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Primitive types

1. Tpp
i ::= Tpp

i+j/Tpp
j T(C/B) = T(B)→T(C) over [5]

2. Tpp
j ::= Tpp

i \Tpp
i+j T(A\C) = T(A)→T(C) under [5]

3. Tpp
i+j ::= Tpp

i •Tpp
j T(A•B) = T(A)&T(B) continuous product [5]

4. Tpp
0 ::= I T(I) = > continuous unit [4]

5, k . Tpp
i+1 ::= Tpp

i+j↑k Tpp
j ,1 ≤ k ≤ i+1 T(C↑k B) = T(B)→T(C) extract [12]

6, k . Tpp
j ::= Tpp

i+1↓k Tpp
i+j ,1 ≤ k ≤ i+1 T(A↓k C) = T(A)→T(C) infix [12]

7, k . Tpp
i+j ::= Tpp

i+1�k Tpp
j ,1 ≤ k ≤ i+1 T(A�k B) = T(A)&T(B) discontinuous product [12]

8. Tpp
1 ::= J T(J) = > discontinuous unit [12]

9. Tpp
i ::= Tpp

i &Tpp
i T(A&B) = T(A)&T(B) additive conjunction [3, 8]

10. Tpp
i ::= Tpp

i ⊕Tpp
i T(A⊕B) = T(A)+T(B) additive disjunction [3, 8]

11. Tpp
i ::=

∧
VTpp

i T(
∧

vA) = F→T(A) 1st order univ. qu. [13]
12. Tpp

i ::=
∨

VTpp
i T(

∨
vA) = F&T(A) 1st order exist. qu. [13]

13. Tpp
i ::= 2Tpp

i T(2A) = LT(A) universal modality [9]
14. Tpp

i ::= 3Tpp
i T(3A) = MT(A) existential modality [7]

15. Tpp
i ::= [ ]−1Tpp

i T([ ]−1A) = T(A) univ. bracket modality [10, 6]
16. Tpp

i ::= 〈〉Tpp
i T(〈〉A) = T(A) exist. bracket modality [10, 6]

17. Tpp
0 ::= !Tpp

0 T(!A) = T(A) universal exponential [1]
18. Tp◦0 ::= ?Tp◦0 T(?A) = T(A)+ existential exponential [13]

19. Tpp
i+j ::= Tpp

i+j |Tpp
j T(B |A) = T(A)→T(B) limited contraction [2]

20. Tpp
0 ::= W(w) T(W(w)) = > limited weakening [11]



Sequent calculus

The sort sA of a type A is the i ∈ N such that A ∈ Tpi . For
example, s(S↑1N)↑2N = 2.

The sets Config of configurations and TreeTerm of tree terms
of (hyper)sequent calculus for our categorial logic are defined
by mutual recursion as follows, where Λ is the metalinguistic
empty string and 1 is a metalinguistic placeholder called the
separator:

Config ::= Λ | TreeTerm,Config | [Config]
TreeTerm ::= 1 | Tp0 | Tpi>0{Config : . . . : Config︸                     ︷︷                     ︸

i Config’s

}
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For example, there is the configuration
γ = A {C ,1 : B{1},D},F ,1 where sA = 2 and sB = 1 and
sC = sD = sF = 0.

Diagramatically this configuration γ is . . .

The intuition is the following. Dotted nodes signify unbounded
arity concatenations and a type labelling a mother node
signifies a discontinuous type intercalated by its daughters.
Leaf types are continuous, and a leaf 1 marks a point of
discontinuity.
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The sort of a configuration Γ is the number of separators 1 that
Γ contains. For example, sγ = 3.

The figure
−→
A of a type A is defined by:

−→
A =


A if sA = 0
A {1 : . . . : 1︸    ︷︷    ︸

sA 1’s

} if sA > 0

For example,
−−−−−−−−−−→
(S↑1N)↑2N = (S↑1N)↑2N{1 : 1}.
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Where Γ is a configuration of sort i and ∆1, . . . ,∆i are
configurations, the fold Γ ⊗ 〈∆1 : . . . : ∆i〉 is the result of
replacing the successive 1’s in Γ by ∆1, . . . ,∆i respectively.

For example, if γ1, γ2 and γ3 are configurations, the fold
γ ⊗ 〈γ1 : γ2 : γ3〉 = A {C , γ1 : B{γ2},D},F , γ3.



Where Γ is a configuration of sort i and ∆1, . . . ,∆i are
configurations, the fold Γ ⊗ 〈∆1 : . . . : ∆i〉 is the result of
replacing the successive 1’s in Γ by ∆1, . . . ,∆i respectively.

For example, if γ1, γ2 and γ3 are configurations, the fold
γ ⊗ 〈γ1 : γ2 : γ3〉 = A {C , γ1 : B{γ2},D},F , γ3.



Where ∆ is a configuration of sort i > 0 and Γ is a configuration,
the k th metalinguistic wrap, 1 ≤ k ≤ i, ∆ |k Γ is given by

∆ |k Γ =df ∆ ⊗ 〈1 : . . . : 1︸    ︷︷    ︸
k−1 1’s

: Γ : 1 : . . . : 1︸    ︷︷    ︸
i−k 1’s

〉

i.e. ∆ |k Γ is the configuration resulting from replacing by Γ the
k th separator in ∆.

For example, where γ′ is a configuration,
γ |2 γ′ = A {C ,1 : B{γ′},D},F ,1.
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Rules of grammatical inference

Identity rules

id−→
A ⇒ A

Γ⇒ A ∆〈
−→
A 〉 ⇒ B

Cut
∆〈Γ〉 ⇒ B



Multiplicatives

1.
Γ⇒ B ∆〈

−→
C 〉 ⇒ D

/L
∆〈
−−−→
C/B , Γ〉 ⇒ D

Γ,
−→
B ⇒ C

/R
Γ⇒ C/B

2.
Γ⇒ A ∆〈

−→
C 〉 ⇒ D

\L
∆〈Γ,

−−−→
A\C〉 ⇒ D

−→
A , Γ⇒ C

\R
Γ⇒ A\C

3.
∆〈
−→
A ,
−→
B 〉 ⇒ D

•L
∆〈
−−−→
A•B〉 ⇒ D

Γ1 ⇒ A Γ2 ⇒ B
•R

Γ1, Γ2 ⇒ A•B

4.
∆〈Λ〉 ⇒ A

IL
∆〈
−→
I 〉 ⇒ A

IR
Λ⇒ I



5, k .
Γ⇒ B ∆〈

−→
C 〉 ⇒ D

↑k L
∆〈
−−−−→
C↑k B |k Γ〉 ⇒ D

Γ |k
−→
B ⇒ C

↑k R
Γ⇒ C↑k B

6, k .
Γ⇒ A ∆〈

−→
C 〉 ⇒ D

↓k L
∆〈Γ |k

−−−−→
A↓k C〉 ⇒ D

−→
A |k Γ⇒ C

↓k R
Γ⇒ A↓k C

7, k .
∆〈
−→
A |k
−→
B 〉 ⇒ D

�k L
∆〈
−−−−→
A�k B〉 ⇒ D

Γ1 ⇒ A Γ2 ⇒ B
�k R

Γ1 |k Γ2 ⇒ A�k B

8.
∆〈1〉 ⇒ A

JL
∆〈
−→
J 〉 ⇒ A

JR
1⇒ J



Additives

9.
Γ〈
−→
A 〉 ⇒ C

&L1
Γ〈
−−−−→
A&B〉 ⇒ C

Γ〈
−→
B 〉 ⇒ C

&L2
Γ〈
−−−−→
A&B〉 ⇒ C

Γ⇒ A Γ⇒ B
&R

Γ⇒ A&B

10.
Γ〈
−→
A 〉 ⇒ C Γ〈

−→
B 〉 ⇒ C

⊕L
Γ〈
−−−→
A⊕B〉 ⇒ C

Γ⇒ A
⊕R1

Γ⇒ A⊕B

Γ⇒ B
⊕R2

Γ⇒ A⊕B



Quantifiers

11.
Γ〈
−−−−−→
A [t/v]〉 ⇒ B ∧

L

Γ〈
−−−−−→∧

vA〉 ⇒ B

Γ⇒ A [a/v] ∧
R†

Γ⇒
∧

vA

12.
Γ〈
−−−−−→
A [a/v]〉 ⇒ B ∨

L†

Γ〈
−−−−−→∨

vA〉 ⇒ B

Γ⇒ A [t/v] ∨
R

Γ⇒
∨

vA

† indicates that there is no a in the conclusion



Normal modalities

13.
Γ〈
−→
A 〉 ⇒ B

2L
Γ〈
−−→
2A〉 ⇒ B

2×Γ⇒ A
2R

2×Γ⇒ 2A

14.
2×Γ〈
−→
A 〉 ⇒ 3+B

3L
2×Γ〈
−−→
3A〉 ⇒ 3+B

Γ⇒ A
3R

Γ⇒ 3A

2×/3+ marks a structure all the types of which have principal
connective a box/diamond



Bracket modalities

15.
Γ〈
−→
A 〉 ⇒ B

[ ]−1L
Γ〈[
−−−−→
[ ]−1A ]〉 ⇒ B

[Γ]⇒ A
[ ]−1R

Γ⇒ [ ]−1A

16.
Γ〈[
−→
A ]〉 ⇒ B

〈〉L
Γ〈
−−→
〈〉A〉 ⇒ B

Γ⇒ A
〈〉R

[Γ]⇒ 〈〉A



Exponentials

17.
Γ〈A〉 ⇒ B

!L
Γ〈!A〉 ⇒ B

!A1, . . . , !An ⇒ A
!R

!A1, . . . , !An ⇒ !A

∆〈!A , Γ〉 ⇒ B
!P

∆〈Γ, !A〉 ⇒ B

∆〈Γ, !A〉 ⇒ B
!P

∆〈!A , Γ〉 ⇒ B

∆〈!A0, . . . , !An, [!A0, . . . , !An, Γ]〉 ⇒ B
!C

∆〈!A0, . . . , !An, Γ〉 ⇒ B

18.
Γ⇒ A

?R
Γ⇒ ?A

Γ⇒ A ∆⇒ ?A
?M

Γ,∆⇒ ?A
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Anaphora and Type Logical Grammar, volume 24 of Trends
in Logic – Studia Logica Library.
Springer, Dordrecht, 2005.

J. Lambek.
On the Calculus of Syntactic Types.
In Roman Jakobson, editor, Structure of Language and its
Mathematical Aspects, Proceedings of the Symposia in
Applied Mathematics XII, pages 166–178. American
Mathematical Society, Providence, Rhode Island, 1961.

J. Lambek.
Categorial and Categorical Grammars.



In Richard T. Oehrle, Emmon Bach, and Deidre Wheeler,
editors, Categorial Grammars and Natural Language
Structures, volume 32 of Studies in Linguistics and
Philosophy, pages 297–317. D. Reidel, Dordrecht, 1988.

Joachim Lambek.
The mathematics of sentence structure.
American Mathematical Monthly, 65:154–170, 1958.
Reprinted in Buszkowski, Wojciech, Wojciech
Marciszewski, and Johan van Benthem, editors, 1988,
Categorial Grammar, Linguistic & Literary Studies in
Eastern Europe volume 25, John Benjamins, Amsterdam,
153–172.

Michael Moortgat.
Multimodal linguistic inference.
Journal of Logic, Language and Information, 5(3,
4):349–385, 1996.
Also in Bulletin of the IGPL, 3(2,3):371–401, 1995.

Michael Moortgat.



Categorial Type Logics.
In Johan van Benthem and Alice ter Meulen, editors,
Handbook of Logic and Language, pages 93–177. Elsevier
Science B.V. and the MIT Press, Amsterdam and
Cambridge, Massachusetts, 1997.

G. Morrill.
Grammar and Logical Types.
In Martin Stockhof and Leen Torenvliet, editors,
Proceedings of the Seventh Amsterdam Colloquium, pages
429–450, 1990.
Also in G. Barry and G. Morrill, editors, Studies in
Categorial Grammar, Edinburgh Working Papers in
Cognitive Science, Volume 5, pages 127–148: 1990.
Revised version published as Grammar and Logic, Theoria,
LXII, 3:260–293, 1996.

Glyn Morrill.
Intensionality and Boundedness.
Linguistics and Philosophy, 13(6):699–726, 1990.



Glyn Morrill.
Categorial Formalisation of Relativisation: Pied Piping,
Islands, and Extraction Sites.
Technical Report LSI-92-23-R, Departament de
Llenguatges i Sistemes Informàtics, Universitat Politècnica
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