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Abstract

Themostnaturalandperhapsmostfrequentlyusedmethodfor testingmembershipof anindividual
tuple in a conjunctive queryis basedon searchingtreesof partialsolutions,or search-trees.We inves-
tigatethe questionof evaluatingconjunctive querieswith a time-boundguaranteethat is measuredas
a functionof thesizeof the optimal search-tree.We provide analgorithmthat,givena database

�
, a

conjunctive query � , anda tuple � , testswhether ������� holdsin
�

in time boundedby a polynomial
in �
	�������������
	����������������� and ��� , where � is the sizeof the domainof the database,� is the numberof
boundvariablesof theconjunctivequery, 	 is thesizeof theoptimalsearch-tree,and � is themaximum
arity of therelations.In many casesof interest,thisboundis significantlysmallerthanthe ������! bound
providedby thenaive search-treemethod.Moreover, our algorithmhastheadvantageof guaranteeing
theboundfor any givenconjunctivequery. In particular, it guaranteestheboundfor queriesthatadmitan
equivalentform thatis mucheasierto evaluate,evenwhenfindingsuchaform is anNP-hardtask.Con-
creteexamplesincludetheconjunctive queriesthatcanbenon-trivially foldedinto a conjunctive query
of boundedsizeor boundedtreewidth. All our resultstranslateto thecontext of constraint-satisfaction
problemsvia thewell-publicizedcorrespondencebetweenbothframeworks.
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1 Intr oduction and Summary of Results

The foundationalwork of ChandraandMerlin [CM77] identified the classof conjunctive queriesin re-
lational databasesystemsasan importantandfundamentalclassof queriesthat arerepeatedly“askedin
practice”. Thesearethe queriesof first-orderlogic thatarebuilt from atomicformulasby meansof con-
junctionsandexistentialquantificationonly. Thus,thegenericconjunctivequerytakestheform#�$%'&)(+*,*-*)#�$%/.0(,#�12&+354,4-4)36187)(
where

12&!9,4-4,4:9�187
areatomicformulasbuilt from therelationsof thedatabasewith thevariables

%�&!9,4-4,4:9�%.
.

Conjunctive queriesmayalsohave freevariables,but for thesakeof simplicity we will focuson Boolean
conjunctive queriesin this introduction. Alternatively, it is known that the classof conjunctive queries
coincideswith theclassof queriesof therelationalalgebrathatuseselection,projection,andjoin only.

Evaluatingconjunctivequeriesis sucha commontaskthat it is nosurprisethata hugeamountof work
hasfocusedon its algorithmicandcomplexity-theoreticaspects.The mostobvious algorithmis perhaps
theonethatexhaustively checksfor theexistenceof anassignmentof valuesto thevariablesin sucha way
the relationsin the body of the query(the quantifier-freepart) aresatisfied. Obviously, if the domainof
thedatabasehascardinality ; , this algorithmtakestime roughly ;

.
, which is exponentialin thenumberof

variablesof thequery. But, canwe dobetter?
Unfortunately, unlessP < NP, we cannotexpectanalgorithmthat is polynomialin both ; and = since

the problemis NP-complete.This wasalreadynoticedby ChandraandMerlin [CM77]. To makethings
worse,morerecentwork on theparameterizedcomplexity of querylanguagesby PapadimitriouandYan-
nakakis[PY99] indicatesthat the situationmight beevenmoredramatic.Namely, we cannotevenexpect
an algorithmthat, while arbitrarily complex in = , remainspolynomial in ; . Thus,we cannotexpectan
algorithmof complexity >�?A@!;B? , say, unlesscertainwidely believedassumptionsin complexity theoryare
violated. Thesetheoreticalresultsindicatethat thealgorithmicproblemis just too hardto beaddressedin
its widergenerality.

Luckily, the situationin realdatabaseapplicationsis not ascatastrophic.Conjunctive queriesthat are
askedin practiceusuallyhavesomestructurethatmakesthemmoretractable.Theparadigmaticalexampleis
theclassof acyclicconjunctivequeriesidentifiedby Yannakakis[Yan81].Thesearetheconjunctivequeries
whoseunderlyinghypergraphis acyclic, that is, thehypergraphthathasthe variablesof thequeryasver-
tices,andthetuplesof thevariablesappearingin theatomicformulasashyperedges,is acyclic. Yannakakis
showedthatsuchqueriescouldbeevaluatedin polynomialtimeby anefficientdynamicprogrammingtech-
nique. Theexactcomplexity of acyclic conjunctive querieswaslaterstudiedin [GLS98], andgeneralized
in severalotherdirections[CR97, KV00]. Themostinterestinggeneralizationis perhapstheonebasedon
treewidth, to whichwe will getbacklater.

1.1 Search-treesand backtracking algorithms

Let us returnnow to the mostobviousalgorithmthat checksfor all possibleassignmentsof valuesto the
variables. Clearly, this algorithmcan be modestlyimproved by a backtrackingalgorithm that considers
the variablesone-at-a-timeandbacktrackswhenever the currentpartial assignmentforcesthe bodyof the
queryto beeitherfalsebecausesomeatomicformula is falsified,or true becauseall atomicformulasare
satisfied.Suchasearch-basedalgorithmcanberemarkablyfastin certaincases,especiallyif agoodheuristic
is usedfor choosingthe next splitting variable. As a matterof fact, backtrackingis probablythe most
frequentlyusedmethodfor solvingconstraint-satisfaction problems,which is essentiallythesameproblem
asconjunctivequeryevaluationasnoticedby Kolaitis andVardi [KV00], andis well-known by now.

This leadsimmediatelyto theconceptof search-treewhich is a key conceptin ourpaper. A search-tree
is an ; -ary treethat is producedby sucha backtrackingprocedurefor an arbitrarychoiceof variablesat
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eachbranch.Here, C is thecardinalityof thedomainof the database.Notice thatsearch-treesprovide an
enumerationof all possiblesolutionsfor the boundvariablesof the querysincewe backtrackeven when
the body of the query is satisfied. This permitsus capturingthe notion of optimal search-spacethrough
the conceptof minimal search-tree. Intuitively, the sizeof the minimal search-treefor a given instance
providesanidealbenchmarkagainstwhich all search-basedalgorithmsshouldbecompared.For example,
a backtrackingalgorithm that spendstime DFE�CHG�I on an instanceadmittinga search-treeof size DJE�KC�I
shouldbeconsideredinefficient: it spendsmuchmoretimethanwhatis, in principle,necessary. Clearly, we
would preferanalgorithmwhoserunningtime is boundedby a modestfunctionof thesizeof theminimal
search-tree.Theidealcasewouldbeanalgorithmthatis polynomialin thatquantity.

Theideaof comparingtheefficiency of analgorithmwith thesizeof theminimalsearch-treeoriginates
in thefield of propositionalproofcomplexity, and,asfar asweknow, wasnotconsideredbeforein thefields
of databasetheoryand constraint-satisfaction problems. In proof complexity, the efficiency of a proof-
searchalgorithmon a given propositionaltautologyis comparedwith respectto the sizeof its minimal
proof in theproofsystem.A proofsystemadmittinga proof-searchalgorithmthatrunspolynomiallyin the
minimal proof is calledautomatizable [BPR00]. The connectionshows up whenthe proof systemunder
considerationis treeresolutionandthe instanceis anunsatisfiablepropositionalformula L in conjunctive
normalform. In that case,a minimal proof becomesa minimal search-treefor the constraint-satisfaction
instancegivenby L , by simply turningit upsidedown (seealso[BKPS02]).

1.2 Resultsof this paper

Themaincontributionof thispaperis theobservationthattheconceptsandtechniquesthatweredeveloped
for automatizabilityof treeresolutioncarry over, to someextent, to the moregeneralcaseof conjunctive
queryevaluationandconstraint-satisfaction problems. By adaptingan algorithmthat wasdevelopedfor
treeresolution,weexhibit analgorithmfor conjunctivequeryevaluationwhosecomplexity is boundedby a
non-trivial functionof thesizeof theminimalsearch-tree.

More concretely, we provide an algorithmthat, given a databaseM of cardinality C , a tuple N of M ,
anda conjunctivequery O with K boundvariablesandrelationsof arity P , determineswhethertheBoolean
conjunctivequery OJEQNRI holdsin M in time thatis polynomialin E�S-CBIUT�V:W G EXS,C�I�T�V:W�T�V:W�Y and CHZ , where S is the
sizeof theminimal search-treefor testingwhetherOFE[NRI holdsin M . While we do not achieve thedesired
polynomialboundon S , wenotethattherunningtimeof ouralgorithmis remarkablygood,comparedto the
obvious CHG bound,whentheminimalsearch-treeis small.Thealgorithmis discussedin Section3.

Thenwe goon to analyzeour algorithmin Section4. We first considertheclassof conjunctivequeries
whoseunderlyinggraphis a tree,or is similar to a treein the senseof having small treewidth. We note
that if OJEQNRI hastreewidth \ anddoesnot hold on M , thenthe sizeof the minimal searchtreeis bounded
by C^]`_�a+b�c�T�V:W G . Surprisinglyperhaps,the hypothesisthat OFE[NRI doesnot hold on M seemsessentialfor
our proof. Nonetheless,this doesnot preventus from showing thatour algorithmworkscorrectlyfor any
queryof boundedtreewidth in time CHd ]Q]`T�VAW G c�e:c C T�V:W�T�V:W�Y . Indeed,if thealgorithmdoesnot stopwithin the
prescribedtimebound,thenweknow that OFEQNRI holdsin M , althoughthealgorithmgivesnocluewhy.

It follows from this discussionthat for queriesof known treewidth \ , our algorithmcanbe usedfor
decidingwhetherOJEQNRI holdsin M within a time-boundthatis far betterthantheworstcaseCHG , when K is
large.Obviously, ourboundis alsofar worsethanthe DJE:f OFfgC _ I boundof theknown ad-hocalgorithmsfor
evaluatingqueriesof treewidth \ [GLS98, KV00]. It is quite interesting,nonetheless,thatour algorithm
achievesa non-trivial boundin thatcasedespiteit is not specializedfor thatpurpose.As a matterof fact,
ouralgorithmdoesnotevencomputea tree-decompositionof thequery!

Anotherremarkableconsequenceis thefollowing. In their seminalpaper[CM77], ChandraandMerlin
showedthatfor everyconjunctivequerythereis aminimalequivalentquery, uniqueupto isomorphism,that
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canbeobtainedfrom theoriginal oneby identifying variablesanddeletingatomicformulas(seeTheorem
12 andthe discussionprecedingit in [CM77]). In turn, ChandraandMerlin showed that finding sucha
minimalequivalentqueryis NP-hard.Morerecently, Dalmau,Kolaitis,andVardi [DKV02] noticedthatthe
problemremainsNP-hardevenwhentheminimalequivalentqueryis of constantsize(andin particularhas
boundedtreewidth). Thus,ontheonehand,querieswhoseminimalequivalentqueryhasboundedsizeadmit
searchtreesof size hRikj
lnm ondatabasesonwhich they fail. Thereasonfor this is thattheminimalequivalent
queryis asubquery, soasearch-treefor theminimalqueryis alsoasearch-treefor thequeryitself, whenthe
queryevaluatesto false. On theotherhand,thereis no efficient way of finding sucha minimal equivalent
querysincetheproblemis NP-hard.Hence,it is perhapssurprisingthat,on thoseinstances,our algorithm
achievescomplexity hHioj`p�qAr�stm�hHp�q:r�p�qArvu without ever worrying aboutminimal equivalentqueriesat all. We
elaboratefurtheron this topic in Section5.

Finally, in Section6 we provide somelower boundson thesizeof theminimal search-treesfor certain
conjunctive queriesof interest. First, it is relatively easyto show that the minimal search-treesfor the
conjunctive query expressingthe existenceof a w -clique on graphsof size h may require hHs-xy nodes.
Second,it requiresa slightly morecomplicatedargumentshowing that the minimal search-treesfor the
conjunctive queryexpressingthe existenceof a pathof length w on graphsof size h mayrequire h p�q:r�s,xy
nodes.This resultshowsthatthe h^j`z�{^lnm�p�q:r�s upperboundfor queriesof treewidth | is essentiallyoptimal.
This is becausethepath-of-length-w queryhastreewidth } . Quiteremarkably, ouralgorithmbehavesin time
polynomialin h+j~p�q:r�s!m��,hRp�qAr�p�q:r�u onsuchqueries,whichis nearlyoptimalwith respectto search-treesize(for
w ’s largerthan �~����h ).

2 Preliminar iesand Definitions

Databases,structures,and conjunctive queries We view databasesasfinite structuresover finite rela-
tional vocabularieswith constants.A relational vocabulary with constants� is a setof relation symbols,
eachof a specifiedpositive arity, anda setof constantsymbols. A � -structure, or database, consistsof a
domain � , a relation �8������� for eachrelationsymbol � in � of arity � , andan individual ������� for
eachconstantsymbol � in � . Structuresaredenotedby

����� �2�)� � l �,�-�,�:��� �� ��� � l �,�,�-���)� ���� �
where� l �,�-�,���)� � aretherelationsymbolsof � , and � l �-�,�-�:�)� � aretheconstantsymbolsof � .

Atomicformulasareformulasof the form � ��� l �-�,�-�:�
�
� � where � is a relationsymbolof arity � , and�

l �-�,�-�:�
�
� arefirst-ordervariablesor constants.A conjunctivequeryis a formulaof theform

����
l � �-�,�

�X��
s �:� �

where
�
l �,�-�,���

�
s arefirst-ordervariables,and � is a conjunctionof atomicformulas. The quantifier-free

part � is calledthebody. Thevariables
�
l �,�-�,�:�

�! 
arecalledboundvariables. Therestof variablesof � are

calledfreevariables. Thetotal sizeof a conjunctivequeryis thenumberof atomicformulasin � . Let ¡ be
anatomicformulawith freevariables

� l �,�,�-�:� �
 
. If

�
is a � -structureand ¢ ���X£ l �,�-�,�:� £

  � is a tupleof
�

,
wewrite

�¥¤ � ¡ � ¢ � if � satisfies¡ � ¢ � in thestandardsenseof first-orderlogic.

Treewidth Let ¦ �§��¨ �)© � bea finite graph. A tree-decompositionof ¦ is a pair
�«ª-¬®�¯+° �²±/³v�:´ �

� ±H�)µ �:� with
ª-¬®¶¯�° �J±³ a family of subsetsof

¨
, onefor eachnodeof ´ , and ´ is a treesuchthat:

1. · Q¸�¹ ¬º'�»¨
2. for all edges

��¼ �)| � �½© , thereexistsan
° �6± with

ª�¼ ��|�³�� ¬®
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3. for all ¾:¿«Àv¿�ÁÃÂ½Ä : if À is on thepathfrom ¾ to Á in Å , then Æ®ÇÉÈÊÆ®ËÍÌ�ÆÏÎ .
Thewidth of a tree-decompositionis Ð®Ñ�ÒvÇQÓ�ÔÖÕ Æ®ÇUÕ�×ÙØ . The treewidth of Ú is theminimumwidth over all
possibletree-decompositionsof Ú .

The treewidth of a Û -structure Ü is thetreewidth of its Gaifmangraph, that is, thegraphwhosesetof
verticesis Ý , andwhoseedgesrelateeachpairof verticesthatappeartogetherin sometupleof therelations
of Ü . The Gaifmangraphof a conjunctivequery Þ is the graphwhosesetof verticesis the setof bound
variablesof Þ , andwhoseedgesrelateeverypairof variablesthatappeartogetherin anatomicformula(note
thatconstantsandfreevariablesareignoredhere).The treewidth of a conjunctivequeryis thetreewidth of
its Gaifmangraph.

Search-trees Let Ü bea finite Û -structurewith universeÝàßâá0ã/ä,¿,å,å-å:¿)ãçæ�è . Let éëêì�íîÝ bea partial
mappingof thefirst-ordervariablesto theuniverseÝ of Ü . Extend é to theconstantsymbolsof Û in the
naturalway. Let ï®ð�ñ ä ¿,å-å,å:¿�ñ Ë,ò beanatomicformula. If ñ Ç Âëó�ôvÐJð�é ò for every ¾�ÂõávØç¿,å,å-å�¿)ÁHè , we say
that é decidesï . If é decidesï and ð�éoð�ñ�ä ò ¿,å-å,å�¿)éoð�ñ/Ë ò:ò ÂÙï8ö , we saythat é satisfiesï . If é decides
ï and ðXéÖðXñ�ä ò ¿-å,å,å�¿�éÖðXñË ò:òÃ÷Âëï ö , we saythat é falsifies ï . Let ø�ð�ñ�ä!¿,å-å,å:¿�ñË ò bea conjunctionof atomic
formulas.We saythat é satisfiesø if it satisfiesevery atomicformula in ø . We saythat é falsifies ø if it
falsifiessomeatomicformulain ø . In thosecaseswe saythat é decidesø . Otherwise,we saythat é does
notdecideø .

A search-treefor ø�ð�ñ�ä!¿,å-å,å�¿)ñ/Ë ò in Ü is a labeledrootedtree ð[Åù¿)ú ò whosenodesarelabeledby partial
assignmentsé½ê�ìûíüÝ , andfor which thefollowing conditionsaresatisfied:

1. If ý is therootof Å , then ú8ð�ý ò is theemptypartialassignmentþ .
2. If ý is aninternalnodeof Å , then ú8ð�ý ò doesnotdecideø .

3. If ý is a leafof Å , then úùð�ý ò decidesø .

4. If ý is aninternalnodeof Å and ú8ð�ý ò ß�é , thenthereexistsan ñ ÷Â6ó�ôvÐ½ðXé ò suchthat ý hasexactlyÿ successorsýçä!¿,å-å,å:¿�ý,æ suchthat úùð�ý Î ò ß é � áÉð�ñ+¿�ã�Î ò è for every À Â5ávØ�¿-å,å,å�¿ ÿ è .
Thevariableñ thatisguaranteedto exist in clause4 will bedenotedby ñ ð�ý ò . Wesaythat ñ¶ð�ý ò is thesplitting
variableatnodeý . Noticethattheremaybeseveralsearch-treesfor agivenconjunctionof atomicformulas
anda givenfinite structure.A search-treefor ø in Ü is minimal if every othersearch-treefor ø in Ü is at
leastaslargein size.For afinite Û -structureÜ , a tuple � of Ü , andaconjunctivequery Þ , asearch-treefor
testingwhetherÜ Õ ß ÞJð�� ò is a search-treefor thebodyof ÞFð�� ò .
Example1 Let usillustratetheconceptof search-tree.Thisexamplewill alsoshow how asinglequerycan
have multiple search-treesof very differentsizeson a singledatabase.Let usconsiderthevocabulary Û of
onebinaryrelation � andoneunaryrelation � . Finite Û -structuresin which � is symmetricandirreflexive
arecalledblack-whitecoloredgraphs. Thetuplesin � arecallededges,andthepointsin � arecalledwhite
vertices;therestarecalledblackvertices.Considerthequery Þ saying:“thereexistsapathof length Á with
a whiteend-point”.Formally,

ð��ñ ä)ò
	�	�	 ð��ñ Ë�ò ð��Jð�ñ ä ¿)ñ� ò�� �Jð�ñ��,¿�ñ�� ò���	�	�	�� �Jð�ñ Ë���ä ¿�ñ Ë�ò�� �®ð�ñ Ë�ò:ò å
Let usconsidernow theblack-whitecoloredgraph� æ�� Ë of Figure1. It consistsof ablack ÿ -cliquefollowed
by a pathof length Á attachedto oneof theverticesof thecliquewith all verticesblackexceptthelast that
is white.

As a first exampleof a search-treefor testingwhether � æ�� Ë Õ ß Þ , let us considerthe onein which
variablesarequeriedin theorderthey appearin thequery: ñ'ät¿�ñ � ¿,å-å,å:¿�ñË . Theroot is labeledby theempty
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321 n−2 n−1 n n+1 n+k−1 n+k

Figure1: ����� �

partialassignment,andhasexactly  "!$# successorslabeledby %'&�(*),+�-�.0/1+�2�2,23+,%�&�(*)�+0 4!$#�.0/ , respectively.
Eachsuchsuccessor%'&�( ) +056.0/ , in turn,hasexactly  7!8# successors:the 9 -th is labeledby %'&:( ) +�5;.,+<&:(=0+69�.0/ .
At thispoint,thevertex labeledby %'&�(>)?+0 @!A#�.,+<&:( = +� @!A#�.0/ is declaredaleafbecauseits partialassignment
falisfiesthe body of the query(thereis no edgebetween B!C# anditself). A few othersuchnodesare
declaredleavesfor thesamereason.Therestof nodeshave again "!D# successors,andthetreegoeson in
this fashionuntil all variablesarequeried.Simpleinspectionrevealsthatthesizeof this treeis at least  � .
Let usconsidernow thetreethatis built by queryingthevariablesin reverseorder, (E�1+0(���F�)�+�2�2�23+�(>) . After
(�� is queried,the only valuefor (�� thatdoesnot falisfy thebody is  G!H# (this is theonly white vertex).
Hence,all otherverticesof the treearedeclaredleaves. Now, giventhevalue  "!H# for ( � , thereis again
only onevaluefor (���F*) thatdoesnot falsify thebodyandthis is  A!H#GIH- (theonly vertex connectedto
 A!J# ). Following in this fashionwe seethat thesizeof this treeis boundedby #LK&� "!H#�.M!N- , which is
qualitatively smallerthan  � . This shows that thechoiceof splitting variablescanhave a dramaticimpact
in thesizeof search-trees.O

In theparticularcase����� �QP RTS we gave in Example1, it shouldbe clearthat the beststrategy for a
search-treeis to choosethevariablesin reverseorder. In general,however, knowing which variableneeds
to bequeriedat eachnodeto achieve optimal tree-sizemaybea difficult question.Let uspoint out that in
the two exampleswe gave, the variablesareall queriedin thesameorderin eachpathof thesearch-tree.
However, our definitionof search-treedoesnot requirethat; indeedvariablescouldbequeriedin arbitary
waysin differentpaths.

3 Booleanizationand Algorithm

Thepurposeof thissectionis to developthealgorithmthatachievesthepromisedperformance.Let usstart
by announcingtheresult:

Theorem 1 Let U bea relational vocabulary of maximumarity V and cardinality W . There existsa deter-
ministicalgorithmthat, givena finite U -structure X of cardinality  , a conjunctivequery S with # bound
variablesandtotal size Y , anda tuple Z from X , determineswhetherX[PRHSB&�Z. in timepolynomialin Y , W ,
 �\ , # , and &:]� *._^a`3b � &�]� *._^a`3b�^a`3b � , where ] is thesizeof a smallestsearch-treefor testingwhetherXcP RHSd&�Z. .

Theproof of this theoremrequiressomepreparation.The first thing we do is a Booleanizationof the
problemthat will simplify the designand the analysisof the algorithm. Let efRg%<hE)?+�2�2�23+�hi�j/ be the
universeof X . Eachelementof theuniverseh�kmlne canbeencodedby a stringof oqp�rs bits thatwe denote
by tuh kwv . In turn, by usingthis encoding,eachrelationon e of arity V canbe identifiedwith a relationon
theBooleandomain %<xE+�-y/ of arity V
ozpir{ asdiscussednext. For afinite U -structureX , we denoteby X}| �<~
theBooleanizationof X ; thatis, thestructurewhoseuniverseis %<x�+�-y/ , andthathasone V�oqp�r� -ary relation�����u���

for eachV -ary relationsymbol
�

in U . Therelation
���������

is definedasfollows:

� � �u��� R�%1tuh k���v K�K�K_tuh kw�_vm� &�h kw� +�2�2�23+0h kw� .�l � � /12
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For an � -tuple � , let �*�q�<� be the �
�q����� -tupleencoding� over �<�����y� . Note that theBooleanizationis not
uniquelydeterminedbecausethe coding we chosedependson the particularordering �E�?�� � � ���� � of the
elementsof the universe.Notealsothatnot every structureover �<�����¡� is a Booleanizationbecausesome
tuplesmaynotcodeelementsof ¢ .

TheBooleanizationcanalsobecarriedout over a conjunctivequery. If £ is a conjunctivequerywith ¤
boundvariables,its Booleanization£ �q�<� is theconjunctivequerywith ¤��q���s� boundvariablesthatresults
from using �q����� new variablesfor eachoriginal variablein £ , andreplacingtheatomicformulasby their
Booleanization.

Example 2 Considerthe vocabulary of Example1 consistingof a singlebinary relation ¥ anda single
unaryrelation ¦ . Let §©¨«ª¬�<��0y��®y�3¯��3°y�1�0��ª±���3,²,��ª���3�j²,��ª�®y�3¯�²,��ª:°��3,²��1�0�<®y�3°¡�<² be a ³ -structure.We need
3 bits to encode5 elements:we code � through ° in theorderthey appearas �������0�������3�E�����3���y���,���i� . The
Booleanizationof § is thus:

§ �w´3� ¨µª;�y�����y�j�,�<�y�����i�1�i�3�����,�������3�j���i���y���,�������y���¡�¡�¶���������,�,���j�y²� 
Let £ bethequery ª�·�¸>��²�ª�·�¸¹0²�ª�¥Bª�¸>����¸�¹�²
ºB¦"ª�¸¹,²3² . It’ s » -th Booleanizationis

¼ �w´3� ¨µª�·�¸ �� ²�ª�·�¸ ¹ � ²�ª:·�¸�½ � ²�ª�·�¸ �¹ ²�ª�·�¸ ¹¹ ²�ª�·�¸E½¹ ²�ª:¥dª:¸ �� �0¸ ¹ � ��¸�½ � ��¸ �¹ �0¸ ¹¹ �0¸�½¹ ²�ºn¦"ª:¸ �¹ ��¸ ¹¹ ��¸E½¹ ²�², 
Notethat,while theBooleanizationof a structuredependsontheparticularorderwechosefor theelements
of theuniverse,theBooleanizationof aqueryis uniquelydeterminedup to renamingof variables.¾

Thefollowing Lemmais obvious.

Lemma 1 Let ¿ bea finite ³ -structureof cardinality � , let � bea tupleof ¿ , andlet £ bea conjunctive
query. Then ¿[À¨H£Bª��² if andonly if ¿ �z�y� À ¨Á£ �z�y� ª�� �q�<� ² . Moreover, if there existsa search treefor testing
whether¿«À¨N£Bª��² of size Â , thenthere existsa search treefor testingwhether¿ �q�<� À ¨N£ �z�y� ª�� �q�<� ² of sizeÃ Â�� .

Proof: Takethe searchtree for ¿ À ¨c£Bª��² andreplaceeachinternalnodeby a completebinary treeof
height �q���s� . Thisblowsup thetreeby a factorof atmost

Ã � . ¾

The Booleanizationallows us focuson the Booleancase,which is nothingelsebut a generalizedsat-
isfiability problem.Now we canapplythe techniquesthatweredevelopedfor propositionallogic andtree
resolution[BP96,BKPS02].

Let ¿ beaBoolean³ -structure,thatis, a ³ -structurewith Booleandomain¢$¨N�y�����y� . Let � beatuple
of ¿ , andlet £ bea conjunctivequery. Thealgorithmtakesa partialassignmentÄÆÅ'ÇÉÈÊ¢ asparameter
andperformsasfollows: First, thealgorithmcheckswhetherÄ decidesthebodyof £Bª��² , in which caseit
returnstheleaf-treethatconsistsof a singlenodelabeledby Ä . Otherwise,for every variablȩÆËÌ}Í �1ÎBª�Ä*²
andevery value � Ì �y�����y� , the algorithmcalls recursively itself on input ÄBÏÐ�'ª�¸��0�1²?� . Theserecursive
callsarerunin parallel,eitherby executingonestepfrom eachin parallelrounds,or by applyingadoubling
techniquethat executes

ÃyÑ
stepsof eachcall, sequentially, for increasingvaluesof Ò . As soonasoneof

therecursive calls terminates,say, the onewith input ÄGÏ��'ª:¸����j²0� , therestof callsareabortedexceptfor
Ä"Ï}�'ª:¸�����ÓÆ�1²0� which is run to completion.Let Ô�Õ and ÔÖ�3×�Õ bethesearch-treesreturnedby theonly two
recursive calls thatarerun to completion.Theoutputis thesearch-treeª�Ä��Ô*Ø<��ÔM�_² ; that is, thesearch-tree
whoseroot is labeledby Ä , whoseleft subtreeis Ô*Ø , andwhoseright subtreeis ÔÖ� .
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Lemma 2 Let Ù bea relationalvocabulary of maximumarity Ú andcardinality Û . Let Ü bea BooleanÙ -
structure,let Ý bea tupleof Ü , andlet Þ bea conjunctivequerywith ß boundvariablesandtotal sizeà . The
algorithm,whenrun with parameteránâäã , returnsa search-treetestingwhetherÜ«åâæÞdç�Ýè . Moreover, if
thereexistssuch a search-treeof sizeé , thenthealgorithmrunsin timepolynomialin à , Û , êyë , ß and é,ìaí�î1ï .
Proof: Thecorrectnessof thealgorithmis easilyprovedby inductionon ß . For therunningtimeweproceed
asfollows. Let ð be the bodyof Þ . Let ñòç�ó�ô�é�è be the minimumupperboundto the runningtime of the
algorithmfor every á suchthat å õ÷ö1øBç�á*è�åEùÁß"úÆó andthesmallestsearch-treefor ð�ûaÝ�ô�áEü hassizeat most
é . When ó
âÁý , therunningtimeof thealgorithmis boundedby somevalue þ thatdependson Ù and Þ only.
Moreprecisely, we cantake þ to belinearin à�Û¬ê ë : for every atomin Þ , we mayneedto testmembershipin
a relationthathasup to ê¡ë tuples.Considernow thecaseó�ÿÁý . Considera smallestsearch-treeof sizeat
most é . If é���� , therunningtime is againboundedby þ , sincenecessarily, ã decidesð7û�Ý�ô�áEü . If é ùHê , one
of its two subtreeshassizeat most é���ê . It followsthatat leastoneof the ê�ó recursive callsterminatesafter
at most ñòç:óMú���ô0é���êiè steps.Eachparallelroundtakes�jó stepsto executefor someconstant� . The other
recursive call that is left will takeat most ñòç�ó
ú	�iô�é�è stepsto complete.All in all, therunningtime of the
algorithmis boundedby

ñòç�ó3ô0é�è
�$þ���jó�ñòç�ó*ú���ô�é���ê�è��Æñòç�ó�ú�iô�é�è¶ô
if ó ù�� and é4ùÁê , and ñòç:ó3ô�é�è��Áþ if either ómâNý or é���� . For solvingthis recurrencewe expandthelast
termrepeatedly, until we reachñòç:ý�ô�é�è��$þ , andobtain

ñòç�ó�ô�é�è��$þ�ç:ó�����è���� ��������� ñòç � ú���ô0é���ê�è! 
Now we usethe fact that ñòç � ô�é��iê�è"�Nñòç � ����ô0é���êiè which follows directly from thedefinitionof ñ , and
obtain

ñòç:ó3ô�é�è�� þ�ç�ó#����è���1ó%$3ñòç:ó3ô�é���ê�è& 
Solvingthis recurrenceof a singlevariableé is now a routinetask.If we replace� by â in therecurrence,
thesolutionis

þ
'
ç�ó�����è ç(�jó $ è ìaí3î*),+ � ú��jó $ ú� �Cç(�jó $ è ìaí3î*)�-  

This is certainlyanupperbound.Noting that ç.�1ó $ è ìaí3î�) âäé $ ìaí3î � +�ìaí3î0/ andrecallingthat þ is linearin à�Û_ê ë ,
weseethattherunningtime ñòç�ß*ô0é�è is boundedby apolynomialin à , Û , êyë , ß and é¶ìaí3îjï . 1

With thisLemmain handwearereadyto prove Theorem1.

Proof of Theorem1: It sufficesto BooleanizeÙ , Ü , Þ and Ý , andrun thealgorithmthatwe just described
for theBooleancase.By Lemma1, if Ü å âäÞdç�Ýè hasa search-treeof size é , then Ü3254767åâNÞ825476�ç�Ý�294�6;è has
a search-treeof size ê�é�: . On theotherhand,thenumberof boundvariablesof Þ 294�6 becomesß�;qö=<�: , and
themaximumarity of theBooleanizationof Ù becomesÚ>;zö?<@: . Theresultfollowsby pluggingthesevalues
into theboundsof Lemma2. 1

Let usnotethat,theway we describedit, thealgorithmdoesnot producea search-treefor ÜfåâNÞdç�Ýè .
This is becauseit is not necessarilypossibleto convert a search-treefor Ü 294�6 å âæÞ 294�6 ç�Ý 25476 è , which is what
thealgorithmgives,into a search-treefor Ü å âäÞdç�Ýè , while preservingthebounds.Let usnote,however,
that a search-treefor Ü 294�6 å â Þ 25476 ç�Ý 294�6 è givesall the essentialinformation. We do not know whetherit
is possibleto have an algorithmwith similar performancethat avoids the Booleanizationandproducesa
search-treefor Ücå âHÞdç�Ýè .

8



4 Search-Treesfor Queriesof BoundedTreewidth

The aim of this sectionis to investigatethe sizeof search-treesfor conjunctive querieswhoseunderlying
graphis a treeor is similar to a treein thesenseof having smalltreewidth. Thekey to theargumentis that
graphsof treewidth A haveseparatorsof size ACB�D .

A E -separatorof a graph FHGJI.K�LNM�O is a set PRQSK suchthateachconnectedcomponentof FUT�P
containsat most E vertices. The following fact is known aboutthe relationshipbetweentreewidth and
separatorsize(see[Bod98, Theorem19]).

Lemma 3 Let F bea graphof cardinality V . If thetreewidth of F is at most A , then F hasa WX I.VYTZA[O -
separator of sizeat most ACB�D .

We usethis fact in theproof of the following Theorem.The proof of this resultmakesuseof an idea
thatMosheVardisharedwith theauthor.

Theorem 2 Let \ bea relational vocabulary of maximumarity ] and cardinality ^ . Let _ bea finite \ -
structureof cardinality V , let ` bea tupleof _ , andlet a bea conjunctivequerywith b boundvariables.IfacId`#O hastreewidthat mostA and _feg G�acId`#O , thenthereexistsa search-treefor testingwhether_ g G�aYIh`#O
of sizeV�i9jlk Wnmporqts0u .
Proof: We proceedby inductionon b . If bvG�w thentheclaim is obviousbecausethesearch-treehassize D
(we convey herethat x9y=z@wvGSw ). Considerthecaseb|{�w . Assumethat acIh`#O hastreewidth at most A and_}eg G~acIh`#O . Let F bethe Gaifmangraphof aYIh`#O . Since F hastreewidth at most A , it hasa WX I(bvTA[O -
separator��G���� W L������tLN�!��� of sizeat most AB�D . Let a��.I.� W L������tLN�!��O betheconjunctivequerythatresults
from aYIh`#O whenthe variablesin � areleft free. Since � is a WX I.b�T�A�O -separatorof F , we mayassume
that a � I.� W L������tLN� � O is theconjunctionof severalconjunctivequeriesa � W I(� W L�������LN� � O&L������nL�a �� I(� W L������tLN� � O with
at most WX I.bvTA�O boundvariableseach.Since _�eg G~aYIh`#O , we have _�eg G~a � I(��I(� W O&L������nLp��I(�&��O�O for every
partial assignment� for which �"y*��I(��O�G�� . In turn, necessarily_ eg G�a �� I(��I(� W O&L������tLp��I(�&��OtO for some��� �*D=L�������Lp��� . Let

� I(��O � �*D?L�������LN��� besuchthat _�eg GSa �� i�� m I.��I.� W O&L������tLp��I.�&��OtO . Notice that thenumber

of boundvariablesof a �� i�� m is lessthan WX bY��b . We applytheinductionhypothesisandobtaina search-tree

for testingwhether_ g G�a �� i�� m I.��I.� W O&L������tLp��I.� � OtO of size V�i9jlk Wnmporqts i u¡  X m . Thesearch-treefor _ g G�acId`#O can
now bebuilt by first queryingthe ¢�£SA�B�D variablesin theseparator� , in sequence,andthen,for each
partialassignment� at theleavesof this partialsearch-tree,pluggingin thesearch-treefor testingwhether_ g G¤a �� i�� m I(��I(� W O&L�������LN��I(�!��OtO that is givenby the inductionhypothesis.The sizeof the resultingtree is
boundedby V jlk W@¥ V i9jlk Wnmporqts i u&  X m £�V i5j�k Wnmporqts0u
aswasto beshown. ¦

In Section6 we will show that theboundprovidedby Theorem2 is essentiallyoptimalevenwhenthe
underlyinggraphof thequeryis averysimpletree.It is importantto noticetheextrahypothesis_feg G�aYIh`#O
in Theorem2. As amatterof fact,wedonotknow if thishypothesisis necessary. In otherwords,wedonot
know if conjunctivequeriesof boundedtreewidth alwayshave search-treesof size V�§ i orqts=u&m .
5 Discussion:Bypassingthe Coreor Avoiding the Folding

Dueto theextra hypothesisthat thequerydoesnot hold in thedatabase,theresultin Theorem2 doesnot
give a completealgorithmfor decidingif a conjunctive queryof treewidth A holdson a given arbitrary
database.However, if the treewidth is known beforehand,suchanalgorithmcanbeobtainednonetheless.
Let usdiscussthisfirst.
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5.1 Completing the algorithm thr oughself-reducibility

Fix a relationalvocabulary ¨ of maximumarity © and cardinality ª . Supposewe run the algorithm of
Section3 on a ¨ -structure« of cardinality ¬ anda query c®d¯#° with ± boundvariables,total size ² , and
treewidth at most ³ . Let ´"µ�¬�¶9·l¸�¹nºp»r¼t½0¾ . By Theorem1 andTheorem2, we know thatif «H¿À µÁc®h¯#° , then
thealgorithmfinishesin anumberof stepsthatis afixedpolynomialof ² , ª , ¬�Â , ± , and ®(´�¬�° »r¼�½=¾ ®(´�¬�° »r¼t½0»r¼t½=Ã ,
andreportsso.Consequently, if thealgorithmdoesnotsucceedin finishingwithin thatnumberof steps,we
canconcludethat « À µ�c®d¯#° , althoughwegetnocluewhy.

If we wantto go aroundthis difficulty, we canalwaysusetheself-reducibilityof theproblemto obtain
a solution.Onceweknow that c®h¯#° holdson « , we cancycle throughall possiblevaluesfor thefirst exis-
tentially quantifiedvariableandrun thealgorithmagain.Oneof thesecallsmustdetectthat theremaining
queryis satisfiable.We fix that valuefor the first variableandthenwe go on to the next boundvariable.
Repeatingthis for everyboundvariableweendupwith anassignmentthatsatisfiesthebodyof  . Notethat
therunningtime of theprocedurehasincreasedonly by a multiplicative factorof ¬3Ä7± . Noteaswell that
theapproachworksbecausetheclassof queriesof treewidth atmost ³ is closedundersubqueries.In other
words,if �Å is aquerythatis obtainedfrom  by removing anexistentialquantifierin  , thenthetreewidth
of  Å is atmostthatof  .

It follows from this discussionthat for queriesof known treewidth, our algorithmcanbeusedfor de-
ciding whether« À µÆY®h¯#° within a time-boundthat is far betterthantheworstcase¬ ¾ , when ± is large.
Obviously, our boundis alsofar worsethanthe Çc®(²7¬ · ° boundof theknown ad-hocalgorithms[] for eval-
uatingqueriesof treewidth ³ . But therearetwo pointswe wantto make.First,our algorithmis not special
purposefor boundedtreewidth queriesandin fact doesnot evenneeda tree-decompositionof thequery. It
is not clear, however, if the saving in time by not computingthe tree-decompositioncompensatesfor the
largertimebound.Thesecondpointis thattherunningtimeof thealgorithmdoesnotchangeevenwhenthe
queryitself doesnot have treewidth ³ , but its core hastreewidth ³ . This point requiressomeexplanation.
In fact, theunderlyingideais vastlymoregeneral,solet usdevoteasubsectionto it.

5.2 Bypassingthe core

Let usfirst introducethekey conceptsof canonicaldatabasesandfoldingsof queries.Both theseconcepts
arefundamentalto conjunctive queriesandgo backto theoriginal paperby ChandraandMerlin. For the
restof thissection,werestrictthediscussionto conjunctivequerieswithout freevariables.

SupposeÈµ�®(É�Ê ¹ °ËÄ�Ä�ÄN®(É�Ê ¾ °tÌ is a Booleanconjunctive queryover ¨ , where Ì is a conjunctionof
atomsof theform Ív®(Ê&Î�Ï�Ð�Ñ�Ñ�ÑtÐNÊ!Î�ÒN° . Thecanonicaldatabaseof  , denotedby «ÔÓ , is the ¨ -structurewhose
universeis thesetof variablesÕ�Ê ¹ Ð�Ñ�Ñ�ÑtÐpÊ ¾?Ö , andwhoseinterpretationfor therelationsymbol Í containsall
tuples ®.Ê Î�Ï Ð�Ñ�Ñ�ÑtÐNÊ Î Òp° suchthat Ív®(Ê Î�Ï Ð�Ñ�Ñ�ÑtÐpÊ Î Òt° is anatomin Ì . If « Ó and « ÓØ× areisomorphic,we saythat
thequeries and  Å arealsoisomorphic. In simpleterms,two queriesareisomorphicif oneis obtained
from the otherby renamingvariables.Originally, the conceptof the canonicaldatabaseof a conjunctive
querywasintroducedunderthenameof natural modelby ChandraandMerlin.

Let usnow remindtheconceptof homomorphism.Recallthatahomomorphismbetween̈ -structures«
and Ù is a mappingÚ|Û0Ü�Ý�Þ suchthat,for every ®(ß ¹ Ð�Ñ�Ñ�ÑtÐpß Â °�à|Í[á , it holdsthat ®(Ú>®(ß ¹ °&Ð�Ñ�Ñ�Ñ�ÐpÚØ®(ß Â °t°[àÍ"â . If ÞÆã�Ü and Ú is a homomorphismfrom « to Ù thatfixes Þ pointwise,we saythat Ú is a retraction
from « to Ù . Usingtheconceptof retraction,ChandraandMerlin introducedtheconceptof folding of a
conjunctivequery. We saythataconjunctivequery  Å is a foldingof anotherconjunctivequery  if theset
of variablesof äÅ is a subsetof thesetof variablesof  , andthereexistsa retractionÚåÛ*« Ó Ý�« ÓØ× such
that « Ó × µ¤ÚØ®.« Ó ° . Note that in that case, Å is a subqueryof  . The first fundamentalpropertyabout
foldingsis thatthesemanticsof thequerydoesnotchange:
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Lemma 4 ([CM77]) Let æ bea Booleanconjunctivequery, andlet æ�ç bea folding of æ . Then æ and æäç
areequivalent.

By “equivalent”wemean,of course,thatfor every è -structureé wehavethat æ holdsin é if andonly
if æ ç holdsin é . Wewrite æSê�æ ç whenæ andæ ç areequivalent.Thesecond,andmoreimportantproperty
aboutfoldingsis thefact thateveryconjunctivequeryhasauniqueminimal folding up to isomorphism:

Theorem 3 ([CM77]) Let æ bea Booleanconjunctivequery. Then,thereexistsa folding æäë of æ such that
everyconjunctivequery æ ç equivalentto æ hasa folding æ çë isomorphicto æ ë .

It follows from thestatementof this theorem,that the folding æ�ë is minimal in thesensethatno other
folding canhave lessvariables. Indeed,if æ ç is an arbitraryfolding of æ , then æ ç ê¤æ by the Lemma,
so æ ç is isomorphicto æäë by the Theorem,so æ ç doesnot have lessvariablesthan æäë . As it turnsout,
thecanonicaldatabaseéÔì�í of theminimal folding æ�ë of æ is exactly thecore of éÔì , that is, theunique
minimal retractof é . The conceptof the coreof a relationalstructureoriginatedin graphtheory(seefor
example[HN92]) andhasplayedanimportantrole in databasetheoryin recentyears[FKP05].

We arenow in a positionto discussthe role of minimal foldings in thecomplexity of evaluatingcon-
junctive queries.Originally, minimal foldingswereintroducedfor queryoptimization:sincetheminimal
folding of æ doesnot dependon thedatabase,it maybea goodideato computetheminimal folding once
andfor all anduseit asan optimal optimizationof æ . Unfortunately, finding the minimal folding is, in
generalNP-complete:

Theorem 4 ([CM77]) Thereexistsa fixedconjunctivequery î with threevariablesthat is its ownminimal
folding and such that the following problemis NP-complete:“Given a Booleanconjunctiveæ , is î the
minimalfolding of æ ?”

For theinterestedreader, theproofconsistsof asimplereductionfromtheproblemof 3-coloringagraph.
Thiscomplexity resultskills theideaof designinganefficientalgorithmfor conjunctivequeryevaluationby
first computingtheminimal folding of thequery, andthenevaluatingit on thegivendatabase.It is for this
reasonthatthefollowing consequenceto Theorem1 maycomeaslittle surprise:

Proposition1 Let è bea relationalvocabulary of maximumarity ï andcardinality ð . There existsa deter-
ministicalgorithmthat,givena finite è -structure é of cardinality ñ anda conjunctivequeryæ with ò bound
variablesandtotal size ó , if éHôõ ö æ , thealgorithmreturnsa search-treeprovingthis in timepolynomialinó , ð , ñ#÷ , ò , and ñ�ø�ù=úrû�ü=ø�ñ�ø�ù=úrûtü=úrûtü0ý , where ò�þ is thenumberof boundvariablesof theminimalfoldingof æ .

Beforewe prove this proposition,let us note that the statementdoesnot give any time guaranteewhené õ ö æ . As it turnsout, in this casewe cannotusethe self-reducibilitytrick we describedin Section5.1
becausetheminimal folding is not preservedby variable-substitutions.

Proof of Proposition1: Let ÿ��(ó��tð��Nï��pò������tñ
	 be therunningtime of the algorithmin Theorem1, where �
is thesizeof theminimal search-treefor testingwhetheré õ ö æ . We describethealgorithmin two steps:
(a) first we assumethat ò þ is known, and(b) thenwe describehow to get rid of this assumption.Step(a):
Supposewe knew ò�þ . Considerthefollowing algorithm:

Runthealgorithmin Theorem1 for ÿ��(ó��tð��Nï��tò
�Nñ�ø�ù��Nñ
	 steps;if thealgorithmterminateswithin
thatnumberof stepsandreturnsa search-treewitnessingthat é�ôõ ö æ , we returnthatsearch-
tree.Otherwise,wereturn“don’t know”.
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Let usnow arguethat this algorithmdoeswhatwe want,assuming�� is correct.Supposethat ���� ���
. In

thatcase,���� �����
, where

���
is theminimal folding of

�
. Since

���
is a subqueryof

�
and ���� �����

, it
follows that theminimal search-treefor testingwhether���� ��� �

is alsoa search-treefor testingwhether���� ���
. Its sizeis at most � �"! . Hence,thealgorithmof Theorem1 terminatesin #�$&%�')(*'*+�'�� �"!�'*,-'*�
. steps

andreturnssucha search-tree.This shows that the algorithmis correct. Step(b): Let usnow seehow to
handlethe generalcasein which �  is not known. The ideais to try all possiblevaluesof �  , startingat�  �0/

, until a search-treewitnessingthat ���� ���
is found,if any. If ���� ���

, by theanalysisabove, the
runningtimeof thisnew algorithmis � !12 354 #�$&%�'�(�'*+�'��
'��

2 '��6.87
Since#�$9%:')(*'�+�'*� '*,�'��
. is a polynomialin % , ( , � ; , and $&,<�6.>=@?�A � $9,"�
.B=@?�A�=@?�A�C , it follows immediatelythatthe
runningtimeof thealgorithmis asclaimedin thestatementof theorem.D

For thesakeof comparison,let usremarkthatif anoracletold ustheminimal folding of
�

, it wouldbe
possibleto find a search-treewitnessingthat ���� �E�

in time polynomialin � �"! . What is surprisingabout
Proposition1 is that thebound � � ! appearsin thepictureeventhoughthealgorithmdoesnot worry about
minimal foldings.

6 Boundson Search-TreeSize

In this sectionwe prove lower boundsfor the minimal search-treesfor particularqueriesof interest.The
first lower boundis relatively easy, but we includetheproof asa warm-upfor the second,which is more
difficult. Thesecondlowerboundshowsthatthe �5FHG
I 4KJ =@?�A � boundfor queriesof treewidth L in Theorem2
is essentiallyoptimal.

6.1 Lower bound for the generalcase

Considerthevocabularyof graphsM ��N�OQP
, where

O
is abinaryrelationsymbol.For �SRUT , let CLIQUE�

betheconjunctivequeryexpressingtheexistenceof a � -clique.Morespecifically, CLIQUE� is thefollowing
conjunctivequery: $&V�W 4 .5X"X"X�$&V�W � . YZ\[2^]3`_ O $&W 2 '*W _ .BabU7
We aimfor a family of graphsc C for which thesizeof theminimalsearch-treesfor testingwhetherc C � �
CLIQUE� is nearlyaslargeasit canbe.

Thegraph c C thatweneedis thecomplete$&��d / . -partitegraphwith all color-classesof cardinality � .
Moreprecisely, thesetof verticesof c C ise C �fN $9g�'*h .\i /�j g j �kd / ' /lj h j � P '
andthesetof edgesof c C isO C �mN $�$&g)'*h�.8'"$on:'�p�.B.qi /rj g)'^n j �kd / ' /lj h5'*p j �s'�gt�� n P 7
Eachsetof verticesof theform

N $&g)'*h .ui /Qj h j � P is calleda color-class.Clearly, c C doesnot contain
any � -clique,sothequeryCLIQUE� doesnotholdon c C . Notethat c C has $&��d / .�� verticesin total,and
CLIQUE� has� boundvariables.Hence,theobviousupperboundfor any search-treeis $&���
. � . Weseenext
thatwhen � is muchbiggerthan � , thenthis is essentiallythebestonecando. Theproof is quitesimplebut
wegive it asit will serveasawarm-upfor a moredifficult proof in thenext section.
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Theorem 5 Everysearch-treefor testingwhethervSwyx z CLIQUE{ hasat least | {<}�~ nodes.

Proof: Theideaof theproof is to describeanadversaryargumentthat,givenapurportedsearch-treeof size
lessthan | {<}�~ , findsaleafthatis labeledby apartialassignmentthatdoesnotdecidethebodyof CLIQUE{ .
Sincethiscontradictsthedefinitionof search-tree,nosuchsearch-treecanexist.

Supposethat ���l�*�\� is a search-treetestingwhethervSw�x z CLIQUE{ . We constructa path �����*�<���"�<�"�
through� , startingat theroot,with thefollowing properties:

1. ���&�)��� doesnotdecidethebodyof CLIQUE{ .
2. Thesubtreerootedat � � hassizelessthan | {<}�~8} � .

Theideabehindtheconstructionis to set ���&� � � to a nodeof a differentcolor-class;for example,wehopeto
set ���&� � � to a nodein color-class�r��� . Let ��� betheroot of � . Supposenext that �����"�<�"����� � have already
beendefined,andthat � � is not a leaf. We claim thatamongthe | verticesin color-class����� , theremust
exist at leastone,say �o�������*� � , for which thesubtreerootedof �)� labeledby �l�&�)�"�������&���&�)�*���������������������
hassizelessthan | {<}�~8} � } � . Indeedthisis thecasesinceotherwisethesizeof thesubtreerootedat � � would
beat least |���| {<}�~�} � } � z | {"}�~�} � which contradictsthe inductiveconstruction.Let � �>¡ � beany of these
successors.

Noticethataftera certainnumberof steps¢ no larger than £¥¤�¦ , we will reacha leaf ��§ becausethe
sizeof thesubtreewill becomelessthan ¨ . It remainsto beseenthatour constructionguaranteesthat the
label ���&��§r� of this leafdoesnotdecidethebodyof CLIQUE{ . However, this is clearfrom theconstruction
becausethepartialassignmentthatis built assignseachvariableto adifferentcolor-class.Therefore,���9� § �
doesnotfalsify any atomicformula,andit cannotsatisfyall eitherbecauseits domainis notall ���
�"�<�"�"�B��� { � .
Hence,���&��§�� doesnotdecidethebodyof CLIQUE{ aswasto beshown. ©
6.2 Lower bound for the boundedtr eewidthcase

Considernow directedgraphs.Again, we view themasstructuresover the vocabulary ª�z«��¬¥� of one
binaryrelationsymbol ¬ . For £��¨ , let PATH{ �&�5�*®�� betheconjunctivequeryexpressingtheexistenceof
a pathof length £ from � to ® . Morespecifically, PATH{ �&�¯��®:� is thefollowing conjunctivequery:�&°��
�*�5�"�"���&°�� {<} �*�"�&¬S�&�¯���
�^�¯±S¬S�&�²������³��6±´�"�<�*±S¬S�&� {<} ³��*� {"} ���¯±S¬S�&� {<} �"�*®������
It is trivially seenthat the treewidth of PATH { �&�5�*®�� is one becausethe underlyingGaifmangraphis a
path,andhencea tree. We aim for a family of directedgraphsµ {"¶ w , with two distinguishednodes· and¸
, for which thesizeof theminimal search-treesfor testingwhether µ {<¶ w x z PATH { �&·�� ¸ � nearlymatches

the upperboundprovided by Theorem 2. Moreover, we will chooseour graphsso that the hypothesisµ {<¶ wº¹x z PATH { �&·-� ¸ � in thattheoremis satisfied.
Theconstructionof thedirectedgraphsµ {<¶ w is illustratedin Figure2. Thesetof verticesof µ {<¶ w is» {<¶ w�z����&¼������t½��r¾U¼\¾�£k¤����"�l¾U��¾U|5���¿��·-� ¸ �:�

Theverticesof thetype �&¼������ needto bethoughtasarrangedinto £r¤À� columnsof | verticeseach.Wecall
themmiddlevertices.Thesourcevertex · is atcolumn Á andthetargetvertex

¸
is at column £ . Eachmiddle

vertex �9¼��*� � at column ¼ is connectedpreciselyto the verticesat column ¼
�E� whosesecondcomponents
have thesameparity as � . The source· is connectedpreciselyto the verticesat column � whosesecond
componentis even, andthe target

¸
is connectedpreciselyto the verticesat column £Â¤�� whosesecond

componentis odd.Moreformally, thearcsof µ {<¶ w are¬ {<¶ w z �����&¼�����������¼�������Ã:�)�q½���¾U¼Ä¾U£k¤Å¨��Æ��¾U�¯��Ãk¾U|��\�ÈÇfÃÈ� mod ¨����\����&·����B���*� ����½��r¾U��¾U|��\�QÇfÁÈ� mod ¨����\������&£�¤U��������� ¸ �q½���¾U�S¾U|��\�ÂÇE��� mod ¨������
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Figure2: ÉSÊ�Ë Ì
It is readilyseenfrom thedefinition, that thereis no pathof length Í from Î to Ï in ÉÂÐ"Ë Ñ . In otherwords,ÉÈÐ<Ë Ñ�ÒÓ Ô PATH Ð�Õ9Î�Ö�ÏB× . This is becausethe only middle verticesreachablefrom Î arethosewhosesecond
componentis even,andtheonly middleverticesthatreachÏ arethosewhosesecondcomponentis odd.

Theorem 6 For Ø ÙÚÍ�Û�Ü�ÙÝÜ , every search-treefor testingwhether ÉÈÐ<Ë Ñ Ó Ô
PATHÐ�Õ&Î�Ö)ÏK× hasat leastØ Þ@ß�à Ð"á�â nodes.

Proof: As in Theorem5, the ideaof theproof is againto describeanadversaryargument.For simplicity
weassumethat Ø is anevennumber;thegeneralcaseis similar. Supposethat Õ�ã�Ö�ä\× is asearch-treetesting
whether ÉÈÐ<Ë Ñ Ó Ô

PATH Ð�Õ&Î-Ö�ÏK× . Beforewe start the argumentwe needsometerminology. Every internal
nodeå of ã hasanassociatedcolumn æ�Õ&å�× in ç:è�Ö"é<é"éBÖ*Íëêìè�í definedasfollows. Let îsÕ&å�× Ô î`ï ; thatis, î�ï is
thesplittingvariableatnode å . Thenwedefine æ�Õ&å�× Ôfð

.
Weconstructa path å�ñ�Ö�å<ò�Ö<é"é<é throughã , startingat theroot,with thefollowing properties:

1. ä�Õ&å)ó�× doesnotdecidethebodyof PATH Ð�Õ&Î-Ö�ÏB× .
2. Thesubtreerootedat å)ó hassizelessthan Ü ó Ø Þ@ß)à Ð<á�â�á�ó .

Eachinternal å)ó will alsohaveanassociatedparity ô�ó�õ¿ç�ö�Ö<è�í thatwill bedefinedon thefly. Let å�ñ bethe
root of ã . Theparity ô�ñ is definedö if Ü�æ�Õ9å�ñ�×�÷ Í and è otherwise.Intuitively, ô�ñ is ö if column æ�Õ9å�ñ�× is
closerto level ö thanto column Í . Supposenext that å�ñ�Ö"é<é"éBÖ*å)ó and ô�ñ�Ö<é"é<é�Ö^ô�ó have alreadybeendefined,
andthat å)ó is not a leaf. Firstwe definetheparity ô�ó�ø5ò asfollows. Intuitively, ô�ó>ø5ò will bedefinedin such
a way that the minimumdistance,in termsof numberof columns,betweenany two elementsof different
parity in thesequenceis atmosthalved.More formally, considerthecolumn æ�Õ&å ó × Ô�ð

of å ó andthecolumnð&ù
in ç�æ�Õ9å�ñ�×�Ö<é"é<éKÖ�æ�Õ&å)ó*á
ò�×�Ö*ö`Ö*Í í that minimizes

Ó@ð&ù ê ð*Ó
(breakties arbitrarily). If

ð&ùÆÔ ö , let ô�ó>ø5ò Ô ö . Ifð ù Ô Í , let ô�ó�ø¯ò Ô è . Otherwise,let ú ù besuchthat
ð ù Ô æ�Õ&å ó>û × , andlet ô�ó>ø5ò Ô ô ó>û . Next we define å)ó>ø5ò .

We claim thatamongthe Ø
Û�Ü middleverticesat level
ð

whosesecondcomponentis congruentto ô�ó>ø5ò modÜ , theremustexist at leastone,say Õ ð Ö*ü × , for which the subtreerootedat the successorof å)ó labeledbyä�Õ9å)ó�×¯ý¿ç�Õ&îsÕ&å)ó�×�Ö�Õ ð Ö*ü ×�×)í hassizelessthan Ü ó>ø5ò Ø Þ@ß�à Ð<á�â�á�ó*á
ò . Indeedthis is thecasebecauseotherwisethe
sizeof thesubtreerootedat å)ó wouldbeat leastØ Ü¿þ Ü ó�ø¯ò Ø Þ@ß�à Ð<á�â8á:ó�á
ò Ô Ü ó Ø Þ@ß�à Ð<á�â8á:ó
whichcontradictstheinductiveconstruction.Let å ó�ø5ò beany of thesesuccessors.

Noticethataftera certainnumberof stepsÿ no larger than �����uÍQêÅÜ , we will reacha leaf å�� because
thesizeof thesubtreewill becomelessthan Ü . It remainsto beseenthatour constructionguaranteesthat
thelabel älÕ&å � × of this leafdoesnotdecidethebodyof PATHÐ Õ&Î-Ö�ÏK× . Considerthesequenceå ñ Ö<é"é"é)Ö*å � . To
everyinternalå)ó in thepaththerecorrespondsavertex of ÉÂÐ"Ë Ñ , namely, theimageof thevariableî�Õ&å)ó�× under
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�	��
�������
. Let ������������������� � bethecorrespondingsequenceof verticesin � ��! " . Notethat,by construction,

each � � is a middle vertex of the form
�$#���
�� ��% � andthe parity & � coincideswith the parity of its second

component% . Let usdefine � �('*) , � � ��� '*+ , & �('*, , and & � ��� '.- . We claim thatany two verticesin/ ���0������������� �1�32 thatbelongto consecutive levelsareconnectedby anarc. In orderto seethis, it sufficesto
notethattheshortestdistancebetweenany pairof elementsof differentparity in thesequenceis at least465�7
when 8 '., , andis at mosthalvedwhengoingfrom 8 to 8:9 - . Therefore,by 8 '<;�=�> 4@?A7 , theshortest
distancebetweenany pair of elementsof differentparity is at least 7 . Hence,any two consecutivevertices
have thesameparity, soareconnectedby anarc. Hence,

�B�$
 � � doesnot falsify any atomicformula,and
it cannotsatisfyall eitherbecauseits domainis not all

/DC � �������� C ��� �32 . Hence,
�	�$
 � � doesnot decidethe

bodyof PATH � � ) � + � aswasto beshown. E

7 Conclusions

Wehaveproposedanew wayof measuringthecomplexity of algorithmsfor conjunctivequeryevaluation,or
equivalently, for constraint-satisfactionproblems.Theconceptof minimal search-treewantsto capturethe
notionof optimalsearch-spacefor search-basedalgorithms.As discussedin theintroduction,measuringthe
complexity of thealgorithmasafunctionof theminimalsearch-treeisanideathatoriginatesin propositional
proof complexity. By adaptinganautomatizationalgorithmfor treeresolutionthatwasdevelopedin that
context, we wereableto provide an algorithmthat achievesa remarkabletheoreticalperformance.What
remainsto beseenis whethertheideacanleadto practicalalgorithmswith reasonablebehavior.

Our work alsosuggestsseveral technicalopenproblems. First, our algorithmprovidesa search-tree
for the Booleanization,but aswe discussed,it is not clear that sucha search-treecanbe convertedto a
search-treefor theoriginal conjunctivequery. It would beniceto investigatethis further. Second,proving
theboundson search-treesizefor boundedtreewidth queriesseemedto requirethehypothesisFHGI '*J �LKM� .
We donotknow whetherit is reallyneeded.Let usstatethisasan

OpenProblemFindboundsonthemaximumsearch-treesizeof conjunctivequeriesof bounded
treewidth on structureson which they hold. More concretely:Do conjunctive querieswith 4
variablesandboundedtreewidth have search-treesof size NPORQTSVUW �3X on structuresof cardinality
N onwhich they hold?If not, repeatfor boundedpathwidth.

Anotherinterestingdirectionto follow, thatlooksrelatedto thiswork, is to establishthepreciserelation-
shipbetweenthe CSPrefutationsdevelopedin [AKV04] andthe refutationsprovidedby the search-trees
when FYGI '<J �LKM� . It seemsthat the techniquesthatweredevelopedfor proof complexity shouldbeuseful
here.Ideally, it wouldbeniceto move backandforth andapplytechniquesfrom oneareato theother.

AcknowledgmentsI amgratefulto JośeL. BalcázarandRobertoNieuwenhuisfor fruitful discussions,and
alsoto a refereefor comments.I amalsogratefulto MosheVardi for providing usefulpointersandfor the
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