more convenient to use for the
application of our games given in the next section.

5 The complexity of a user–aided proof system

Let τ3 = {R,C,D} be a vocabulary with a relation symbol R of arity 3 and two
constant symbols C and D. A τ3–structure A of size n can be regarded as a path
system, that is, a set A of n vertices, a relation RA ⊆ A×A×A, a source CA ∈ A and
a sink DA ∈ A, where in order to reach a vertex z, there must be two other reachable
vertices x and y so that (x, y, z) ∈ RA. This view of structures over τ3 is suitable for
encoding the problem Path System Accessibility (see [7]), whose instances are path
systems and yes–instances are instances where the sink is accessible from the source, a
vertex z being accessible if it is the source of the path system or if R(x, y, z) holds for
some accessible vertices x and y. The resulting class of τ3-structures corresponding
to Path System Accessibility was denoted PS by Iain Stewart in [13], considered by
him as a generalized quantifier and added to first order logic to obtain the extension
PS∗[FOs], path system logic, which satisfies a projective normal form and which
captures the class of polynomial time computable problems, P.

Theorem 5.1 ([13]) PS∗[FOs] = posPS∗[FOs] = posPS1[FOs] = P and the normal
form for posPS∗[FOs] is quantifier free projective. Therefore, the problem PS is
complete for P via quantifier free projections.

Alternatively, we can regard a τ3–structure A of size n as a proof system, by in-
terpreting the elements of A as statements and the 3–ary relation RA as a rule of
inference, say, for example, one like resolution, which when applied to statements x
and y yield the statement z, whenever (x, y, z) ∈ RA. This is the way I like to think
of τ3–structures here, and, under this view, the problem PS is the set of proof sys-
tems A where the statement DA is provable from the statement CA, where provable
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is synonymous with accessible and defined likewise.
Considering τ3–structures as proof systems, one then wonder about the complexity

of proving theorems in a proof system where the user can help the system by adding
“lemmas” along a proof, which are not necessarily provable from the initial state-
ment CA. The intended meaning of this last statement is formalize in the following
definition.

Definition 5.2 Let A = 〈A,RA, CA, DA〉 be a proof system. A statement z in A
is partially provable (p.p) if it is CA or it is obtained from some partially provable
statement x and an arbitrary, non partially provable statement y, by applying the
rule R to x and y (i.e. (x, y, z) ∈ RA).

A statement w is provable from u by a proof of partially provable statements if,
and only if, there is a sequence of partially provable statements c1, c2, . . . , cn, with
cn = w, which witnesses the following set of expressions:

∀b1∃c1 : (b1 = w or b1 is not p.p.) and (u, b1, c1) ∈ R (5.1)
and, for 1 ≤ i < n,

∀bi+1∃ci+1 : (bi+1 = w or bi+1 is not p.p.) and (ci, bi+1, ci+1) ∈ R. (5.2)

Define the problem Partial Proof System (PPS) as the following class of τ3–structu-
res:

PPS := {A ∈ STRUCT(τ3) : A is a proof system, where DA

is provable from CA by a proof of p.p. statements}

It is not difficult to see that PPS is in PSPACE: at the i–th step of a proof we
need to have in store the last statement ci partially provable, nondeterministically
generate and store a statement bi+1, and store a ci+1 for which (ci, bi, ci+1) ∈ RA.
Furthermore, we have

Theorem 5.3 WHEX′ ≤log PPS.

Proof. Given an undirected graph G = 〈V,E, u, w〉 with source u and sink w, define
the proof system AG = 〈A,R, s, t〉, with A = V , s = u, w = t and

R = {(a, b, c) : E(a, c) ∧ E(a, b) ∧ b 6= c}
∪ {(a, w,w) : E(a, w)}

Suppose G ∈WHEX. Then, for whatever vertex b1 Player 2 starts off the game of
Whex on G, Player 1 can respond with c1 such that E(u, b1) and E(u, c1) holds (and
c1 is on a path to w). Successively, in the i–th move, for whatever vertex bi Player
2 selects, Player 1 can respond with a ci such that E(ci−1, bi) and E(ci−1, ci) holds
(and ci is on a path to w), and so on, until Player 1 reaches a vertex cn such that
E(cn, w) holds. Then the sequence c1, c2, . . . , cn, w, is made of partially provable
statements in AG, satisfying conditions (5.1) and (5.2). Hence, it constitutes a proof
of t from s and, hence, AG ∈PPS.

Conversely, if we assume AG ∈PPS, then there is a proof of t from s by partially
provable statements, which satisfies conditions (5.1) and (5.2). These conditions des-
cribe a winning strategy for Player 1 in the version of the game of Whex played on
G where Player 2 makes the first move.
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We have that the problem PPS is complete for PSPACE via log–space reducibility.
It is argue next why PPS is also complete via quantifier free projections. First,
consider PPS as a generalized quantifier and add it to first order logic (with built–in
successor), and form the logic PPS∗[FOs]. Then observe that the problem DTC is
expressible in posPPS∗[FOs]: the intuitive idea is that for a given graph G, with
distinguished vertices s and t, a path 〈s, c1, c2, . . . , cn, t〉 from s to t can be seen as
a proof of t from s by the following sequence of applications of the rule R:

(s, t, c1), (c1, t, c2), . . . , (ci, t, ci+1), . . . , (cn, t, t)

Next, to show that posPPS∗[FOs] = posPPS1[FOs] proceed almost identically as in
Stewart’s proof of the normal form for PS∗[FOs] (Theorem 4.2 of [13]). For example,
to eliminate the existential quantifier in the sentence

∃wPPS[x, y, z : ψ(x, y, z, w)](C,D)

consider, for a structure A of size n, a disjoint union of the n proof systems described
by ψA(x, y, z, i), for i = 0, 1, . . . , n−1, with a common initial statement and a common
final statement. We then have a result analogous to Theorem 5.1.

Theorem 5.4 PPS∗[FOs] = posPPS∗[FOs] = posPPS1[FOs] = PSPACE and the
normal form for posPPS∗[FOs] is quantifier free projective. Therefore, the problem
PPS is complete for PSPACE via quantifier free projections (with the successor
relation).

(An alternative way of proving the completeness of PPS via qfp’s follows from ob-
serving that the reduction of WHEX′ to PPS in Theorem 5.3 can be described by
quantifier free projective formulas. On the other hand, WHEX′ can be shown com-
plete via qfp’s by same arguments employed for the completeness of WHEX, and then
use that quantifier free projections are transitive [10].)

The above theorem, together with Theorem 5.1, have as consequence a characteri-
zation of the P versus PSPACE problem. P = PSPACE if and only if PPS is first
order reducible to PS. This tells us, informally, that in order for the class PSPACE
be equal to P, it is sufficient to show that any proof system that uses auxiliary state-
ments in its proofs, can be effectively simulated by a proof system where all proofs
are constituted by provable statements from the initial one CA.

One more observation about the problem PPS is that it is definable in partial fixed
point logic, or PFP[PO]. This is the closure of first order logic with the partial fixed
point operator PFP and all boolean operations. PFP applies to formulas of the form
ϕ(x1, . . . , xk, R), where R is a relational variable of arity k, to make up the formula
PFP[x,R : ϕ(x,R)](t1, . . . , tk) whose interpretation is as follows: for an appropriate
structure A, A |= PFP[x,R : ϕ(x,R)](t1, . . . , tk) if and only if (t1, . . . , tk)A is in the
fixed point (if it exists) of the sequence of sets

ϕ0
A := {(a1, . . . , ak) ∈ Ak : A |= ϕ(a1, . . . , ak, ∅)}

and for i > 0
ϕiA := {(a1, . . . , ak) ∈ Ak : A |= ϕ(a1, . . . , ak, ϕ

i+1
A )}

(For further details see [5].)
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Now, it is not difficult to see that PPS is definable in PFP[PO] by the sentence

∃w(PFP[z,X : z = C ∨ ∃x∀y(X(x) ∧ (5.3)
(¬X(y) ∨ y = D) ∧R(x, y, z))](w) ∧ w = D)

(essentially we put in the set X the partially provable statements, beginning with C
and until we reach D).

If we consider PFP[POs], namely, PFP over first order logic with the built–in
successor, then using the facts just proved, that PPS is complete for PSPACE via
qfp’s with successor, and that PPS is definable in PFP[PO] (hence in PFP[POs]),
we obtain that every problem computable by Turing machines with a polynomial
space bound is definable in PFP[POs]. Conversely, the set of finite structures that
satisfy a given sentence in PFP[POs] can be decided by a polynomial space bounded
algorithm (see [5]). Thus, we have another proof of Abitebuol and Vianu’s logical
characterization of PSPACE:

Theorem 5.5 ([1]) PSPACE = PFP[POs].

6 WHEX on graph with outdegree ≤ 3.

Let WHEX3 be the set of digraphs of outdegree at most 3 which are yes–instances of
WHEX. I shall reduce the problem QSAT to WHEX3 via a quantifier free projection.
To do that view QSAT as a problem over the vocabulary σ = {P,N,U}, where P
and N are binary relation symbols and U is unary; then, an instance of QSAT is a
finite σ–structure A = 〈A,P,N,U〉, where P (i, j) holds in A if and only if variable j
occurs positive in clause i, N(i, j) holds in A if and only if variable j occurs negative
in clause i, and U(i) holds in A if and only if variable i is universally quantified. A
yes–instance of QSAT is an instance where Player 1 has a winning strategy in the
game of Qsat described previously.

Theorem 6.1 QSAT ≤qfp WHEX3.

Proof. The strategy is as follows: first, a log–space reduction from QSAT to WHEX3
is given, which is essentially the reduction of QSAT to WHEX given in Theorem 4.3
with suitable modifications meant to keep the outdegree below 3. Then it is indicated
how to codify the reduction and express it with a quantifier free first order projection.

Let Φ := ∃x1∀x2 · · ·Qnxn(C1∧C2∧ . . .∧Ck), where each clause Ci is a conjunction
of literals. Observe that n is the number of variables in Φ, and k is the number of
clauses. Define the graph GΦ = 〈V,E〉 as follows:

V = {s, t, y} ∪ {xi, xi, ui, ui, vi : 1 ≤ i ≤ n}
∪ {w2i : 1 ≤ i ≤ dn/2e} ∪ {ci, zi : 1 ≤ i ≤ k}
∪ {pji , n

j
i , y

j
i : 1 ≤ j ≤ n, 1 ≤ i ≤ k}.

E = {(s, x1), (s, x1), (vn, c1), (vn, z1), (zk, t), (y, t)}
∪ {(xi, ui), (xi, ui), (ui, t), (ui, t), (xi, vi), (xi, vi) : 1 ≤ i ≤ n}
∪ {(vi, xi+1), (vi, xi+1) : 1 ≤ i ≤ n− 1}
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∪ {(v2i, w2i), (w2i, t) : 1 ≤ i ≤ dn/2e}
∪ {(zi, zi+1), (zi, ci+1) : 1 ≤ i ≤ k − 1}
∪ {(ci, y), (ci, p1

i ), (ci, n
1
i ) : 1 ≤ i ≤ k}

∪ {(pji , y
j
i ), (n

j
i , y

j
i ), (y

j
i , t) : 1 ≤ i ≤ k, 1 ≤ j ≤ n}

∪ {(pji , p
j+1
i ), (nji , n

j+1
i ) : 1 ≤ i ≤ k, 1 ≤ j ≤ n− 1}

∪ {(pji , üj) : the literal xj is in clause Ci}
∪ {(nji , uj) : the literal ¬xj is in clause Ci}.

GΦ is a graph with outdegree at most 3, and it is not difficult to see that Player 1 has
a winning strategy in the Qsat game played on Φ if and only if Player 1 has a winning
strategy in the Whex game played on (GΦ, s, t). In order to write the above reduction
as a quantifier free formula, begin by codifying the 14 types of vertices as the following
sextuples (max is abbreviated as m): s = (0, 0, 0, 0, 0, 0), t = (m,m,m,m,m,m),
y = (m,m,m, 0, 0, 0), xi = (i, 0,m,m,m,m), xi = (i,m, 0,m,m,m), ui = (i, 0, 0, m,
m, m), ui = (i,m, 0, 0,m,m), vi = (i, 0,m, 0,m,m), wi = (i,m,m, 0,m,m), ci = (i
, m, m, m, 0, m), zi = (i,m,m, 0, 0,m), pji = (i, j, 0,m, 0,m), nji = (i, j, 0,m, 0, 0),
and yji = (i, j, 0, 0, m, 0). Then I proceed to define the edge relation with a formula
in the variables x1, x2,. . . , x6, y1, y2,. . . , y6, consisting of disjunctions of clauses, one
for each of the type of edges described above, and most of which can be easily seen
to be a quantifier free conjunction. Therefore, I just write down the (possibly) not
so trivial quantifier free formulas that describe some of the edges. Take for example
an edge of the form (v2i, w2i). This is an edge corresponding to variable i universally
quantified, and so is equivalent to have (vi, wi) ←→ U(i) holding in GΦ; hence, we
can express this edge with the formula:

(¬φvw ∧ ¬U(x1)) ∨ (φvw ∧ U(x1))

where

φvw := x1 = y1 ∧ x2 = x4 = y4 = 0
∧ x3 = x5 = x6 = y2 = y3 = y5 = y6 = m

Edges such as (pji , uj) are given by the formula

x2 = y1 ∧ x3 = x5 = y3 = y4 = 0
∧ P (x1, x2) ∧ x4 = x6 = y2 = y5 = y6 = m

Edges such as (nji , uj) are given by the formula

x2 = y1 ∧ x3 = x5 = x6 = y2 = y3 = 0
∧ N(x1, x2) ∧ x4 = y4 = y5 = y6 = m

And for edges such as (vi, xi+1), (zi, zi+1), or (pji , p
j+1
i ) we use the (built–in) successor

relation to write up appropriate quantifier free conjunctions. This ends the proof of
the theorem.

Corollary 6.2 WHEX3 is complete for PSPACE via first order reductions, and

posWHEX31[FOs] = WHEX31[FOs] = PSPACE.
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The problem WHEX2 whose instances are digraphs of outdegree at most 2, and
yes–instances are instances where Player 1 has a winning strategy for the game of
Whex, can be solved in polynomial time. This is immediate, since there is at most
one alternative for each player’s next move, and so all the moves are forced.

7 WHEX on unordered structures

In this section a comment is made on the expressive capabilities of WHEX, as a
generalized quantifier, with respect to properties of arbitrary (but finite) structures.
If we do not include the built–in successor relation, so that our input structures can
be unordered as well as ordered, then the logic WHEX∗[FO] has a 0–1 law, since
WHEX is a problem closed under extensions and, thus, satisfies the conditions for
logics with generalized quantifiers to have asymptotic probability equal to either 0 or
1, as established in [3] for graph problems and later generalized to any problem in
[14]. Therefore, WHEX∗[FO] does not capture PSPACE.

Also, just as it was shown in [2] that HEX∗[FO] does not have a normal form using
suitable Ehrenfeucht–Fraissé type of games, the same can be shown for the logic
WHEX∗[FO]:

Theorem 7.1 There are problems definable in WHEX∗[FO] which can not be defined
by a sentence of WHEX1[FO] in which the operator WHEX does not appear within
the scope of the quantifier ∀.

Proof. The proof is the same as the proof of [2, Proposition 4]. Incidentally, the
structures Sm and Tm in the proof of that proposition are also in WHEX and not in
WHEX, respectively.

8 Final Remarks

WHEX illustrates the necessity of developing tools for sharpening the classification of
computational problems. It is a problem based on a game where, intuitively, should be
easier than the game of Hex to design winning strategies. However I have shown how
similar WHEX and HEX are with respect to their computational complexity and logic
expressive power. Nonetheless, I believe some distinctive features among these two
problems can be obtained by further exploiting their logical characteristics (besides
the few structural differences pointed out through this paper). For example, after
Theorem 5.4, it was remarked that WHEX′, and hence WHEX, can be reduced to
PPS via a quantifier free projection; sustituting in formula (5.3) the relation R by its
description in the vocabulary τ2 = {E,C,D}, as suggested in the proof of Theorem
5.3, we get a definition of WHEX in the logic PFP[PO] by a formula structurally
simple: it contains a second order variable of arity 1 and the quantifiers (PFP and
the first order quantifiers) are relativized by atomic formulas. This fit the pattern of
formulas in a guarded fixed point logic (see [8]), therefore suggesting a finer subclass of
PSPACE problems (where WHEX and PPS belongs) as those problems definable in
some fragment of the logic PFP[PO], possibly a “guarded partial fixed point” logic.
I will leave this characterization as an open problem.

Finally, I will end with the following application of WHEX to a problem of commu-
nication in networks, suggested to me by Iain Stewart. Given a network with a source
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s, a sink t and a fixed positive integer λ, consider each edge between two nodes i and
j as having a valuation tij , which might represent the time that a message takes to
go from i to j. We consider also that, for each node i, up to λ nodes might fail in
processing the information per unit of time tij among i and any other adjacent node
j. We wish then to know if a message can be send from s to t, and in the afirmative,
which is the strategy for transmission that gives the less time possible. Observe that
WHEX is a particular instance of this problem: take λ = tij = 1; hence, this problem
is PSPACE–hard.
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[8] E. Grädel and I. Walukiewicz. Guarded fixed point logic, in: Proceedings of 14th IEEE Sympo-
sium on Logic in Computer Science LICS ‘99, Trento, pp. 45-54, 1999.

[9] N. Immerman. Languages that capture complexity classes. SIAM J. of Computing 16, 4 (1987)
760–778.

[10] N. Immerman. Descriptive Complexity (Springer, 1998).

[11] T.J. Schaefer. On the complexity of some two-person perfect information games. J. Comp. Syst.
Sci. 16 (1978) 185–225.

[12] I.A. Stewart. Comparing the expressibility of languages formed using NP–complete operators.
J. Logic Computat. 1 (1991) 305-330.

[13] I.A. Stewart. Logical description of monotone NP problems. J. Logic Computat. 4 (1994) 305-
330.

[14] I.A. Stewart. Program schemes, arrays, Lindström quantifiers and zero-one laws, in: J. Flum
and M. Rodriguez-Artalejo, eds., Proc. 8th Ann. Conference of the European Association for
Computer Science Logic (LNCS Vol. 1683, Springer-Verlag, Berlin, 1999).

[15] L.J. White. An efficient algorithm for the Shannon switching game. Ann. New York Acad. Sci.
175 (1970) 411–412.

Received 21 of March, 2002




