
Mathematical Logic and Linguistics

Glyn Morrill & Oriol Valentı́n

Department of Computer Science
Universitat Politècnica de Catalunya
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Primitive types

1. Tpp
i ::= Tpp

i+j/Tpp
j T(C/B) = T(B)→T(C) over [5]

2. Tpp
j ::= Tpp

i \Tpp
i+j T(A\C) = T(A)→T(C) under [5]

3. Tpp
i+j ::= Tpp

i •Tpp
j T(A•B) = T(A)&T(B) continuous product [5]

4. Tpp
0 ::= I T(I) = > continuous unit [4]

5, k . Tpp
i+1 ::= Tpp

i+j↑k Tpp
j ,1 ≤ k ≤ i+1 T(C↑k B) = T(B)→T(C) extract [12]

6, k . Tpp
j ::= Tpp

i+1↓k Tpp
i+j ,1 ≤ k ≤ i+1 T(A↓k C) = T(A)→T(C) infix [12]

7, k . Tpp
i+j ::= Tpp

i+1�k Tpp
j ,1 ≤ k ≤ i+1 T(A�k B) = T(A)&T(B) discontinuous product [12]

8. Tpp
1 ::= J T(J) = > discontinuous unit [12]

9. Tpp
i ::= Tpp

i &Tpp
i T(A&B) = T(A)&T(B) additive conjunction [3, 8]

10. Tpp
i ::= Tpp

i ⊕Tpp
i T(A⊕B) = T(A)+T(B) additive disjunction [3, 8]

11. Tpp
i ::=

∧
VTpp

i T(
∧

vA) = F→T(A) 1st order univ. qu. [13]
12. Tpp

i ::=
∨

VTpp
i T(

∨
vA) = F&T(A) 1st order exist. qu. [13]

13. Tpp
i ::= 2Tpp

i T(2A) = LT(A) universal modality [9]
14. Tpp

i ::= 3Tpp
i T(3A) = MT(A) existential modality [7]

15. Tpp
i ::= [ ]−1Tpp

i T([ ]−1A) = T(A) univ. bracket modality [10, 6]
16. Tpp

i ::= 〈〉Tpp
i T(〈〉A) = T(A) exist. bracket modality [10, 6]

17. Tpp
0 ::= !Tpp

0 T(!A) = T(A) universal exponential [1]
18. Tp◦0 ::= ?Tp◦0 T(?A) = T(A)+ existential exponential [13]

19. Tpp
i+j ::= Tpp

i+j |Tpp
j T(B |A) = T(A)→T(B) limited contraction [2]

20. Tpp
0 ::= W(w) T(W(w)) = > limited weakening [11]



Sequent calculus

The sort sA of a type A is the i ∈ N such that A ∈ Tpi . For
example, s(S↑1N)↑2N = 2.

The sets Config of configurations and TreeTerm of tree terms
of (hyper)sequent calculus for our categorial logic are defined
by mutual recursion as follows, where Λ is the metalinguistic
empty string and 1 is a metalinguistic placeholder called the
separator:

Config ::= Λ | TreeTerm,Config | [Config]
TreeTerm ::= 1 | Tp0 | Tpi>0{Config : . . . : Config︸                     ︷︷                     ︸

i Config’s

}
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For example, there is the configuration
γ = A {C ,1 : B{1},D},F ,1 where sA = 2 and sB = 1 and
sC = sD = sF = 0.

Diagramatically this configuration γ is . . .

The intuition is the following. Dotted nodes signify unbounded
arity concatenations and a type labelling a mother node
signifies a discontinuous type intercalated by its daughters.
Leaf types are continuous, and a leaf 1 marks a point of
discontinuity.
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The sort of a configuration Γ is the number of separators 1 that
Γ contains. For example, sγ = 3.

The figure
−→
A of a type A is defined by:

−→
A =


A if sA = 0
A {1 : . . . : 1︸    ︷︷    ︸

sA 1’s

} if sA > 0

For example,
−−−−−−−−−−→
(S↑1N)↑2N = (S↑1N)↑2N{1 : 1}.
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Where Γ is a configuration of sort i and ∆1, . . . ,∆i are
configurations, the fold Γ ⊗ 〈∆1 : . . . : ∆i〉 is the result of
replacing the successive 1’s in Γ by ∆1, . . . ,∆i respectively.

For example, if γ1, γ2 and γ3 are configurations, the fold
γ ⊗ 〈γ1 : γ2 : γ3〉 = A {C , γ1 : B{γ2},D},F , γ3.
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Where ∆ is a configuration of sort i > 0 and Γ is a configuration,
the k th metalinguistic wrap, 1 ≤ k ≤ i, ∆ |k Γ is given by

∆ |k Γ =df ∆ ⊗ 〈1 : . . . : 1︸    ︷︷    ︸
k−1 1’s

: Γ : 1 : . . . : 1︸    ︷︷    ︸
i−k 1’s

〉

i.e. ∆ |k Γ is the configuration resulting from replacing by Γ the
k th separator in ∆.

For example, where γ′ is a configuration,
γ |2 γ′ = A {C ,1 : B{γ′},D},F ,1.
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Rules of grammatical inference

Identity rules

id−→
A ⇒ A

Γ⇒ A ∆〈
−→
A 〉 ⇒ B

Cut
∆〈Γ〉 ⇒ B



Multiplicatives

1.
Γ⇒ B ∆〈

−→
C 〉 ⇒ D

/L
∆〈
−−−→
C/B , Γ〉 ⇒ D

Γ,
−→
B ⇒ C

/R
Γ⇒ C/B

2.
Γ⇒ A ∆〈

−→
C 〉 ⇒ D

\L
∆〈Γ,

−−−→
A\C〉 ⇒ D

−→
A , Γ⇒ C

\R
Γ⇒ A\C

3.
∆〈
−→
A ,
−→
B 〉 ⇒ D

•L
∆〈
−−−→
A•B〉 ⇒ D

Γ1 ⇒ A Γ2 ⇒ B
•R

Γ1, Γ2 ⇒ A•B

4.
∆〈Λ〉 ⇒ A

IL
∆〈
−→
I 〉 ⇒ A

IR
Λ⇒ I



5, k .
Γ⇒ B ∆〈

−→
C 〉 ⇒ D

↑k L
∆〈
−−−−→
C↑k B |k Γ〉 ⇒ D

Γ |k
−→
B ⇒ C

↑k R
Γ⇒ C↑k B

6, k .
Γ⇒ A ∆〈

−→
C 〉 ⇒ D

↓k L
∆〈Γ |k

−−−−→
A↓k C〉 ⇒ D

−→
A |k Γ⇒ C

↓k R
Γ⇒ A↓k C

7, k .
∆〈
−→
A |k
−→
B 〉 ⇒ D

�k L
∆〈
−−−−→
A�k B〉 ⇒ D

Γ1 ⇒ A Γ2 ⇒ B
�k R

Γ1 |k Γ2 ⇒ A�k B

8.
∆〈1〉 ⇒ A

JL
∆〈
−→
J 〉 ⇒ A

JR
1⇒ J



Additives

9.
Γ〈
−→
A 〉 ⇒ C

&L1
Γ〈
−−−−→
A&B〉 ⇒ C

Γ〈
−→
B 〉 ⇒ C

&L2
Γ〈
−−−−→
A&B〉 ⇒ C

Γ⇒ A Γ⇒ B
&R

Γ⇒ A&B

10.
Γ〈
−→
A 〉 ⇒ C Γ〈

−→
B 〉 ⇒ C

⊕L
Γ〈
−−−→
A⊕B〉 ⇒ C

Γ⇒ A
⊕R1

Γ⇒ A⊕B

Γ⇒ B
⊕R2

Γ⇒ A⊕B



Quantifiers

11.
Γ〈
−−−−−→
A [t/v]〉 ⇒ B ∧

L

Γ〈
−−−−−→∧

vA〉 ⇒ B

Γ⇒ A [a/v] ∧
R†

Γ⇒
∧

vA

12.
Γ〈
−−−−−→
A [a/v]〉 ⇒ B ∨

L†

Γ〈
−−−−−→∨

vA〉 ⇒ B

Γ⇒ A [t/v] ∨
R

Γ⇒
∨

vA

† indicates that there is no a in the conclusion



Normal modalities

13.
Γ〈
−→
A 〉 ⇒ B

2L
Γ〈
−−→
2A〉 ⇒ B

2×Γ⇒ A
2R

2×Γ⇒ 2A

14.
2×Γ〈
−→
A 〉 ⇒ 3+B

3L
2×Γ〈
−−→
3A〉 ⇒ 3+B

Γ⇒ A
3R

Γ⇒ 3A

2×/3+ marks a structure all the types of which have principal
connective a box/diamond



Bracket modalities

15.
Γ〈
−→
A 〉 ⇒ B

[ ]−1L
Γ〈[
−−−−→
[ ]−1A ]〉 ⇒ B

[Γ]⇒ A
[ ]−1R

Γ⇒ [ ]−1A

16.
Γ〈[
−→
A ]〉 ⇒ B

〈〉L
Γ〈
−−→
〈〉A〉 ⇒ B

Γ⇒ A
〈〉R

[Γ]⇒ 〈〉A



Exponentials

17.
Γ〈A〉 ⇒ B

!L
Γ〈!A〉 ⇒ B

!A1, . . . , !An ⇒ A
!R

!A1, . . . , !An ⇒ !A

∆〈!A , Γ〉 ⇒ B
!P

∆〈Γ, !A〉 ⇒ B

∆〈Γ, !A〉 ⇒ B
!P

∆〈!A , Γ〉 ⇒ B

∆〈!A0, . . . , !An, [!A0, . . . , !An, Γ]〉 ⇒ B
!C

∆〈!A0, . . . , !An, Γ〉 ⇒ B

18.
Γ⇒ A

?R
Γ⇒ ?A

Γ⇒ A ∆⇒ ?A
?M

Γ,∆⇒ ?A
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de Catalunya, 1992.

Glyn Morrill and Oriol Valentı́n.
Semantically Inactive Multiplicatives and Words as Types.
In Nicholas Asher and Sergei Soloviev, editors,
Proceedings of Logical Aspects of Computational
Linguistics, LACL’14, Toulouse, number 8535 in LNCS,
FoLLI Publications on Logic, Language and Information,
pages 149–162, Berlin, 2014. Springer.

Glyn Morrill, Oriol Valentı́n, and Mario Fadda.
The Displacement Calculus.
Journal of Logic, Language and Information, 20(1):1–48,
2011.
Doi 10.1007/s10849-010-9129-2.



Glyn V. Morrill.
Type Logical Grammar: Categorial Logic of Signs.
Kluwer Academic Publishers, Dordrecht, 1994.


