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Abstract

Unions of conjunctive queries,also known as select-project-join-unionqueries,are the most fre-
quentlyasked queriesin relationaldatabasesystems.Thesequeriesaredefinableby existentialpos-
itive first-orderformulasand arepreserved underhomomorphisms.A classicalresult of mathemati-
cal logic assertsthat the existential positive formulasare the only first-orderformulas(up to logical
equivalence)that arepreserved underhomomorphismson all structures,finite andinfinite. The ques-
tion of whetherthe homomorphism-preservationtheoremholdsfor the classof all finite structuresre-
sistedsolution for a long time. It waseventuallyshown that, unlike otherclassicalpreservation the-
orems,the homomorphism-preservation theoremdoeshold in the finite. In this paper, we show that
thehomomorphism-preservationtheoremholdsalsofor several restrictedclassesof finite structuresof
interestin graphtheoryanddatabasetheory. Specifically, we show that this resultholdsfor all classes
of finite structuresof boundeddegree,all classesof finite structuresof boundedtreewidth, and,more
generally, all classesof finite structureswhosecoresexcludeat leastoneminor.

1 Intr oduction

It is well known that the most frequentlyasked queriesin databasesareexpressiblein the select-project-
join-union (SPJU)fragmentof relationalalgebra(see[1]). From the point of view of relationalcalculus
or first-orderlogic, the classof SPJUqueriescorrespondsto the classof queriesdefinableby existential
positiveformulasof first-orderlogic, that is, formulasbuilt from atomicformulasusingconjunction,dis-
junction, andexistentialquantificationonly. By distributing conjunctionsandexistentialquantifiersover
�
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disjunctions,every existential positive formula canbe written as a disjunctionof existential formulasin
which the quantifier-free part is a conjunctionof atomicformulas. It is for this reasonthat SPJUqueries
arealsoknown asunionsof conjunctivequeries. Startingwith the work of ChandraandMerlin [7], the
studyof conjunctive queriesandtheir unionshasoccupieda centralplacein databasetheory;in particular,
researchershave investigatedin depthcertainfundamentalalgorithmicproblemsabout(unionsof) conjunc-
tivequeries,suchasthecontainmentandtheevaluationproblemfor thesequeries.

Let ���
	����������������������� and ����	�������� ������!�����"� be two relationalstructuresover the same
vocabulary (databaseschema)� � ������!�� � . Recallthatahomomorphismfrom � to � is amap #%$&�(')�
suchthat for every relationsymbol �+* andevery tuple ,-�.	�/ � ������0�/21 � from � , if ,435���* then #0	�, � �
	6#0	�/ � � �������7#0	�/ 1 �8� 39���* . As alreadyrealizedby ChandraandMerlin [7], thestudyof conjunctive queries
is intimatelyconnectedto homomorphisms.In particular, unionsof conjunctive queriesarepreservedunder
homomorphisms,wherea query : is said to be preservedunderhomomorphismsif whenever ,;3(:<	6� �
and # is a homomorphismfrom � to � , then #0	�, � 3=:<	�� � . Note that if a query : is preserved under
homomorphisms,thenit is alsopreserved underextensions, which meansthat whenever � is an induced
substructureof � and ,>3?:<	6� � , then ,>3>:<	�� � . In addition,sucha query : is monotone, which means
that whenever ,?3@:A	6� � and � is obtainedfrom � by addingtuplesto someof the relationsof � , then
,939:<	�� � . Thesepreservationpropertiescanbethoughtof asassertingthatthequerysatisfiesastrongform
of theopenworld assumption,in thata tuplein theresultof thequerywill remainsoundertheadditionof
new factsto thedatabases,suchastheintroductionof new elementsandnew tuplesin therelations.

Classicalpreservationtheoremsof modeltheoryareresultsthatmatchsemanticpropertiesof first-order
formulaswith syntacticpropertiesof first-orderformulas.Specifically, theŁoś-TarskiTheoremassertsthat
a first-orderformula is preserved underextensionson all structures(finite andinfinite) if andonly if it is
logically equivalent to an existential formula (see[26]). Anotherclassicalpreservation theoremin model
theory, known asLyndon’sPositivity Theorem,statesthatafirst-orderformulais monotoneonall structures
(finite andinfinite) if andonly if it is logically equivalentto a positive first-orderformula. Thenon-trivial
part in theseresultsis to show that if a first-order formula hasthe semanticpropertystated,then it is
logically equivalentto a first-orderformulathathasthecorrespondingsyntacticproperty. Theproofsmake
an essentialuseof the CompactnessTheoremof first-orderlogic (and,hence,of infinite structures).The
sametechniquecanalsobeusedto show that thefollowing homomorphism-preservation theoremholds: a
first-orderformulais preservedunderhomomorphismson all structures(finite andinfinite) if andonly if it
is logically equivalentto anexistentialpositive first-orderformula.

Theaforementionedclassicalpreservation theoremsareabouttheclassof all structures(finite andinfi-
nite) over somefixedvocabulary. It is naturalto askwhetherthesepreservation theoremsrelativize, that is,
whetherthey hold for restrictedclassesof structures.Notethatif apreservationtheoremholdsfor aclassB
of structures,thenrestrictingthestatementof thetheoremto asubclassBDC of B weakensboththehypothesis
andtheconclusionof thetheorem.Thus,unlike many otherresultsof modeltheory, apreservationtheorem
mayhold for aclassB of structures,but mayfail for somesubclassB C of B .

Researchin finite modeltheoryaddressedthequestionof whetherclassicalpreservationtheoremsabout
theclassof all structureshold for the classof all finite structures.As it turnedout, classicalpreservation
theoremstend to fail when we restrict ourselves to finite structures. In particular, the Łoś-Tarski Theo-
rem fails in thefinite, that is, thereis a first-orderformula that is preserved underextensionson theclass
of all finite structures,but is not equivalent to any existential formula [36, 23]. Similarly, Lyndon’s Pos-
itivity Theoremis alsoknown to fail in the finite [2, 35]. As for the homomorphism-preservation theo-
rem, its statusin the finite hadremainedunsettledfor quite a long time. In fact, the finite versionof the
homomorphism-preservation theoremhadreceived considerableattentionby thefinite modeltheorycom-
munity and had beensingledout as a centralproblem(Problem5.9 on the finite model theory website
athttp://www-mgi.informatik.rwth-aachen.de/FMT/). Moreover, it motivateda lot of re-
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latedresearchin this area,including [4, 16, 24, 32]. Eventually, in an importantbreakthrough,Rossman
[33] provedthatthehomomorphism-preservation theoremdoeshold in thefinite. In otherwords,Rossman
proved that if a first-orderformula is preserved underhomomorphismson theclassof all finite structures,
thenit is equivalent,on finite structures,to anexistentialpositive first-orderformula. In particular, suppose
that somearbitrary relationalalgebraquerywhich may also involve the set-theoretic differenceoperator
is preserved underhomomorphismson all finite structures;Rossman’s resultshows that this querycanbe
transformedto anequivalentSPJUquery.

In this paper, we show that the homomorphism-preservation theoremholds for numerousrestricted
classesof finite structuresof interestin graphtheoryanddatabasetheory. It shouldbenotedthatour results
wereestablishedandpublishedin preliminaryform [6] beforeRossmanproved that the homomorphism-
preservationtheoremholdsfor theclassof all finite structures.It shouldalsobepointedout thatour results
are not implied by Rossman’s theorem,since,as explainedearlier, preservation theoremsabouta class
of structuresneednot relativize to a subclassof that class. In its full generality, our main result asserts
thatthehomomorphism-preservation theoremholdsfor everyclassE of finite structuresthatis closedunder
substructuresanddisjointunions,andhasthepropertythattheGaifmangraphsof thestructuresin E exclude
at leastoneminor. This resultcontainsasspecialcasesthe homomorphism-preservation theoremfor the
classesof all structuresof boundedtreewidth, and the classesof all structuresthat exclude at leastone
minor; in particular, the homomorphism-preservation theoremholdsfor the classof all planargraphs. If
we restrictattentionto Booleanqueries,we areableto furtherextendtheclassesof structureson which the
homomorphismpreservationtheoremholds.In particular, wecanshow thatthetheoremfor Booleanqueries
holdsoneveryclassE of finite structuresthatis closedundersubstructuresanddisjointunions,andsuchthat
thecoresof thestructuresin E excludeat leastoneminor. To put theseresultsin perspective, let usbriefly
commenton someof thekey notions.Treewidth is a measureof how tree-like a graph(or, moregenerally,
a relationalstructure)is. It hasplayeda key role in RobertsonandSeymour’s celebratedwork on graph
minors(see[12]). Moreover, classesof structuresof boundedtreewidth have turnedout to possessgood
algorithmicproperties,in the sensethat variousNP-completeproblems,including constraintsatisfaction
problemsanddatabasequeryevaluationproblems,aresolvablein polynomial-timewhenrestrictedto inputs
of boundedtreewidth [10, 12, 21, 22]. Thecoreof astructureF is asubstructureG of F suchthatthereis a
homomorphismfrom F to G , but thereis nohomomorphismfrom F to apropersubstructureGIH of G . This
conceptoriginatedin graphtheory(see[25]), but hasfound applicationsin conjunctive queryprocessing
andoptimization[7] and,morerecently, in dataexchange[15].

The proofsof our resultscombineearlierwork aboutpreservation propertiesin the finite with some
heavy combinatorialmachinery. Ajtai andGurevich [3] showed that if a query J on the classof all finite
structuresis expressiblein both Datalogand first-order logic, then it is also definableby an existential
positive formula; furthermore,every Datalogprogramdefining J mustbe bounded.This is an important
resultaboutDatalogprogramsin its own right, but it is alsoa partial result towardsthe homomorphism-
preservation theoremin thefinite becauseall Datalogqueriesarepreserved underhomomorphisms(since
suchqueriesareinfinitary unionsof conjunctive queries).At a high level, theproof of theAjtai-Gurevich
theoremcanbe decomposedinto two modularparts. The first is a combinatoriallemmato the effect that
if J is a first-orderquery that is preserved underhomomorphismson finite structures,then the minimal
modelsof J satisfya certain“density” condition(incidentally, theminimal modelsof a Booleanquerythat
is preserved underhomomorphismsare cores). The secondpart shows that if all minimal modelsof a
Datalogquerysatisfythe“density” condition,thenthereareonly finitely many of them.This meansthat J
hasfinitely many minimalmodels,whicheasilyimpliesthat J is definableby aunionof conjunctive queries.
To obtainour maintheorem,we usethesamearchitecturein theproof, but, in placeof thesecondpart,we
essentiallyshow that if E is a classof finite structuressatisfyingthe hypothesisof the theorem(suchas
having boundedtreewidth or excludinga minor), thenevery collectionof structuresin E that satisfiesthe
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“density” conditionmustbefinite. In turn,thisrequirestheuseof theSunflowerLemmaof ErdösandRado,
aswell asRamsey’s Theorem.

Furthermore,equippedwith this new machinery, we obtaina differentandperhapsmore transparent
proof of theAjtai-Gurevich Theorem.Actually, we show thattheAjtai-Gurevich Theoremcanbeextended
to a family of finite-variableinfinitary logics that taken togetherarestrictly moreexpressive thanDatalog.
This is obtainedby usingtight connectionsbetweennumberof variables,treewidth, andminimal models.

In Section2, we review somebasicnotionsfrom logic andgraphtheory that we will needin the se-
quel. Section3 containscertaincombinatorialfactsaboutthe minimal modelsof a first-orderquery that
is preserved underhomomorphisms.In Sections4 and5, we establishthe main resultsregardingclasses
of boundedtreewidth andclasseswith excludedminorsrespectively. In Section6 we discussthe relation-
shipbetweenpeservation for Booleanandnon-Booleanqueries.We show that thepreservation resultsfor
Booleanqueriescan be establishedfor larger classesof structures. Finally, in Section7 we obtain the
aforementionedextensionof theAjtai-Gurevich Theorem.

2 Preliminaries

Thissectioncontainsthedefinitionsof somebasicnotionsandaminimumamountof backgroundmaterial.

2.1 Relational Structuresand Graphs

A relational vocabulary K is a finite setof relationsymbols, eachwith a specifiedarity. A K -structure L
consistsof a universe M , or domain, andan interpretationwhich associatesto eachrelationsymbol NPO-K
of somearity Q , a relation N�RTSUMWV . A graph is a structureXZY\[^]`_�acb , where a is a binaryrelationthat
is symmetricandirreflexive. Thus,ourgraphsareundirected,loopless,andwithout paralleledges.

A K -structured is calleda substructure of L if efS=M and N�ghS=N R for every NiO5K . It is called
an inducedsubstructure if N g YjN�Rlk4eIV for every NmOPK of arity Q . Notice the analogywith the
graph-theoreticalconceptof subgraphandinducedsubgraph. A substructured of L is properif L)nYUd .

A homomorphismfrom L to d is a mapping oUpqMZr e from the universeof L to the universeof
d thatpreservesthe relations,that is if [�sutv_�w�w�w0_�s V b�OxN�R , then [6o0[�sytzb{_�w�w�w|_7o0[�s V b8bIO}N g . We saythat
two structuresL and d arehomomorphicallyequivalentif thereis a homomorphismfrom L to d and
a homomorphismfrom d to L . Note that, if L is a substructureof d , then the injection mappingis a
homomorphismfrom L to d

TheGaifmangraphof a K -structureL , denotedby ~ [6L%b , is the(undirected)graphwhosesetof nodes
is theuniverseof L , andwhosesetof edgesconsistsof all pairs [�s�_�s&��b of distinctelementsof M suchthat s
and s � appeartogetherin sometupleof arelationin L . Thedegreeof astructureis thedegreeof its Gaifman
graph,that is, themaximumnumberof neighboursof nodesof theGaifmangraph.

Let X Y�[^]�_�aIb be a graph. Moreover, let �\OP] be a vertex and let �=��� be an integer. The
� -neighborhoodof � in X , denotedby ���� [���b , is definedinductively asfollows:

1. � �� [���b�Y��v�0� ;
2. � ��7� t [���b�YU� �� [���b!���v��O�]�pD[��y_8�"b�O9a for some�TO9� �� [���b7� .

A treeis anacyclic connectedgraph.A tree-decompositionof X is a labeledtree � suchthat

1. eachnodeof � is labeledby anon-emptysubsetof ] ;

2. for every edge�v��_8�u�IO�a , thereis anodeof � whoselabelcontains�v�0_8�y� ;
3. for every ��O�] , theset � of nodesof � whoselabelsinclude � formsa connectedsubtreeof � .
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Thewidth of a tree-decompositionis themaximumcardinalityof a label in   minusone.The treewidth of¡
is thesmallest¢ for which

¡
hasa tree-decompositionof width ¢ . The treewidth of a £ -structureis the

treewidth of its Gaifmangraph.Notethattreeshave treewidth one.
For every positive integer ¢�¤¦¥ , we write §�¨6¢u© to denotetheclassof all £ -structuresof treewidth less

than ¢ . In thesequel,whenever we saythata collection ª of £ -structureshasboundedtreewidth, we mean
thatthereis apositive integer ¢ suchthat ª¬«>§¨6¢u© .

Wesaythatagraph
¡

is aminor of ® if
¡

canbeobtainedfrom asubgraphof ® by contractingedges.
The contractionof an edgeconsistsin identifying its two endpointsinto a singlenode,andremoving the
resultingloop. An equivalentcharacterization(see[11]) statesthat

¡
is a minor of ® if thereis a map

thatassociatesto eachvertex ¯ of
¡

a non-emptyconnectedsubgraph®�° of ® suchthat ®9± and ®9° are
disjoint for ²(³´ ¯ andif thereis anedgebetween² and ¯ in

¡
thenthereis anedgein ® betweensome

nodein ®�± andsomenodein ®9° . We will sometimesreferto thesubgraphs®�° astheconnectedpatches
thatwitnessthat

¡
is aminor of ® .

It is not hard to seethat §�¨6¢u© is closedundertaking minors, that is, if
¡

is a minor of ® and the
treewidth of ® is lessthan ¢ , thenthe treewidth of

¡
is alsolessthan ¢ . Sincethe treewidth of µ�¶ , the

completegraphon ¢ vertices,is ¢¸·U¹ , it follows that µ�¶�º�» is not a minor of any graphin §¨6¢u© . Finally,
we will make useof the fact that µ�¶ is a minor of µ�¶½¼�»8¾ ¶½¼�» , thecompletebipartitegraphon two setsof
¢�·¬¹ nodes.To seethis,contracttheedgesof aperfectmatchingof size ¢�·�¥ sitting inside µ�¶½¼�»8¾ ¶½¼�» . The
resultis a completegraphon ¢¸·4¥ nodes,which, togetherwith theremainingtwo nodesof µ�¶¿¼�»8¾ ¶½¼�» and
all remainingedges,givesa µ�¶ .

2.2 First-order Logic and Conjunctive Queries

Let £ be a relationalvocabulary. The atomic formulasof £ arethoseof the form ÀÁ¨�Â »�Ã�Ä�Ä�Ä0Ã Â�Å�© , where
ÀÇÆP£ is a relation symbol of arity È , and Â » Ã�Ä�Ä�Ä0Ã Â Å are first-ordervariablesthat are not necessarily
distinct. Formulasof the form Â ´ÊÉ arealsoatomicformulas,andwe refer to themasequalities. The
collectionof first-order formulasis obtainedby closingtheatomicformulasundernegation,conjunction,
disjunction,universalandexistentialfirst-orderquantification.Thesemanticsof first-orderlogic is standard.
If Ë is a £ -structureand Ì is a first-orderformula,we usethe notation Ë�Í ´ Ì to denotethe fact that Ì
is true in Ë . The collectionof existential-positive first-orderformulasis obtainedby closing the atomic
formulasunderconjunction,disjunction,andexistentialquantification.By substitutingvariables,it is easy
to seethatequalitiescanbeeliminatedfrom existential-positive formulas.

An importantfragmentof existential-positive formulasis formedby thecollectionof sentencesof the
form ÎÏÂ »�Ä�Ä�Ä ÎÏÂyÐ&Ñ , where Ñ is a conjunctionof atomicformulaswith variablesamongÂ »vÃ�Ä�Ä�Ä0Ã ÂyÐ . These
formulasdefinethe classof Booleanconjunctivequeries(alsoknown asselect-project-join queriesor, in
short,SPJ-queries).In the sequel,we will occasionallyusethe term conjunctivequery to denoteboth a
formula ÎAÂ » Ä�Ä�Ä ÎÏÂ Ð Ñ as above and the query definedby that formula. Every finite structure Ë with Ò
elementsgivesrise to a canonicalconjunctivequery Ì0Ó , which is obtainedby first associatinga different
variable Â�Ô with every element Õ&Ô of Ë , ¹UÖØ×-ÖfÒ , then forming the conjunctionof all atomic facts
true in Ë , andfinally existentially quantifyingall variablesÂ�Ô , ¹-Ö\×�Ö\Ò . In otherwords, the formula
Ì�Ó is theexistentialclosureof thepositivediagram of Ë (see[26]). Conversely, every conjunctive query
ÎÏÂ »�Ä�Ä�Ä ÎÏÂyÐÏÑ givesrisetoacanonicalstructure Ë with Ò elements,wheretheelementsof Ë arethevariables
Â »�Ã�Ä�Ä�Ä�Ã ÂyÐ andtherelationsof Ë consistof thetuplesof variablesin theconjuctsof Ñ . ChandraandMerlin
[7] showed the following basicresult, which hasfound many usesin databasetheoryand the theoryof
constraintsatisfactionproblems.

Theorem 1 (Chandra-Merlin Theorem). Let Ë and Ù betwo finite structures. Thefollowing statements
are equivalent.
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1. There is a homomorphismfrom Ú to Û .

2. Û.Ü ÝlÞ0ß .

3. Þ�à logically implies Þ�ß .

2.3 Inducti ve Definitions and Datalog

Let á bea relationalvocabulary. An inductivesystemof first-orderformulasis afinite sequence

Þ�â½ã�ä!âvå�æ�æ�æ!å8äDç�è�å{é�âvå�æ�æ�æ�å{éDê�ë{å�æ�æ�æ�å{Þ0êìã�ä0â�å�æ�æ�æ0å8ä�ç{íîå{é�âvå�æ�æ�æ!å{éDê¿ë
of first-orderformulassuchthateachéDï is arelationsymbolof arity ðìï , notalreadyin á . Everysuchsystem
givesriseto anoperatorñ on sequencesof relationsof a á -structure.More precisely, if Ú is a á -structure
with universeò and ó+ï`ô>ò ç7õ is a relationfor every öø÷�ù&úûå�æ�æ�æ|å8üÏý , wedefine

ñþï8ã�ó�âvå�æ�æ�æ0å�ó+ê�ëøÝ�ù2ã�ÿuâvå�æ�æ�æ�å�ÿ2ç{õ ëþ÷9ò ç7õ � Ú Ü Ý�Þ!ï8ã�ÿyâvå�æ�æ�æ0å�ÿÏç7õ8å�ó�â�å�æ�æ�æ0å�ó+ê¿ë7ý å
and ñ�ã�ó�âvå�æ�æ�æ0å�ó+êvë�Ý�ã^ñ�â¿ã�ó�âvå�æ�æ�æ0å�ó+êvë{å�æ�æ�æ0å{ñþêìã�ó�âvå�æ�æ�æ0å�ó+ê�ë8ë . The stagesñ � Ý�ã^ñ � â å�æ�æ�æ0å{ñ �ê ë of ñ
aredefinedby theinduction ñ �ï Ý�ã � å�æ�æ�æ�å � ë , and ñ ��� âï Ý;ñþï8ã^ñ � â å�æ�æ�æ!å{ñ �ê ë . If eachformula Þ0ï is positive
in therelationsymbolsé�â�å�æ�æ�æ0å{é�ê , thentheassociatedoperatorñ is monotonein eachof its arguments.In
sucha case,thesequenceof stagesñ � å{ñ â å�æ�æ�æ convergesto theleastfixed-point ñ��\Ý ã^ñ�� â å�æ�æ�æ�å{ñ��ê ë of
theoperatorñ . Moreover, if Ú is finite, thenthereexistsa finite 	 � suchthat ñ � Ý;ñ ��
 .

A Datalog program is a finite setof rulesof the form � �� ��âvå�æ�æ�æ�å�� � , whereeach��ï is an atomic
formula.Theleft-handsideof eachrule is calledtheheadof therule,while theright-handsideis calledthe
body. Therelationsymbolsthatoccurin theheadsarethe intensionaldatabasepredicates(IDBs), while all
othersaretheextensionaldatabasepredicates(EDBs). Notethat IDBs mayoccurin thebodiestoo, thus,a
Datalogprogramis a recursive specificationof the IDBs with semanticsobtainedvia leastfixed-pointsof
monotoneoperators(see[37]). For example,the following Datalogprogramdefinesthe transitiveclosure
of theedgerelation � of agraph � Ý�ã���å��Ië :

�Iã�ä0å��uë � ��ã�ä0å��uë��
�Iã�ä0å��uë � ��ã�ä0å��Ïë{å��Iã��<å��uë{æ

A key parameterin analyzingDatalogprogramsis thenumberof variablesused.Wewrite ð -Datalogfor the
collectionof all Datalogprogramswith at most ð variablesin total. For instance,theabove is a 3-Datalog
program.A Datalogprogramcanbereadasan inductive systemof first-orderformulas(asabove) where
eachformulais existentialpositive.

Let � beaclassof á -structures.A query � on � of arity � is amapthatassociatesto eachstructureÚ in
� an � -ary relation �<ã6Ú�ë on thedomainof Ú thatis preservedunderisomorphismsbetweenstructures.Let�

besomelogic. We saythat � is
�

-definableon � if thereexistsa formula Þ of
�

suchthat if Ú is in � ,
then ��÷��<ã6Ú%ë if andonly if Ú�å���ÜÝ;Þ . A Booleanqueryis a queryof arity 0, whichcanbeidentifiedwith
anisomorphism-closedsubclassof � . Equivalently, aBooleanqueryis amapping� from � to ù! Aåvúîý thatis
invariantunderisomorphisms.WesaythataBooleanquery � is

�
-definableon � if thereis asentence" of�

suchthatfor every ÚÊ÷#� , wehave that �<ã6Ú%ë`Ý=ú if andonly if Ú Ü Ý$" .

3 Preservation under Homomorphismsand Minimal Models

For the purposeof the constructionsin this paper, we shall restrict our attentionspecificallyto Boolean
queries.Thereasonfor restrictingourselvesto Booleanqueriesis that thenotionof minimalmodel, which
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we rely on, is morenaturallydefinedfor Booleanqueries.In Section6 we returnto non-Booleanqueries
andexplainwhy theresultsapplyequallywell to these.

For a Booleanquery % , we saythata & -structure' in ( is a minimalmodelof % in ( if %*)+'#,.-0/ and
thereis no propersubstructure1 of ' in ( suchthat %*)�12,3-4/ . Recallfrom Section2 thatsubstructures
arenotnecessarilyinduced.

Thefollowing characterizationis partof the folklore, a proof for theclassof all finite & -structurescan
be found in [4]. Here,we stateit in a moregeneralform for classesof finite & -structuresthat areclosed
undersubstructures,andsketchaproof.

Theorem 2. Let ( bea classof finite & -structuresthat is closedundersubstructures,andlet % bea Boolean
queryon ( that is preservedunderhomomorphismson ( . Thefollowingare equivalent:

1. % hasfinitelymanyminimalmodelsin ( .

2. % is definableon ( byan existential-positive first-order sentence.

Proof (sketch). Thedirection(1)5 (2) is establishedby constructing,for eachfinite structure' , acanonical
conjunctive query 687 , as describedearlier. The requiredexistential positive formula defining % is now
obtainedasthedisjunctionof 6 7 over all minimal models' of % . This follows from thepreservationof %
underhomomorphismsandthefact that,by Theorem1, a structure1 satisfies6 7 if andonly if thereis a
homomorphismfrom ' to 1 .

For thedirection(2)5 (1), we first usethefact thatevery existentialpositive formula is equivalentto a
finite disjunction 9;:<>=8?A@ < , whereeach @ < is a conjunctive query. For eachsuchconjunctive query @ < , let
' < be thecanonicalfinite structureassociatedwith @ < , /CBEDFBEG . Note that sucha canonicalstructure
' < neednot bea memberof ( . Nonetheless,it is not hardto show thatevery minimal model 1 of % in (
is equalto a homomorphicimage HI)+' < , of oneof the canonicalfinite structures' < , /JBKDLBMG . Thus,
the cardinalityof every minimal modelof % in ( is lessthanor equalto the maximumcardinalityof the
canonicalfinite structures' < , /NBODPBQG , which impliesthat % hasfinitely many minimalmodelsin ( .

By Theorem2, to establishthe homomorphism-preservation theoremfor the classof all finite struc-
tures,wewouldneedto show thatany first-orderdefinablequerypreservedunderhomomorphismshasonly
finitely many minimal models. Equivalently, it would suffice to show that for any suchquery thereis a
boundon the sizeof the minimal models. Ajtai andGurevich [3], in comparingthe expressive power of
Datalogandfirst-orderlogic, showedthattheminimal modelsof every first-ordersentencepreservedunder
homomorphismssatisfyan interestingcombinatorialproperty. Intuitively speaking,they aredense. More
precisely, if therearearbitrarily large minimal models,thenthey cannotbe very thinly spreadout, which
meansthatthey donotcontaina largesetof elementsall farawayfrom eachother. Furthermore,onecannot
remove asmallnumberof elementsfrom a largeminimalmodelto createsuchascatteredset.

TheAjtai-Gurevich proof of this propertyis basedon Gaifman’s Locality Theoremfor first-orderlogic
[18]. Beforewe statethepreciseresult,we needa definitionanda pieceof notation. Let RS-T)�UWV�XY, be
a graph.Recallthedefinitionof Z -neighborhood[J\] )_^`, in Section2. We saythata subsetacbdU of the
nodesis Z -scattered if [ \] )_^`,8e#[ \] )_f*,P-hg for every two distinct ^8V�f�iCa . For a graph Rj-M)�UkV�XL, and
a set l0bmU , we write Rcnol for thegraphobtainedfrom R by removing all nodesin l andtheedgesto
which they areincident.This is a notationwe will userepeatedlyin thesequel.We arereadyfor theresult
of Ajtai andGurevich. While they provedthis for theclassof all finite structures,it is easyto seethat the
proof relativizesto classessatisfyingsomesimplerestrictions.This observation follows from thefact that
disjoint unionandtakingasubstructurearetheonly constructionsusedin theproof in [3].

Theorem 3. Let ( be a classof finite & -structures that is closedundersubstructuresand disjoint unions.
Let % bea Booleanquerythat is first-order definableandpreservedunderhomomorphismson ( . For every
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p;qQr , there exist integers s qtr and u qQr such that if v is a minimalmodelof w , thenthere is no xcyQz
of sizeat mostp such that {}|+v#~A��x hasa s -scatteredsetof sizeu . In particular, thereexist integers s qQr
and u qQr such that if v is a minimalmodelof w , then {}|+v#~ doesnothavea s -scatteredsetof sizeu .

Now, let � bea classof finite � -structuresthat is closedundersubstructuresanddisjoint unions.With
Theorems2 and3 in hand,in orderto establishthat thehomomorphism-preservation theoremholdson � ,
it sufficesto show that for somep andevery s and u , all sufficiently largestructuresin � have s -scattered
setsof size u afterremoving at most p elements.We formulatethis observationasthefollowing corollary,
whichwe will userepeatedlyin whatfollows.

Corollary 1. Let � bea classof finite � -structureshavingthefollowingproperties:

1. � is closedundersubstructuresanddisjointunions;

2. for somep andfor all s and u , there is an � sothat if v��#� hasmore than � elements,thenthere
is a set x of at most p elementssuch that {�|+v#~W��x hasa s -scatteredsetof sizeu .

On the class � , every Booleanquerythat is first-order definableand preservedunderhomomorphismsis
definableby anexistentialpositivefirst-order formula.

Thereis acasethatis particularlyeasyin whichwe cantake p��mr .
Lemma 1. For every � qtr , s qtr , and u qQr , thereexistsan � qQr such thatfor all graphs� � |��W���;�N~
with �������Q� anddegreeat most � , thegraph � hasa s -scatteredsetof sizeu .

Proof. Fix s q�r and u q�r , let � � uC��� , andlet � � |��k��� � ~ bea graphwith ��������� . Thesizeof
the s -neighborhoodof every nodein � is boundedby � � . Therefore,thereareat least u nodesin � with
disjoint s -neighborhoods.

As animmediatecorollarywe obtainthehomomorphism-preservation resultfor classesof structuresof
bounded-degree.

Theorem 4. Let � beaclassof finite � -structuresthatis closedundersubstructuresanddisjointunions,and
such that thestructuresin � haveboundeddegree. On theclass � , everyquerythat is first-order definable
andis preservedunderhomomorphismsis alsodefinableby an existential-positivefirst-order formula.

4 Classesof BoundedTreewidth

In this sectionweestablishthehomomorphism-preservation theoremfor classesof boundedtreewidth. Our
aim is to show a combinatorialresult to the effect that if we have a boundon the treewidth of structures
in a class,thenevery sufficiently large structurewill containa large scatteredset,after we have removed
a small numberof elements.The resultsin this sectionaresubsumedby thosein Section5, sincea class
of structuresof boundedtreewidth excludesat leastoneminor (namely, someclique). However, theproof
methodfor classesof boundedtreewidth is simplerthantheonepresentedin Section5 andalsoyieldsbetter
boundson themaximumsizeof minimal models,sowe presentit separately.

Unlike for Lemma1, it is no longersufficient to take p���r . To gainsomeintuition, considerthetree �`�
which consistsof a singleroot with � children.Sinceevery pair of nodesis at mostat distance2, it is clear
that � � doesnotcontaina s -scatteredsetfor s���� , yet thetreecanbearbitrarily large.However, removing
theroot leavesagraphwheretheremainingnodesarescatteredasnoedgesareleft. This ideageneralizesto
arbitrarytrees,in thesensethatin everysufficiently largetree,weneedto removeat mostonenodein order
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to createa largescatteredset.For, eitherthetreehasanodeof largedegreeor a long path.In thefirst case,
we remove a nodeof large degreeandgeta large numberof disconnectedcomponents,hencea scattered
set.In thesecondcase,alongthelong path,we canselecta setof elementsthatarepairwisefar away from
eachotherandthusform a scatteredset. We generalizethis ideato graphsof small treewidth. It turnsout
thatthemaximumnumberof nodesweneedto remove to createany desiredscatteredsetis boundedby the
treewidth. This is provedusingtheSunflowerLemmaof ErdösandRado[14].

Theorem 5 (Sunflower Lemma). Let � bea collectionof   -elementsubsetsof a set ¡ . If ¢ ��¢�£t �¤¦¥¨§P©ª!«¬ ,
then � containsa sunflowerwith § petals,that is, a subcollection�N®°¯±� of size§ for which there existsa
set ² such thateverypair of distinctsets³ and ´ in � ® satisfy ²Eµ�³·¶¸´ .

Hereis thepromisedcombinatorialresult:

Lemma 2. For every  #¹�ª , º�¹t» , and ¼½¹Q» , thereexistsan ¾¿¹Q» such thatfor all graphsÀ0µE¥�ÁWÂ�Ã;ÄN«
with ¢�Á�¢I£E¾ andtreewidth lessthan   , there exists ²S¯MÁ of sizeat most   such that ÀÅ©Æ² hasa º -
scatteredsetof size¼ .

Proof. Let  o¹Çª , º�¹È» , and ¼É¹È» befixed. Define §ÊµÅ¥_¼�©±ª!«Ë¥+ÌÍºÏÎhª!«ÐÎhª , Ñ µÇ �¤¦¥¨§C©�ª!« ¬ , and
¾ÒµÈ Ó¥_¼4©tª!«�Ô . Let ÀjµÕ¥�ÁkÂ�Ã Ä « bea graphwith ¢�Á¸¢A£�¾ , andlet usassumeits treewidth is lessthan
  . Let ¥+Ö2ÂË×ÙØ`Ú¸ÛÝÜßÞ�àNáÙ« bea tree-decompositionof À with sets Ø`Ú¸¯dÁ of sizeat most   . By standard
manipulationon tree-decompositions,we mayassumethat for every pair of distinctnodesâIÂ�ÜoÞÊà , both
Ø�ãL©QØ�Ú and Ø�Úä©QØ�ã arenon-empty. Observe that thesizeof à is at least ¾åÍ ÏÎhª . We distinguishtwo
cases:

Case1: Thereis anodein Ö of degreeat least¼ . Let Ü besuchanodeand ²Kµ�Ø�Ú . Notethat ¢ ²�¢�æt  .
By ourassumptiononthetree-decomposition,weknow that Ø�ã�©CØ�Ú is non-emptyfor everyneighbourâ of
Ü . Therefore,thegraph ÀE©ç² containsat least¼ disconnectedcomponents,soa º -scatteredsetof size ¼ .

Case2: Thereis no nodein Ö of degreeat least ¼ . In this case,sincethe sizeof à is more than
¾åÍ �µè¥_¼é©Èª!« Ô , theremust exist a path in Ö of lengthat least Ñ . Sinceeach Ø�Ú on this path has
sizeat most   , andsincethe lengthof the path is at least Ñ µé �¤¦¥¨§�©hª!«¬ , by the Sunflower Lemma,
theremustexist §�µÅ¥_¼j©�ª!«Ë¥+ÌÍºLÎ�ª!«êÎ�ª sets Ø�ãìëíÂíîíîíî°Â�Ø�ãíï on this pathwith a commonintersection² .
Clearly ¢ ²�¢�æT  , andall à�ð;µSØ�ã!ñ�©t² arepairwisedisjoint andnon-emptyby our assumptionon the
tree-decomposition.Weclaimthatchoosinganarbitraryelementin àÐòôó ðöõø÷�ù ó8òôú for eachûPÞJ×!»�ÂíîíîíîÐÂ�¼È©üªÙá
producesa º -scatteredsubsetin ÀM©ç² . To seethis,weneedsomenotation.Let ý�µ�þ�ÿ ð�� ò à ð betheunion
of petals.For � Â � Þ�ý , let º�¥ � Â � « denotethedistancebetween� and

�
in À·© ² . For every point � Þoý ,

let �¥ � «}µM× ÜçÞçàKÛ � ÞoØ�ÚÍá . Notethatevery �¥ � « is a connectedsubtreeof Ö by thethird clauseof the
definitionof tree-decomposition.Moreover, sincethe à`ð ’s arepairwisedisjoint,each��¥ � « containsatmost
oneof thenodesâ ò Âíîíîíî8Â�â ÿ of thesunflower. Considertheshortestpathin Ö goingfrom anodein ��¥ � « to
anodein �¥ � « . We let ¼o¥ � Â � « denotethenumberof nodesof thesunflower thatappearin thispath.

Claim 1. If � and
�

belongto ý , then ¼o¥ � Â � «}æQº�¥ � Â � « .
Proof. Suppose� and

�
arepoints in ý . We proceedby induction on the length � of the shortestpath

between� and
�

in Àj©O² . The basecase�mµ·» is obvious sincethen ¼o¥ � Â � «;µ4ºÝ¥ � Â � «Lµ·» . We are
readyfor theinductive case.Let � µ ��� Â � ò Âíîíîíî8Â �	� ó8ò µ � beashortestpathof length �LÎ±ª in ÀÕ©J² and
assumetheclaim is truefor shorterpath-lengths.We needto prove that ¼o¥ � Â � «äæ
�¸Î�ª . If ¼o¥ � Â � «.µd» ,
thereis nothingto prove. Supposethenthat ¼o¥ � Â � « £±» andlet â�� bea nodeof thesunflower thatappears
in the shortestpathof the treebetween�¥ � « and ��¥ � « andis closestto �¥ � « . By thesecondpropertyof
tree-decomposition,any pathin À�©2² from � to

�
mustgothroughsomepoint in à � . Solet  �Þü× ªÍÂíîíîíîÐÂ��êá

besuchthat � ¬ belongsto à � . Let �µ � ¬ , notethat NÞJý , andthatthelengthof theshortestpathbetween� and  in ÀK©C² is  �æ�� . By inductionhypothesis,¼o¥ � Â� «�æQº�¥ � Â� « . But also ¼o¥�ÙÂ � «Wµ�» by thechoice
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of � and � in ��� . Thus �����������! "�����#���$�&%
' because()���$� containsat mostonenodeof thesunflower. It
follows that �����������* �+,���#���$�&%-'. /+���������� andwe aredone.

Considerchoosingoneelement�	0 in �&132 05476�8 2913: for each;=<?>A@B��C�C�CD���FEG'IH . Then �����J0K���I�I�=LNMO+ for
;QPR � . Thelemmafollows from theclaim.

An immediateconsequenceof Lemma2 andCorollary1 is that thehomomorphism-preservation theo-
remholdsfor classesof structuresof boundedtreewidth.

Theorem 6. Let S beaclassof finite T -structuresthatis closedundersubstructuresanddisjointunions,and
such that thestructuresin S haveboundedtreewidth. OntheclassS , everyquerythat is first-orderdefinable
andis preservedunderhomomorphismsis alsodefinableby an existential-positivefirst-order formula.

Many interestingclasseshave boundedtreewidth. Amongothers,we find theclassof all trees,theclass
of all unicyclic graphs,andtheclassof all outerplanargraphs.

5 Classeswith ExcludedMinors

In this sectionwe extend the combinatorialresultsfrom the previous sectionto classesof graphswhich
excludea minor. We saya classof graphsS excludesa graph U as a minor if no graphin S has U asa
minor. Notethat,everygraph U is aminorof VXW , whereY is thenumberof nodesin U . Thus,if S excludes
U asa minor, it alsoexcludes VZW becausethe graphminor relation is transitive. It thereforesuffices to
establishour resultfor classesof structuresthatexclude VZW asaminor for someY .

We aim to show that in the classof graphsthat exclude VXW asa minor, every sufficiently large graph
will containlargescatteredsetsaftertheremoval of asmallnumberof elements.Intuitively, if agraphdoes
notcontainsuchascatteredset,thenthereis a largenumberof elementswith shortpathsbetweeneachpair.
Eithervariouspathsmustpassthroughasmallnumberof elementsor they arenearlydisjoint. In theformer
case,wecanremove theelementsto getascatteredset;in thelatter, wecanfind VXW asaminor in thegraph.
It turnsout,again,that Y providesaboundon thenumberof elementswe needto remove.

Theformalproofof this intuitive ideais inspiredby aconstructiondueto KreidlerandSeese[30], which
establishesa resultcloselyrelatedto Theorem8 below (seealso[29]). Beforethemainresult,we establish
a lemmaon bipartitegraphs.Theproof relieson Ramsey’s Theorem(see[19]).

Theorem 7 (Ramsey’s Theorem). For every [Q\]@ , Y�\^@ and �_\]@ , there is an `a\b@ such that if c
is a setwith d ced9L^` and fNgih ckj Wml >	'O��C�C�C&��[3H a functionon the Y -elementsubsetsof c , there is a setn)o c with d n d�L�� such that f is constanton h n j W , the Y -elementsubsetsof

n
.

For later use,we write pq��[3��Y,���Z� for the bound ` obtainedin Ramsey’s Theorem.Although we will
needit in its full generality, let us briefly commenton the particularcasepq�rM���M����Z� . This is a boundfor
thegraphversionof Ramsey’s Theorem:every graphwith morethan pq�rM���M����Z� verticescontainseitheran
independentsetwith morethan � elementsor acliquewith morethan � elements.

The following lemmawill bea key steppingstonetowardsthemain result. The lemmasays,roughly,
thatevery largebipartitegraph s R ��c�tvuv��w o c]xyuz� thatexcludesVXW asaminor containsa largeset
of points cQ{ o c without commonneighboursin u , exceptfor a small setof exceptionalpoints u|{ o u
thatareindeedcommonneighboursof all pointsin c { . Thefactthat s excludesVXW asa minor guarantees
thatthesetof exceptionalpoints u { is keptsmall.

Lemma 3. For every Y}\~' and ��\^@ , there is an `�\b@ such that if s R ��c"tXuv��w o c�x?uz� is a
bipartite graphsuch that VXW is not a minor of s and d c�d9L^` , thenthere are setscQ{ o c and u|{ o u
with d c { dBL/� and d u { dB��Y�E/' such that c { xyu { o w and c { is 1-scatteredin s�E�u { .

10



Proof. Thecase�y�N� is trivial as,if �X� is notaminorof � , then � containsno edgesandtaking ���-�
suffices.Wewill thereforeassumethat �m�N� below. Furthermore,if thelemmais truefor somevalueof �
it is alsotruefor all ������� . Thus,it sufficesto prove it for all largeenough� . In whatfollowsweassume
that ���N� � . Definethefunction

�O���9� �-� � �.�"�O���,� � �) ¡� �3� ���� �� � �
where � is theRamsey function. Define

�£¢¤� � � �]� and
�¦¥�§9¨©� � � � �O�r�¦¥�� � ��� , andlet �ª� �£«©¬ � � � � . We

constructthesets®� and ¯|� in aseriesof stages:

 ¢±°  ¨k°
²�²�²�° Q�
¯ ¢´³ ¯ ¨®³ ²�²�² ³ ¯ ��µ

Thenumberof stagesof this constructionwill be lessthan �z -� . Begin with  ¢ �¶ and ¯ ¢ �¶· . Now,
supposeat stage�¡¸F�m N� we have sets Q¹ ³  and ¯!¹ ³ ¯ , with º ¯Q¹¤ºi�»� and º Q¹	º½¼ � «©¬ � ¬ ¹ � � � ,
andsuchthat Q¹¿¾À¯!¹ ³]Á . We define Q¹ §9¨ and ¯!¹ §9¨ . Let ¸ beanarbitrarylinearorderingof Q¹ . LetÂ}Ã9Ä Q¹£Å «�ÆÈÇAÉ � µ�µ�µ ����Ê bethefunction thatassignsto each� -elementsubsetË ¨ ¸ÌË��e¸ ²�²�² ¸ÌË « of ®¹
themaximumÍvÎ ÇAÉ � µ�µ�µ ����Ê suchthatall Ë ¨ � µ�µ�µ ��Ë�Ï have acommonneighbourin ¯^ ¡¯!¹ . By Ramsey’s
Theorem,thereis a set Ð ³ Q¹ , with

º Ð,º�¼ � �� �� �K� «©¬ � ¬�Ñ ¹ §9¨3Ò � � � �/�e ��
suchthat

Â
is constanton

Ä ÐÓÅ « . Weconsiderthreecases:
Case1:

Â � Ä ÐÓÅ «Ó� �Ô� . Let Õ denotethe last �� /� elementsof Ð underthe order ¸ . Then, Ð) -Õ is
1-scatteredin �Ö N¯!¹ asevery pair of elementsin Ðv "Õ forms the first two elementsof someordered
� -elementsubsetof Ð andthereforecannothave acommonneighbour. Notealso,that

º Ð¿ }Õ)º�� � �e G� �K� «©¬ � ¬�Ñ ¹ §9¨3Ò � � � µ
Since ��¸×�Ø G� , this meansº Ðe �Õ)º,� � �) }� � �Ù�
� as ���×� . Thus,taking  � �^ ¹ §9¨ �^Ð� ÚÕ and
¯|���
¯Q¹ §9¨ �"¯!¹ , wearedone.

Case2: �X¸ Â � Ä ÐÓÅ «Ó� ¸»� . We will arguethat, indeed,this casecannotoccur. Let
Â � Ä Ð¤Å «O� �ÜÛ . If Õ

denotesthelast �Ý ?Û elementsof Ð undertheorder ¸ , thenevery Û -elementsubsetof Ð. �Õ hasacommon
neighbourin ¯� }¯!¹ , asit is the initial segmentof size Û of some� -elementsubsetof Ð . Furthermore,no� ÛÞ�^� � -elementsubsetof Ð) -Õ hasa commonneighbourin ¯~ /¯!¹ , from which we concludethat the
maximaldegreeof any elementin ¯× �¯!¹ (with respectto Ð¿ �Õ ) is Û . Now, let ß ¨ � µ�µ�µ ��ß « ³ Ð¿ �Õ bea
collectionof � pairwisedisjoint sets,eachwith exactly Û elements.Sucha collectionexists,since

º Ð¿ GÕØº�¼ � �e �� �K� «©¬ � ¬�Ñ ¹ §9¨3Ò � � � �����N� � µ
Then,by the argumentabove, for each ß ¥ , thereis a à ¥ Î�¯~ /¯!¹ which is a commonneighbourof all
elementsin ß ¥ , and à ¥ hasno otherneighbours.Thus,the set ß ¥âá Ç à ¥ Ê forms a connectedpatchin the
graph�ã ¡¯ ¹ . Similarly, for eachä and Í with �Ý�/ä=¸GÍv��� , we canfind anelementà ¥ Ï ÎZ¯b �¯ ¹ such
that,if � � à ¥ Ï � denotesthesetof neighboursof à ¥ Ï in Ð , then:

1. � � à ¥ Ï � ³ ß ¥ á ß Ï
2. � � à ¥ Ï �âå ß ¥çæ�
·
3. � � à ¥ Ï �âå ß¿Ï æ�Ì· .
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This is possibleas èeé and è¿ê aredisjointandeachhasë=ì×í elements.Thus,wecanchooseasubsetof
èeéOîÝè¿ê thatmeetsbothsetsandhasexactly ë elements.Any commonneighbourof thissubsetwouldserve
as ï�éðê . Again, ï#éðê cannothave any otherneighboursin ñeò/ó , asno ô�ë½õÌíAö -elementsubsetof ñeò/ó has
a commonneighbour. Thus,in particular, ï�é÷ê hasno neighboursin any èzø for ù differentfrom ú and û . We
have thusfound ü distinct connectedpatchesè é î¡ý$ï éÿþ andpairwisedisjoint paths(of length2) between
any pairof them.Thus ��� is aminor of � , acontradiction.

Case3: �iô�� ñ�� � ö
	
ü . Thismeansthatevery ü -elementsubsetof ñ hasacommonneighbourin �bò��� .
Let è�	bý�������������������� � þ beacollectionof üzò/í distinctverticesin ñ . As every ü -elementsubsetof ñ has
a commonneighbour, thereis a function ���âô�ñ�ò¡è?ö�� ô ��ò!���ö suchthat �Dô#"qö is a commonneighbour
of è�î�ý�" þ . If the rangeof � containsümò
í distinct elements,� contains���$� ��% ��� � asa subgraphand
therefore�&� asa minor. We may, therefore,assumethat the rangeof � hasfewer than ümò]í elements.
Thus,thereis a ')(Nñ|ò�è with *+',*.-/* ñ�ò�è0*21BôrüØò43¤ö on which � is constant.Let 576&� betheelement
to which � maps' . We let 89;:<�=	>'vî�è and ��;:<�=	?�� îÀý$5 þ . Observe that 5 is a commonneighbour
of all elementsin 89;:<� , andthat

* 8 ;:<� *@- * è0*AõA* ñÝò¡è0*21BôrüzòB3¤öC�
which is at least

ôrü�ò/íAöâõED ���GFH�JI ;:<�LK ô#MZöiò�í.ìND ���GFH�JI ;:<�LK ô#MZö
asrequired.

To completetheproof, we needto verify that thenumberof iterationsdoesnot reachüØò�í . Note that
theiterationis repeatedonly in case3, andin this case���:<� containsonemoreelementthan �� . If theset
wereto containü´ò�í elements,asall theseelementsareneighboursof all elementsin 89O , whichhasat least
MP-"ü elements,we would have that � contains�&��� ��% ��� � , andtherefore�&� asa minor. This establishes
that * � O *RQ�ü�ò/í .

Themaincombinatorialresultof thispapercannow beprovedby aconstructionthatiteratesLemma3.
For afixedlargegraph ST	¶ôVU
�;WYX±ö , weproceedinductively andgeneratetwo sequencesof setsof vertices

UZ	A[]\_^`[a��^Ab�b�bG^`[,éc 	Ad \ (`d � (eb�b�bG(`d é �
where[ é is an ú -scatteredsetin SNòfd½é . Oncewehave [,é , wecanproducean ô�ú$õZíAö -scatteredset [,ég:<�=(`[,é
by viewing the ú -neighborhoodsof acertainsubsetof [,é ononesideof abipartitegraph,andtheverticesof
SFò)d é thatareadjacentto thoseneighborhoodson theother. Lemma3 guaranteesa largeenoughô�ú�õ"íAö -
scatteredsetafterremoving a few morepointswhich arethenaddedto d½é to obtain d½ég:<� . Choosingwhich
pointsof [,é to puton thebipartitegraphrequiresonemoreapplicationof Ramsey’sTheorem.Thetechnical
detailsfollow.

Theorem 8. For every üh-^í , i�-kj , and Ml-mj , there is an no-ej such that if Sp	~ôVU
�;W X ö is a graph
such that ��� is not a minor of S and *2Uq*�ìAn , thenthere are sets[m(?U and dr(?U with *2[=*,ìmM and
*2ds*tQNüeò/í such that [ is i -scatteredin SFò!d .

Proof. Onceagain,we prove thestatementfor üq-N3 , asthecaseüu	^í is trivial. Definethefunction

v ô#w9öx	kyqôz3t�{3t�{D ���GF ô#w9ö�öC�
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where| is thefunctiondefinedin theproofof Lemma3 and } is theRamsey function.Let ~��m�����#��� . We
construct� and � in � stages:

�]�_�`�<�=�e�������`�
���_�`�����e�����G�`�=�

The sets ��� and �]� at stage� will be suchthat �2���;�x���q�?� and ��� is � -scatteredin �p�`��� . Moreover,
�2� � �R��� ��� � �#��� . Startwith � � �A  and � � �e¡ .

Supposethat ��� and ��� have alreadybeenconstructed.We construct���g¢<� and ���g¢<� . For every £B¤���� ,
let ~Y�;�#£]� be the � -neighborhoodof £ in ���m��� . Considerthe graphwhosesetof verticesis the setof
neighborhoods¥$~Y���#£J��¦t£!¤��]�¨§ , andwhoseedgesconnecttwo differentneighborhoods~Y�;�#£]� and ~Y�©�#ª.�
if thereexist £¬«J¤~®���#£]� and ª�«�¤&~®���#ªR� suchthat ¥�£G« ��ª�«#§ is anedgein �T�!��� . Thenumberof verticesof
thisgraphis

�2���{�t��� ��� � �#�����k}¯�z°t�{°t�{|H± �G² � � ��� � � � �#�������C³
By thegraphversionRamsey’s Theoremdiscussedbefore,this graphcontainseitheranindependentsetor
a cliqueof morethan | ± �G²�� ����� � � � �#����� elements.Theexistenceof sucha cliqueimpliesa ´ ± minor in �
sincethe � -neighborhoodsof elementsin ��� aredisjointandconnectedin �r�B��� . Therefore,theremustbe
anindependentset,say ¥$~Y�;�#£]�µ¦�£h¤¶.§ , where¶·�`��� and

� ¶]�R�N| ± �G² � � ��� � � � �#�����C³
We definea bipartitegraph ¸¹�º� »`¼�½·�;¾��Z»À¿�½f� on which to applyLemma3. Let »r�r¶ , andlet
½ be the setof verticesof ���`� � that areadjacentto somevertex in ÁsÂ�ÃÅÄJ~ � �#£J� . By the choiceof ¶ ,
thesets» and ½ aredisjoint. Theedgesof ¸ connectvertices£�¤0» with thoseverticesª4¤)½ thatare
adjacentto somevertex in ~®���#£]� . Clearly, ¸ hasno ´ ± minor; otherwise� would alsohave onesince
the � -neighborhoodsof elementsin ¶ form disjoint connectedpatchesin ���0��� . By Lemma3, thereexist
»9«<�e» and ½Æ«��e½ with � »�«¨�¬�e� ��� � � � �#��� suchthat »9«�¿�½Æ«<�m¾ and »�« is 1-scatteredin ¸p�4½Æ« . Let
� �g¢<� ��� � ¼�½Æ« and � �Ç¢<� �r»�« , which is �#�<È?�$� -scatteredin �É��� �Ç¢<� . Theproof will becompleteby
showing thatif �2���Ç¢<�Å�tÊ`�s��� , then � hasa ´ ± � ��Ë ± � � minor, andthusa ´ ± minor.

Supposethat �2� �Ç¢<� ��ÊA�·�N� . By construction,»9«�¿�½Æ«a�A¾ , which meansthat, in � , each|Y¤�½Æ« is
adjacentto somevertex in ~Y�©� Ì.� for every Ì�¤B» « . In fact, theinductive constructionguaranteesthateach
|s¤!��� is alsoadjacent,in � , to somevertex ~Y�©� Ì.� for every Ì�¤!»�« . Considereach~Y�©�#£J� , with £0¤4»9« ,
asa connectedpatchin thesubgraphof � inducedby ÁsÂ�ÃÅÍ¬Î ~Y�©�#£J� and ���Ç¢<� . Notethat thesepatchesare
disjoint. The ´ ± � ��Ë ± � � minor is now clearsince � »�«¨�tÊN�s��� and �2���g¢<�Å�RÊN�s�N� .

Combiningthiswith Corollary1 we getthefollowing result.

Theorem 9. Let Ï be a classof finite Ð -structures that is closedundersubstructuresand disjoint unions,
and such that the classof Gaifmangraphsof structures in Ï excludesat least oneminor. On the class
Ï , everyquerythat is first-order definableand is preservedunderhomomorphismsis alsodefinableby an
existential-positive first-order formula.

Wenow commenton therelationshipbetweenTheorem9 andtheearlierTheorems6 and4.
As notedearlier, the class Ñ7�z�¯� of graphsof treewidth lessthan � excludes ´ ± ¢<� asa minor. Thus,

the homomorphism-preservation theoremfor theseclasses(Theorem6) is a specialcaseof Theorem9.
Furthermore,therearemany classescharacterizedby excludedminorsthatdo not have boundedtreewidth.
An exampleis thecollectionof planargraphs,which, by Kuratowski’s Theorem,exclude ´&Ò and ´�ÓHË Ó as
minor, but have unboundedtreewidth. Anotherexampleof a classof graphsthatexcludesomeminor are
thegraphsof boundedgenus.Indeed,any classof graphsclosedundertakingminorsanddifferentfrom the
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classof all finite graphsmustexcludesomeminor; consequently, thepreservation-under-homomorphisms
propertyholdsfor all theseclasses.

A morepreciserelationshipbetweenTheorems6 and9 canbe obtainedusingcertaindeepresultsby
RobertsonandSeymour [31] aboutclassesof graphsexcludinga minor. Specifically, RobertsonandSey-
mour[31] showedthatfor everygraphÔ , theclassof graphsexcluding Ô asaminorisof boundedtreewidth
if andonly if Ô is planar(this resultis a consequenceof thetheExcludedGrid Theoremof Robertsonand
Seymour [31] - seealso[11, Theorem12.4.3]). Consequently, for every graph Ô , thepreservation-under-
homomorphismspropertyfor theclassof graphsexcluding Ô asa minor canbederived from Theorem9,
but not from Theorem6, preciselywhen Ô is anon-planargraph.

It shouldalsobenotedthata classof graphsof boundeddegreeneednot excludeany minor. This can
beseenby replacingeverynodeof a Õ&Ö by abinarytreewith ×_Ø!Ù leavesandconnectingdifferentpairsof
treesthroughdisjoint pairsof leaves. Theresultinggraphhasdegree3, but has Õ&Ö asa minor. Therefore,
Theorem4 cannotbederivedasaconsequenceof Theorem9.

6 BooleanQueriesand Cores

We statedTheorems4, 6 and9 for queriesof arbitraryarity eventhoughtheproofswerebasedon notions
of minimal modelsdefinedfor Booleanqueries.In this sectionwe explain why the resultsextendto non-
Booleanqueries.We thenshow that,if we considerBooleanqueriesonly, thepreservationpropertycanbe
shown for widerclassesof structuresthanthoseconsideredin Theorems4, 6 and9.

6.1 Non-BooleanQueries

SupposeÚ is a classof finite Û -structuresand Ü is an Ý -ary queryon Ú . We saythat Ü is preserved under
homomorphismson Ú if, for any Þ�ß;à árÚ and any Ý -tuple â of elementsfrom Þ if âTá�Ü.ãzÞåä andæ&ç Þ�è¹à is ahomomorphism,then

æ ã â¬ä=áåÜRã àfä . In particular, if Ü is aBooleanqueryon Ú , Ü is preserved
underhomomorphismson Ú if for everypairof structuresÞ and à in Ú , if thereis ahomomorphism

æ
from

Þ to à and Ü.ãzÞåä
é/Ù , then Ü.ã àfä
é/Ù .
Thereis anaturalway to turnanon-Booleanqueryinto aBooleanqueryin avocabulary expandedwith

constants.Let Û]ê bethevocabulary obtainedby extendingÛ with Ý new constantsymbolsë$ì�ß�í�í�í�ß;ëCî and Ú�ê
betheclassof all Û ê -structuresÞ whoserestriction Þ�ï ð to thevocabulary Û is in Ú . Similarly, let Ü ê bethe
Booleanqueryon Ú]ê definedby ÜÅê ãzÞåäxéñÙ if andonly if òôóAá&Ü.ãzÞ�ï ð ä whereòôó is the Ý -tupleof elements
in Þ interpretingtheconstantsë�ì�ß�í�í�í<ß;ëCî .

It is easilyverifiedthat Ü is preservedunderhomomorphismson Ú if, andonly if, ÜÅê is preservedunder
homomorphismson Ú ê (a homomorphismon structuresinterpretingconstantsymbolsis also requiredto
preserve the interpretationof constants,i.e. if

æ!ç Þ�èõà is a homomorphism,then
æ ã ë ó ä=éñë�ö ). More-

over, for a Û]ê structureÞ , theGaifmangraph ÷�ãzÞ�ï ð ä is identicalto ÷µãzÞåä . Thus, Ú hasboundeddegreeor
boundedtreewidth or excludesa givenminor if andonly if Ú ê does.Moreover, if Ü ê is definableon Ú ê by an
existentialpositive sentenceø , thenthereis an existentialpositive formula defining Ü on Ú . This formula
is obtainedby replacingtheconstantsë$ì�ß�í�í�í<ß;ëHî by new variablesù�ì�ß�í�í�í�ß�ùGî . Thus,if thehomomorphism
preservationtheoremholdsfor Booleanquerieson Ú ê , it holdsfor Ý -aryquerieson Ú . However, in ourproofs
above we alsorequirethat theclassesof structureswe considerareclosedundertakingsubstructuresand
disjoint unions.Unfortunately, thesearepropertiesthatdo not transferfrom Ú to Ú ê . Dueto theadditional
constants,thelattermayfail to have theseclosurepropertiesevenwhentheformerhasthem.

To getaroundthisproblem,weusethenotionof aplebiancompanionof astructureintroducedby Ajtai
andGurevich in [3]. Wegiveabrief descriptionof their construction.SupposeÛ]ê is avocabulary including
theconstantsymbolsë�ì�ß�í�í�í�ß;ëHî andlet Þ bea Û ê -structure.Theplebiancompanionof Þ is astructureú�Þ
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in a vocabulary û obtainedfrom ü]ý asfollows. Every relationsymbol þ in ü]ý is alsoin û but û doesnot
containany of theconstants.In addition,for eachrelationsymbol þ of arity ÿ andeachnon-emptypartial
function ��� �����	�	�	�
� ÿ��� �������	�	�	������� � , û containsa new relationsymbol þ�� whosearity is ÿ���� where
� is thenumberof elementsof

�����	�	�	�
� ÿ�� on which � is defined.In particular, if � is total, ÿ���� and þ �
is thena ! -aryrelationsymbol.Thatis to say, it is aBooleansymbolthatis interpretedaseithertrueor false
in any û -structure.

Theplebiancompanion"$# of # is a û -structurewhoseuniverseis obtainedfrom thatof # by excluding
the interpretationof the constants.For eachrelationsymbol þ in ü]ý , the interpretationof þ in "%# is the
restrictionof þ�& to the universeof "$# . To definethe interpretationof þ � , let ' be an ÿ(�)� tuple of
elementsfrom "$# . Let ' ý be the ÿ -tuple of elementsof # obtainedfrom ' by insertingin position * the
elementinterpretingtheconstant�,+-*/. . We saythat ')0)þ21 &� if andonly if ' ý 00þ�& . In thespecialcase
that þ � is ! -ary, we saythat it is interpretedastrue if andonly if theuniqueemptytuple is in þ � by the
above rule.

It is straightforward to show that for any ü ý -formula 3 thereis a û -formula 4 suchthat "$#65 �74 if and
only if #85 �93 . Indeed,4 is obtainedby 3 by replacingeachatomicformula þ:+/;< . in which the tuple of
terms ;< containsconstants,by the formula þ �=+ ;> . where ;> is obtainedfrom ;< by removing the constants
and � is thepartial functionthatmaps* to theconstantoccurringin position * in ;< . It is easilyseenthat if
3 is existentialpositive, thensois 4 . Thereis a similarly straightforward translationin theotherdirection,
whichalsopreservesexistentialpositiveformulas.Wecannow makethreeusefulobservationsaboutplebian
companions.

Observation 1. TheGaifmangraph ?@+A"%#B. is a subgraphof ?C+D#E. .
Indeed, ?C+A"$#E. is the subgraphof ?C+D#B. inducedby the elementsthat arenot namedby a constant.

Writing "GF ý for thecollectionof plebiancompanionsof thestructuresin F ý , we seethatoneconsequence
of theabove observation is that "GF�ý hasboundeddegreeor boundedtreewidth or excludessomeminor if F
does.

Observation 2. There is a homomorphismfrom # to H if, andonly if, there is a homomorphismfrom "$#
to "IH .

To seethat this holds,let J bea homomorphismfrom "%# to "$H . We canextend J to a map KJ from #
to H by letting KJL+ � & .M� �ON for all constants

�
. Clearly, if ' is a tuple from # which doesnot includethe

interpretationof any of theconstants,thenfor any relation þ in ü , þ�&P+Q'I.�R þ 1 &�+Q'$.�R þ 1 N +DJS+Q'$.T.�R
þ N +UKJ
+Q'I.T. , since KJL+Q'I.V�WJS+Q'$. . On theotherhand,if ' containsconstants,let � bethepartialfunctionthat
maps* to theconstantoccurringin position * and '.ý bethetupleobtainedfrom ' by removing theelements
namedby constants.Since KJ maps

� & to
� N

for eachconstant
�
, it is easilyseenthat KJ
+Q'I. is the tuple

obtainedfrom KJS+Q'.ýX. by insertingin position * theelement+-�,+-*/.T. N . Since,furthermoreKJS+Q'¯ýY. is thesameas
JS+Q' ý . , we have thefollowing implications: þ�&�+Q'I.CR þ21 &� +Q' ý .2R þ21 N� +DJS+Q' ý .T.2R þ N +ZKJ
+Q'I.T. , establishing
that KJ is ahomomorphism.

For theotherdirection,suppose[ is ahomomorphismfrom # to H . Wewishto show thattherestriction
of [ to theuniverseof "$# is ahomomorphismfrom "$# to "$H . For any relationsymbol þ in ü , it is obvious
that þ 1 & +Q'I.MRõþ 1 N +\[$+Q'I.T. just by thefact that [ is a homomorphismfrom # to H . Now, if þ � is a new
symbolin û and ' is a tuplesuchthat þ21 &� +Q'I. , let ' ý bethetupleobtainedfrom ' by insertingin position *
theelement+-�,+-*/.T. & . Then,we have þ 1 &� +Q'I.2R þ & +Q'.ýX. by thedefinitionof þ 1 &� , þ & +Q'¯ý].2R þ N +\[$+Q'.ýX.T.
by thefact that [ is a homomorphismand þ N +\[$+Q' ý .T.^R þ21 N� +\[$+Q'I.T. by thedefinitionof þ21 N� andthe fact
that [ preservestheinterpretationof constants.

Finally, thefollowing observation is straightforward.

Observation 3. If F is closedunderdisjointunionsandsubstructures,thensois "GF ý .
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Togethertheseobservationsimply thatif thepreservationtheoremisprovedonlywith respectto Boolean
queriesfor all classes_ of boundeddegree,of boundedtreewidth or for classesexcludingsomeminor, it
is alsoestablishedfor all queriesover suchclasses.For instance,let _ bea classof structuresof bounded
degreeandlet ` be a formula,with freevariables,that is preserved underhomomorphismson _ . Let aG_$b
be thecorrespondingclassof plebiancompanionsof _ (notethat theclassdependson thenumberof free
variablesin ` ). Then, aG_ b is alsoof boundeddegreeandwe have a sentencec suchthat for any structuredfe _ andtuple g of elementsfrom

d
,
dih j `@k gml if andonly if a d b h j c where

d b is theexpansionof
d

with constantsfor all elementsin g . Thus, c is equivalentto anexistentialpositive sentenceon an_ b andby
theargumentsabove, this impliesthat ` is equivalentto anexistentialpositive sentenceon _ . This justifies
thestatementof Theorems4, 6 and9 for queriesof arbitraryarity.

6.2 Cores

Let o be a Booleanquerythat is preserved underhomomorphismson all finite p -structures.The key ob-
servation we make is that the minimal modelsof o arecores. The conceptof corewasintroducedin the
context of graphtheory(see[25]), but it generalizesnaturallyto relationalstructures.A substructureq ofd

is calledacoreof
d

if thereis ahomomorphismfrom
d

to q , but, for everypropersubstructureq=b of q ,
thereis no homomorphismfrom

d
to q=b . It canbeseenthatevery finite structure

d
hasa uniquecoreup

to isomorphism,denotedby rOsut�vxw dEy , andthat
d

is homomorphicallyequivalentto rOsutZvxw dEy . If a structured
is its own core,we saythat

d
is a core. It is now clearfrom the definitionsthat if o is a querythat is

preservedunderhomomorphismson all finite p -structures,thenevery minimal modelof o is a core. More
generally, if _ is a classof finite p -structuresclosedundersubstructures,and o is a querypreserved under
homomorphismson _ , thenevery minimal modelof o in _ is acore.

Now, combiningtheabove observationwith Theorem3, we canstrengthenCorollary1 sothat it is not
thestructuresin a class_ thatarerequiredto have thepropertyof low density. It sufficesto show that the
collectionof Gaifmangraphsof coresof thestructuresin _ hasthisproperty.

Corollary 2. Let _ bea classof finite p -structureshavingthefollowingproperties:

1. _ is closedundersubstructuresanddisjointunions;

2. for somez andfor all { and | , there is an } sothatif
d~e _ and rOsut�vxw dEy hasmorethan } elements,

thenthere is a set � of at most z elementssuch that �CwQrOsut�v�w dEyTy�� � hasa { -scatteredsetof size| .

On the class _ , every Booleanquerythat is first-order definableand preservedunderhomomorphismsis
definableby anexistentialpositivefirst-order formula.

Combiningthis with Lemma1, we obtaina strongerversionof Theorem4 specificallyfor Boolean
queries. That is, the following is strongerthanTheorem4 in one direction in that it appliesto a wider
collectionof classesof structures,but weaker in anotherin thatit only appliesto Booleanqueries.

Theorem 10. Let _ bea classof finite p -structuresthat is closedundersubstructuresanddisjoint unions,
andsuch that theclassof coresof structuresin _ hasboundeddegree. On theclass_ , everyBooleanquery
that is first-order definableand is preservedunder homomorphismsis also definableby an existential-
positivefirst-order formula.

We areableto similarly generalizeTheorems6 and9 for the specificcaseof Booleanqueries.More
precisely, for everypositive integer �E��� , let ��wQ��wD� yTy betheclassof all finite p -structures

d
suchthatthe

coreof
d

hastreewidth lessthan � . Theseclasseshavebeenstudiedin thecontext of constraint-satisfaction
problemsin [9, 20]. It is easyto seethat for each ����� , the class ��wQ��wD� yTy coincideswith the classof
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all finite � -structuresthatarehomomorphicallyequivalentto a � -structureof treewidth lessthan � . In the
following, whenwe saythatthestructuresin aclass� havecoresof boundedtreewidth, we meanthatthere
is apositive integer � suchthat �������Q�B�D�G�T� .
Theorem 11. Let � bea classof finite � -structuresthat is closedundersubstructuresanddisjoint unions,
andsuch that thestructuresin � havecoresof boundedtreewidth. On theclass� , everyBooleanquerythat
is first-order definableand is preservedunderhomomorphismsis also definableby an existential-positive
first-order formula.

In Section4 we mentionedseveral naturalexamplesof classesof structuresof boundedtreewidth.
Classesof structureswhosecoreshave boundedtreewidth areevenmorepervasive. For example,thecore
of everynon-trivial bipartitegraphis ��� , thegraphconsistingof asingleedge.Hence,theclassof bipartite
graphsis containedin ���Q���D���T� . However, all gridsarebipartiteandhave arbitrarily largetreewidth. Thus,
�B�D��� is properlycontainedin ���Q���D���T� ; in fact, for every ����� , we have that �B�D�G� is properlycontained
in ���Q���D�G�T� . For anotherexample,considerall planargraphsthatcontain ��� asa subgraph.By theFour
Color Theoremfor planargraphs,every suchgraphis   -colorable,henceit is homomorphicallyequivalent
to ��� andsoit is containedin ���Q���- x�T� .

Finally, westatethepreservationresultfor Booleanqueriesandclassesof structureswhosecoresexclude
someminor.

Theorem 12. Let � bea classof finite � -structuresthat is closedundersubstructuresanddisjoint unions,
andsuch that theclassof Gaifmangraphsof coresof structures in � excludesat leastoneminor. On the
class � , every Booleanquerythat is first-order definableand is preservedunderhomomorphismsis also
definableby anexistential-positive first-order formula.

Theorem12subsumesTheorem11in thesamewayasTheorem9 subsumesTheorem6, sincetheGaif-
mangraphsof coresof structuresin ���Q���D�G�T� exclude ��¡	¢
£ asaminor. Therelationshipwith Theorem10
is lessclear. At theendof Section5 above,wepresentedanexampleof aclassof structuresthathasbounded
degreebut doesnot excludeany minors. However, thestructuresinvolved arenot cores.If we couldcon-
structaclassof coresof boundeddegreewhichneverthelessdonotexcludeany minor, thiswouldshow that
Theorems10 and12 aresimilarly incomparable.

It is not clearwhetherTheorems10, 11 and12 canbe extendedto non-Booleanqueries.All we can
say is that the methodof plebiancompanions(from Section6.1) doesnot give the desiredoutcome. To
understandwhy this is thecase,recall thatwe definefor any class� andany ¤ theclass�%¥ of expansions
of structuresin � by ¤ constantsandthenthe class¦G� ¥ of plebiancompanionsof structuresin � ¥ . Since
theGaifmangraphsstructuresin �%¥ arethesameasthoseof thecorrespondinggraphsin � we know that
restrictionson thelatteralsoapplyto theformer. However, it is not thecasethatthecoresof structuresin � ¥
arecoresof structuresin � . It is possiblethatthecoresof structuresin � haveboundeddegree(for instance)
while thecoresof structuresin �%¥ do not. This is illustratedby thefollowing example.

Let a wheelbe a graph §©¨ (for ¤ª�¬« ) with vertices �®�¯ £ ®	°	°	°S®�¯�¨ andedgesconnectinḡ £ ®	°	°	°S®�¯U¨
in a simplecycle alongwith anedgefrom  (thehub) to each̄�± . It is easilyseenthat, §²¨ is   -colorable
and,if ¤ is odd, §©¨ is a core. Let a bicyclebea graphof theform ³´¨�µ�§©¨P¶���� , where ¤·�7« . That
is, ³ ¨ is thedisjoint unionof § ¨ and � � (notethat,as � � is thesameas §~¸ , a bicycle consistsof two
wheels).Fromthefactthat §²¨ is   -colorable,it is clearthatthecoreof ³=¨ is ��� . Thus,if � is theclassof
all bicycles,thecoresof structuresin � have boundeddegree.Considernow �Q³ ¨ ®Z$� , theexpansionof ³ ¨
with aconstantnamingthehub  of §©¨ . Sinceany homomorphismof thisstructuremustfix  and §©¨ is
itself a corewhen ¤ is odd,it follows for odd ¤)�W¹ , we have that �Q³=¨$®ZI� is itself a coreandit containsa
nodeof degree¤ . Thus,if �$¥ is theclassof expansionsof structuresin � by oneconstant,theclassof cores
of structuresin � ¥ hasunboundeddegree.
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7 Ajtai-Gur evich Theorem Revisited

The Ajtai-Gurevich Theorem[3] assertsthat every Datalogprogramthat is first-orderdefinableon finite
structuresis bounded, thatis, theassociatedmonotoneoperatorreachesits leastfixed-pointafterauniformly
boundednumberof iterationson every finite structure.Theaim of this sectionis to presenta proof of this
theoremthatis basedon theresultsabouttreewidth in Section4. Our proof of theAjtai-Gurevich Theorem
canbeconstruedasare-inteprerationof theoriginalproof thatmakesexplicit theroleof boundedtreewidth
andexposesthecomponentsof theoriginalargument.Moreover, weobtainastrongerresultfor a family of
infinitary logicsthattakentogetherarestrictly moreexpressive thanDatalog.Thisstrongerresult,however,
is weaker thantheresultclaimedin thepreliminaryversionof this paper[6], which appearedin thePODS
2004Proceedings.In this section,we will alsospellout theprecisedifferencesbetweenwhatwasclaimed
in [6] andwhatis actuallyestablishedhere.

7.1 Proof of the Ajtai-Gur evich Theorem

Thecollectionof infinitary formulasº
» ¼ is obtainedby closingtheatomicformulasundernegation,infini-
tary conjunctions,infinitary disjunctions,universalquantification,andexistentialquantification.For every
positive integer ½ , the ½ -variablefragmentof ºL» ¼ , denotedby º
¾» ¼ , consistsof all º
»�¼ formulaswith
at most ½ distinct variables;notethat eachvariablemay have an unboundednumberof occurrencesin a
º ¾ »�¼ -formula. The collectionof existentialpositiveinfinitary formulas ¿Àº
Á» ¼ is obtainedby closing the
atomic formulasunderinfinitary conjunctions,infinitary disjunctions,andexistentialquantification. The
½ -variablefragmentof ¿Àº
Á» ¼ is denotedby ¿mº ¾�Â Á» ¼ . From Section2, recall that a ½ -Datalogprogramis a
Datalogprogramin which every rule hasat most ½ distinct variables.It wasshown in [28] that for every
positive integer ½ , every ½ -Datalogqueryis expressiblein ¿mº ¾�Â Á»�¼ . As a matterof fact,Theorem4.3 in [28]
assertsthat ½ -Datalogis containedin acertainfragmentof theexistentialpositive infinitary logic ¿mº Á» ¼ that
we describenext.

For everypositive integer ½ , let ÃMÄ ¾ bethecollectionof all first-orderformulasthathave atmost ½ dis-
tinct variablesandareobtainedfrom atomicformulasusingconjunctionandexistentialquantificationonly;
notethateachvariablemay be reusedin a ÃMÄ ¾ -formula,so its numberof occurrencesmay bearbitrarily
large. Clearly, every ÃMÄ ¾ -formula Å definesa conjunctive query, since,by transformingÅ to a formulain
prenex normalform, weobtainanexpressionof theform ¿�ÆSÇ%È	È	ÈO¿�ÆnÉ�Ê , whereË�Ì�½ and Ê is aconjunction
of atomicformulas.As anexample,theexpression

¿�ÆSÇZ¿mÆIÍuÎQÏ�Î-ÆSÇÑÐTÆIÍ�ÒÔÓ�ÎÕ¿�ÆSÇ�ÎQÏ�Î-ÆIÍ�ÐTÆ�Ç�ÒÔÓ�¿�Æ$ÍOÏ�Î-Æ�ÇÑÐTÆ$Í�ÒTÒTÒTÒ
is a ÃMÄ Í -formulathatis logically equivalentto theconjunctive query

¿�Æ�ÇU¿�Æ$Í	¿mÆIÖÑ¿�Æn×uÎQÏ�Î-ÆSÇ�ÐTÆIÍ�ÒÔÓEÏ�Î-ÆIÍ�ÐTÆ$Ö�ÒÔÓBÏ�Î-Æ$Ö�ÐTÆn×�ÒTÒUÐ
whichassertsthatthereis apathof length4.

Next, let ¿mØ
Ù ¾�Â Á bethefirst-orderfragmentof ¿mº ¾�Â Á» ¼ , thatis, ¿mØ
Ù ¾�Â Á is thecollectionof all first-order
formulasthat have at most ½ distinct variablesandareobtainedfrom atomicformulasusingconjunction,
disjunction,andexistentialquantification.Sinceconjunctionsdistributeoverdisjunctionsandsinceexisten-
tial quantifierscommutewith disjunctions,it is clearthatevery ¿mØ
Ù ¾�Â Á -formulais logically equivalentto a
finite disjunction Ú=ÛÜYÝ Ç Å Û of ÃMÄ ¾ -formulas.

Finally, let Ú�Ã^Ä ¾ be the collectionof all disjunctions(finite and infinite) of ÃMÄ ¾ -formulas,that is,
Ú�ÃMÄ ¾ consistsof all ¿Àº ¾�Â Á» ¼ -formulasof theform Ú�Þ , whereÞ is a(possiblyinfinite) setof ÃMÄ ¾ -formulas.
Thus, ¿mØ
Ù ¾�Â Á hasthesameexpressive power asthe fragmentof Ú ÃMÄ ¾ consistingof all formulasof the
form Ú�Þ , where Þ is afinite setof ÃMÄ ¾ -formulas.
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Theconnectionbetweenß -Datalogand ß -variablelogicscannow bestatedasfollows (see[28, Theo-
rem4.3]):

Theorem 13. Let ß bea positiveinteger and à a ß -Datalog program.

1. For each positiveinteger á , the á -th stage of themonotoneoperator associatedwith à is definable
by a finite disjunctionof âMã ä -formulas.

2. The query expressedby à is å�âMã ä -definable. Specifically, if æ�ç is a finite disjunctionof âMã ä -
formulasdefiningthe á -thstageof themonotoneoperator associatedwith à , thenthequeryexpressed
by à is definableby the å âMã�ä -formula å ç^èÔé æ�ç .

TheprecedingTheorem13 impliesthat,asregardsexpressive power, Datalogis containedin thefamily
of infinitary logics å âMã ä , ßBêWë . It is easyto seethatthiscontainmentis aproperone,sinceeveryDatalog
queryis polynomial-timecomputable,while even å â^ã�ì canexpressnon-recursive queries.Specifically,
for every íîê©ï , let ð�ñ be a â^ã�ì -sentenceassertingthat “there is a pathof length í ”. Then, if ò is a
non-recursive set of positive integers,the å âMã ì -sentenceå ñxó�ô ð ñ definesa Booleanquery that is not
expressiblein Datalog.

We will alsoneeda connectionbetweenâMã ä -sentencesandstructuresof treewidth lessthan ß . This
wasfirst obtainedin [28, Remark5.3] andfurther refinedin [9, Theorem12]. We statethis connectionin
thenext lemmaandincludeits proof for completeness.

Lemma 4. If ß is a positiveinteger and õ is an âMã ä -sentence, thenthere is a structure ö of treewidth less
than ß such that thecanonicalconjunctivequery õ
÷ of ö is logically equivalentto õ .

Proof. Assumethat õ is an â^ã ä -sentence.Let ð betheresultof renamingall occurrencesof variablesin õ
sothateachexistentialquantifierboundsadifferentvariable.Repeatedlyapplythefollowing rewriting rules
to thesubformulasof ð : replacesubformulasof theform ðùø�ú�ûÕü�ý%þOû-ðVøÿø]þ by ûÕü�ýÔþOû-ðùøOú�ðùø øXþ , andsubformulas
of theform ûÕü�ý%þOû-ð ø þ�úùð øÿø by ûÕümý%þOû-ð ø úùð ø ø þ . Notethattheserulespreserveequivalencebecauseeachvariable
is quantifiedonly oncein ð . Theresultis aconjunctivequery ûÕümý é þ������ ûÕü�ýIñ�þ/æ thatis equivalentto ð , where
æ is a conjunctionof atomicfacts. Let ö be thecanonicalstructureassociatedwith theconjunctive query
ûÕü�ý é þ�������ûÕü�ýnñÀþ/æ , whichmeansthattheuniverseof ö is theset

� ý é���������� ýnñ	� , and û-ý�
�� �������� ý�
���þ���� ÷ if,
andonly if, the atomicformula �:û-ý 
�� �������� ý 
 �	þ appearsin æ . By construction,thecanonicalconjunctive
query õ
÷ of ö is ûÕü�ý é þ������ ûÕümýnñmþ/æ , henceit is logically equivalentto õ .

It remainsto show that ö hastreewidth lessthan ß . Let ð é�� ð ì �������� ð�� bethecollectionof all subfor-
mulasof ð . View themasnodesof theparse-treeof ð . Labeleachnode ð�
 of the treeby thesetof free
variablesof ð�
 . Since õ has ß variablesin total, eachð�
 hasat most ß freevariables,soeachlabelhassize
atmost ß . Usingthefactthateachvariableis quantifiedexactlyoncein ð andthateachatomicfactof ö is
asubformulaof ð , it is nothardto seethatthetreeandits labelingform atree-decompositionof ö of width
atmost ß���ë . Hence,thetreewidth of ö is lessthan ß .

Thenext lemmaestablishesa connectionbetweenminimal modelsof å â^ã ä -sentencesandstructures
of treewidth lessthan ß .
Lemma 5. Let ß bea positiveinteger, let ð bea å âMã�ä -sentence, andlet � bea modelof ð . There exists
a structure � havingthefollowingproperties:

1. � is a minimalmodelof ð ;

2. thetreewidth of � is lessthan ß ;
3. there is a homomorphismfrom � to � .
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Furthermore, if � is a minimalmodelof � , thenthere is a surjectivehomomorphismfrom � to � .

Proof. Let � bea ���! #" -sentenceof theform ��$ , where $ is asetof �! %" -sentences.If � is amodelof� , thenthereis an �! #" -sentence&(')$ suchthat �+* ,-& . By Lemma4, thereis astructure. of treewidth
lessthan / suchthat & is logically equivalentto thecanonicalconjunctive query &10 of . . Consequently,�+* ,-& 0 , which,by Theorem1, impliesthatthereis ahomomorphism2 from . to � . Since. is amodel
of & , it is alsoamodelof � ; consequently, thereis asubstructure� of . thatis aminimalmodelof � . The
treewidth of � is lessthan / , since� is asubstructureof . andthetreewidth of . is lessthan / . Moreover,
therestriction 243 of 2 on � is ahomomorphismfrom � to � .

The image 2 365 �87 of � under 2 3 is a substructureof � ; moreover, it is a modelof � , since ���! #" -
formulasarepreservedunderhomomorphisms.It follows thatif � is a minimal modelof � , then 293 5 �87:,� , whichmeansthat 2 3 is anontohomomorphismfrom � to � .

TheprecedingLemma5 shows thatevery minimal modelof a ���! " -sentence� is thehomomorphic
imageof a minimal model � of treewidth lessthan / . In thepreliminaryversionof this paper[6, Lemma
4], we assertedthatevery minimal modelof a � �! #" -sentencehastreewidth lessthan / . This, however,
is not true. As a matterof fact, thereare �! #" -sentencesthathave minimal modelsof treewidth at least / .
For example,let � bethe �! %; -sentence<>=?@<A= ; 5B5DCE5 =�?GFB= ; 7>H 5 <A=�? 5DCE5 = ; FB=?I7>H 5 <A= ; CJ5 =?�FB= ; 7B7B7B7B7 , which
assertsthatthereis apathof lengththree.Thedirected3-elementcycle KML is aminimalmodelof � , but has
treewidth N .

Wearenow readyto stateandprove themainresultof this section.

Theorem 14. Let / bea positiveinteger andlet � $ bea � �! #" -sentence, where $ is a (possiblyinfinite)
setof �O P" -sentences.Thefollowingstatementsareequivalent:

1. There is a finite subsetQ of $ such that � $ is equivalentto � Q on all finitestructures.

2. �R$ is equivalentto some<>S1TP"VU W -sentenceonall finitestructures.

3. � $ is equivalentto somefirst-order sentenceon all finitestructures.

Proof. Theimplications 5YX 7[Z 5 N\7 and 5 N\7�Z 56] 7 arequiteobvious. Towardsestablishingtheimplication56] 7^Z 5YX 7 , assumethat � $ is a � �! " -sentencethat is equivalentto somefirst-ordersentence� on all
finite structures.Weclaim that ��$ hasfinitely many non-isomorphicminimal models.Indeed,if ��$ had
arbitrarily large minimal models,thenLemma5, implies that ��$ hasarbitrarily large minimal modelsof
treewidth lessthan / . But then,by Lemma2, for every _a`cb and de`cb , andfor every sufficiently large
minimal model � of treewidth lessthan / , thereexists fhgji of sizeat most / suchthat �+klf has
a _ -scatteredsetof size d . Theorem3 implies immediatelythat � $ is not equivalent to any first-order
sentenceonfinite structures.This establishesthat ��$ hasfinitely many non-isomorphicminimal models.

Let . ? F�m�m�mFn.po bea list of all pairwisenon-isomorphicminimal modelsof ��$ , and,for eachqsrtd ,
let &10su bethecanonicalconjunctive queryof .pv . Since � $ is preservedunderhomomorphisms,we have
that � $ is equivalent to � ov�w1? &10su on finite structures. In particular, we have that � ovxw1? &10su logically
implies � $ on finite structures.Sinceevery �! " -sentenceis logically equivalentto a conjunctive query,
the fact that � ov�w1? &10yu logically implies ��$ on finite structuresamountsto the union of the conjunctive
queries&10�z�F�m�m�m1F{&�0y| logically implying theunionof theconjunctive queriesin $ . Sagiv andYannakakis
[34] haveshown thataunionof conjunctivequerieslogically impliesanotherunionof conjunctive queriesif
andonly if everyconjunctive queryin thefirst unionlogically impliessomeconjunctive queryin thesecond
union. It follows that for every qMr}d , thereis an �O P" -sentence~Gv in $ suchthat &10su logically implies
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�V�
.1 Thisyieldsthat ����x�1���1�s� logically implies �M��x�1� �G� , which, in turn, logically implies ��� . At thesame

time, � � is logically equivalentto ������1� �1�s� ; consequently, � � is alsologically equivalentto �R� , where�-�c� �V���	���t�s���a� .
AlthoughtheprecedingTheorem14 wasstatedandprovedfor ���O�#� -sentences,it holdsfor ���!�#� -

formulaswith freevariables.Thiscanbeshown usingthetransformationof non-Booleanqueriesto Boolean
queries,asdescribedin Section6.

TheAjtai-Gurevich Theorem[3] cannow beobtainedeasilyfrom Theorems13 and14.

Theorem 15(Ajtai-Gur evich Theorem). Let � beaDatalog program.Thefollowingstatementsareequiv-
alent:

1. � is bounded,which meansthat there is a positiveinteger � such that, on everyfinite structure, the
queryexpressedby � canbecomputedwithin at most� iterationsof themonotoneoperator associated
with � .

2. � is first-order definable, which meansthat there is a first-order formula such that, on every finite
structure, it definesthequeryexpressedby � .

Proof. Thedifficult directionis �6�\�y��� � � . Let � bethenumberof variablesof theDatalogprogram� . By
Theorem13, thequeryexpressedby � is definableby a � �!�P� -formula ��� . By Theorem14, if thereis
a first-orderformulathatdefinesthis queryon all finite structures,thenthereis a finite subset� of � such
that ��� is logically equivalentto � � on finite structures.Consequently, thereis a positive integer � such
that � � is logically equivalentto theformula

�¡ 
definingthe � -th stageof themonotoneoperatorassociated

with � . It follows that,onevery finite structure,thequeryexpressedby � canbecomputedwithin atmost �
iterationsof themonotoneoperatorassociatedwith � .

NotethatTheorem14 is a strongerresultthanTheorem15, since,asdetailedin theremarksfollowing
Theorem13,thefamily of infinitary logics ���!� � , �p¢ � , hasstrictlyhigherexpressivepowerthanDatalog.

7.2 On the RelationshipBetweenthe Infinitary Logics £¥¤%¦ � and §©¨ �Vª «¬#
In the remainderof this section,we will examinethe relationshipbetweenthe full existentialpositive in-
finitary logic ®4¯ �Vª «¬# with � variablesandits fragment� �!�#� , �°¢ � . In a nutshell,thepreciserelationship
between®4¯ �Vª «¬# and � �!�#� is as follows. On the classof all finite structures,every ®>¯ �Vª «¬P -sentenceis
equivalentto an infinitary disjunctionof infinitary conjunctionsof �O�#� -sentences;aswill be seenbelow,
this normal-formtheoremfor ®>¯ �Gª «¬# canbe obtainedeasily from resultsin [27]. In the preliminaryver-
sion of this paper, we claimedthat on the classof all finite structures,every ®>¯ �Gª «¬# -formula is equivalent
to a �R�!�#� -formula. Regrettably, this claim turnsout to befalsebecausewe will show herethat thereare
infinitary conjunctions±�� of �!�#² -sentencesthat arenot equivalent to any � �!�#² -sentence.Thus, the
aforementionednormalform of ®>¯ �Vª «¬# -sentencesasinfinitary conjunctionsof ���!� � -sentencesis optimal
andcannotbesimplified.

The expressive power of ®>¯ �Vª «¬P is capturedby the existential � -pebblegame, introducedin [27] and
studiedfurther in [28]. This gameis playedbetweentwo players,the Spoilerandthe Duplicator, on two³ -structureś and µ accordingto the following rules. Eachplayer hasa set of � pebbles¶ ��·�¸�¸�¸1· ¶ �
and ¹ � ·�¸�¸�¸1· ¹ � respectively. In eachroundof the game,the Spoilercanmake oneof two different types
of moves: eitherhe placesa free pebble ¶ � on an elementof the domainof ´ , or he removesa pebble

1This canalsobeestablisheddirectlyasfollows. Fix someº	»J¼ . Since ½ �¿¾ ÀÂÁ>Ã	Ä , we have that ½ �^¾ À�ÅÇÆ . Consequently,
thereis an ÈÊÉÌË -sentenceÍ � in

Æ
suchthat ½ � ¾ À Í � . Since Í � is logically equivalentto a conjunctive query, Theorem1 tells thatÁ>Ã	Ä

logically implies Í � .
21



Î�Ï from a pebbledelementof Ð . To eachmove of the Spoiler, the Duplicatormust respondby placing
her correspondingpebble Ñ Ï over an elementof Ò , or removing her correspondingpebble Ñ Ï from Ò ,
respectively. If theSpoilerhasastrategy to reacharoundin whichthesetof pairsof pebbledelementsis not
a partialhomomorphismbetweenÐ and Ò , thenhewins thegame.Otherwise,we saythat theDuplicator
wins thegame.The following link betweenexistential Ó -pebblegamesand Ô>Õ1ÖG× ØÙ#Ú wasestablishedin [27,
Corollary4.9andRemark4.11].

Theorem 16. Let Ó bea positiveinteger, and let Ð and Ò betwo finite Û -structures. Thefollowing state-
mentsareequivalent.

1. Every Ô4Õ ÖV× ØÙ#Ú -sentencethat is trueon Ð is alsotrueon Ò .

2. Every Ô4Ü1Ý ÖV× Ø -sentencethat is trueon Ð is alsotrueon Ò .

3. TheDuplicator winstheexistential Ó -pebblegameon Ð and Ò .

As explainedearlierin thissection,every Ô>Ü�Ý ÖV× Ø -formulais equivalentto afinite disjunction Þ�ßÏxà1á4â ß
of ã!ä Ö -formulas.Consequently, thesecondstatementin theprecedingTheorem16 canbereplacedby the
seeminglyweaker statementåçæDè

Every ã!ä Ö -sentencethat is trueon Ð is alsotrue on Ò .

For every positive integer Ó and every finite Û -structure Ð , let é4ê6Ð)ë@Ó9ì be the query: given a finiteÛ -structureÒ , doestheDuplicatorwin theexistential Ó -pebblegameon Ð and Ò ?
Thenext resultfollows easilyfrom Theorem16 andtheprecedingobservationaboutstatement

åçæDè
Theorem 17. Let Ó bea positiveinteger.

1. For everyfinite Û -structure Ð , thequery é4ê6Ð)ë@Ó9ì is definableby thefollowing infinitary conjunction
of ã!ä Ö -sentences íïîGðòñóð

is an ã!ä Ö -sentenceand Ð+ô õ ðAö è
2. On theclassof all finite Û -structures,every Ô>Õ ÖV× ØÙ#Ú -sentence÷ is equivalentto thefollowing infinitary

disjunction øùî é4êDúMë@Ó9ì ñ Ð is afinite Û -structureand Ð+ô õ-÷ ö è
Consequently, ontheclassof all finite Û -structures,every Ô>Õ�ÖV× ØÙ#Ú -sentenceis equivalentto aninfinitary
disjunctionof infinitary conjunctionsof ã!ä Ö -sentences.

In whatfollows, we show thattheabove normalform for Ô>Õ1ÖG× ØÙ#Ú cannotbeimproved. For this,we need
anauxiliary resultconcerningthedefinabilityof thequery é4ê6Ð�ë@Ó9ì .
Proposition 1. Let Ó bea positiveinteger and let Ð bea finite Û -structure. Thefollowing statementsare
equivalent.

1. Thequery é4ê6Ð)ë@Ó9ì is Þ ãOä Ö -definableon theclassof all finite Û -structures.

2. Thequery é4ê6Ð)ë@Ó9ì is ã!ä Ö -definableon theclassof all finitestructures.

Proof. The direction ê å ìMû êYüGì is obvious. For thedirection êYüGì^û ê å ì , let us assumethat,on theclass
of all finite Û -structures,thequery é4ê6Ð)ë@Ó9ì is definableby a sentenceÞRý , where ý is a (possiblyinfinite)
set of ã!ä Ö -sentences.Since Ð satisfiesthe query é4ê6Ð)ë@Ó9ì , thereis an ã!ä Ö -sentence

ðÿþ ý suchthatÐ�ô õ ð
. We now claim that

ð
definesthe query é4ê6Ð�ë@Ó9ì on the classof all finite Û -structures.Indeed,ifÒ is a finite modelof

ð
, then Ò ô õ Þ�ý , henceÒ satisfiesthequery é4ê6Ð)ë@Ó9ì . Conversely, if Ò is a finiteÛ -structuresuchthat theDuplicatorwins theexistential Ó -pebblegameon Ð and Ò , then,by Theorem16,

every Ô>Õ1ÖV× ØÙ#Ú -sentencesatisfiedby Ð is alsosatisfiedby Ò ; consequently, Ò satisfies
ð
.
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Assumethat
�

is a positive integerand � is a finite structurewhosecorehastreewidth lessthan
�
. In

[9], it wasshown that for every finite structure� , theDuplicatorwins theexistential
�
-pebblegameon �

and � if andonly if thereis ahomomorphismfrom � to � . It followsthat,in thiscase,thequery �����	� ��
 is
definableby thecanonicalconjunctive query �� of � ; furthermore,�� is equivalentto an ����� -sentence,
sincethe coreof � hastreewidth lessthan

�
. This givesa large collectionof structures� for which the

query �����	� ��
 is ����� -definable,henceit is also ������� -definable.In contrast,thenext propositionshows
thatthisneednotalwaysbetrue.

Proposition 2. Let ��� bethedirected� -elementcycle.

1. Thequery ����������� 
 is notfirst-order definable.

2. Thequery ����������� 
 is � ����! -definable, but is not � ����! -definable.

Proof. Let � bea finite directedgraph.It is easyto verify thattheDuplicatorwins theexistential � -pebble
gameon ��� and � if andonly if � containsa cycle. Indeed,in theexistential � -pebblegameon �"� and
� , theSpoilercanforce theDuplicatorto play alonga path. Since � is finite, theDuplicatorcanwin the
existential � -pebblegameonly if � containsacycle. Conversely, if � containsacycle, thentheDuplicator
canwin theexistential � -pebblegameon ��� and � by playingalongedgesof afixedcycle.

It is well known that thequery“given a finite directedgraph,is it acyclic?” is not first-orderdefinable
(thiscanbeshown usingEhrenfeucht-Fräisśe games).Thus,thequery �#���"�$��� 
 is not first-orderdefinable.

By Theorem17,thequery ����������� 
 is � �%��! -definable.In contrast,Proposition1 impliesthat ����������� 

is not � ����! -definable,since,if it were,thenit would be ����! -definableand,hence,first-orderdefinable.

Corollary 3. On theclassof all finitedirectedgraphs,���%��! is strictly lessexpressivethan &#' !)( *+�, .
As mentionedearlier, Corollary3 refutesour claim in thepreliminaryversionof thispaper([6, Lemma

5]) to theeffect that,on theclassof all finite structures,for every positive integer
�
, every &#' �$( *+�, -sentence

is equivalentto a � ����� -sentence.

7.3 Extensionsto Stronger Infinitary Logics

Sinceevery &#' �-( *+�, -sentenceispreservedunderhomomorphisms,Rossman’s[33] homomorphism-preservation
theoremimpliesthatif a &�' �$( *+�, -sentenceis equivalentto afirst-ordersentenceonfinite structures,thenit is
alsoequivalentto anexistential-positive first-ordersentenceon finite structures[6, Theorem9]. Moreover,
since � �%� � is a fragmentof &#' �-( *+�, , Rossman’s resultalsoimpliesthat if a �.��� � -sentenceis equivalent
to afirst-ordersentenceonfinite structures,thenit is alsoequivalentto anexistential-positive first-ordersen-
tence.However, Rossman’s proofdoesnotyield thestrongerresultestablishedin Theorem14,namely, that
if a � ����� -sentenceis equivalentto a first-ordersentenceon finite structures,thenit is equivalentto some
&#/�0 �-( * -sentence(thatis, to someexistential-positive first-ordersentencewith atmost

�
distinctvariables).

Indeed,Rossman’s proof producesanequivalentexistential-positive first-ordersentencewith morethan
�

distinctvariables.In turn, this stateof affairsgivesriseto thefollowing problem,which is openatpresent.

Problem: Supposethata &#' �-( *+�, -sentence1 is equivalentto a first-ordersentenceon theclassof all finite
structures.Is it truethat 1 is equivalentto some&#/�0 �$( * -sentenceon theclassof all finite structures?

Finally, it is naturalto askwhethertheAjtai-Gurevich TheoremandTheorem14 hold for moreexpres-
sive logicsthatallow for someform of negation.Ajtai andGurevich [3] showedthattheir theoremfailsboth
for Datalogprogramswith negatedextensionalpredicatesandfor Datalogprogramswith inequalities 23 . It
follows thatTheorem14 fails for extensionsof �.����� thatallow for negatedatomsor for inequalities 23 .
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Thus,theresultspresentedin thissectionarevery tightly connectedto preservationunderhomomorphisms,
and fail for Datalogextensionsand for strongerinfinitary logics in which sentencesarepreserved under
two-way homomorphismsor one-to-onehomomorphisms.

8 Concluding Remarks

We have investigatedthe homomorphism-preservation theoremfor numerousclassesof finite structures
of interestin graphtheory and databasetheory. As notedearlier, preservation theoremsdo not always
relativize to restrictedclassesof structures,soour resultsstandby themselvesindependentlyof thefactthat
thehomomorphism-preservation theoremhasbeenshown to hold for theclassof all finite structures[33].
Indeed,onecanaskthesamequestionfor otherclassesof finite structures.For instance,we couldconsider
classesof boundedlocal treewidth [13, 17] or of boundedcliquewidth [8]. Thehomomorphism-preservation
theoremfor theseclassesdoesnot follow from our results,astheseclassesarenot definableby excluded
minors. Indeed,the classesof boundedlocal treewidth generaliseboth boundedtreewidth andbounded
degree. Also, theclassof all cliqueshasboundedcliquewidth but doesnot excludeany minor. However,
it is worth investigatingwhetherthekindsof techniqueswe have developedcouldyield resultsaboutthese
classes.

Anotherline of investigationwouldasksimilarquestionsto thosestudiedherefor otherclassicalpreser-
vationtheorems,andin particular, for thosethatfail ontheclassof all finitestructures,suchastheŁoś-Tarski
TheoremandLyndon’s Positivity Theorem.Thefirst resultsin thisdirectionhave beenreportedin [5].

It shouldalsobepointedout thatour resultsareeffective. More precisely, for theclassesof structures
for whichweestablishedthehomomorphism-preservation theorem,theproofsprovideuswith acomputable
boundonthesizeof theminimalmodelsof afirst-orderquerypreservedunderhomomorphisms.Thisyields
an effective procedureto producea union of conjunctive queriesthat is equivalent to a given first-order
formulathat is preservedunderhomomorphisms.In turn, for classesof structureswhosefirst-ordertheory
is decidable,suchas 465�7�8 , thecomputableboundcanalsobe usedto show that it is decidablewhethera
first-orderformula is preserved underhomomorphisms.This shouldbecontrastedwith theundecidability
of thesameproblemon theclassof all finite structures[4]. Theexactcomplexity of theseproblemson the
class495�7�8 couldbeprohibitive, but this remainsto bedetermined.
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